ARCHIVUM MATHEMATICUM (BRNO) Tomus 35 (1999), 103 – 114

SUBALGEBRAS OF FINITE CODIMENSION IN SYMPLECTIC LIE ALGEBRA

Mohammed Benalili and Abdelkader Boucherif

Abstract. Subalgebras of germs of vector fields leaving 0 fixed in R^{2n}, of finite codimension in symplectic Lie algebra contain the ideal of germs infinitely flat at 0. We give an application.

1. Introduction

In this paper, we characterize subalgebras of germs of vector fields X with X(0) = 0 in R^{2n}, of finite codimension in symplectic Lie algebra. Let ω = ∑_n i=1 dx_i ∧ dx_{n+i} denote the canonical symplectic form on R^{2n}, and let χ_ω denote the symplectic Lie algebra of vector fields leaving the origin 0 fixed. Also, denote by χ^∞_ω the ideal of χ_ω, of infinitely flat germs at 0. Finally, let C^1 and ℑ denote, respectively, the space of germs of closed 1-forms and the space of germs of smooth functions. The main theorem in this note is:

Theorem 1. Let A be a finite codimension subalgebra of χ_ω. Then A contains χ^∞_ω .

As a consequence of this result we obtain a reduction of infinitesimal action of the group of germs of origin preserving symplectic diffeomorphisms to the action of the group of infinite jets (at the origin 0) on smooth manifold. We encounter such action when we deal with the theory of natural fiber bundles (see [1] , [2] [5]). In [2] and [5], the authors used Borel’s lemma and Whitney’s extension theorem to prove the reduction of the above action. In the category of manifolds endowed with geometric structures, Borel’s lemma and Whitney’s extension theorem do not work. The interest of finding appropriate methods for this cases was raised in [2] . Our result applies in the category of symplectic manifolds.

1991 Mathematics Subject Classification: 17B66.

Key words and phrases: Hamiltonian vector fields, Poisson bracket, pseudogroup action. Received October 6, 1997.

2. Fundamental lemma

The proof of theorem1 is essentially based on the following lemma.

Lemma 2. Let V be a subspace of finite codimension of real linear space E and ψ be an endomorphism of E such that:

1) ψ(V ) ⊂ V .

2) ∀ b ∈ R, ψ + bI is onto in E.

3) ∀ b , c ∈ R with b^2 − 4c < 0, ψ^2 + bψ + cI is onto in E. Then V = E.

Proof. Suppose that E ≠ V and m = codimV > 0. Thus there exists a vector X_o ∈ E − V, X_o ≠ 0 and real numbers λ_o, λ_1, · · · λ_m such that:

P_m(ψ)(X_o ) = λ_oX + λ_1ψ(X_o ) + · · · + λ_mψ^m(X_o) ∈ V . (1) The decomposition of P_m(ψ), in the polynomial ring R(ψ) of one undetermined ψ, in factor product, contains binomials of first degree and trinomials of second degree with negative discriminants. It follows from the assumptions that P_m(ψ) is onto. Since ψ(V ) ⊂ V , we obtain that P_m(ψ)(V ) ⊂ V . Hence, there exists an epimorphism ψ: E/V → E/V such that the following diagrams commute E^ψ→ E ↓ π ↓ π E/V^ψ→ E/V

E^{Pm(ψ)}−→ E ↓ π ↓ π E/V^{Pm} (_ψ) −→ E/V Since E/V has finite codimension, the epimorphism P_m(ψ) is also one to one, hence KerP_m(ψ) = V . Now (1) yields to P_m(ψ)([X_o]) = 0. Hence X_o ∈ V. This is a contradiction.

3. Some bounds to flows

Let ϕ be the flow of a vector field on a manifold M. An equilibrium point a of X (i.e. X(a) = 0) is ω–stable (resp. α–stable) in the sense of Liapunov if, for every neighbourhood U of a, there exists another neighbourhood V of a, V ⊂ U such that for every point x ∈ V , ϕ(t, x) is defined for all t ≥ 0 (resp. for all t ≤ 0), and lies in U . The point a is stable (in the sense of Liapunov) if it is simultaneously ω–stable and α–stable. Let f be a differentiable function, a singular point of f is a point a ∈ M such that Df(a) = 0.

We have Liapunov ’s theorem:

Theorem 3. Let X be a differentiable vector field on a manifold M and a be an equilibrium point of X. We assume that there exists a function f, defined and continuous on an open neighbourhood W of a, differentiable on W − {a}, which satisfies the following conditions:

(i) Xf ≤ 0, (resp. Xf ≥ 0) on W − {a}; (ii) f(x) > f(a) for every x ∈ W − {a}.

Then the equilibrium point is ω–stable (resp. α–stable) in the sense of Liapunov.

Denote by {., .} the Poisson bracket in ℑ defined by {f, g} = n∑ i=1 ( ∂f ∂x_i . ∂g ∂x_{n+i} − ∂f ∂x_{n+i} . ∂g ∂x_i ) (2) and ϕ(t, x) the flow induced by the Hamiltonian vector field

X_f = n∑ i=1 ∂f ∂x_{n+i} . ∂ ∂x_i − ∂f ∂x_i . ∂ ∂x_{n+i} . (3) Without loss of generality, we can assume that X_f is complete so the range of t is the real line R. If necessary we can replace X_f by μX_f , where μ is a C^∞ function which is 1 in a neighbourhood of 0 and has a compact support in the set where X is defined.

From Liapunov ’s theorem we deduce Theorem 4. [5] Let (M, Λ) be a Poisson manifold, f : M → R be a differentiable function, a be a point in M , and S be the symplectic leaf of M which passes through this point. The point a is an equilibrium point of the Hamiltonian vector field X_f if and only if the differential d(f |_S ) of the restriction of f to the leaf S vanishes at a, when such is the case and when, in addition the following two conditions are satisfied

(i) the Hessian D^2(f |_S)(a) of f |_S at the point a is positive-definite or negative-definite, (ii) the point a has a neighbourhood W on which the rank of the Poisson structure of M is constant.

Then the point a is stable in the sense of Liapunov.

Now, we establish:

Theorem 5. Let f be a germ of function with 0 as a an equilibrium point. Suppose the Hessian D^2f(0) of f at 0 is positive-definite or negative-definite then the derivatives D^k_xϕ(t, x)ξ^k, k = 1, 2, ..., of the flow ϕ(t, x) generated by the Hamilton vector field X_f are stable in the sense of Liapunov. Proof. Consider the system of differential equations x^′ = X(x) , (4) where X is the vector field given by (2). The variational equation to the prolongation of (4) is given by x^′ = X(x) ξ^′_1 = DX(x).ξ_1 ξ^′_2 = D^2X(x).ξ_1ξ_1 + DX(x).ξ_2 . . ξ^′_k = ∑_k s=1 D^sX(x) ∑ α_1+···+α_s=k ξα1 · · · ξαs ,

(5)

where ξ_α ∈ R^{2n} for α = 1, ..., k, with brief notation (x^′, ξ^′_1, · · ·ξ^′_k ) = F (x, ξ_1, · · ·ξ_k) . Now consider the function

h(x, ξ_1, · · ·ξ_k) = f(x) + Df(x).ξ_1 + D^2f(x).ξ_1ξ_1 + Df(x).ξ_2 + · · · + k∑ s=1 D^sf(x) ∑ α_{i>0} α_1+···+α_s=k ξ_{α1} · · · ξ_{αs} .

Considering the function vector field F as a derivation and taking into account the relation Xf(x) = 0, we see easily that F h(x, ξ_1, · · · ξ_k ) = 0 , i.e. h(x, ξ_1, · · ·ξ_k ) is a non trivial first integral of the vector field F (x, ξ_1, · · · ξ_k ). Now, we endow the space R^{(k+1)2n} with the Poisson structure Λ given in the coordinate system (x_1, · · · x_{2n}, ξ^1, · · · , ξ^1_{2n}, · · · , ξ^k_1 , · · · , ξ^k_{2n}) by {x_i, x_j} = 0 , {x_{n+i}, x_{n+j}} = 0 , {x_{n+i}, x_j} = δ_{ij} , { x_i, ξ^l_s } = 0 , { x_{n+i}, ξ^l_s } = 0 , { ξ^l_s, ξ^p_r } = 0 ,

where Λ(dz_i, dz_j) = {z_i, z_j } . Clearly, F is a Hamiltonian vector field for the structure Λ and the Hessian D^2(h |_R2n )(0) = D^2f(0) of the restriction of the function h(x, ξ_1, · · · ξ_k) to the Poisson leaf R^{2n} of (R^{(k+1)2n}, Λ) is positive-definite or negative-definite. Now, for any constant vector v ∈ R^{2n} the system (ϕ(t, x), D_xϕ(t, x)v, · · · , D^k_xϕ(t, x)v^k)) is a solution of (5) passing through (x, v, 0, · · · , 0) ∈ R^{2(k+1)n}. In fact, d dt (D^k_x ϕ(t, x)v^k) = ( d dt D^k_xϕ(t, x)v^k = D^k_x d dt ϕ(t, x)v^k = D^k_xX(ϕ(t, x))v^k = ( k∑ s=1 D^sXoϕ(t, x) ∑ α_1+···+α_s=k D^{α1} ϕ(t, x) · · · D^{αk} ϕ(t, x))v^k

= k∑ s=1 D^sXoϕ(t, x) ∑ α_1+···+α_s=k D^{α1} ϕ(t, x)v^{α1} · · · D^{αs} ϕ(t, x))v^{αs} .

Therefore, it follows from theorem 4 that the system (5) is stable in the sense of Liapunov i.e. for every neighbourhood U of 0 in R^{2(k+1)n} there exists another neighbourhood V of 0, V ⊂ U such that for every (x, v, 0, · · · , 0) ∈ V , (ϕ(t, x), D_xϕ(t, x)v, · · · , D^k_xϕ(t, x)v^k ∈ U . 4. Surjectivity of some Operators

Denote by χ_ω the symplectic Lie algebra of vector fields. Let X ∈ χ_ω and i_X ω be the interior product by X. It is well known that the mapping θ : χ_ω → C^1 defined by θ(X) = i_X ω is an isomorphism. Let φ = θ^{−1}, we can define a homotopy integral operator K : C^1 → ℑ such that:

(i) d ∘ K = id_C1 (ii) J^∞_0 Kα = 0 for all α ∈ C^1 such that J^∞_0 α = 0.

d being the operator of exterior differentiation.

Let ♯ = φod and b = Koθ. Then we have ♯ob = id_{χω} and so the operator ♯ is onto. For simplicity we shall use f^♯ instead of ♯(f) ; f^♯ is the Hamiltonian vector field associated to the function f which we have noted before by X_f . A straightforward computation leads us to write [ f^♯, g^♯ ] = − {f, g}^♯ . Therefore for a fixed X ∈ χ_ω, the surjectivity of the adjoint mapping ad(X) implies that of {f, .}, where f is some function from ℑ such that f^♯ = X.

Throughout the remainder of this paper, f will be a germ of function at the origin 0 which fulfils the assumptions of theorem 4.

Lemma 6. For any b ∈ R and h^♯, with h ∈ ℑ and J^∞_0 h = 0, there exists g ∈ ℑ with J^∞_0 g = 0 such that [ f^♯, g^♯ ] + bg^♯ = h^♯ .

Proof. Since the operator ♯ defined above is onto, it suffices to find g ∈ ℑ with J^∞_0 h = 0 solution of the equation n∑ i=1 ( ∂f ∂x_{n+i} . ∂g ∂x_i − ∂f ∂x_i . ∂g ∂x_{n+i} ) + bg = h . (6) Case b < 0. Consider the function given by the following integral g(x) = − ∫_∞ 0 e^{bt}h(ϕ(t, x))dt (7) h being infinitely flat at the origin 0, there exist constants δ > 0 and M > 0 such that for all x with |x| < δ we have |h(x)| ≤ M. |x|. Since the flow ϕ generated by the Hamiltonian vector field X_f is stable, we can choose η(δ) > 0 such that, for any x with |x| < η(δ), one has |ϕ(t, x)| < δ for all t ∈ R. Then | |e^{bt}h(ϕ(t, x)) | | ≤ δM e^{bt} .

Therefore the singular integral g given by (7), converges uniformly in a neighbourhood of 0. Now, we shall prove that the function g is smooth (= C^∞) and infinitely at 0. This is a consequence of theorem 5. Indeed, for any ϵ > 0 and positive integer k, we have for x in a sufficiently small neighbourhood of the origin 0 | |D^k_xe^{bt}h(ϕ(t, x))ξ^k | | ≤ e^{bt} k∑ i=1 | |D^ih(ϕ(t, x)) | | . ∑ j_s>0 j_1+···+j_i =k | |D^j1 ϕ(t, x)ξ^j1 | | · · · | |D^ji ϕ(t, x)ξ^js | | .

Let ϵ > 0 and K be a positive constant such that the vector^ξ_K is small enough, then by theorem 5 we obtain | | | | D^{js} ϕ(t, x) ( ξ K )_{js} | | | ≤ ϵ so | |D^js ϕ(t, x)ξ^js | | ≤ ϵK^js . Consequently | |D^k_xe^{bt}h(ϕ(t, x))ξ^k | | ≤ e^{bt k} ∑ i=1 ϵ^i ∑ j_{s>0} j_1+···+j_s=k K^{j1+···+js} = Conste.e^{bt} .

Since b is strictly negative, it follows that for any positive integer k, ∫_∞ 0 e^{bt}D^k_xh(ϕ(t, x))dt converges uniformly in a neighbourhood of the origin 0 in R^{2n}, so the function g is smooth. Because D^k_xh(ϕ(t, 0)) = 0 and D^k_xh(ϕ(t, x)) converges uniformly to D^k_xh(ϕ(t, 0)) with respect to x, we pass to the limit and obtain D^kg(0) = 0. Now, in order to show that g is a solution of equation (6), we compute first g(ϕ(s, x)) = − ∫_{+∞} 0 e^{bt}h(ϕ(t + s, x))dt = − ∫_{+∞} s e^{b(t−s)}h(ϕ(t, x))dt d ds g(ϕ(s, x)) = h(ϕ(s, x)) + b ∫_{+∞} 0 e^{bt}h(ϕ(t + s, x))dt . Setting s = 0 and knowing ϕ(0, x) = x, we get finally that g(x) is solution of equation(6).

Case b = 0. Suppose the Hessian of f at 0 is positive-definite (the same argument works in the case where the Hessian is negative-definite) then it follows from Morse’s lemma that f can be written in appropriate coordinate system

(x_1, · · · , x_{2n}) f = n∑ i=1 (x^2_i + x^2_{n+i}) .

The equation (6) becomes (with b = 0). n∑ i=1 (x_{n+i} ∂g ∂x_i − x_i ∂g ∂x_{n+i} ) = h . (8) Now consider the following change of coordinates { x_i = r_i cos θ_i x_{n+i} = r_i sin θ_i i = 1, · · · , n ; r_{i>}0 (9) The equation (8) writes_n ∑ i=1 ∂g ∂θ_i + h = 0

and admits as a solution the function g(θ_1, · · · θ_n, r_1, · · · , r_n) = − ∫_{θn} 0 h(r_1 cos(θ_1 − t), · · · , r_n cos(θ_n − t), r_1 sin(θ_1 − t), · · · , r_n sin(θ_n − t))dt .

Clearly the function g is smooth and infinitely flat at the origin.

Case b > 0. In this case the same argument as in case b < 0 show that a solution of the equation (6) is given by g(x) = ∫_0 −∞ e^{bt}h(ϕ(t, x))dt . Lemma 7. For any b, c ∈ R with b^2 − 4c < 0, and any h^♯, with h ∈ ℑ and J^∞_0 h = 0, there exists g ∈ ℑ with J^∞_0 g = 0 such that [ f^♯, [ f^♯, g^♯ ]] + b [ f^♯, g^♯ ] + cg^♯ = h^♯ .

Proof. Similarly as in lemma 6, we can find g ∈ ℑ with J^∞_0 g = 0 such that {f, {f, g}} − b {f, g} + cg = h . (10)

This equation is equivalent to n∑ i,j=1 ( ∂f ∂x_i ∂f ∂x_j ∂^2 ∂x_{n+j} ∂x_{n+i} − 2 ∂f ∂x_j ∂f ∂x_{n+i} ∂^2 ∂x_i∂x_{n+j} + ∂f ∂x_{n+i} ∂f ∂x_{n+j} ∂^2 ∂x_j ∂x_i ) g

+ n∑ j=1 {_n ∑ i=1 ( ∂f ∂x_i ∂^2f ∂x_j∂x_{n+i} − ∂f ∂x_{n+j} ∂^2f ∂x_i∂x_j ) − b ∂f ∂x_j } ∂g ∂x_{n+j} + n∑ j=1 {_n ∑ i=1 ( ∂f ∂x_{n+i} ∂^2f ∂x_i∂x_{n+j} − ∂f ∂x_i ∂^2f ∂x_{n+j}∂x_{n+i} ) + b ∂f ∂x_{n+j} } ∂g ∂x_j + cg = h .

Let K(t) = e^{− b2 t} √ 4c − b^2 sin √ 4c − b^2 2 t . (11) Note that K(t) is the solution of the Cauchy problem { K^{′′} (t) + bK^′ (t) + cK(t) = 0 ,

K(0) = 0 K^′(0) = 1 .

(12) Consider the function g given by g(x) = ∫_{+∞} 0 e^{bt}K(t)h(ϕ(t, x))dt . (13) Similarly to the proof of lemma 6, we can show that g is smooth and infinitely flat at the origin 0. Moreover we have g(ϕ(s, x)) = ∫_{+∞} 0 e^{bt}K(t)h(ϕ(t + s, x))dt = ∫_{+∞} s e^{b(t−s)}K(t − s)h(ϕ(t, x))dt , d ds g(ϕ(s, x)) = −K(0)h(ϕ(s, x)) − ∫_{+∞} s e^{b(t−s)} (bK(t − s) + K^′(t − s)) h(ϕ(t, x))dt = − ∫_{+∞} 0 e^{bt} (bK(t) + K^′(t)) h(ϕ(t + s, x))dt . Then {f, g} = −X_f (g) = − d ds |_{s=0} g(ϕ(s, x)) = ∫_{+∞} 0 e^{bt} (bK(t) + K^′(t)) h(ϕ(t, x))dt . Now we compute {f, g} (ϕ(s, x)) = ∫_{+∞} 0 e^{bt} (bK(t) + K^′(t)) h(ϕ(t + s, x))dt = ∫_{+∞} s e^{b(t−s)} (bK(t − s) + K^′(t − s)) h(ϕ(t, x))dt ,

d ds {f, g} (ϕ(s, x)) = −(bK(0) + K^′(0))h(ϕ(s, x)) − ∫_{+∞} s e^{b(t−s)} ( K^{′′}(t − s) + 2bK^′(t − s) + b^2K(t − s) ) h(ϕ(t, x))dt = −h(ϕ(s, x)) − ∫_{+∞} 0 e^{bt} ( K^{′′}(t) + 2bK^′(t) + b^2K(t) ) h(ϕ(t + s, x))dt .

Therefore {f, {f, g}} = − d ds |_{s=0} {f, g} (ϕ(s, x)) = h(x) + ∫_{+∞} 0 e^{bt} ( K^{′′}(t) + 2bK^′(t) + b^2K(t) ) h(ϕ(t, x))dt , so {f, {f, g}} − b {f, g} + cg = h(x) + ∫_{+∞} 0 e^{bt} (K^{′′}(t) + bK^′(t) + cK(t)) h(ϕ(t, x))dt and taking account of (12) we see that the function g given by (13) is a solution of the equation(10).

Case b = 0. Using the Morse’s lemma, the equation (10) writes (in case b = 0) n∑ i,j=1 ( x_ix_j ∂^2 ∂x_{n+j} ∂x_{n+i} − 2x_ix_{n+j} ∂^2 ∂x_{n+i}∂x_j + x_{n+i}x_{n+j} ∂^2 ∂x_j∂x_i ) g − (14) n∑ i=1 ( x_i ∂ ∂x_i + x_{n+i} ∂ ∂x_{n+i} ) g + cg = h Now in the coordinate system (r_1, · · · , r_n, θ_1, · · · , θ_n) given by (9) the equation(14) becomes n∑ i,j=1 ∂^2g ∂θ_i∂θ_j + cg = h (15)

and has a solution given by g(θ_1, · · · θ_n, r_1, · · · , r_n) = ∫_{θn} 0 K(t)h(r_1 cos(θ_1 −t), · · · , r_n cos(θ_n −t), r_1 sin(θ_1 −t), · · · , r_n sin(θ_n −t))dt

where K(t) = 1 √ c sin √ ct is solution of the Cauchy problem { K^{′′}(t) + cK(t) = 0 K(0) = 0 ; K^′(0) = 1

(16)

Indeed, we have n∑ i=1 ∂g ∂θ_i = ∫_{θn} 0 K(t) n∑ i=1 ( −r_i sin(θ_i − t) ∂h ∂x_i + r_i cos(θ_i − t) ∂h ∂x_{n+i} ) dt

+ K(t)h(t) |_{t=θn} = − ∫_{θn} 0 K(t) dh dt dt + K(t)h(t) |_{t=θn} where

h(t) = h(r_1 cos(θ_1 − t), · · · , r_n cos(θ_n − t), r_1 sin(θ_1 − t), · · · , r_n sin(θ_n − t)) and n∑ i,j=1 ∂^2g ∂θ_i∂θ_j = ∫_{θn} 0 K(t) d^2h dt^2 dt − K(t) dh(t) dt |_{t=θn} +K^′(t)h(t) |_{t=θn} . An integration by parts gives us n∑ i,j=1 ∂^2g ∂θ_i∂θ_j = K(t) dh(t) dt |^{θn}_0

− ∫_{θn} 0 K^′(t) dh dt dt − K(t) dh(t) dt |_{t=θn} +K^′(t)h(t) |_{t=θn} = −K(t) dh(t) dt |_{t=0} +K^′(t)h(t) |_{t=0} + ∫_{θn} 0 K^{′′}(t)h(t)dt . Consequently n∑ i,j=1 ∂^2g ∂θ_i∂θ_j + cg = −K(t) dh(t) dt |_{t=0} +K^′(t)h(t) |_{t=0}

+ ∫_{θn} 0 (K^{′′}(t) + cK(t)) h(t)dt . Finally, taking into account (16) we get the result.

Case b > 0. Similarly to case b < 0, we show that a solution of (10) is given by g(x) = − ∫_0 −∞ e^{bt}K(t)h(ϕ(t, x))dt with the function K(t) given by the system (11).

5. Proof of the main result We apply lemma 2 to E = χ^∞_ω and A^∞ = χ^∞_ω ∩ A. First observe that A^∞ is of finite codimension in χ^∞_ω ; indeed, from well known facts in linear algebra, we get dim(χ^∞_ω /χ^∞_ω ∩ A) = dim((χ^∞_ω + A)/A) ≤ dim(χ_ω/A) = m < +∞ .

Let f be the germ of a function at the origin 0 of R^{2n}, which satisfies f(0) = 0, Df(0) = 0, and in addition the Hessian D^2f(0) is positive-definite or negativedefinite, H_1, · · · , H_m : R → R be distinct functions such that their derivatives H^′_i(u) =^{dH}_{du} (u) > 0. Put f_o = f, f_1 = H_1 ∘ f, · · · , f_m = H_m ∘ f; obviously, f_o, f_1, · · · , f_m fulfil the conditions of f and satisfy for all pair 0 ≤ i, j ≤ m {f_i, f_j} = 0 . (17)

Since A is of finite codimension subalgebra there exist not all vanishing real numbers a_o, a_1, · · · , a_m such that the Hamiltonian vector field F^♯ = a_of^♯_o + a_1f^♯_1 + · · · + a_mf^♯_m ∈ A. Let ϕ^o, ϕ^1, · · · , ϕ^m be the flows generated respectively by a_of^♯_o , a_1f^♯_1, · · · , a_mf^♯_m. Set Φ(t, x) = ϕ^o_t ∘ ϕ^1_t ∘ · · · ∘ ϕ^m_t , where ϕ^i_t(x) = ϕ^i(t, x).

Now (17) leads to [ f^♯_i , f^♯_j ] = 0, so Φ is a flow. Clearly, the vector field F^♯ = a_of^♯_o + a_1f^♯_1 + · · · + a_mf^♯_m is the generator of Φ and since the flows ϕ^o, ϕ^1, · · · , ϕ^m are stable in the sense of Liapunov then so does Φ. It follows, by lemmas 6 and 7, that the endomorphism ψ = [ F^♯, . ] defined on χ^∞_ω fulfils the conditions of lemma 2, consequently χ^∞_ω = A^∞ i.e. χ^∞_ω ⊂ A.

6. Application

Let Γ be a pseudogroup of local diffeomorphisms of R^n.

Definition 8. [1] A left action of a pseudogroup Γ on a manifold F, is a functorial assignment to each f ∈ Γ of domain U a smooth map f : U × F → F such that the following axioms are satisfied

1) For any ξ ∈ U, f_ξ, where f_ξ (y) =f (ξ, y), is a diffeomorphism on F. 2) For any open set V of U , we have f |_V =f |_{V ×F} . 3) For any f, g from Γ, we have g ∘ f (ξ, y) =g (f(ξ), f (ξ, y)) . 4) Let I be an open segment from the real line R. If f : I × U → R^n is a smooth map such that ∀t ∈ I, f_t ∈ Γ, where f_t(x) = f(t, x), the map I × U × F → F , (t, (ξ, y)) → f_t (ξ, y) is smooth.

Remark. It is obvious from the axiom 2) that the action is local i.e. it depends only on germs.

Let P be the pseudogroup of symplectic diffeomorphisms and P_o the group of germs of P fixing 0. Suppose that P acts on a closed manifold F and denote by γ(T_F ) the Lie algebra of vector fields on F and by D(F ) the group of global diffeomorphisms on F . It is known (see [3]) that D(F ) is an infinite dimensional Lie group with Lie algebra γ(T_F ).

Let X ∈ χ_ω and ϕ_t = exp(tX) be the flow generated by X. So ϕ_t ∈ P_o for any t ∈ I (since X leaves 0 fixed). Let (ϕ_t)_t be the flow of diffeomorphisms (induced by the action of the pseudogroup P on F ). Consider the vector field defined by X(y)= d dt |_{t=o}(ϕ_t)_o(y) , where (ϕ_t)_o(y) =ϕ_t (0, y).

Then, we obtain a Lie algebra homomorphism: H : χ_ω → γ(T_F ), H(X) =X . Proposition 9. The homomorphism H depends only on the infinite jet, J^∞_o X, of X at 0.

Proof. For a fixed y ∈ F , consider the linear homomorphism H_y : χ_ω → T_{yF} given by H_y(X) =X (y) , where T_{yF} denotes the tangent space to F at y. The kernel K_y of H_y is a finite codimension subalgebra of χ_ω, so by theorem 1 its contains χ^∞_ω and hence H depends only on J^∞_o X.

Acknowledgments. The authors wish to thank the referee for his careful reading and helpful suggestions on the improvement of the manuscript.

References

[1] Bénalili, M., Fibrés naturels définis sur la catégorie des Γ−variétés, Circolo Mat. di Palermo, 13, (1994), 309-328.

[2] Epstein, D. B. A., Thurston, W. P., Transformation groups and natural bundles, Proc.

London Math. Soc. 38 (1979), 219-237.

[3] Omori, H., Infinite dimensional Lie transformation groups, Lect. Notes in Math. (427), Springer Verlag.

[4] Libermann, P., Marle, C. M., Symplectic Geometry and Analytical Mechanics, D. Reidel Publishing Company Holland (1987).

[5] Palais, R. S., Terng, C. L., Natural bundles have finite order , Topology 16 (1978), 271-277.

Departement de Mathématiques B.P.119 Université de Tlemcen, ALGERIE E-mail: bel@ist.cerist.dz