ARCHIVUM MATHEMATICUM (BRNO) Tomus 34 (1998), 467 – 476

ASYMPTOTIC PROPERTIES OF THE SOLUTIONS OF THE SECOND ORDER DIFFERENCE EQUATION

Małgorzata Migda, Janusz Migda

Abstract. Asymptotic properties of the solutions of the second order nonlinear difference equation (with perturbed arguments) of the form

Δ2_xn_{= a}n_{φ(x}n+k_)

are studied.

In this paper we are concerned with the difference equation

(E) Δ^2x_n = a_nφ(x_{n+k} ) , n = 1, 2, . . ., k = 0, 1, 2, . . .

where Δ is the forward difference operator, i.e.,

Δx_n = x_{n+1} − x_n, Δ^2x_n = Δ(Δx_n) ,

(a_n) is a sequence of real numbers and φ is a real function. Throughout this paper N denotes the set of positive integers, R denotes the set of real numbers.

Some qualitative properties of the solutions of second order nonlinear difference equations have been investigated in many papers, for instance, in [4], [6], [7]. In this paper the asymptotic behaviour of solutions will be considered. The results obtained here (Theorems 1,2,3) generalize some results of A. Drozdowicz and J. Popenda [2], [3].

We first mention a useful lemma. Lemma. Assume the series^∞ ∑ n=1 n|a_n| is convergent and r_n =^∞ ∑ j=n a_j . Then the

series^∞ ∑ n=1 r_n is absolutely convergent and ∞∑ n=1 r_n = ∞∑ n=1 na_n . 1991 Mathematics Subject Classification: 39A10.

Key words and phrases: difference equation, asymptotic behaviour. Received November 1, 1997.

Proof. Since the series^∞ ∑ n=1 na_n is absolutely convergent we have

a_1 + (a_2 + a_2) + (a_3 + a_3 + a_3) + (a_4 + a_4 + a_4 + a_4) · · · = = (a_1 + a_2 + a_3 + . . . ) + (a_2 + a_3 + a_4 + . . . ) + (a_3 + a_4 + a_5 + . . . ) + · · · = = r_1 + r_2 + r_3 + . . . . �

Theorem 1. If the series^∞ ∑ n=1 n|a_n| is convergent and φ : R → R is a continuous function then for every c ∈ R and for all k ∈ N there exists a solution (x_n) of the equation (E) such that limx_n = c .

Proof. Let c ∈ R and choose a real number a > 0. Then there exists a constant M > 0 such that (1) |φ(t)| < M for every t ∈ [c − a, c + a] . Let us denote

(2) r_n = ∞∑ j=n |a_j | for n ∈ N .

Using Lemma one can see that the series^∞ ∑ n=1 r_n is convergent. Let us denote

(3) ϱ_n = ∞∑ j=1 r_j for n ∈ N .

There exists an index m ∈ N such that M ϱ_n < a for every n ≥ m. Let ℓ_∞ denote the Banach space of all real bounded sequences equipped with sup norm. Let

T = {x ∈ ℓ_∞ : x_1 = · · · = x_m = c and |x_n − c| ≤ M ϱ_n for n ≥ m} .

Obviously, T is a convex and closed subset of the space ℓ_∞. Let ε > 0. It is easy to construct a finite ε-net for the set T . Hence T is compact.

If x ∈ T then x_n ∈ [c − a, c + a] for each n ∈ N . Hence |φ(x_n)| < M for every x ∈ T , n ∈ N . Let x ∈ T . Since |φ(x_n)| < M for every n ∈ N , the series^∞ ∑ j=1 a_j φ(x_{j+k} ) is absolutely convergent. Denoting

u_n = ∞∑ j=n a_j φ(x_{j+k} ), n ∈ N (4) by (2) we have |u_n| ≤ ∞∑ j=n |a_j |M = M r_n . (5)

Since the series^∞ ∑ j=1 |r_j| is convergent, the series^∞ ∑ j=1 |u_j | is convergent, too. Now,

we define the sequence A(x) by A(x)(n) = { c for n < m , c + ∑_∞ j=n u_j for n ≥ m . If n ≥ m then |A(x)(n) − c| = | | | | | | ∞∑ j=n u_j | | | | | | ≤ ∞∑ j=n |u_j | . By (3), (5) we have |A(x)(n) − c| ≤ M ∞∑ j=n r_j = M ϱ_n .

Hence A(x) ∈ T for every x ∈ T , and we get a map a : T → T .

Let x ∈ T , ε > 0. The function φ is uniformly continuous on the interval

[c − a, c + a]. Hence there exists a constant δ > 0 such that if t, s ∈ [c − a, c + a] and |t − s| < δ then |φ(t) − φ(s)| < ε. Let z ∈ T and let ‖x − z‖ < δ. Then |x_n − z_n| < δ for every n ∈ N . Hence

(6) |φ(x_n) − φ(z_n )| < ε for each n ∈ N .

Let us denote

(7) v_n = ∞∑ j=n a_j φ(z_{j+k} ), for n ∈ N . Using (4) and (7) we get

‖A(x) − A(z)‖ = sup_{n≥m} | | | | | ∞∑ j=n u_j − ∞∑ j=n v_j | | | | | ≤ ∞∑ j=m |u_j − v_j | .

By (6) one yields

|u_j − v_j | = | | | | | | ∞∑ i=j a_iφ(x_{i+k} ) − ∞∑ i=j a_iφ(z_{i+k} ) | | | | | | ≤

≤ ∞∑ i=j |a_i| |φ(x_{i+k}) − φ(z_{i+k} )| ≤ ε ∞∑ i=j |a_i| = εr_j .

Hence

‖A(x) − A(z)‖ ≤ ∞∑ j=m ε|r_j | = εϱ_m .

This shows that A is a continuous map.

By Schauder’s theorem there exists z ∈ T such that A(z) = z. Then z_n = c +^∞ ∑ j=n v_j for all n ≥ m. Hence

Δz_n = c + ∞∑ j=n+1 v_j − c − ∞∑ j=n v_j = −v_n .

Therefore

Δ^2z_n = −v_{n+1} + v_n = − ∞∑ j=n+1 a_j φ(z_{j+k}) + ∞∑ j=n a_j (z_{j+k} ) = a_nφ(z_{n+k} )

for every n ≥ m.

Since the series^∞ ∑ j=1 v_j is convergent and z_n = c +^i ∑ j=n nftyv_j we get lim z_n = c.

For every sequence (x_n) the following equality holds Δ^2x_n = x_{n+2} − 2x_{n+1} + x_n .

Hence z_{n+2} − 2z_{n+1} + z_n = a_nφ(z_{n+k} ) for every n ≥ m. Therefore (8) z_n = 2z_{n+1} + a_nφ(z_{n+k} ) − z_{n+2} for each n ≥ m. Using (8) one can change successively all the terms z_{m−1}, z_{m−2}, . . . , z_1 of the sequence (z_n) to obtain a solution (z_n) of the equation (E) such that lim z_n = c. � Theorem 2. Assume that k = 0, the series^∞ ∑ n=1 n|a_n| is convergent and φ : R → R is a continuous function such that

for every α, x ∈ R there exists a constant t ∈ R such that (*) t − αφ(t) = x .

Then for every c ∈ R there exists a solution (x_n) of the equation (E) with limx_n = c. Proof. If c ∈ R then, as in Theorem 1, we can show that there exist m ∈ N and a sequence (x_n) such that limx_n = c and Δ^2x_n = a_nφ(x_n) for every n ≥ m.

The equation (E) can be rewritten in the form

x_{n+2} − 2x_{n+1} + x_n = a_nφ(x_n) .

Hence

x_n − a_nφ(x_n) = x_{n+2} − 2x_{n+1} .

Using (*) we can calculate successively all the terms x_{m−1}, x_{m−2}, . . . , x_1 to obtain a solution (x_n) of the equation (E) which satisfy the condition limx_n = c. � Remark 1. It is easy to show that if φ : R → R is a continuous and bounded function or if it is a polynomial of degree 2k + 1, k ∈ N then φ satisfies the condition (*).

Theorem 3. It the series^∞ ∑ n=1 n|a_n| is convergent and φ : R → R is a bounded and uniformly continuous function then for every c ∈ R and for any k = 0, 1, 2, . . . there exists a solution (x_n) of the equation (E) which possesses the asymptotic behaviour x_n = cn + o(1) .

Proof. Let c ∈ R. Let us choose a constant M > 0 such that |φ(t)| < M for each t ∈ R. Similarly as in the proof of Theorem 1 for n ∈ N we denote r_n, ϱ_n by (2), (3).

Let ℓ be the space of all sequences x : N → R and let T = {x ∈ ℓ_∞ : |x_n| ≤ M ϱ_n for all n ∈ N } , S = {x ∈ ℓ : |x_n − nc| ≤ M ϱ_n for all n ∈ N } . We define the map F : T → S by F (x)(n) = nc + x_n . Obviously, the formula d(x, z) − sup{|x_n − z_n| : n ∈ N } defines a metric on the set S such that F is an isometry of the set T onto S. The set T , similarly as in the proof of Theorem 1, is a compact and convex subset of the space ℓ_∞. The space S is homeomorphic to T . Hence by Schauder’s theorem every continuous

map A : S → S has a fixed point.

For x ∈ S and n ∈ N we define u_n by (4) and

A(x)(n) = nc + ∞∑ j=n u_j .

Then

|A(x)(n) − nc| = | | | | | ∞∑ j=n u_j | | | | | ≤ ∞∑ j=n |u_j| ≤ M ϱ_n

for every n ∈ N . Hence A(x) ∈ S and we get a map A : S → S. Let x ∈ S,

ε > 0. Since the function φ is uniformly continuous there exists a δ > 0 such that if |t − s| < δ then |φ(t) − φ(s)| < ε. If z ∈ S and d(x, z) < δ then |x_n − z_n| < δ for every n ∈ N . Hence |φ(x_n) − φ(z_n)| < ε for every n ∈ N .

Taking u_n, v_n from (4), (7) we get

d(A(x), A(z)) = sup_n | | | | | | ∞∑ j=n u_j − ∞∑ j=n v_j | | | | | | ≤ ∞∑ j=1 |u_j − v_j | .

Since

|u_j − v_j | = | | | | | ∞∑ i=j a_iφ(x_{i+k} ) − ∞∑ i=j a_iφ(z_{i+k} ) | | | | | ≤

≤ ∞∑ i=j |a_i| |φ(x_{i+k}) − φ(z_{i+k} )| ≤ ε ∞∑ i=j |a_i| = εr_j ,

it follows that

d(A(x), A(z)) ≤ ∞∑ j=1 ε|r_j | = εϱ_1 .

This shows that A s a continuous map. Hence there exists a sequence x ∈ S such

that A(x) = x. Then for every n ∈ N we have

x_n = nc + ∞∑ j=n v_j .

Hence

Δx_n = (n + 1)c + ∞∑ j=n+1 v_j − nc − ∞∑ j=n v_j = c − v_n .

Therefore

Δ^2x_n = c − v_{n+1} − c + v_n = = − ∞∑ j=n+1 a_j φ(x_{j+k}) + ∞∑ j=n a_j φ(x_{j+k}) = a_nφ(x_{n+k} )

for each n ∈ N . Hence x is a solution of the equation (E). Since the series^∞ ∑ j=1 v_j is convergent, we obtain the asymptotic relation x_n = cn + o(1) . �

Theorem 4. Suppose that^∞ ∑ n=1 |a_n| < ∞ and that φ : R → R is a bounded function. If (x_n) is a solution of the equation (E) then the sequence (x_n/n) is convergent in R.

Proof. Assume that |φ(t)| < M for every t ∈ R. If m > n then

Δx_m − Δx_n = m−1∑ j=n Δ^2x_j = m−1∑ j=n a_j φ(x_{j+k}) .

Hence

|Δx_m − Δx_n| ≤ M m−1∑ j=n |a_j | .

Therefore, the sequence (Δx_n) is convergent. By virtue of Stolz’s theorem (see [1], Theorem 1.7.9), lim x_n/n = lim Δx_n. � Example. The sequence x_n = 3^n which is a solution of the equation Δ^2x_n = 4 3n+4 xn+2 possesses the property limxn/n = ∞. Hence we see the assumption of the boundedness of the function φ in Theorem 4 can not be omitted.

Theorem 5. If φ : R → [ε, ∞) is a nondecreasing function, ε > 0, a_n > 0 for every n ∈ N ,^∞ ∑ n=1 a_n = ∞, k ∈ N then every solution (x_n) of the equation (E) possesses the asymptotic behaviour lim x_n/n = ∞ .

Proof. Suppose that (x_n) is a solution of the equation (E). Since a_nφ(x_{n+k}) > 0 for every n ∈ N , (Δx_n) is an increasing sequence. By assumption we have φ(x_n) ≥ ε for every n ∈ N . Summation of (E) over n gives n−1∑ j=1 Δ^2x_j = n−1∑ j=1 a_j φ(x_{j+k} ) .

Hence

Δx_n = Δx_1 + n−1∑ j=1 a_j φ(x_{j+k}) ≥ Δx_1 + ε n−1∑ j=1 a_j .

Since^∞ ∑ n=1 a_n = ∞ there exists m ∈ N such that

Δx_1 + ε n−1∑ j=1 a_j > 0 for all n ≥ m .

Therefore Δx_n > 0 for each n ≥ m. Hence the sequence (x_n) is increasing for n ≥ m. Suppose n ≥ m. Then

Δx_n = Δx_1 + n−1∑ j=1 a_j φ(x_{j+k}) ≥ Δx_1 + m−1∑ j=1 a_j φ(x_{j+k}) + n−1∑ j=m a_j φ(x_{j+k}) ≥

≥ Δx_1 + m−1∑ j=1 a_j φ(x_{j+k} ) + φ(x_{m+k} ) n−1∑ j=m a_j .

It follows that lim Δx_n = ∞. By virtue of Stolz’s theorem

lim x_n/n = lim Δx_n . �

Example. Let φ(t) = { 0 for t ≤ 0 t^2 for t > 0 . Then the sequence x_n = 2^{−n} is a solution of the equation

Δ^2x_n = 2^{n−2}φ(x_n)

such that lim x_n/n = 0. All assumptions of the Theorem 5 are satisfied except ε > 0. Hence we can see that in Theorem 5 we cannot put ε = 0.

The proofs of the following two theorems are similar to the proof of Theorem 5 and they will be omitted.

Theorem 6. If φ : R → (−∞, −ε] is nonincreasing, a_n < 0 for every n ∈ N , ∞∑ n=1 a_n = −∞, k ∈ N then every solution (x_n) of the equation (E) fulfills the condition lim x_n/n = ∞ . � Theorem 7. Assume^∞ ∑ n=1 |a_n| = ∞. If a function φ : R → [ε, ∞) is nondecreasing and a_n < 0 for all n ∈ N or φ : R → (−∞, ε] is nonincreasing and a_n > 0 for every n ∈ N then every solution (x_n) of the equation (E) fulfills the condition lim x_n/n = −∞ . � Remark 2. Theorem 2 of this paper (in the case a_n ≥ 0 for any n ∈ N and φ(c) ≠ 0) is similar to Theorem 2 of [2]. Theorem 3 (in the case when φ is a periodic function and k = 0, c = 1) have been proved by A. Drozdowicz and J. Popenda (see [3] Theorem 4.1).

Remark 3. It is easy to see that the result of Theorem 3 can be extended to the delay difference equation

(D) Δ^2x_n = a_nφ(x_{n−k}), k ∈ N .

Moreover if we assume φ(R) = R and a_n ≠ 0 for every n ∈ N then the result of Theorem 1 can also be extended to the equation (D). Remark 4. If we assume that the series ∑ n^{m−1}a_n is absolutely convergent, for some fixed m ∈ N , m ≥ 2, then the results of Theorems 1, 2 and probably also of Theorem 3 can be generalized to the case of the higher order difference equation

Δ^mx_n = a_nφ(x_{n+k} ) .

Details concerning this will appear in [5].

References

[1] Agarwal, R. P., Difference Equations and Inequalities, Marcel Dekker, New York, 1992. [2] Drozdowicz, A., Popenda, J., Asymptotic behaviour of the solutions of the second order difference equation, Proc. Amer. Math. Soc. 99(1) (1987), 135-140.

[3] Drozdowicz, A., Popenda, J., Asymptotic behaviour of solutions of difference equations of second order, J. of Com. and Appl. Math. 47 (1993), 141-149.

[4] Hooker, J. W., Patula, W. T., A second order nonlinear difference equation: oscillation and asymptotic behaviour, J. Math. Anal. Appl. 91 (1983), 9-29.

[5] Migda, J., Asymptotic properties of solutions of higher order difference equations, (in preparation).

[6] Musielak, R., Popenda, J., The periodic solutions of the second order nonlinear difference equation, Publ. Math. 32 (1988), 49-56.

[7] Szafrański, Z., Szmanda, B., Oscillatory properties of solutions of some difference systems, Radovi Mat. 6 (1990), 205-214.

Małgorzata Migda Institute of Mathematics, Poznań University of Technology ul. Piotrowo 3a, 60-965 Poznań, POLAND

Janusz Migda Institute of Mathematics, Adam Mickiewicz University ul. Matejki 48/49, 60-769 Poznań, POLAND