ARCHIVUM MATHEMATICUM (BRNO)

Tomus 34 (1998), 267 – 284

SECOND ORDER MULTIVALUED BOUNDARY VALUE PROBLEMS

Nikolaos Halidias and Nikolaos S. Papageorgiou

Abstract. In this paper we use the method of upper and lower solutions to study multivalued Sturm–Liouville and periodic boundary value problems, with Caratheodory orientor field. We prove two existence theorems. One when the orientor field F (t, x, y) is convex–valued and the other when F (t, x, y) is nonconvex valued. Finally we show that the “convex” problem has extremal solutions in the order interval determined by an upper and a lower solution.

1. Introduction

The method of upper and lower solutions has been successfully applied to study the existence of multiple solutions for initial and boundary value problems of the first and second order. This method generates solutions of the problem, located in an order interval with the upper and lower solutions serving as bounds. Moreover, this method coupled with some monotonicity type hypotheses, leads to monotone iterative techniques which generate in a constructive way (amenable to numerical treatment) the extremal solutions within the order interval determined by the upper and lower solutions.

This method has been used only in the context of single–valued differential equations and the majority of the works assume that the vector field is continuous in all variables and so they look for solutions in the Banach spaces C^2(0, b). We refer to the books of Bernfeld–Lakshmikantham [1] and Gaines–Mawhin [9], to the papers of Leela [16], Omari [22], Omari–Trombetta [23] and to the references therein. Extensions to Caratheodory vector fields were obtained by Cabada–Nieto [4], Gao–Wang [10], Nieto [19], Nieto–Cabada [20], Nkashama [21] and Papageorgiou– Papalini [27].

1991 Mathematics Subject Classification: 34B15, 34B24.

Key words and phrases: upper solution, lower solution, order interval, usc multifunction, lsc multifunction, decomposable set, truncation map, penalty function, extremal solutions, Sturm– Liouville boundary conditions, periodic solutions.

Received February 6, 1997.

So far the method has not been used in the context of multivalued problems (differential inclusions). The papers on multivalued boundary value problems, use other approaches which require stronger growth conditions on the multivalued vector field. For a sample of these methods we refer to the works of Erbe–Krawcewicz [8], Kandilakis–Papageorgiou [13], Kravvaritis–Papageorgiou [15] and Marano [17]. In this paper we employ the method of upper and lower solutions to study a general class of second order differential inclusions with Sturm–Liouville and periodic boundary conditions. We prove two existence theorems under Caratheodory–type conditions on the multivalued vector field (also known as orientor field). The first existence result assumes that the orientor field has convex values (“convex” existence theorem). The second existence result does not require convexity in the values of the orientor field (“nonconvex” existence theorem). Both theorems establish the existence of solutions in the order interval determined by an upper and a lower solution. Moreover, for the “convex” problem, we prove the existence of extremal solutions for the problem (i.e. we show that the problem has a greatest and a least solution in the order interval). The same set of results is also proved for the periodic problem.

The multivalued problems studied in this paper, arise in many applied situations of interest:

(a) “Closed loop systems”: −x^{′′} (t) = f(t, x(t), x^′ (t), u(t)) a.e. on T , with u(t) ∈ U (t, x(t)) a.e. on T . In this case F (t, x, y) = f(t, x, y, U (t, x)).

(b) “Implicit differential equations”: f(t, x(t), x^′ (t), x^{′′} (t)) = 0 a.e. on T . In this case F (t, x, y) = {−v ∈ R : f(t, x, y, v) = 0}. (c) “Deterministic systems with uncertainties”: −x^{′′} (t) ∈ f(t, x(t), x^′ (t)) + [−r(t, x(t)), r(t, x(t))] a.e. on T . In this case F (t, x, y) = f(t, x, y)+[−r(t, x), r(t, x)]. (d) “Problems with discontinuous right hand side”: −x^{′′} (t) = f(t, x(t), x^′ (t)) a.e. on T . Since this problem need not have a solution, in order to develop an existence theory, we replace it by a multivalued one which is obtained by, roughly speaking, filling in the gaps at the discontinuity points (see Chang [5]). So we introduce f_1(t, x, y) = lim_{x′→x} y^′→y f(t, x^′ , y^′ ) and f_2(t, x, y) = lim_{x′ →x} y^′→y f(t, x^′ , y^′ ). Assuming

that these functions are superpositionally measurable (N –measurable in the terminology of Chang [5]), we introduce F (t, x, y) = [f_1(t, x, y), f_2(t, x, y)] and consider the problem −x^{′′} (t) ∈ F (t, x(t), x^′ (t)) a.e. on T . Note that for every t ∈ T , f_1(t, ·, ·) is lower semicontinuous and f_2(t, ·, ·) is upper semicontinuous (see Chang [5]), hence F (t, ·, ·) is usc (see Klein–Thompson [14]).

To our knowledge the most effective (and often the only) way to analyze such problems, is through the theory of differential inclusions.

2. Preliminaries

Let T = [0, b]. We will be studying the following Sturm–Liouville and periodic multivalued boundary value problems: { −x^{′′} (t) ∈ F (t, x(t), x^′ (t)) a.e. on T (B_0x)(0) = k_0, (B_1x)(b) = k_1 } (1) and { −x^{′′} (t) ∈ F (t, x(t), x^′ (t)) a.e. on T x(0) = x(b), x^′ (0) = x^′ (b) } (2)

In problem (1), (B_0x)(0) = a_0x(0) − c_0x^′ (0) and (B_1x)(b) = a_1x(b) + c_1x^′ (b), with a_0, a_1, c_0, c_1 ≥ 0 and a_0(a_1b + c_1) + c_0a_1 ≠ 0. This last condition guarantees that the homogeneous problem x^{′′} (t) = 0 a.e. on T , (B_0x)(0) = 0, (B_1x)(b) = 0, has only the trivial solution. Then for any h ∈ L^1(T ), the solution of x^{′′} (t) = h(t) a.e. on T , (B_0x)(0) = k_0, (B_1x)(b) = k_1, is given by

x(t) = u(t) + ∫_b 0 G(t, s)h(s) ds, t ∈ T where u ∈ C^2(0, b) is the solution of u^{′′} (t) = 0, t ∈ T , (B_0u)(0) = k_0, (B_1 u)(b) = k_1 and G ∈ C(T × T ) is the Green’s function of our problem with homogeneous boundary conditions (see for example Bernfeld–Lakshmikantham [1]).

In sections 3 and 4, we deal with the Sturm–Liouville problem and in section 5, we show that the same results with minor modifications in the proofs are also valid for the periodic problem.

So let us start by defining what we mean by a solution of problem (1).

Definition. A function x ∈ W^{2,1}(T ) is said to be a “solution of (1)”, if there exists v ∈ L^1(T ) such that v(t) ∈ F (t, x(t), x^′(t)) a.e. on T , −x^{′′} (t) = v(t) a.e. on T and (B_0 x)(0) = k_0, (B_1 x)(b) = k_1.

Now we introduce the notions of upper and lower solutions for problem (1), which are the basic tools in the approach that we follow in this paper.

Definition. A function ϕ ∈ W^{2,1}(T ) is said to be an “upper solution” for problem (1), if there exists a function v_1 ∈ L^1(T ) such that v_1(t) ∈ F (t, ϕ(t), ϕ^′ (t)) a.e. on T , −ϕ^{′′} (t) ≥ v_1(t) a.e. on T and (B_0ϕ)(0) ≥ k_0, (B_1ϕ)(b) ≥ k_1. Similarly a function ψ ∈ W^{2,1}(T ) is said to be a “lower solution”, if there exists v_0 ∈ L^1(T ) such that v_0(t) ∈ F (t, ψ(t), ψ^′ (t)) a.e. on T , −ψ^{′′} (t) ≤ v_0(t) a.e. on T and (B_0ψ)(0) ≤ k_0, (B_1ψ)(b) ≤ k_1.

We will briefly recall some basic definitions and facts from multivalued analysis that we will use in the sequel. So let X be a separable Banach space. In what follows we use the following notation:

P_{f (c)}(X) = {A ⊆ X : A is nonempty, closed (and convex)}.

If T = [0, b], then a multifunction F : T → P_f (X) is said to be “measurable”, if for every x ∈ X, the function t → d(x, F (t)) = inf[||x − y|| : y ∈ F (t)] is measurable. In fact if on T we consider the Lebesgue σ–field L (the completion of the Borel σ–field B(T ) with respect to the Lebesgue measure), then the above definition of measurability is equivalent to saying that GrF = {(t, y) ∈ T ×X : y ∈ F (t)} ∈ L× B(X), with B(X) being the Borel σ–field of X (graph measurability). Finally a third equivalent definition of measurability of F (·), is to say that there exists a sequence of Lebesgue measurable functions f_n : T → X, n ≥ 1, such that F (t) = {f_n(t)}_{n≥1} for all t ∈ T . For details and additional results, we refer to the survey paper of Wagner [29].

Given a multifunction F : T → P_f (X), by S^1_F we denote the set of selectors of F (·) which belong in the Lebesgue–Bochner space L^1(T, X); i.e. S^1_F = {f ∈ L^1(T, X) : f(t) ∈ F (t) a.e. on T }. In general there is no guarantee that this set is nonempty. Through an easy application of the “Yankov–von Neumann–Aumann selection theorem” (see for example Wagner [29], theorem 5.10), we can check that for a measurable F (·), S^1_F ≠ Ø if and only if inf{||y|| : y ∈ F (t)} ∈ L^1(T ). Also for a measurable F (·), S^1_F is convex (and closed) if and only if for almost all t ∈ T , F (t) is convex (and closed). Also S^1_F is bounded in L^1(T ) if and only if t → sup[||y|| : y ∈ F (t)] belongs in L^1(T ). An important property that the set S^1_F has, is that it is “decomposable”; i.e. for all (f_1, f_2, A) ∈ S^1_{F1} × S^1_{F2} × L, we have χ_Af_1 + χ_Ac f_2 ∈ S^1_F . This property, which formally looks like convexity (note that χ_Ac = 1 − χ_A), gives to the set S^1_F a structure very similar to that of a regular convex set (see Papageorgiou [26]).

Next let Y, Z be Hausdorff topological spaces and G : Y → 2^Zr{Ø} a multifunction. We say that G(·) is “upper semicontinuous” (usc for short), if for every open set V ⊆ Z, the set G^+(V ) = {y ∈ Y : G(y) ⊆ V } is open in Y . Evidently this is equivalent to saying that for every C ⊆ Z closed, the set G^−(C) = {y ∈ Y : G(y) ∩ C ≠ Ø} is closed in Y . When G(·) is closed valued (i.e. for every y ∈ Y , G(y) ∈ P_f (Z)), and Z is regular, upper semicontinuity implies that the graph GrG = {(y, z) ∈ Y × Z : z ∈ G(y)} is closed in Y × Z with the product topology. The converse is true if G(Y ) = ⋃ y∈Y G(y) is compact in Z. Another important

notion of continuity of G(·), is that of lower semicontinuity. More specifically, we say that G : Y → 2^Z r{Ø} is “lower semicontinuous” (lsc for short), if for every V ⊆ Z open, the set G^−(V ) = {y ∈ Y : G(y) ∩ V ≠ Ø} is open in Y (equivalently if for every C ⊆ Z closed, the set G^+ (C) = {y ∈ Y : G(y) ⊆ C} is closed in Y ). When Y and Z are metrizable spaces, then we can give some alternative equivalent characterizations of lower semicontinuity. Namely G(·) is lsc if and only if for every y_n → y in Y as n → ∞, then G(y) ⊆ limG(y_n) = {z ∈ Z : limd_Z (z, G(y_n)) = 0}, with d_Z(·, ·) denoting a metric which generates the topology of Z. Also G(·) is lsc if and only if for every z ∈ Z, y → d_Z (z, G(y)) is an upper semicontinuous

R+–valued function. Note that when G(·) is single–valued, then both notions of

upper and lower semicontinuity, coincide with that of continuity. For further results on these and related notions, we refer to the paper of DeBlasi–Myjak [6] and the book of Klein–Thompson [14].

If Y, Z are locally convex spaces, then a multifunction G : Y → 2^Zr{Ø} is said to be “bounded”, if it maps bounded sets to bounded sets. Now suppose that Y, Z are Banach spaces. An operator A : Y → Z (not necessarily linear), is said to be “completely continuous”, if it is continuous and maps bounded sets in Y , into relatively compacts subsets of Z.

3. Existence results

In this section, assuming the existence of an upper solution ϕ and a lower solution ψ such that ψ ≤ ϕ, we prove the existence of at least one solution located in the order interval K = [ψ, ϕ] = {x ∈ W^{2,1}(T ) : ψ(t) ≤ x(t) ≤ ϕ(t) for all t ∈ T }, for both the convex and nonconvex problems.

We start with convex problem. Then our hypotheses on the data of the problem are the following:

H(F)1: F : T × R× R→ P_{fc} (R) is a multifunction such that

(i) for every (x, y) ∈ R× R, t → F (t, x, y) is measurable; (ii) for almost all t ∈ T , (x, y) → F (t, x, y) has closed graph; (iii) for every r > 0, there exists γ_r ∈ L^1(T ) such that for almost all t ∈ T and all |x|, |y| ≤ r we have |F (t, x, y)| = sup[|v| : v ∈ F (t, x, y)] ≤ γ_r (t). H0: There exist an upper solution ϕ ∈ W^{2,1}(T ) and a lower solution ψ ∈ W^{2,1}(T ) such that ψ(t) ≤ ϕ(t) for all t ∈ T and also there exists h ∈ C(R_+, (0, +∞)) such that |F (t, x, y)| ≤ h(|y|) for all t ∈ T , x ∈ [ψ(t), ϕ(t)], y ∈ R and ∫_∞ θ r h(r) dr > max_{t∈T} ϕ(t) − min_{t∈T} ψ(t), with θ = 1 b max[|ψ(0) − ϕ(b)|, |ψ(b) − ϕ(0)|]. Remark. In the second part of hypothesis H_0, we recognize the classical Bernstein– Nagumo growth condition, which permits the derivation of a priori bounds for the first derivative of the solution of −x^{′′} (t) ∈ F (t, x(t), x^′ (t)) a.e. on T . More precisely, we can prove the following lemma: Lemma 1.

If hypothesis H_0 holds and x ∈ W^{2,1}(T ) is a solution of

−x^{′′} (t) ∈ F (t, x(t), x^′(t)) a.e. on T such that for all t ∈ T ψ(t) ≤ x(t) ≤ ϕ(t), then there exists N_1 depending only on ϕ, ψ, h such that |x^′ (t)| ≤ N_1 for all t ∈ T .

Proof. Using hypothesis H_0, we can find N_1 > θ such that max_{t∈T} ϕ(t) − min_{t∈T} ψ(t) < ∫_{N1} θ r h(r) dr.

We will show that for all t ∈ T , |x^′ | ≤ N_1. Proceeding by contradiction, suppose that this is not the case and that there exists ^t ∈ T such that |x^′ (^t)| > N_1. By the mean value theorem, we can find t_0 ∈ (0, b) such that x^′ (t_0) =^{x(b)−x(0)}_b ⇒ |x^′ (t_0)| =^1_b |x(b)−x(0)| ≤^1_b max[|ψ(0)−ϕ(b)|, |ψ(b)−ϕ(0)|] (note that ψ(b)−ϕ(0) ≤ x(b) − x(0) ≤ ϕ(b) − ψ(0)). Hence we have | | |x^′ (t0) | | | ≤ θ < N1 and | | |x^′ (^t) | | | > N1. Since x^′ (·) is continuous (recall that W^{2,1}(T ) is embedded continuously in C^1(T )), we can find [t_1, t_2] ⊆ T , where one of the following holds:

(a) x^′ (t_1) = θ, x^′ (t_2) = N_1 and θ < x^′ (t) < N_1 for all t ∈ (t_1, t_2);

(b) x^′ (t_1) = N_1, x^′ (t_2) = θ and θ < x^′ (t) < N_1 for all t ∈ (t_1, t_2);

(c) x^′ (t_1) = −θ, x^′ (t_2) = −N_1 and − N_1 < x^′ (t) < −θ for all t ∈ (t_1, t_2);

(d) x^′ (t_1) = −N_1, x^′ (t_2) = −θ and − N_1 < x^′ (t) < −θ for all t ∈ (t_1, t_2).

We assume that case (a) holds. Cases (b), (c) and (d) can be treated similarly. We have: −x^{′′} (t) ∈ F ( t, x(t), x^′ (t) ) a.e. on T ⇒ | |x^{′′} (t) | | x^′ (t) ≤ | |F (t, x(t), x^′ (t)) | | x^′ (t) ≤ h ( | |x^′ (t) | |) x^′ (t) a.e. on T

⇒ | | |x^{′′} (t) | | | x^′ (t) h(|x^′ (t)|) ≤ x^′ (t) a.e. on T (since h(·) is R_+r{0}–valued).

Integrating over [t_1, t_2], we obtain ∫_{t2} t1 | | |x^{′′} (t) | | | x^′ (t) h(|x^′ (t)|) dt ≤ ∫_{t2} t1 x^′ (t) dt = x(t_2) − x(t_1) ≤ max_{t∈T} ϕ(t) − min_{t∈T} ψ(t).

If we let r = x^′ (t), we have dr = x^{′′} (t) dt and x^′ (t_1) = θ, x^′ (t_2) = N_1. Therefore we obtain ∫_{N1} θ1 r h(r) dr ≤ max_{t∈T} ϕ(t) − min_{t∈T} ψ(t), which contradicts the choice of N_1. Since the other cases can be treated similarly, we have proved the lemma. �

We introduce the order interval K = [ψ, ϕ] = {x ∈ W^{2,1}(T ) : ψ(t) ≤ x(t) ≤ ϕ(t) for all t ∈}. We are looking for solutions of (1) in the order interval K. In the next theorem we prove the existence of such solutions for the convex problem.

Theorem 2.

If hypotheses H(F )_1 and H_0 hold, then problem (1) has a solution x ∈ W^{2,1}(T ) in K = [ψ, ϕ].

Proof. From lemma 1, we know that every solution x ∈ W^{2,1}(T ) of (1), which belongs in K, satisfies |x^′ (t)| ≤ N_1 for all t ∈ T , with N_1 depending on ϕ, ψ, h only. Set N_1 = 1 + max(N, ||ϕ^′ ||_∞, ||ψ^′ ||_∞). Also we define the truncation operator τ ∈ W^{1,1}(T ) → W^{1,1}(T ) by

τ (x)(t) = ϕ(t) if ϕ(t) ≤ x(t) x(t) if ψ(t) ≤ x(t) ≤ ϕ(t) ψ(t) if x(t) ≤ ψ(t). From Gilbarg–Trudinger [11] (p. 145), we have that for x ∈ W^{1,1}(T ), τ (x) ∈ W^{1,1}(T ) and

τ (x)^′ (t) = ϕ^′ (t) if ϕ(t) < x(t) x^′ (t) if ψ(t) ≤ x(t) ≤ ϕ(t) ψ^′ (t) if x(t) < ψ(t). In addition we introduce the truncation at N function q_N : L^1(T ) → L^1(T ), defined by

q_N (h)(t) = N if N ≤ h(t) h(t) if −N ≤ h(t) ≤ N −N if h(t) ≤ −N, and the penalty function u : T × R → R defined by u(t, x) = x − ϕ(t) if ϕ(t) ≤ x 0 if ψ(t) ≤ x ≤ ϕ(t) x − ψ(t) if x ≤ ψ(t). Let N_F (x) = S^1_{F (·,τ (x)(·),qN (τ (x)}′_{)(·))} for every x ∈ W^{1,1}(T ) and define G :

W^{1,1}(T ) → 2^{L1(T )} by

G(x) = {v ∈ N_F (x) : v(t) ≥ v_0(t) a.e. on [x < ψ < ϕ]

and v(t) ≤ v_1(t) a.e. on [ψ < ϕ < x]}.

Claim #1: For every x ∈ W^{1,1}(T ), G(x) is nonempty, closed and convex.

The closedness and convexity of G(x) are clear. So it remains to show that G(x) is nonempty. Consider the multifunction t → F (t, τ (x)(t), q_N(τ (x)^′ )(t)). We claim that this multifunction has a measurable selector. Note that hypotheses H(F )_1 (i) and (ii), in general, do not imply that t → F (t, τ (x)(t), q_N (τ (x)^′ )(t)) is measurable (see Papageorgiou [25]). So we can not apply directly the Yankov–von Neumann–Aumann selection theorem and obtain a measurable selector of t → F (t, τ (x)(t), q_N(τ (x)^′ )(t)). To obtain the desired measurable selector, we proceed as follows: Let {s_n}_{n≥1}, {r_n}_{n≥1} be simple functions such that |s_n(t)| ≤ |τ (x)(t)|, |r_n(t)| ≤ |q_N (τ (x)^′ )(t)|, s_n(t) → τ (x)(t) and r_n(t) → q_N (τ (x)^′ )(t) a.e. on T as n → ∞. Because of hypothesis H_0 (i), for every n ≥ 1 t → F (t, s_n(t), r_n(t)) is measurable and so we can apply the Yankov–von Neumann–Aumann selection theorem and obtain v_n : T → R a measurable function such that v_n(t) ∈ F (t, s_n(t), r_n(t)) a.e. on T . By hypothesis H(F )_1 (iii) |v_n(t)| ≤ γ_r (t) a.e. on T , n ≥ 1, with r > max[||ψ||_∞, ||ϕ||_∞, N ] and γ_r ∈ L^1(T ). Invoking the Dunford–Pettis theorem, we may assume that v_n^w→ ^v in L^1(T ) as n → ∞. Then theorem 3.1 Papageorgiou [24], implies that ^v(t) ∈ conv lim{v_n(t)}_{n≥1} ⊆ conv limF (t, s_n(t), r_n(t)) ⊆ F (t, τ (x)(t), q_N(τ (x)^′ )(t)) a.e on T , the last inclusion being a consequence of hypothesis H(F )_1 (ii). So ^v ∈ N_F (x). Set v = χ_{A1} ^v + χ_{A2} v_0 + χ_{A3} v_1, where A_1 = [ψ ≤ x ≤ ϕ], A_2 = [x < ψ < ϕ] and A_3 = [ψ < ϕ < x]. By decomposability v ∈ G(x) and so we have proved the claim.

Claim #2: G(·) is usc from W^{1,1}(T ) into L^1(T ) furnished with the weak topology.

We need to show that for every C ⊆ L^1(T ) weakly closed, G^−(C) = {x ∈ W^{1,1}(T ) : G(x) ∩ C ≠ Ø} is closed. So let {x_n}_{n≥1} ⊆ G^−(C) and assume that x_n → x in W^{1,1}(T ) as n → ∞. Since W^{1,1}(T ) is embedded continuously in C(T ) (see Brezis [3]), we also have that x_n → x in C(T ) as n → ∞. Let v_n ∈ G(x_n) ∩ C, n ≥ 1. Then for all n ≥ 1, |v_n(t)| ≤ γ_r (t) a.e. on T , with r > max[||ψ||_∞, ||ϕ||_∞, N ]. Thus invoking the Dunford–Pettis theorem and by passing to a subsequence if necessary, we may assume that v_n^w→ v in L^1(T ) as n → ∞. Then using as before theorem 3.1 of [24], we have that v(t) ∈ conv lim{v_n(t)}_{n≥1} for all t ∈ T rS_1, with λ(S_1) = 0 (λ being the Lebesgue measure on T ). Note that the truncation maps τ : W^{1,1}(T ) → W^{1,1}(T ) and q_N : L^1(T ) → L^1(T ) defined in the beginning of the proof, are continuous. Hence by passing to a suitable subsequence, we can say that τ (x_n)(t) → τ (x)(t) and q_N (τ (x_n)^′ )(t) → q_N (τ (x)^′ )(t) a.e. on T . Then using as before theorem 3.1 of [24] and hypothesis H(F )_1 (ii), we deduce that v ∈ N_F (x). If t ∈ [x < ψ < ϕ]rS_1, then t ∈ [x_n < ψ < ϕ] for all n ≥ n_0 and so v_n(t) ≥ v_0(t), from which it follows that v(t) ≥ v_0(t). Similarly, if t ∈ [ψ < ϕ < x], then t_n ∈ [ψ < ϕ < x] for all n ≥ n_1 and so v_n(t) ≤ v_1(t) from which it follows that v(t) ≤ v_1(t). So v ∈ G(x) ∩ C and this proves the claim.

Now let D = {x ∈ W^{2,1}(T ) : (B_0x)(0) = k_0, (B_1x)(b) = k_1} and define ^L : D ⊆ L1(T ) → L1(T ) by ^L(x) = −x^{′′} . Set L = I + ^L.

Claim #3: L^{−1} : L^1(T ) → D ⊆ W^{1,1}(T ) exists and is completely continuous.

First we will show that R(L) = L^1(T ) (i.e. the operator L is onto). For this purpose we need to show that for every h ∈ L^1(T ), the Sturm–Liouville problem { −x^{′′} (t) + x(t) = h(t) a.e. on T (B_0x)(0) = k_0, (B_1x)(b) = k_1 } (3) has a solution x ∈ W^{2,1}(T ). If h ∈ C(T ), then from Mönch [18] we know that problem (3) has a unique solution. For the general case, let h ∈ L^1(T ) and let {h_n}_{n≥1} ⊆ C(T ) be such that h_n → h in L^1(T ) as n → ∞. Denote by x_n ∈ W^{2,1}(T ), n ≥ 1, the unique solution of (3) when the right hand side is

h_n. From Mönch [18] we know that x_n(t) = u(t) + ∫_b 0 G(t, s)h_n(s) ds, where u ∈ W^{2,1}(T ) is the unique solution of u^{′′} = 0, (B_0u)(0) = k_0, (B_1 u)(b) = k_1 and

G ∈ C(T × T ) is the Green’s function of the problem (see section 2). Then it follows that |x_n(t)| ≤ |u(t)| + ||G||_∞||h_n||_1 ≤ u(t) + M_1 for all n ≥ 1 and all t ∈ T . So {x_n}_{n≥1} is uniformly integrable. Recalling that ||x_n||_1 + ||x^{′′}_n||_1 is an equivalent norm on W^{2,1}(T ) (see Brezis [3], p.132), we deduce that {x_n}_{n≥1} is bounded in W^{2,1}(T ). Since W^{2,1}(T ) is embedded compactly in W^{1,1}(T ) and {x^{′′}_n}_{n≥1} is uniformly integrable, by passing to a subsequence if necessary, we may assume that x_n → x in W^{1,1}(T ) and x^{′′}_n^w→ v in L^1(T ) as n → ∞. Evidently v = x^{′′} and so x ∈ W^{2,1}(T ). Moreover −x^{′′} (t) + x(t) = h(t) a.e. on T , (B_0x)(0) = k_0, (B_1x)(b) = k_1. So problem (3) has a solution x ∈ W^{2,1}(T ) for every h ∈ L^1(T ), i.e. R(L) = L^1(T ).

Next let x_1, x_2 ∈ D and set x = x_1 − x_2. Define

T_+ = {t ∈ T : x(t) > 0} and T_− = {t ∈ T : x(t) < 0}

both open sets. For λ > 0 we have ∫_b 0 | | |x(t) − λx^{′′} (t) | | | dt ≥ ∫ T+ | | |x(t) − λx^{′′} (t) | | | dt + ∫ T − | | |x(t) − λx^{′′} (t) | | | dt ≥ ∫ T+ ( x(t) − λx^{′′} (t) ) dt − ∫ T_− ( x(t) − λx^{′′} (t) ) dt = ∫ T+ x(t) dt− ∫ T_− x(t) dt − λ ∫ T+ x^{′′} (t) dt + λ ∫ T_− x^{′′} (t) dt

= ∫_b 0 |x(t)| dt − λ [∫ T+ x^{′′} (t) dt − ∫ T_− x^{′′} (t) dt ] .

Let T_k be a component of T_+ . Then T_k = (a, c) for some 0 < a < c < b or T_k = [0, a) for some 0 < a < b or finally T_k = (c, b] for some 0 < c < b. If T_k = (a, c) we have x(a) = x(c) = 0 and x(t) > 0 for t ∈ (a, c). Thus x^′ (a) ≥ 0 and x^′ (c) ≤ 0 and

from this it follows that ∫_c a x^{′′} (t) dt = x^′ (c) − x^′ (a) ≤ 0. If T_k = [0, a), we have

x(a) = 0 and x^′ (a) ≤ 0. Then ∫_a 0 x^{′′} (t) dt = x^′ (a) − x^′ (0) ≤ 0, since if c_0 ≠ 0,

x(0) =^{a0}_{c0} x^′ (0) (recall that (B_0x)(0) = 0 since x = x_1 − x_2), while if c_0 = 0, then

x^′ (0) = 0 and so we fall in the previous case. Hence ∫ T+ x^{′′} (t) dt ≤ 0. In a similar

fashion, we can also show that ∫ T_− x^{′′} (t) dt ≥ 0. Thus we have ∫_b 0 | | |x(t) − λx^{′′} (t) | | | dt ≥ ∫_b 0 |x(t)| dt ⇒ | | | |x1 + λ^Lx1 − ( x_2 + λ^Lx_2 )| | | |_1 ≥ ||x1 − x2||.

From this it follows that (I + ^L)^{−1} = L^{−1} : L^1(T ) → D ⊆ L^1(T ) is well–defined and nonexpansive (in fact is the resolvent of the m–accretive operator ^L; see Vrabie [28], Lemma 1.1.5, p. 20). Let θ > 0 and consider the set

E_θ = { x ∈ D : ||x||_1 + ||x^{′′} ||_1 ≤ θ } . Using once again the fact that ||x||_1+||x^{′′} ||_1 is an equivalent norm on W^{2,1}(T ), we have that E_θ is bounded in W^{2,1}(T ). Since the latter space is embedded compactly in L^1(T ), we infer that E_θ is relatively compact in L^1(T ). So from proposition 2.2.1, p. 56 of Vrabie [28], we have that L^{−1} : L^1(T ) → D ⊆ L^1(T ) is completely continuous. Now let V ⊆ L^1(T ) be bounded, h ∈ V and let x = L^{−1}(h). Then −x^{′′} + x = h and from what we proved earlier, we have ||x||_1 ≤ || − x^{′′} + x||_1 ≤ sup[||h||_1 : h ∈ V ] = |V | < ∞ ⇒ ||x^{′′} ||_1 ≤ 2|V |. Therefore it follows that L^{−1}(V ) = (I + ^L)^{−1}(V ) is bounded in W^{2,1}(T ). Since the latter is embedded compactly in W^{1,1}(T ), it follows that (I + ^L)^{−1}(V ) is relatively compact in W^{1,1}(T ). Moreover if h_n → h in L^1(T ) as n → ∞ and x_n = (I + ^L)^{−1}(h_n), n ≥ 1, then from what we proved earlier x_n → x = (I + ^L)^{−1}(h) in L^1(T ) as n → ∞ and {x_n}_{n≥1} is bounded in W^{2,1}(T ). Exploiting once more the compact embedding of W^{2,1}(T ) into W^{1,1}(T ), we have x_n → x in W^{1,1}(T ) as n → ∞, which proves that L^{−1} : L^1(T ) → D ⊆ W^{1,1}(T ) is completely continuous as claimed.

Now let U : L^1(T ) → L^1(T ) be defined by U (x)(·) = u(·, x(·)) and set G_1(x) = G(x) − U (x) + x for every x ∈ W^{1,1}(T ). Evidently G_1(·) has nonempty, closed and convex values in L^1(T ) (see claim #1). Moreover, by virtue of claim #2, G_1(·) is usc from W^{1,1}(T ) into L^1(T ) equipped with the weak topology. Finally from the definition of the penalty function u(t, x), it follows that for every x ∈ W^{1,1}(T ), |G_1(x)| = sup[||g||_1 : g ∈ G_1(x)] ≤ η^∗, where η^∗ = ||γ||_1 + b max[||ψ||_∞, ||ϕ||_∞] and r > max[||ψ||_∞, ||ϕ||_∞, N ]. Therefore by virtue of claim #3, L^{−1}G_1(W^{1,1}(T )) is compact and L^{−1}G_1 : W^{1,1}(T ) → D ⊆ W^{1,1}(T ) has nonempty, closed, convex values and is usc. Thus we can apply theorem 2 of Himmelberg [12] and produce x ∈ D such that x ∈ L^{−1}G_1(x); i.e. x ∈ D is a fixed point of the multivalued map L^{−1}G_1(·). Let S ⊆ D be the set of these fixed points.

Claim #4: S ⊆ K = [ψ, ϕ].

Let x ∈ S. Then by definition we have { −x^{′′} (t) = v(t) − u(t, x(t)) a.e. on T (B_0 x)(0) = k_0, (B_1 x)(b) = k_1 } (4) with v ∈ G(x); hence v(t) ∈ F (t, τ (x)(t), q_N (τ (x)^′ )(t)) a.e. on T , v(t) ≥ v_0(t) a.e. on [x < ψ < ϕ] and v(t) ≤ v_1(t) a.e. on [ψ < ϕ < x].

Also since ψ ∈ W^{2,1}(T ) is a lower solution for (1), by definition we have { −ψ^{′′} (t) ≤ v_0(t) a.e. on T (B_0ψ)(0) ≤ k_0, (B_1ψ)(b) ≤ k_1 } (5) with v_0 ∈ L^1(T ), v_0(t) ∈ F ( t, ψ(t), ψ^′ (t) ) a.e. on T . From (4) and (5) it follows that

ψ^{′′} (t) − x^{′′} (t) ≥ v(t) − v_0(t) − u(t, x(t)) a.e. on T

Multiply the above inequality with (ψ−x)_+ (t) and then integrate over T = [0, b]. We obtain: ∫_b 0 ( ψ^{′′} − x^{′′} ) (t)(ψ − x)_+(t) dt = ∫_b 0 (v − v_0)(t)(ψ − x)_+(t) dt

− ∫_b 0 u(t, x(t))(ψ − x)_+ (t) dt. (6) From Green’s formula, we have ∫_b 0 ( ψ^{′′} − x^{′′} ) (t)(ψ − x)_+ (t) dt

= (ψ^′ − x^′ )(b)(ψ − x)_+(b) − ( ψ^′ − x^′ ) (0)(ψ − x)_+(0) − ∫_b 0 ( ψ^′ − x^′ ) (t)(ψ − x)^′_+ (t) dt. From the boundary conditions, we know that

c_1ψ^′ (b) ≤ k_1 − a_1ψ(b) and c_1x^′ (b) = k_1 − a_1x(b).

If c_1 = 0, then a_1ψ(b) ≤ k_1 and c_1x(b) = k_1. So ψ(b) ≤ x(b), from which we have (ψ − x)_+(b) = 0. If c_1 > 0, then ψ^′ (b) ≤^{k1}_{c1} −^{a1}_{c1} ψ(b) and −x^′ (b) = −^{k1}_{c1} +^{a1}_{c1} x(b). Hence (ψ^′ −x^′ )(b) ≤^{a1}_{c1} (x−ψ)(b) and so (ψ^′ −x^′ )(b)(ψ−x)_+ (b) ≤^{a1}_{c1} (x−ψ)(b)(ψ− x)_+(b) ≤ 0. Thus we always have (ψ^′ − x^′ )(b)(ψ − x)_+(b) ≤ 0. Similarly we show that (ψ^′ − x^′ )(0)(ψ − x)_+ (0) ≥ 0. Therefore ∫_b 0 ( ψ^{′′} − x^{′′} ) (t)(ψ − x)_+ (t) dt ≤ − ∫_b 0 ( ψ^′ − x^′ ) (t)(ψ − x)^′_+ dt

= − ∫_b 0 [ (ψ − x)^′_+(t)

]_2 dt ≤ 0. (7) Also we have ∫_b 0 (v − v_0)(t)(ψ − x)_+ (t) dt = ∫ {ψ>x} (v − v_0)(t)(ψ − x)(t) dt ≥ 0 (8) since v ∈ G(x). Using (7) and (8) in (6), we obtain − ∫_b 0 u(t, x(t))(ψ − x)_+(t) dt ≤ 0 ⇒ ∫_b 0 (ψ − x)^2_+ (t) dt ≤ 0 (recall the definition of the penalty function u), ⇒ ψ(t) ≤ x(t) for all t ∈ T. Similarly we can show that x(t) ≤ ϕ(t) for all t ∈ T . Therefore S ⊆ K = [ψ, ϕ].

But then for every x ∈ S, we have τ (x) = x and q_N (τ (x)^′ ) = q_N (x^′ ) = x^′ . So x ∈ D ⊆ W^{2,1}(T ) solves problem (1).

We can also have a nonconvex existence theorem. For this purpose the hypotheses on F (t, x, y) are the following:

H(F)2: F : T × R× R→ P_f (R) is a multifunction such that

(i) (t, x, y) → F (t, x, y) is graph measurable; (ii) for almost all t ∈ T , (x, y) → F (t, x, y) is lsc;

(iii) for every r > 0, there exists γ_r ∈ L^1(T ) such that for almost all t ∈ T and all |x|, |y| ≤ r, we have |F (t, x, y)| = sup[|v| : v ∈ F (t, x, y)] ≤ γ_r (t). Theorem 3.

If hypotheses H(F )_2 and H_0 hold, then problem (1) has a solution x ∈ W^{2,1}(T ) in the order interval K = [ψ, ϕ].

Proof. As in the proof of theorem 2, for every x ∈ W^{1,1}(T ) let N_F (x) = S^1_{F (·,τ (x)(·),qN (τ (x)}′_{)(·))} and let G : W^{1,1}(T ) → 2^{L1(T )} be defined by

G(x) = {v ∈ L^1(T ) : v(t) = f(t) a.e. on [ψ ≤ x ≤ ϕ] ∩ [ψ < ϕ], v(t) = max[f(t), v_0(t)] a.e. on [x < ψ < ϕ], v(t) = min[f(t), v_1(t)] a.e. on [ψ < ϕ < x], v(t) = ψ^{′′} (t) a.e. on [ψ = ϕ], f ∈ N_F (x), f(t) ≥ v_0(t) a.e. on [x = ψ < ϕ] f(t) ≤ v_1(t) a.e. on [ψ < ϕ = x]}.

By Stampacchia’s theorem (see lemma 7.7, p. 145 of Gilbarg–Trudinger [11]), we know that x^′ (t) = ψ^′ (t) a.e. on [x = ψ] and x^′ (t) = ϕ^′ (t) a.e. on [x = ϕ]. So because of hypothesis H(F )_2 (i), we have that for every x ∈ W^{1,1}(T ), G(x) ≠ Ø and it is clear that it is decomposable and closed.

Claim #1: G : W^{1,1}(T ) → P_f (L^1(T )) is lsc.

Let x_n → x in W^{1,1}(T ) as n → ∞. We need to show that G(x) ⊆ limG(x_n) = {v ∈ L^1(T ) : v = limv_n in L^1(T ), v_n ∈ G(x_n), n ≥ 1} = {v ∈ L^1(T ) :

limd_L1_{(T )}(v, G(x_n)) = 0} (see section 2). To this end let v ∈ G(x). Then by definition we can find f ∈ N_F (x) such that v(t) = f(t) a.e. on [ψ ≤ x ≤ ϕ] ∩ [ψ < ϕ], f(t) ≥ v_0(t) a.e. on [x = ψ < ϕ] and f(t) ≤ v_1(t) a.e. on [ψ < ϕ = x]. By virtue of theorem 4.1 of [24], we can find g_n ∈ N_F (x_n), n ≥ 1, such that g_n → f in L^1(T ) as n → ∞. Define f_n = max[g_n, v_0]χ_An_1 + min[g_n, v_1]χ_An_2 + g_nχ_An_3 , where A^n_1 = [x_n = ψ < ϕ], A^n_2 = [ψ < ϕ = x_n], A^3_n = T r(A^n_1 ∪ A^n_2 ). Evidently f_n ∈ N_F (x_n) and f_n → f in L^1(T ). By passing to a subsequence if necessary, we can say that f_n(t) → f(t) for all t ∈ T rS_1 , λ(S_1) = 0. Define

v_n(t) = f_n(t) on [ψ ≤ x_n ≤ ϕ] ∩ [ψ < ϕ] max[f_n(t), v_0(t)] on [x_n < ψ < ϕ] min[f_n(t), v_1(t)] on [ψ < ϕ < x_n] ψ^{′′} (t) on [ψ = ϕ].

Clearly v_n ∈ G(x_n), n ≥ 1.

Claim #2: v_n(t) → v(t) for all t ∈ T rS_1 as n → ∞.

To see this we consider distinct cases:

(a) t ∈ [ψ < x < ϕ]rS_1 : Then t ∈ [ψ < x_n < ϕ]rS_1 for all n ≥ n_0 (recall that x_n → x in C(T ) as n → ∞). So v_n(t) = f_n(t) → f(t) = v(t) as n → ∞.

(b) t ∈ [x < ψ < ϕ]rS_1: Then t ∈ [x_n < ψ < ϕ]rS_1 for all n ≥ n_1. Then v_n(t) = max[f_n(t), v_0(t)] → max[f(t), v_0(t)] = v(t) as n → ∞.

(c) t ∈ [ψ < ϕ < x]rS_1: Then t ∈ [ψ < ϕ < x_n]rS_1 for all n ≥ n_2. Then v_n(t) = min[f_n(t), v_1(t)] → min[f(t), v_1(t)] = v(t) as n → ∞.

(d) t ∈ [x = ψ < ϕ]rS_1: If there is a subsequence {m} of {n} such that x_m(t) < x(t), then v_m(t) = max[f_m(t), v_0(t)] → max[f_m(t), v_0(t)] = v(t) = f(t). If there is a subsequence {k} of {n} such that x(t) < x_k(t) < ϕ(t), then v_k(t) = f_k(t) → f(t) = v(t) as k → ∞. (e) t ∈ [ψ < ϕ = x]rS_1: This is analyzed as case (d) above.

(f) t ∈ [ψ = ϕ]rS_1: Then v_n(t) = ψ^{′′} (t) → ψ^{′′} (t) = v(t) as n → ∞.

From all these considerations and the Lebesgue dominated convergence theorem, it follows that every subsequence of {v_n}_{n≥1} has a further subsequence converging to v in L^1(T ). So v_n → v in L^1(T ) as n → ∞. Since v_n ∈ G(x_n) n ≥ 1, we infer that G(x) ⊆ limG(x_n) and so we conclude that G(·) is lsc as claimed.

As in the proof of theorem 2, let G_1(x) = G(x) − U (x) + x, where U (x)(·) = u(·, x(·)) (see the proof of theorem 2). Evidently G_1(·) has nonempty, closed, decomposable values and is lsc. Apply theorem 3 of Bressan–Colombo [2], to obtain g_1 : W^{1,1}(T ) → L^1(T ) a continuous map such that g_1(x) ∈ G_1(x) for all x ∈ W^{1,1}(T ). Let L be as in the proof of theorem 2 and define S_0 = {x ∈ D : x = L^{−1}g_1(x)}. Arguing as in the proof of theorem 2 and using this time Schauder’s fixed point theorem, we infer that S_0 ≠ Ø and S_0 ⊆ K = [ψ, ϕ]. Then every x ∈ S_0 is a solution of (1).

4. Extremal solutions

Let ^S denote the set of solutions of problem (1) in the order interval K = [ψ, ϕ]. In this section we show that the “convex” problem has extremal solutions in K; i.e. there exist solutions x_∗, x^∗ ∈ ^S such that for every x ∈ ^S, we have x_∗ ≤ x ≤ x^∗.

Theorem 4.

If hypotheses H(F )_1 and H_0 hold, then problem (1) has extremal solutions in the order interval K = [ψ, ϕ].

Proof. From theorem 2, we know that ^S ≠ Ø.

Claim #1: ^S is directed.

To this end let x_1, x_2 ∈ ^S and set x_3 = max[x_1, x_2]. From Gilbarg–Trudinger [11] (p. 145), we know that x_3 ∈ W^{1,1}(T ). Let τ_3(x) and u_3(t, x) be the truncation and penalty functions respectively which correspond to the pair {x_3, ϕ}; i.e. τ_3(x) and u_3(t, x) are defined by

τ_3(x)(t) = ϕ(t) if ϕ(t) ≤ x(t) x(t) if x_3(t) ≤ x(t) ≤ ϕ(t) x_3(t) if x(t) ≤ x_3(t)

and u_3(t, x) = x − ϕ(t) if ϕ(t) ≤ x 0 if x_3(t) ≤ x ≤ ϕ(t) x − x_3(t) if x ≤ x_3(t).

For every x ∈ W^{1,1}(T ), let N_F (x) = S^1_{F (·,τ3 (x)(·),qN (τ3 (x)}′_{)(·))} and define G :

W^{1,1}(T ) → 2^{L1(T )} by

G(x) = {v ∈ N_F (x) : v(t) ≥ w_1(t) a.e. on [x < x_1] ∩ int[x_1 ≥ x_2], v(t) ≥ w_2(t) a.e. on [x < x_2] ∩ int[x_2 ≥ x_1], v(t) ≤ v_1(t) a.e. on [ϕ < x]},

where w_1 ∈ S^1_{F (·,x1(·),x}′_{1(·))} and w_2 ∈ S^1_{F (·,x2 (·),x}′_{2(·))} are such that −x^{′′}_1 (t) =

w_1(t) a.e. on T and −x^{′′}_2 (t) = w_2(t) a.e. on T . As we did in the proof of theorem 2, we can show that G(·) has nonempty, closed, convex values and is usc from W^{1,1}(T ) into L^1(T ) furnished with the weak topology (denoted henceforth L^1(T )_w). Let G_1(x) = G(x) − U_3(x) + x, with U_3(x)(·) = u_3(·, x(·)). Then G_1(·) is usc from W^{1,1}(T ) into L^1(T )_w with nonempty, closed and convex values. Hence if L = (I + ^L) (see the proof of theorem 2), via theorem 2 of Himmelberg [12], we can show that the set S_f = {x ∈ W^{1,1}(T ) : x ∈ L^{−1}G_1(x)} is nonempty.

We will show that S_f ⊆ [x_3, ϕ]. Indeed let x ∈ S_f . Let A_1 = int[x_1 ≥ x_2] and A_2 = int[x_2 ≥ x_1].We see that A_1 ∪ A_2 = T . Then we have x^{′′}_1 (t) − x^{′′} (t) = v(t) − w_1(t) − u_3(t, x(t)) a.e. on T (9) and x^{′′}_2 (t) − x^{′′} (t) = v(t) − w_2(t) − u_3(t, x(t)) a.e. on T

(10) Multiply equation (9) with (x_1 − x)_+(t) and then integrate over A_1.

We obtain ∫ A1 (x^{′′}_1 − x^{′′} )(t)(x_1 − x)_+(t)dt = ∫ A1 (v − w_1)(t)(x_1 − x)_+ dt

− ∫ A1 u_3(t, x(t))(x_1 − x)_+ dt

(11) Let (α, β) be a component of the open set A_1 ∩ {x_1 > x}. Using Green’s formula, we have ∫_β α (x^{′′}_1 − x^{′′} )(t)(x_1 − x)(t)dt = (x^′_1 − x^′ )(b)(x_1 − x)(b) − (x^′_1 − x^′ )(a)(x_1 − x)(a) − ∫_β α (x^′_1 − x^′ )^2dt If 0 < α < β < b, then (x_1 − x)(α) = (x_1 − x)(β) = 0. So we obtain ∫_β α (x^{′′}_1 − x^{′′} (t)(x_1 − x)(t)dt = − ∫_β α (x_1 − x)^2dt ≤ 0

⇒ ∫ A1 (x^{′′}_1 − x^{′′} )(t)(x_1 − x)(t)dt ≤ 0

(12) Also from the definition of G(x) and since v ∈ G(x), we have ∫ A1 (v − w_1)(t)(x_1 − x)_+(t)dt = ∫ A1∩{x1>x} (v − w_1)(t)(x_1 − x)(t)dt ≥ 0

(13)

Using (12) and (13) in (11) we obtain 0 ≥ − ∫ A1 u_3(t, x(t))(x_1 − x)_+(t)dt = ∫ A1 (x_1 − x)(t)(x_1 − x)_+(t)dt

⇒ ∫ A1 (x_1 − x)^2_+(t)dt ≤ 0, hence x(t) ≥ x_1(t) for all t ∈ A_1.

(14) Similarly multiplying (10) with (x_2 − x)_+ (t) and integrating over A_2 we obtain ∫ A2 (x_2 − x)^2_+ (t)dt ≤ 0, hence x(t) ≥ x_2(t) for all t ∈ A_2.

(15)

From (14) and (15) it follows that

x_3(t) ≤ x(t) for all t ∈ A_1 ∪ A_2

⇒ x_3(t) ≤ x(t) for all t ∈ T by continuity.

Therefore x ∈ [x_3, ϕ], i.e. S_f ⊆ [x_3, ϕ]. Since S_f ⊆ ^S, we have proved that ^S is directed as claimed.

Claim #2: Every chain C in ^S has an upper bound in ^S.

From corollary IV.11.7, p. 336 of Dunford–Schwartz [7], we know that there is a sequence {x_n}_{n≥1} ⊆ C such that sup C = sup_{n≥1} x_n. Evidently we can have {x_n}_{n≥1}

to be increasing. By definition { −x^{′′}_n(t) = v_n(t) a.e. on T (B_0x_n)(0) = k_0, (B_1x_n)(b) = k_1 }

with v_n ∈ S^1_{F (·,xn (·),x}′_{n(·))}. Since x_n ∈ [ψ, ϕ], n ≥ 1, we have that |v_n(t)| ≤ γ_r (t)

a.e. on T with r > max[||ψ||_∞, ||ϕ||_∞, N_1]. Hence {x^{′′}_n}_{n≥1} is uniformly integrable. Recalling that ||x_n||_1 + ||x^{′′}_n||_1 is equivalent to the W^{2,1}(T )–norm, we infer that {x_n}_{n≥1} is bounded in W^{2,1}(T ). Using the compact embedding of W^{2,1}(T ) into W^{1,1}(T ), the Dunford–Pettis theorem and by passing to a subsequence if necessary, we may assume that x^{′′}_n^w→ w in L^1(T ), x_n → x in W^{1,1}(T ), x_n(t) → x(t) and x^′_n(t) → x^′ (t) for all t ∈ T as n → ∞. It is easy to see that w = x^{′′} , hence x_n^w→ x in W^{2,1}(T ) as n → ∞. Moreover from theorem 3.1 of [24] and hypothesis H(F )_1 (ii), we obtain as before that { −x^{′′} (t) ∈ F (t, x(t), x^′ (t)) a.e. on T (B_0x)(0) = k_0, (B_1x)(b) = k_1 }

from which we deduce that x = sup C ∈ ^S.

Therefore from Zorn’s lemma, we infer that ^S has a maximal element x^∗ ∈ ^S. Since ^S is directed, x^∗ is unique and is the greatest solution of (1) in K = [ψ, ϕ]. Similarly we can produce the least solution x_∗ of (1) in K = [ψ, ϕ].

5. Periodic solutions

A careful reading of the proofs of the previous theorems, reveals that the same methods (with few trivial modifications) can be used to analyze the periodic problem (2).

Definition. A function ϕ ∈ W^{2,1}(T ) is said to be an “upper solution” of (2) if −ϕ^{′′} (t) ≥ v_1(t) a.e. on T , with v_1 ∈ L^1(T ), v_1(t) ∈ F (t, ϕ(t), ϕ^′ (t)) a.e. on T and ϕ(0) = ϕ(b), ϕ^′ (0) ≤ ϕ^′ (b). Similarly ψ ∈ W^{2,1}(T ) is said to be a “lower solution” of (2) if −ψ^{′′} (t) ≤ v_0(t) a.e. on T , with v_0 ∈ L^1(T ), v_0(t) ∈ F (t, ψ(t), ψ^′ (t)) a.e. on T and ψ(0) = ψ(b), ψ^′ (0) ≥ ψ^′ (b).

In this case ^L : D ⊆ L^1(T ) → L^1(T ) is defined by ^L(x) = −x^{′′} for all x ∈ D = {x ∈ W^{2,1}(T ) : x(0) = x(b), x^′ (0) = x^′ (b)}. Using the same techniques that we employed in section 3 and 4 for the analysis of the Sturm–Liouville problem (1), we can have the following theorems (now in hypothesis H_0 the upper solution ϕ and the lower solution ψ, refer to problem (2)).

Theorem 5.

If hypotheses H(F )_1 and H_0 hold, then problem (2) has extremal solutions in the order interval K = [ψ, ϕ].

Theorem 6.

If hypotheses H(F )_2 and H_0 hold, then problem (2) has a solution x ∈ W^{2,1}(T ) in the order interval K = [ψ, ϕ].

Remark. These two theorems extend in various ways the works of Cabada–Nieto [4], Gao–Wang [10], Nieto [19], Nieto–Cabada [20] and Omari–Trombetta [23].

References

[1] Bernfeld, S., Lakshmikantham, V., An Introduction to Nonlinear Boundary Value Problems, Academic Press, New York (1974).

[2] Bressan, A., Colombo, G., Extensions and selections of maps with decomposable values, Studia Math. 90 (1988), 69–85.

[3] Brezis, H., Analyse Fonctionelle, Masson, Paris (1983).

[4] Cabada, A., Nieto, J., Extremal solutions of second order nonlinear boundary value problems, Appl. Math. Comp. 40 (1990), 135–145.

[5] Chang, K. C. The obstacle problem and partial differential equations with discontinuous nonlinearities, Comm. Pure Appl. Math. 33 (1980), 117–146.

[6] DeBlasi, F. S., Myjak, J., On continuous approximations for multifunctions, Pacific J.

Math. 123 (1986), 9–31.

[7] Dunford, N., Schwartz, J., Linear Operators I, Wiley, New York (1958). [8] Erbe, L., Krawcewicz, W., Boundary value problems for differential inclusions y^{′′} 2 F ( t, y, y^′ )_{, Annales Polon Math. 56 (1990), 195–226.}

[9] Gaines, R., Mawhin, J., Coincidence Degree and Nonlinear Differential Equations, Springer Verlag, Berlin (1977).

[10] Gao, W., Wang, J., On nonlinear second order periodic boundary value problem with Caratheodory functions, Annales Polon Math. 62 (1995), 283–291.

[11] Gilbarg, D., Trudinger, N., Elliptic Partial Differential Equations of Second Order, Springer Verlag, New York (1977).

[12] Himmelberg, C., Fixed points of compact multifunctions, J. Math. Anal. Appl. 38 (1972). [13] Kandilakis, D., Papageorgiou, N. S., Dirichlet and periodic problems for second order differential inclusions, Houston J. Math. – to appear.

[14] Klein, E., Thompson, A., Theory of Correspondences, Wiley, New York (1984). [15] Kravvaritis, D., Papageorgiou, N. S., Boundary value problems for nonconvex differential inclusions, J. Math. Anal. Appl. 185 (1994), 146–160.

[16] Leela, S., Monotone method for second order periodic boundary value problems, Nonl.

Anal. – TMA 7 (1983), 349–355.

[17] Marano, S., Existence theorems for multivalued boundary value problems, Bull. Austr.

Math. Soc. 45 (1992), 249–260.

[18] Mönch, H., Boundary value problems for nonlinear ordinary differential equations of second order in Banach spaces, Nonl. Anal. – TMA 4 (1980), 985–999.

[19] Nieto, J., Nonlinear second order periodic value problems with Caratheodory functions, Appl. Anal. 34 (1989), 111–128.

[20] Nieto, J., Cabada, A., A generalized upper and lower solutions method for nonlinear second order ordinary differential equations, J. Appl. Math. Stoch. Anal. 5 (1992), 157–166.

[21] Nkashama, M. N., A generalized upper and lower solutions method and multiplicity results for nonlinear first–order ordinary differential equations, J. Math. Anal. Appl. 140 (1989), 381–395.

[22] Omari, P., A monotone method for constructing extremal solutions of second order scalar boundary value problems, Appl. Math. Comp. 18 (1986), 257–275.

[23] Omari, P., Trombetta, M., Remarks on the lower and upper solutions method for second and third order periodic boundary value problems, Appl. Math. Comp. 50 (1992), 1–21.

[24] Papageorgiou, N. S., Convergence theorems for Banach space valued integrable multifunctions, Intern. J. Math. . Sci. 10 10 (1987), 433–442.

[25] Papageorgiou, N. S., On measurable multifunctions with applications to multivalued equations, Math. Japonica 32 (1987), 437–464.

[26] Papageorgiou, N. S. “Decomposable sets in the Lebesgue–Bochner spaces”, Comm. Math.

Univ. Sancti Pauli 37 (1988), pp. 49–62.

[27] Papageorgiou, N. S., Papalini, F., Periodic and boundary value problems for second order differential equations, Trans. AMS – to appear.

[28] Vrabie, I., Compactness Methods for Nonlinear Evolutions, Longman Scientific and Technical, Essex, U.K. (1987).

[29] Wagner, D., Survey of measurable selection theorems, SIAM J. Control Optim. 15 (1977), 859–903.

National Technical University Department of Mathematics Zografou Campus Athens 157 80, GREECE

E-mail: npapg@math.ntua.gr