ARCHIVUM MATHEMATICUM (BRNO) Tomus 35 (1999), 141 – 144

FIXED POINTS OF FUZZY MONOTONE MAPS

Ismat Beg

Abstract. The existence of fixed points for monotone maps on the fuzzy ordered sets under suitable conditions is proved.

1. Introduction and preliminaries

In his seminal paper Zadeh [11] introduced the notion of fuzzy set. During last three decades the fuzzy set theory has rapidly developed into an area which scientifically as well as from the application point of view, is recognized as a very valuable contribution to the existing knowledge (see [3, 9, 13]). Recently Heilpern [7], Hadzic [6], Fang [5], Jung, Cho and Kim [8] and many other authors have started to study fixed points in fuzzy setting. The aim of this note is to prove the existence of fixed points of fuzzy monotone maps on fuzzy ordered set.

Let X be a space of points (objects), with a generic element of X denoted by x. A fuzzy set B of X is characterized by a membership function ‘b‘ which associated with each element in X a real number in the interval [0,1], with the value of b(x) at x representing the grade of membership of x in B. For details see Zimmermann [13].

Zadeh [11] gave the definition of fuzzy ordered relations which was subsequently used by Vanugopalan [9] and Beg and Islam [2] in their recent papers. Zadeh’s definition has a binary inspiration. In this paper we follow the following definition of order relation due to French school lead by Prof. Claude Ponsard (see Billot [3]).

Definition 1. Let X be a crisp set. A fuzzy ordered relation on X is a fuzzy subset R of X × X with the following properties

(i) for all x ∈ X, r(x, x) ∈ [0, 1] (reflexivity);

(ii) for all x, y ∈ X, r(x, y) + r(y, x) > 1 implies x = y (antisymmetry); (iii) for all (x, y, z) ∈ X^3, [r(x, y) ≥ r(y, x) and r(y, z) ≥ r(z, y)] implying r(x, z) ≥ r(z, x) (f-transitivity).

1991 Mathematics Subject Classification: 04A72, 03E72, 06A06. Key words and phrases: fuzzy set, fuzzy order relation, monotone maps, fixed point. This work is partially supported by Kuwait University Research Grant No. SM-156. Received January 15, 1998.

A set with fuzzy order defined on it is called a fuzzy ordered set. A fuzzy relation is totally reflexive if for all x ∈ X, r(x, x) = 1 and totally non-reflexive if for all x ∈ X, r(x, x) = 0. Any intermediate situation between these two Boolean definition derives from the fuzzy reflexivity that describes the shades of reflexivity. Definition 1, has significant interpretation/applications in economics preference theory (see Billot [3]).

A fuzzy order is said to be total if for all x ≠ y we have either r(x, y) > r(y, x) or r(y, x) > r(x, y). A fuzzy ordered set on which fuzzy order is total is called fuzzy chain. For a subset A ⊂ X, an upper bound is an element x ∈ X satisfying r(y, x) ≥ r(x, y) for all y ∈ A. An element x is called maximal element of A if there is no y ≠ x in A for which r(x, y) ≥ r(y, x). An x ∈ A satisfying r(y, x) ≥ r(x, y) for all y ∈ A is called greatest element of A. Similarly, we can define lower bound, minimal and least element of A. We denote by sup A = least element of upper bounds and inf A = greatest element of lower bounds.

In addition to first order fuzzy theory axioms (Za) (for details see Chapin [4]), we assume Fuzzy Zorn’s Lemma (see Beg [1]): If every fuzzy chain in a fuzzy ordered set X has an upper bound, then X has a maximal element.

A mapping f : X → X is called fuzzy monotone if r(y, x) ≥ r(x, y) implies r(f(y), f(x)) ≥ r(f(x), f(y)). A point x ∈ X is called a fixed point of f if f(x) = x.

2. The results

Theorem 1. Let X be a fuzzy ordered set with the property that every fuzzy chain in X has a supremum. Let f : X → X be a fuzzy monotone map and assume that there exists some a ∈ X with r(a, f(a)) ≥ r(f(a), a). Then the set of fixed points of f is nonempty and has a maximal fixed point.

Proof. Consider the fuzzy ordered subset P = {x ∈ X : r(x, f(x)) ≥ r(f(x), x)} . Since a ∈ P , therefore P is nonempty. Let C be a chain in P and b be its supremum in X. Then r(c, b) ≥ r(b, c) for every c ∈ C. Thus r(f(c), f(b)) ≥ r(f(b), f(c)). As r(c, f(c)) ≥ r(f(c), c). Therefore r(c, f(b)) ≥ r(f(b), c) for c ∈ P . It follows that f(b) is an upper bound for C. Since b is supremum of C and f(b) is an upper bound for C, we have r(b, f(b)) ≥ r(f(b), b). Therefore b ∈ P . Thus supremum of any chain in P belongs to P . Fuzzy Zorn’s Lemma further implies that P has a maximal element, x_0(say). Since x_0 ∈ P ,

r(x_0, f(x_0)) ≥ r(f(x_o), x_0) .

As f is monotone, r(f(x_0), f(f(x_0))) ≥ r(f(f(x_0)), x_0). It further implies that f(x_0) belong to P . Since x_0 is a maximal element of P , we see that x_0 = f(x_0).

Furthermore, if y is a another fixed point of f, then y ∈ P . This shows that x_0 is a maximal fixed point of f. □

FIXED POINTS OF FUZZY MONOTONE MAPS 143

Definition 2. A map f : X → X is said to be fuzzy order continuous if for each countable fuzzy chain {c_i} having a supremum, f(sup{c_i}) = sup({f(c_i)}).

A fuzzy order continuous map is necessarily monotone; for if r(x, y) ≥ r(y, x) then y = sup{x, y}, so, by continuity, f(y) = sup{f(x), f(y)}. Therefore r(f(x), f(y)) ≥ r(f(y), f(x)). Theorem 2. Let X be a fuzzy ordered set and f : X → X be fuzzy order continuous map. Assume that there is a b ∈ X such that: (i) r(b, f(b)) ≥ r(f(b), b), and (ii) every countable fuzzy chain in {x : r(b, x) ≥ r(x, b)} has a supremum.

Then the point c = sup_n f^n(b) is a fixed point of f. Moreover the point c is also

the infimum of the set of fixed points of f in {x : r(b, x) ≥ r(x, b)}.

Proof. Because r(b, f(b)) ≥ r(f(b), b) and f is monotone, we have

r(f(b), f^2(b)) ≥ r(f^2(b), f(b))

and inductively, r(f^n(b), f^{n+1}(b)) ≥ r(f^{n+1}(b), f^n(b))

for each n ≥ 1. Thus {f^n(b) : n ≥ 1} is a chain in {x : x ≥ b}; so c = sup_n f^n(b)

exists.

Since f is continuous, f(c) = f ( sup_n f^n(b) ) = sup_n f ( f^n(b) ) = sup_n f^{n+1}(b) = c .

Hence c is a fixed point of f. Let e be another fixed point of f in {x : r(b, x) ≥ r(x, b)}, then r(c, e) ≥ r(e, c). Indeed, since r(b, e) ≥ r(e, b), we have r(f(b), e) = r(f(b), f(e)) ≥ r(f(e), f(b)) = r(e, f(b)), and by induction, that r(f^n(b), e) ≥ r(e, f^n(b)) for every n ≥ 1. Thus e is an upper bound for {f^n(b) : n ≥ 1}, so r(c, e) ≥ r(e, c). Thus c is the infimum of the set of fixed points of f in {x : r(b, x) ≥ r(x, b)}. □ Acknowledgement. The author is thankful to the learned referee for extremely attentive reading and useful critical remarks to improve the presentation of the paper.

References

[1] Beg, I., On fuzzy Zorn’s lemma, Fuzzy Sets and Systems 101(1999), 181-183. [2] Beg, I., Islam, M., Fuzzy ordered linear spaces, Jour. Fuzzy Math. 3(3)(1995), 659-670. [3] Billot, A., Economic theory of fuzzy equilibria, Lecture Notes in Economics and Mathematical systems - 373, Springer-Verlag, Berlin 1992.

[4] Chapin, E. W., Set-valued set theory: Part One, Notre Dame Journal of Formal Logic XV(4)(1974), 619-634.

[5] Fang, J. X., On fixed point theorems in fuzzy metric spaces, Fuzzy Sets and Systems 46(1992), 107-113.

[6] Hadzic, O., Fixed point theorems for multivalued mappings in some classes of fuzzy metric spaces, Fuzzy Sets and Systems 29(1989), 115-125.

[7] Heilpern, S., Fuzzy mappings and fixed point theorem, Jour. Math. Anal. Appl. 83(1981), 566-569.

[8] Jung, J. S., Cho, Y. J., Kim, J. K., Minimization theorems for fixed point theorem in fuzzy metric spaces and applications, Fuzzy Sets and Systems 61(1994), 119-207.

[9] Li, H. X., Yen, V. C., Fuzzy Sets and Fuzzy Decision Making, CRC Press, New York 1995. [10] Venugopalan, P., Fuzzy ordered sets, Fuzzy Sets and Systems 46(1992), 221-226. [11] Zadeh, L. A., Fuzzy sets, Information & Control 8(1965), 338-353. [12] Zadeh, L. A., Similarity relations and fuzzy orderings, Info. Sci. 3(1971), 177-200. [13] Zimmermann, H. J., Fuzzy Set Theory and its Applications, Kluwer Academic Pub. - Dordrecht 1991.

Department of Mathematics & Computer Science Faculty of Science, Kuwait University P.O.Box. 5969, Safat – 13060, KUWAIT E-mail: ibeg@math-1.sci.kuniv.edu.kw