ARCHIVUM MATHEMATICUM (BRNO) Tomus 33 (1997), 253 – 272

ON PERIODIC IN THE PLANE SOLUTIONS OF SECOND ORDER LINEAR HYPERBOLIC SYSTEMS

Tariel Kiguradze

Abstract. Sufficient conditions for the problem ∂2u ∂x∂y = P0(x, y)u + P1(x, y)^{∂u}_{∂x} + P2(x, y)^{∂u}_{∂y} + q(x, y), u(x + ω1, y) = u(x, y), u(x, y + ω2) = u(x, y) to have the Fredholm property and to be uniquely solvable are established, where ω1 and ω2 are positive constants and Pj : R2 ! Rn�n (j = 0, 1, 2) and q : R2 ! Rn are continuous matrix and vector functions periodic in x and y.

Introduction

Let ω_1 and ω_2 be positive constants and P_j : R^2 → R^{n×n} (j = 0, 1, 2) and

q : R^2 → R^n be continuous matrix and vector functions, which are ω1 periodic in

the first and ω_2 periodic in the second argument. Consider the linear hyperbolic system

(0.1)

∂^2u ∂x∂y = P_0(x, y)u + P_1(x, y) ∂u ∂x + P_2(x, y) ∂u ∂y + q(x, y) with periodic conditions

(0.2) u(x + ω_1, y) = u(x, y), u(x, y + ω_2) = u(x, y) .

By a solution of (0.1), (0.2) we understand a continuous vector function u : R^2 → R^n which has continuous partial derivatives^{∂u}_{∂x} ,^{∂u}_{∂y} ,^{∂2u}_{∂x∂y} and satisfies system (0.1) and conditions (0.2) everywhere in R^2.

Problem (0.1), (0.2) was previously considered in [1-5,13-15]. However, in contrast to the similar problem in a strip (see e. g. [7-10] and the references therein), the question of its solvability in many interesting cases remains open. The question

1991 Mathematics Subject Classification: 35L55, 35L20. Key words and phrases: hyperbolic system, periodic solution, F property. Received April 5, 1995.

This paper arose during the author’s visit at Masaryk University in Brno, Czech Republic.

when the problem (0.1), (0.2) has the Fredholm property is also practically open. The present paper deals with these questions.

Throughout the paper the following notation is used. Zis the set of integers; N is the set of natural numbers. R^{m×n} is the space of m × n matrices X = (x_{kl}) with real components x_{kl} (k = 1, . . . , m, l = 1, . . ., n) and the norm ‖x‖ = m∑ k=1 n∑ l=1 |x_{kl}| . R^n = R^{n×1}; E is the unit matrix; Θ is the zero matrix.

i is the complex unit, i. e. i^2 = −1.

C^k_ω(R; R^{m×n}) is the space of k-times continuously differentiable ω-periodic functions

Z : R → R^{m×n} with the norm

‖Z‖_Ck_ω = max_{t∈}R k∑ l=0 ‖Z^{(l)}(t)‖ .

C^k_{ω1 ω2} (R^2; R^{m×n}) (k = 0, 1) is the space of k-times continuously differentiable matrix functions Z : R^2 → R^{m×n} satisfying the periodic conditions Z(x + ω_1, y) = Z(x, y), Z(x, y + ω_2) = Z(x, y) with the norm

‖Z‖_Ck_{ω1 ω2} = max_{(x,y)∈}R_2 k∑ l=0 (‖ ‖ ‖ ∂^l ∂x^l Z ‖ ‖ ‖ ‖ + ‖ ‖ ‖ ‖ ∂^l ∂y^l Z ‖ ‖ ‖ ‖ ) .

C_ω(R; R^{m×n}) = C^0_ω(R; R^{m×n}) , C_{ω1 ω2} (R^2; R^{m×n}) = C^0_{ω1 ω2} (R^2; R^{m×n}) .

C^{1,0}_{ω1 ω2} (R^2; R^{m×n}) is the space of matrix functions Z ∈ C_{ω1 ω2} (R^2; R^{m×n}) which have the continuous partial derivative in the first argument with the norm

‖Z‖_C1,0_{ω1 ω2} = max_{(x,y)∈}R_2 ( ‖Z(x, y)‖ + ‖ ‖ ‖ ‖ ∂ ∂x Z(x, y) ‖ ‖ ‖ ‖ ) . C^{0,1}_{ω1 ω2} (R^2; R^{m×n}) is the space of matrix functions Z ∈ C_{ω1 ω2} (R^2; R^{m×n}) which have the continuous partial derivative in the second argument with the norm

‖Z‖_C0,1_{ω1 ω2} = max_{(x,y)∈}R_2 ( ‖Z(x, y)‖ + ‖ ‖ ‖ ∂ ∂y Z(x, y) ‖ ‖ ‖ ) .

Definition 0.1. Let Λ be a subspace of the space C_{ω1 ω2} (R^2; R^{m×n}). We say that problem (0.1), (0.2) has property F in Λ, if for its unique solvability for any q ∈ Λ it is necessary and sufficient that the homogeneous system

(0.1_0)

∂^2u ∂x∂y = P_0(x, y)u + P_1(x, y) ∂u ∂x + P_2(x, y) ∂u ∂y has no nontrivial solution satisfying conditions (0.2).

In §1 of the present paper we obtain conditions for the problem (0.1), (0.2) to have property F in C_{ω1 ω2} (R^2; R^{m×n}), C^{1,0}_{ω1 ω2} (R^2; R^{m×n}), C^{0,1}_{ω1 ω2} (R^2; R^{m×n}) and C^1_{ω1 ω2} (R^;R^{m×n}), respectively. On the basis of these results in §2 we prove the existence and uniqueness theorems in the case when P_j (x, y) ≡ P_j (y), (j = 0, 1, 2), i. e. when the systems (0.1) and (0.1_0) have the form

(0.3)

∂^2u ∂x∂y = P_0(y)u + P_1(y) ∂u ∂x + P_2(y) ∂u ∂y + q(x, y) , (0.3_0)

∂^2u ∂x∂y = P_0(y)u + P_1(y) ∂u ∂x + P_2(y) ∂u ∂y .

§1. Problem (0.1), (0.2) with property F

Every time when proving the existence of property F of the problem (0.1), (0.2) in Λ ⊂ C_{ω1 ω2} (R^2; R^{m×n}), we chose some Banach space depending on the subspace Λ, reduce the considered problem to some linear Fredholm equation in that space and apply the Fredholm alternative ([12, p. 275]).

For an arbitrary x ∈ R (y ∈ R) by Z_1(x, ·) (Z_2(·, y)) we denote the fundamental matrix of the system of ordinary differential equations dZ(x, y) dy = P_1(x, y)Z(x, y) ( dZ(x, y) dx = P_2(x, y)Z(x, y) )

satisfying the initial condition Z_1(x, 0) = E (Z_2(0, y) = E) .

Introduce the following matrix functions M_1(x) = Z^{−1}_1 (x, ω_2) − E, M_2(y) = Z^{−1}_2 (ω_1, y) − E.

We consider three fundamental cases, when one can speak about property F of problem (0.1), (0.2) in the mentioned spaces. These cases will be formulated in terms of the matrix functions M_1(x) and M_2(y).

CASE I.

(1.1) det M_1(x) ≠ 0 for x ∈ [0, ω_1], det M_2(y) ≠ 0 for y ∈ [0, ω_2] .

By H_1 : R^2 → R^{n×n} and H_2 : R^2 → R^{n×n} we will denote the solutions of the matrix differential equations ∂H_1(x, y) ∂x = Z_1(x, y) (E − Z_1(x, ω_2))^{−1} Z^{−1}_1 (x, y) ∫_{ω2} 0 P_0(x, t) dt H_1(x, y) and ∂H_2(x, y) ∂y = Z_2(x, y) (E − Z_2(ω_1, y))^{−1} Z^{−1}_2 (x, y) ∫_{ω1} 0 P_1(s, y) ds H_2(x, y) satisfying the initial conditions H_1(0, y) = E for y ∈ R and H_2(x, 0) = E for x ∈ R.

Theorem 1.1. Let P_j ∈ C_{ω1 ω2} (R^2; R^{n×n}) (j = 0, 1, 2), conditions (1.1) hold and let either (1.2) det (E − H_1(ω_1, y)) ≠ 0 for y ∈ R or (1.3) det (E − H_2(x, ω_2)) ≠ 0 for x ∈ R. Then problem (0.1), (0.2) has property F in C_{ω1 ω2} (R^2; R^n). Proof. Let u(x, y) be a solution of problem (0.1), (0.2) and let v(x, t) = ∂u(x, t) ∂x . Then ∂v(x, t) ∂t = P_1(x, t)v(x, t) + q_1(x, t) , where q_1(x, t) = P_0(x, t)u(x, t) + P_2(x, t) ∂u(x, t) ∂t + q(x, t). From here by Cauchy formula for systems of linear ordinary differential equations (see, e.g. [6], p.66) we have v(x, t) = Z_1(x, t)Z^{−1}_1 (x, y)v(x, y) + ∫_t y Z_1(x, t)Z^{−1}_1 (x, τ )q_1(x, τ ) dτ . Consequently, ∂u(x, t) ∂x = Z_1(x, t)Z^{−1}_1 (x, y) ∂u(x, y) ∂x +

+ ∫_t y Z_1(x, t)Z^{−1}_1 (x, τ ) ( P_0(x, τ )u(x, τ ) + P_2(x, τ ) ∂u(x, τ ) ∂τ + q(x, τ ) ) dτ . (1.4_0)

From (0.2), (1.1) and the identity Z_1(x, y + ω_2) ≡ Z_1(x, y)Z_1(x, ω_2) it follows that

(1.4) ∂u(x, y) ∂x = ∫_{y+ω2} y ( Q_{11}(x, y, t)u(x, t) + Q_{12}(x, y, t) ∂u(x, t) ∂t ) dt + φ_1(x, y) , where

Q_{11}(x, y, t) = Z_1(x, y)M^{−1}_1 (x)Z^{−1}_1 (x, t)P_0(x, t), Q_{12}(x, y, t) = Z_1(x, y)M^{−1}_1 (x)Z^{−1}_1 (x, t)P_2(x, t),

φ_1(x, y) = Z_1(x, y)M^{−1}_1 (x) ∫_{y+ω2} y Z^{−1}_1 (x, t)q(x, t) dt .

Similarly we get

(1.5) ∂u(x, y) ∂y = ∫_{x+ω1} x ( Q_{21}(x, y, s)u(s, y) + Q_{22}(x, y, s) ∂u(s, y) ∂s ) ds + φ_2(x, y) , where

Q_{21}(x, y, s) = Z_2(x, y)M^{−1}_2 (y)Z^{−1}_2 (s, y)P_0(s, y), Q_{22}(x, y, s) = Z_2(x, y)M^{−1}_2 (y)Z^{−1}_2 (s, y)P_1(s, y),

φ_2(x, y) = Z_2(x, y)M^{−1}_2 (y) ∫_{x+ω1} x Z^{−1}_2 (s, y)q(s, y) ds . Let us prove the theorem under the assumption that condition (1.2) holds (when the condition (1.3) holds the proof is similar). Let us transform (1.4) by means of integration by parts ∂u(x, y) ∂x = Z_1(x, y) (E − Z_1(x, ω_2))^{−1} Z^{−1}_1 (x, y) ∫_{ω2} 0 P_0(x, t) dt u(x, y)+ + ∫_{y+ω2} y Z_1(x, y)M^{−1}_1 (x)Z^{−1}_1 (x, t) ( P_1(x, t) ∫_t y P_0(x, τ ) dτ u(x, t)+ + ( P_2(x, t) − ∫_t y P_0(x, τ ) dτ ) ∂u(x, t) ∂t ) dt + φ_1(x, y)

and with regard to (1.2) from (0.2) we obtain

(1.6) u(x, y) = ∫_{x+ω1} x ∫_{y+ω2} y ( K_{11}(x, y, s, t)u(s, t) + K_{12}(x, y, s, t) ∂u(s, t) ∂t ) ds dt+ψ_1(x, y) , where K_{11}(x, y, s, t) = H_1(x, y) ( H^{−1}_1 (ω_1, y) − E )_{−1} × ×H^{−1}_1 (s, y)Z_1(s, y)M^{−1}_1 (s)Z^{−1}_1 (s, t)P_1(s, t) ∫_t y P_0(s, τ ) dτ , K_{12}(x, y, s, t) = H_1(x, y) ( H^{−1}_1 (ω_1, y) − E )_{−1} × ×H^{−1}_1 (s, y)Z_1(s, y)M^{−1}_1 (s)Z^{−1}_1 (s, t) ( P_2(s, t) − ∫_t y P_0(s, τ ) dτ ) , ψ_1(x, y) = H_1(x, y) ( H^{−1}_1 (ω_1, y) − E

)_{−1} ∫^{x+ω1} x H^{−1}_1 (s, y)φ_1(s, y) ds .

By substituting (1.6) and (1.4) into (1.5) we get ∂u(x, y) ∂y = ∫_{x+ω1} x ∫_{y+ω2} y ( K_{21}(x, y, s, t)u(s, t) + K_{22}(x, y, s, t) ∂u(s, t) ∂t ) ds dt + ψ_2(x, y) , where K_{2j} (x, y, s, t) = ∫_s x Q_{21}(x, y, ξ)K_{1j}(ξ, y, s, t) dξ+ + ∫_{x+ω1} s Q_{21}(x, y, ξ)K_{1j}(ξ, y, s + ω_1, t) dξ + Q_{22}(x, y, s)Q_{1j}(s, y, t) (j = 1, 2) , ψ_2(x, y) = ∫_{x+ω1} x (Q_{21}(x, y, s)ψ_1(s, y) + Q_{22}(x, y, s)φ_1(s, y)) ds . In the space C_{ω1 ω2} (R^2; R^{n×n}) consider the operator equation

(1.7) z(x, y) = ∫_{x+ω1} x ∫_{y+ω2} y K(x, y, s, t)z(s, t) ds dt + φ(x, y) , where K(x, y, s, t) = ( K_{11}(x, y, s, t) K_{12}(x, y, s, t) K_{21}(x, y, s, t) K_{22}(x, y, s, t) ) , φ(x, y) = ( φ_1(x, y) φ_2(x, y) ) . A solution of (1.7) is a column vector function z(x, y) = (z_j (x, y))^2_{j=1}, where z_j ∈ C_{ω1 ω2} (R^2; R^n) (j = 1, 2).

It is not difficult to verify that the linear operator A(z) = ∫_{x+ω1} x ∫_{y+ω2} y K(x, y, s, t)z(s, t) ds dt maps the space C_{ω1 ω2} (R^2; R^{2n}) into itself and, consequently, by virtue of the continuity of the matrix function K, it is a completely continuous operator in C_{ω1 ω2} (R^2; R^{2n}). Hence, equation (1.7) is the Fredholm equation in C_{ω1 ω2} (R^2; R^{2n}).

On the other hand we have already shown that if u(x, y) is a solution of problem (0.1), (0.2), then (z_j(x, y))^2_{j=1}, where z_1(x, y) = u(x, y) and z_2(x, y) =^{∂u(x,y)}_{∂y} is a solution of equation (1.7). The converse statement can be easily verified, i. e. if (z_j (x, y))^2_{j=1} is a solution of equation (1.7) from C_{ω1 ω2} (R^2; R^{2n}), then z_1(x, y) is a solution of problem (0.1), (0.2). Thus, problem (0.1), (0.2) is equivalent to equation (1.7). Therefore problem (0.1), (0.2) has the property F in C_{ω1 ω2} (R^2; R^n). �

Theorem 1.2. Let conditions (1.1) hold and let either P_1 ∈ C^{1,0}_{ω1 ω2} (R^2; R^{n×n}) or P_2 ∈ C^{0,1}_{ω1 ω2} (R^2; R^{n×n}). Then problem (0.1), (0.2) has property F in C_{ω1 ω2} (R^2; R^n). Proof. Let us prove the theorem under the assumption that P_1 ∈ C^{1,0}_{ω1 ω2} (R^2; R^{n×n}). The case P_2 ∈ C^{0,1}_{ω1 ω2} (R^2; R^{n×n}) is absolutely analogous. So, let u(x, y) be a solution of problem (0.1), (0.2). Then the representation (1.5) is valid. By integration by parts and taking into account conditions (0.2) we arrive to the following equality

(1.8) ∂u(x, y) ∂y = P_1(x, y)u(x, y)+ + ∫_{x+ω1} x ( Q_{21}(x, y, s) − ∂ ∂s Q_{22}(x, y, s) ) u(s, y) ds + φ_2(x, y), whence applying the same technique as when deriving (1.4), we obtain

(1.9) u(x, y) = ∫_{x+ω1} x ∫_{y+ω2} y K(x, y, s, t)u(s, t) ds dt + ψ(x, y) , where

K(x, y, s, t) = Z_1(x, y)M^{−1}_1 (x)Z^{−1}_1 (x, t)Z_2(x, t)M^{−1}_2 (t)Z^{−1}_2 (s, t)× × ( P_0(s, t) + P_2(s, t)P_1(s, t) − ∂ ∂s P_1(s, t) ) , ψ(x, y) = Z_1(x, y)M^{−1}_1 (x) ∫_{x+ω1} x ∫_{y+ω2} y Z^{−1}_1 (x, t)Z_2(x, t)M^{−1}_2 (t)Z^{−1}_2 (s, t)q(s, t)ds dt . It is rather obvious fact that equation (1.9) is the Fredholm equation in the space C_{ω1 ω2} (R^2; R^n). It is also easy to verify that every solution of equation (1.9) from C_{ω1 ω2} (R^2; R^n) is also a solution of problem (0.1), (0.2). Thus we have shown that problem (0.1), (0.2) is equivalent to the Fredholm equation (1.9) in the space C_{ω1 ω2} (R^2; R^n). Therefore problem (0.1), (0.2) has property F in C_{ω1 ω2} (R^2; R^n).� Remark 1.1. In Theorems 1.1 and 1.2 conditions (1.1) are essential and they cannot be weakened. Indeed, consider the problem

(1.10)

∂^2u ∂x∂y = sin^2(y) u + sin^4(y) ∂u ∂x − sin^2(y) ∂u ∂y + | sin y| sin y ,

(1.11) u(x + 2π, y) = u(x, y), u(x, y + 2π) = u(x, y) , which satisfies all conditions of Theorems 1.1 and 1.2, except of conditions (1.1). In this case we have

M_1(x) = exp ( − ∫_{2π} 0 sin^2 t dt ) − 1 = exp(−π) − 1 < 0 for x ∈ R,

M_2(y) = exp ( −2π sin^2 y ) − 1 = 0 for y = πk, k ∈ Z, i. e. only the one part of conditions (1.1) is violated and only at isolated points. Nevertheless, it follows from Remark 2.1 below that the homogeneous problem corresponding to (1.10), (1.11) has only trivial solution and that the solution of problem (1.10), (1.11) u(x, y) has the form u(x, y) = v(y). Therefore, problem (1.10), (1.11) is reduced to the periodic problem for the linear ordinary differential equation dv dy = v + sign (sin y) , v(y + 2π) = v(y) ,

which has unique absolutely continuous but not continuously differentiable solution

v(y) = ( exp (−2π) − 1)^{−1} ∫_{y+2π} y exp (−t) sign (sin t) dt .

Consequently, problem (1.10), (1.11) has no solution, in spite of the fact that the corresponding homogeneous problem has only trivial solution.

CASE II.

Either

(1.12) M_1(x) = Θ for x ∈ [0, ω_1], det M_2(y) ≠ 0 for y ∈ [0, ω_2] or (1.13) det M_1(x) ≠ 0 for x ∈ [0, ω_1], M_2(y) = Θ for y ∈ [0, ω_2] .

When P_1 ∈ C^{1,0}_{ω1 ω2} (R^2; R^{n×n}) and P_2 ∈ C^{0,1}_{ω1 ω2} (R^2; R^{n×n}) let us introduce the following matrix functions

Γ_1(x, y) = P_0(x, y) + P_2(x, y)P_1(x, y) − ∂ ∂x P_1(x, y) , (1.14) Γ̄_1(x, y) = P_0(x, y) + P_2(x, y)P_1(x, y) , (1.15)

Γ_2(x, y) = P_0(x, y) + P_1(x, y)P_2(x, y) − ∂ ∂y P_2(x, y) , (1.16)

Γ̄_2(x, y) = P_0(x, y) + P_1(x, y)P_2(x, y) . (1.17)

Theorem 1.3. Let conditions (1.12) hold, P_j ∈ C^{1,0}_{ω1 ω2} (R^2; R^{n×n}) (j = 0, 1, 2) and

(1.18) det (∫_{ω2} 0 Z^{−1}_1 (x, t)Γ̄_1(x, t)Z_1(x, t) dt ) ≠ 0 for x ∈ [0, ω_1] .

Then problem (0.1), (0.2) has property F in C^{1,0}_{ω1 ω2} (R^2; R^n).

Proof. Let q ∈ C^{1,0}_{ω1 ω2} (R^2; R^n) and let u(x, y) be a solution of problem (0.1), (0.2). Then in view of the identity Z_1(x, y + ω_2) ≡ Z_1(x, y)Z_1(x, ω_2) and condition (1.12) we have Z_1(x, y + ω_2)Z^{−1}_1 (x, y) ≡ E .

Therefore if we substitute t = y + ω_2 into (1.4_0), we obtain

(1.19) ∫_{y+ω2} y Z^{−1}_1 (x, t) ( P_0(x, t)u(x, t) + P_2(x, t) ∂u(x, t) ∂t + q(x, t) ) dt = 0 , for x ∈ R. By means of integration by parts and taking into account the identity P_2(x, y) ∂u(x, y) ∂y = P_2(x, y) ( ∂u(x, y) ∂y −P_1(x, y)u(x, y) ) +P_2(x, y)P_1(x, y)u(x, y) = = P_2(x, y)Z_1(x, y) ∂ ∂y ( Z^{−1}_1 (x, y)u(x, y) ) + P_2(x, y)P_1(x, y)u(x, y), from (1.19) we get ∫_{y+ω2} y Z^{−1}_1 (x, t)Γ̄_1(x, t)Z_1(x, t) dt Z^{−1}_1 (x, y)u(x, y)− (1.20) − ∫_{y+ω2} y (∫_t y Z^{−1}_1 (x, τ )Γ̄_1(x, τ )Z_1(x, τ ) dτ · Z^{−1}_1 (x, t) − Z^{−1}_1 (x, t)P_2(x, t) ) × × ( ∂u(x, t) ∂t − P_1(x, t)u(x, t) ) dt + ∫_{y+ω2} y Z^{−1}_1 (x, t)q(x, t) dt = 0 . By virtue of conditions (1.12), (1.18) and the equality (1.8), finally we obtain

(1.21) u(x, y) = ∫_{x+ω1} x ∫_{y+ω2} y K(x, y, s, t)u(s, t) ds dt + ψ(x, y) , where K(x, y, s, t) = Z_1(x, y) (∫_{ω2} 0 Z^{−1}_1 (x, τ )Γ̄_1(x, τ )Z_1(x, τ ) dτ )_{−1} × × (∫_t y Z^{−1}_1 (x, τ )Γ̄_1(x, τ )Z_1(x, τ ) dτ − Z^{−1}_1 (x, t)P_2(x, t) ) × × Z_2(x, t)M^{−1}_2 (t)Z^{−1}_2 (s, t)Γ_1(s, t) ,

ψ(x, y) = Z_1(x, y) (∫_{ω2} 0 Z^{−1}_1 (x, τ )Γ̄_1(x, τ )Z_1(x, τ ) dτ )_{−1} × × (∫_{x+ω1} x ∫_{y+ω2} y (∫_t y Z^{−1}_1 (x, τ )Γ̄_1(x, τ )Z_1(x, τ ) dτ − Z^{−1}_1 (x, t)P_2(x, t) ) × ×Z_2(x, t)M^{−1}_2 (t)Z^{−1}_2 (s, t)q(s, t) ds dt − ∫_{ω2} 0 Z^{−1}_1 (x, t)q(x, t) dt ) . The remaining reasoning is similar to that used in the proof of Theorem 1.2. � In the same way we can prove the statement “symmetric” to Theorem 1.3.

Theorem 1.4. Let conditions (1.13) hold, P_j ∈ C^{0,1}_{ω1 ω2} (R^2; R^{n×n}) (j = 0, 1, 2) and

(1.22) det (∫_{ω1} 0 Z^{−1}_2 (s, y)Γ̄_2(s, y)Z_2(s, y) ds ) ≠ 0 for y ∈ [0, ω_2] .

Then problem (0.1), (0.2) has property F in C^{0,1}_{ω1 ω2} (R^2; R^{n×n}).

Remark 1.2. When proving Theorem 1.3, to derive equation (1.21), we used only the fact that P_1 ∈ C^{1,0}_{ω1 ω2} (R^2; R^{n×n}). The solvability of equation (1.21) in the space C_{ω1 ω2} (R^2; R^n) does not directly depend on smoothness of K(x, y, s, t) and ψ(x, y) and, hence, on smoothness of P_0(x, y), P_1(x, y) and q(x, y). But in order that any solution of equation (1.21) to be a solution of problem (0.1), (0.2), the restrictions imposed on smoothness of P_j(x, y) (j = 0, 1, 2) and q(x, y) are optimal in some sense and they cannot be weakened. In view of “symmetry” of Theorems 1.3 and 1.4, introduce some examples concerning Theorem 1.4.

For equations

∂^2u ∂x∂y = p_0(y)u + ∂u ∂x − 1 (1.23_1)

∂^2u ∂x∂y = u + p_1(y) ∂u ∂x − sin x − p_1(y)(cos x + 1) ,

(1.23_2)

∂^2u ∂x∂y = u + ∂u ∂x − q(y) , (1.23_3)

where p_0(y), p(y) and q(y) are positive 2π-periodic and continuous but not differentiable functions, consider the periodic problem (1.24) u(x + 2π, y) = u(x, y), u(x, y + 2π) = u(x, y). It follows from Remark 2.1 below that each of the problems (1.23_j), (1.24) (j = 1, 2, 3) may have at most one solution and these solutions, respectively, must have the following forms

u_1(x, y) = v(y), u_2(x, y) = c_0(y) + c_1(y) sin x + c_2(y) cos x, u_3(x, y) = w(y) .

If we substitute them, respectively, into the equations (1.23_j) (j = 1, 2, 3), then we get u_1(x, y) = 1 p_0(y)

, u_2(x, y) = p_1(y) + sin x, u_3(x, y) = q(y) .

But it is impossible due to the fact that p_0(y), p_1(y) and q(y) are not differentiable. Consequently, problems (1.23_j), (1.24) (j = 1, 2, 3) have no solution, although all conditions of Theorem 1.4, except the conditions of smoothness of P_j (j = 0, 1, 2) and q, are fulfilled.

CASE III.

(1.25) M_1(x) = Θ for x ∈ [0, ω_1], M_2(y) = Θ for y ∈ [0, ω_2].

Theorem 1.5. Let conditions (1.25) hold, P_j ∈ C^1_{ω1 ω2} (R^2; R^{n×n}) (j = 0, 1, 2) and inequalities (1.18), (1.22) take place. Then problem (0.1), (0.2) has property F in C^1_{ω1 ω2} (R^2; R^n).

Proof. Let q ∈ C^1_{ω1 ω2} (R^2; R^n), u(x, y) again be an arbitrary solution of problem (0.1), (0.2) and let

v(x, y) = ∂ ∂x ( Z^{−1}_2 (x, y)u(x, y) ) , w(x, y) = ∂ ∂y ( Z^{−1}_1 (x, y)u(x, y) ) . We have shown above the validity of equality (1.20). Therefore taking into the account (1.18), from (1.20) we obtain

(1.26) u(x, y) = ∫_{y+ω2} y Q_1(x, y, t)w(x, t) dt + φ_1(x, y), where

Q_1(x, y, t) = Z_1(x, y) (∫_{ω2} 0 Z^{−1}_1 (x, τ )Γ̄_1(x, τ )Z_1(x, τ ) dτ )_{−1} × × (∫_t y Z^{−1}_1 (x, τ )Γ̄_1(x, τ )Z_1(x, τ ) dτ − Z^{−1}_1 (x, t)P_2(x, t)Z_1(x, t) ) , φ_1(x, y) = −Z_1(x, y) (∫_{ω2} 0 Z^{−1}_1 (x, τ )Γ̄_1(x, τ )Z_1(x, τ ) dτ )_{−1} × × ∫_{ω2} 0 Z^{−1}_1 (x, τ )q(x, τ ) dτ . Similarly we obtain

(1.27) u(x, y) = ∫_{x+ω1} x Q_2(x, y, s)v(s, y)ds + φ_2(x, y) , where

Q_2(x, y, s) = Z_2(x, y) (∫_{ω1} 0 Z^{−1}_2 (ξ, y)Γ̄_2(ξ, y)Z_2(ξ, y) dξ )_{−1} × × (∫_s x Z^{−1}_2 (ξ, y)Γ̄_2(ξ, y)Z_2(ξ, y) dξ − Z^{−1}_2 (s, y)P_1(s, y)Z_2(s, y) ) , φ_2(x, y) = −Z_2(x, y) (∫_{ω1} 0 Z^{−1}_2 (ξ, y)Γ̄_2(ξ, y)Z_2(ξ, y) dξ )_{−1} × × ∫_{ω1} 0 Z^{−1}_2 (ξ, y)q(ξ, y) dξ .

Note that ∂v(x, y) ∂y = ∂ ∂y ( Z^{−1}_2 (x, y) ( ∂u(x, y) ∂x − P_2(x, y)u(x, y) )) = = Z^{−1}_2 (x, y) ( P_1(x, y)Z_2(x, y) − ∂ ∂y Z_2(x, y) ) v(x, y)+ + Z^{−1}_2 (x, y) (Γ_2(x, y)u(x, y) + q(x, y))

and, analogously, ∂w(x, y) ∂x = Z^{−1}_1 (x, y) ( P_2(x, y)Z_1(x, y) − ∂ ∂x Z_1(x, y) ) w(x, y)+ + Z^{−1}_1 (x, y) (Γ_1(x, y)u(x, y) + q(x, y)) .

Therefore from (1.26) and (1.27) we have v(x, y) = ∂ ∂x (∫_{y+ω2} y Z^{−1}_2 (x, y)Q_1(x, y, t)w(x, t) dt + Z^{−1}_2 (x, y)φ_1(x, y) ) =

= ∫_{y+ω2} y (K_{11}(x, y, t)u(x, t) + K_{12}(x, y, t)w(x, t)) dt + ψ_1(x, y) , (1.28)

w(x, y) = ∂ ∂y (∫_{x+ω1} x Z^{−1}_1 (x, y)Q_2(x, y, s)v(s, y) ds + Z^{−1}_1 (x, y)φ_2(x, y) ) =

= ∫_{x+ω1} x (K_{21}(x, y, s)u(s, y) + K_{22}(x, y, s)v(s, y)) ds + ψ_2(x, y) , (1.29)

where

K_{11}(x, y, t) = Z^{−1}_2 (x, y)Q_1(x, y, t)Z^{−1}_1 (x, t)Γ_1(x, t) , K_{12}(x, y, t) = ∂ ∂x ( Z^{−1}_2 (x, y)Q_1(x, y, t) ) + Z^{−1}_2 (x, y)Q_1(x, y, t)Z^{−1}_1 (x, t)× × ( P_2(x, t)Z_1(x, t) − ∂ ∂x Z_1(x, t) ) , K_{21}(x, y, s) = Z^{−1}_1 (x, y)Q_2(x, y, s)Z^{−1}_2 (s, y)Γ_2(s, y) , K_{22}(x, y, s) = ∂ ∂y ( Z^{−1}_1 (x, y)Q_2(x, y, s) ) + Z^{−1}_1 (x, y)Q_2(x, y, s)Z^{−1}_2 (s, y)× × ( P_1(s, y)Z_2(s, y) − ∂ ∂y Z_2(s, y) ) , ψ_1(x, y) = Z^{−1}_2 (x, y) ∫_{y+ω2} y Q_1(x, y, t)Z^{−1}_1 (x, t)q(x, t) dt + ∂ ∂x ( Z^{−1}_2 (x, y)φ_1(x, y) ) , ψ_2(x, y) = Z^{−1}_1 (x, y) ∫_{x+ω1} x Q_2(x, y, s)Z^{−1}_2 (s, y)q(s, y) ds + ∂ ∂y (Z_1(x, y)φ_2(x, y)) .

If we now substitute (1.27) and (1.29) into (1.28) then we shall get

(1.30) v(x, y) = ∫_{x+ω1} x ∫_{y+ω2} y K(x, y, s, t)v(s, t) ds dt + ψ(x, y) , where K(x, y, s, t) = K_{11}(x, y, t)Q_2(x, t, s) + K_{12}(x, y, t)K_{22}(x, t, s)+ + ∫_s x K_{12}(x, y, t)K_{21}(x, t, ξ)Q_2(ξ, t, s) dξ+ + ∫_{x+ω1} s K_{12}(x, y, t)K_{21}(x, t, ξ)Q_2(ξ, t, s + ω_1) dξ , ψ(x, y) = ∫_{y+ω2} y K_{11}(x, y, t)φ_2(x, t) dt + ∫_{y+ω2} y K_{12}(x, y, t)ψ_2(x, t) dt+ + ∫_{x+ω1} x ∫_{y+ω2} y K_{12}(x, y, t)K_{21}(x, t, s)φ_2(s, t) ds dt . Thus we have shown that if u(x, y) is a solution of problem (0.1), (0.2), then v(x, y) =^∂_{∂x} ( Z^{−1}_2 (x, y)u(x, y) ) is a solution of (1.30). The fact that (1.30) is the Fredholm equation in C_{ω1 ω2} (R^2; R^n) is rather obvious. It is easy to verify that if v(x, y) is a solution of (1.30) then u(x, y), defined by equality (1.27), is a solution of problem (0.1), (0.2). Consequently, problem (0.1), (0.2) is equivalent to (1.30). Therefore it has property F in C^1_{ω1 ω2} (R^2; R^n). � Remark 1.3. The restriction, imposed on smoothness of q(x, y) in Theorem 1.5 is optimal and it cannot be weakened. Indeed, for the equation

(1.31)

∂^2u ∂x∂y = 1 2 u − (q_1(x) + q_2(y)) ,

where q_1(x) and q_2(y) are 2π-periodic continuous, but not differentiable functions, consider the periodic problem (1.32) u(x + 2π, y) = u(x, y), u(x, y + 2π) = u(x, y) . It follows from Remark 2.1 below that problem (1.31), (1.32) can have at most one solution and its solution must be of the form

u(x, y) = u_1(x) + u_2(y) ,

where u_1(x) and u_2(y) are some 2π-periodic continuously differentiable functions. But then we get that u(x, y) = 2(q_1(x) + q_2(y)) , what is impossible due to the fact that q_1(x) and q_2(y) are not differentiable functions.

Thus we have shown that problem (1.31), (1.32) has no solution although the corresponding homogeneous problem has only the trivial solution.

§2. Existence and uniqueness theorems for problem (0.3), (0.2)

In Section 1 when proving the existence of property F of (0.1), (0.2), every time we were reducing problem (0.1), (0.2) to some Fredholm integral system and thus, we were connecting the unique solvability of our problem with the unique solvability of the above mentioned integral system. Therefore, of course, we can obtain various sufficient conditions of the unique solvability of problem (0.1), (0.2) imposing the well-known smallness conditions on the kernel of the integral system. But in this section we shall consider only the special case of problem (0.1), (0.2): problem (0.3), (0.2), since, the conditions of the unique solvability of problem (0.3), (0.2) have rather transparent form and they are unimprovable in a certain sense.

If for some m ∈ Z det ( i 2πm ω_1

E − P_2(y) ) ≠ 0 for y ∈ [0, ω_2],

then by W_m(y) denote a solution of the matrix differential equation dW dy = ( i 2πm ω_1

E − P_2(y) )_{−1} ( P_0(y) + i 2πm ω_1

P_1(y) ) W satisfying the initial condition W (0) = E .

Theorem 2.1. Let for every m ∈ Z

(2.1) det ( i 2πm ω_1

E − P_2(y) ) ≠ 0 for y ∈ [0, ω_2] and (2.2) det(E − W_m(ω_2)) ≠ 0 .

Then problem (0.3_0), (0.2) has only the trivial solution.

Proof. Let u(x, y) be an arbitrary solution of problem (0.3_0) , (0.2). Consider its associated Fourier series ∑ m∈Z^{cm(y)exp (i 2πmω}1^{x)} with continuous complex-valued vector coefficient c_m(y) such that for every y ∈ R

(2.3) lim_{k→∞} ∫_{ω1} 0 ‖ ‖ ‖ ‖ u(s, y) − k∑ m=−k c_m(y)exp ( i 2πm ω_1 s )‖ ‖ ‖ ‖ ds = 0 .

It is clear that (2.3) holds if and only if

c_m(y) = 1 ω_1 ∫_{ω1} 0 u(s, y)exp ( −i 2πm ω_1 s ) ds for any m ∈ Z. Let us denote this correspondence in the following way u(x, y) ≈ ∑ m∈Z^{cm(y)exp (i 2πmω}1^{x) .} Then it is clear that ∂u(x, y) ∂x ≈ ∑ m∈Z^{i 2πmω}1^{cm(y)exp (i 2πmω}1^{x) ,} ∂u(x, y) ∂y ≈ ∑ m∈Z^{c′m(y)exp (i 2πmω}1^{x) ,} ∂^2u(x, y) ∂x∂y ≈ ∑ m∈Z^{i 2πmω}1^{c′m(y)exp (i 2πmω}1^{x) .} Therefore, again by virtue of uniqueness of the Fourier series with regard to conditions (2.1) we get

c^′_m(y) = ( i 2πm ω_1

E − P_2(y) )_{−1} ( P_0(y) + i 2πm ω_1

P_1(y) ) c_m(y) , c_m(y + ω_2) = c_m(y) .

But conditions (2.2) yield that c_m(y) ≡ 0 for m ∈ Z.

This means that u(x, y) ≡ 0. � In the similar way we prove Theorem 2.2. Let P_2(y) ≡ Θ, det P_0(y) ≠ 0 for y ∈ [0, ω_2] and let conditions (2.2) hold for every m ∈ Z\{0}. Then problem (0.3_0), (0.2) has only the trivial solution.

Note that for system (0.3) we have Z_1(x, y) ≡ Z_1(y), M_1(x) ≡ M_1 = const, Z_2(x, y) = exp (xP_2(y)) , M_2(y) = exp (−ω_1P_2(y)) − E .

Corollary 2.1. Let (2.4) det M_1 ≠ 0 and conditions (2.1) and (2.2) hold for any m ∈ Z. Then problem (0.3), (0.2) is uniquely solvable for any q ∈ C_{ω1 ω2} (R^2; R^n) .

Proof. In fact, we have nothing to prove, since all conditions of Theorem 2.1 hold and inequality (2.4) and inequality (2.1) for m = 0 ensure that the conditions of Theorem 2.1 are satisfied. � Analogously it can be verified that Corollaries 2.2, 2.3 and 2.4 below follow directly from Theorems 1.3 and 2.1, 1.4 and 2.2, 1.5 and 2.2, respectively.

Corollary 2.2. Let M_1 = Θ,

(2.5) det ∫_{ω2} 0 Z^{−1}_1 (t) (P_0(t) + P_2(t)P_1(t)) Z_1(t) dt ≠ 0

and conditions (2.1) and (2.2) hold for any m ∈ Z. Then problem (0.3), (0.2) is uniquely solvable for any q ∈ C^{1,0}_{ω1 ω2} (R^2; R^n).

Corollary 2.3. Let det M_1 ≠ 0, P_0(y) and P_1(y) be continuously differentiable and let all conditions of Theorem 2.2 hold. Then problem (0.3), (0.2) is uniquely solvable for any q ∈ C^{0,1}_{ω1 ω2} (R^2; R^n). Corollary 2.4. Let M_1 = Θ, det ∫_{ω2} 0 Z^{−1}_1 (t)P_0(t)Z_1(t) dt ≠ 0 ,

P_0(y) and P_1(y) be continuously differentiable and let all conditions of Theorem 2.2 hold. Then problem (0.3), (0.2) is uniquely solvable for any q ∈ C^1_{ω1 ω2} (R^2; R^n). Remark 2.1. Note that if u(x, y) is a solution of problem (0.3), (0.2) then:

a) for every m ∈ Zits Fourier coefficient c_m(y) is a solution of the periodic problem ( i 2πm ω_1

E − P_2(y) ) c^′_m(y) = ( P_0(y) + i 2πm ω_1

P_1(y) ) c_m(y) + q_{0m}(y) ,

(2.6_m)

c_m(y + ω_2) = c_m(y),

(2.7_m)

where q_{0m}(y) = 1 ω_2 ∫_{ω2} 0 q_0(s, y)exp ( −i 2πm ω_1 s ) ds ; b) in view of the fact that u(x, y) has continuous partial derivatives^{∂u(x,y)}_{∂x} , ∂u(x,y) ∂y ,^{∂2u(x,y)} ∂x∂y the Fourier series ∑ m∈Z^{cm(y)exp (i 2πmω}1^{x)} converge to u(x, y) absolutely and uniformly in R^2 (see [11]).

Therefore if the conditions of Corollary 2.k (k = 1, 2, 3, 4) hold then the solution of problem (0.3), (0,2) has the form u(x, y) = ∑ m∈Z^{cm(y)exp (i 2πmω}1^{x) ,} where for every m ∈ Z c_m(y) is the solution of (2.6_m), (2.7_m).

Finally, let us study, separately, the case n = 1, i. e. when (0.3) is an equation. For the equation

(2.8)

∂^2u ∂x∂y = p_0(y)u + p_1(y) ∂u ∂x + p_2(y) ∂u ∂y + q(x, y) , as well as for the homogeneous one

(2.8_0)

∂^2u ∂x∂y = p_0(y)u + p_1(y) ∂u ∂x + p_2(y) ∂u ∂y consider the periodic problem (2.9) u(x + ω_1, y) = u(x, y), u(x, y + ω_2) = u(x, y) , where p_j ∈ C_{ω2} (R; R) (j = 0, 1, 2) and q ∈ C_{ω1 ω2} (R^2; R).

Let η ∈ C_{ω2} (R; R) be an arbitrary function. We shall make use of the following notation and definition:

I_η = {y ∈ [0, ω_2] : η(y) = 0}, J_η = [0, ω_2]\I_η , J̄_η is the closure of J_η .

We say that a function p ∈ C_{ω1 ω2} (R^2; R) is η-continuous if it admits the representation (2.10) p(x, y) = η(y)p̃(x, y) , where p̃ ∈ C_{ω1 ω2} (R^2; R). I_η is a closed set (in view of continuity of η(y)) and therefore it is clear that the representation (2.10) is unique if and only if I_η is a nowhere dense set or, what is the same, J̄_η = [0, ω_2].

By analogy with the case of system introduce the function μ(y) = exp (−ω_1p_2(y)) − 1 .

It is clear that I_μ = I_{p2} , μ(y) is p_2-continuous and vice versa, p_2(y) is μ-continuous. Theorem 2.3. Let ∫_{ω2} 0 p_1(t) dt ≠ 0, p_0(y), p_1(y) and q(x, y) be μ-continuous, (2.11) J̄_μ = [0, ω_2] and let for every m ∈ Zeither

(2.12_m) ∫_{ω2} 0 p_0(t)p_2(t) −^{4π2m2}_{ω21} p_1(t) p^2(t) +^{4π2m2}_{ω21} dt ≠ 0 or m ω_1 ∫_{ω2} 0 p_0(t) + p_1(t)p_2(t) p^2(t) +^{4π2m2}_{ω21} dt ∉ Z. Then problem (2.8), (2.9) is uniquely solvable.

Proof. Let u(x, y) be a solution of problem (2.8), (2.9). By virtue of μ-continuity of p_0(y), p_1(y) and q(x, y) the following representation

(2.13) u(x, y) = ∫_{x+ω1} x ∫_{y+ω2} y K(x, y, s, t) (p̃_0(t) + p̃_1(t)p_2(t)) u(s, t) ds dt+ + ∫_{x+ω1} x ∫_{y+ω2} y K(x, y, s, t)q̃(s, t) ds dt is valid, where p_j(y) = μ(y)p̃_j (y), (j = 0, 1), q(x, y) = μ(y)q̃(x, y) and K(x, y, s, t) = exp (∫_y t p_1(τ ) dτ + p_2(t)(x − s) ) exp ( − ∫_{ω2} 0 p_1(τ ) dτ ) − 1 . In view of condition (2.11), such representation is unique. It is clear also that every solution of integral equation (2.13) from C_{ω1 ω2} (R^2; R) is a solution of problem (2.8), (2.9) too. Consequently, we have only to verify that the homogeneous equation

(2.13_0) u(x, y) = ∫_{x+ω1} x ∫_{y+ω2} y K(x, y, s, t) (p̃_0(t) + p̃_1(t)p_2(t)) u(s, t) ds dt has only the trivial solution in C_{ω1 ω2} (R^2; R). But this is equivalent to the fact that for any m ∈ Zproblem (2.6_m), (2.7_m) has only the trivial solution what follows immediately from conditions (2.11), (2.12_m) . �

Theorem 2.4. Let ∫_{ω2} 0 p_1(t) dt ≠ 0, p_0(y), p_1(y) and q(x, y) be μ-continuous,

(2.14) J̄_μ ≠ [0, ω_2]

and let for every m ∈ Z\{0} condition (2.12_m) hold. Then problem (2.8), (2.9) is solvable; moreover, the corresponding homogeneous problem has the infinite dimensional set of solutions.

Proof. By virtue of condition (2.14) there exist positive constants α < β such that [α, β] ⊂ I_μ. Introduce a ω_2-periodic function γ(y) such that γ(y) = { (y − α)(β − y) for y ∈ [α, β] 0 for y ∈ [0, ω_2]\[α, β] . Let p̃_0(y) be a continuous ω_2-periodic function such that

(2.15) p_0(y) = μ(y)p̃_0(y) .

Then by ~p̃_0(y) denote a continuous ω_2-periodic function such that

~p̃_0(y) = { p̃_0(y) for y ∈ I_μ

p̃_0(y)^{μ(y)}_{p2(y)} for y ∈ J_μ . It is obvious that if some p̃_0(y) satisfies (2.15), then p̃_0(y) + λγ(y) satisfies also (2.15) for any λ ∈ R. Therefore, we may chose p̃_0(t) such that

(2.16) ∫_{ω2} 0 p̃_0(t) dt ≠ 0 .

Let us consider the integral equation (2.13), where p̃_0(y) satisfies (2.15) and (2.16) and p̃_1 ∈ C_{ω2} (R; R) and q̃ ∈ C_{ω1 ω2} (R^2; R) are arbitrary functions such that p_1(y) = μ(y)p̃_1(y), q(x, y) = μ(y)q̃(x, y) .

In view of that every solution of (2.13) from C_{ω1 ω2} (R^2; R) is also a solution of the problem (2.8), (2.9), it is sufficient to verify that (2.13_0) has only trivial solution in C_{ω1 ω2} (R^2; R). But this is equivalent to the fact that the problem

c^′_0(y) = ~p̃_0(y)c_0(y), c_0(y + ω_2) = c_0(y),

as well as the problem (2.6_m), (2.7_m), for every m ∈ Z\{0}, have only the trivial solution, what follows immediately from conditions (2.16) and (2.12_m) for Z\{0}.

Finally, note that for any k ∈ N the solution of the equation

u(x, y) = ∫_{x+ω1} x ∫_{y+ω2} y K(x, y, s, t) (p̃_0(t) + p̃_1(t)p_2(t)) u(s, t) ds dt+ + ∫_{x+ω1} x ∫_{y+ω2} y K(x, y, s, t)γ^k(t) ds dt is at the same time a solution of problem (2.8_0), (2.9). Consequently, problem (2.8_0), (2.9) has the infinitedimensional set of solutions. �

Theorems 2.3 and 2.4 yield the following

Corollary 2.5. Let p_0(y), p_1(y) and q(x, y) be μ-continuous,

p_0(y) ≥ 0, p_1(y)p_2(y) ≤ 0 for y ∈ [0, ω_2]

and ∫_{ω2} 0 p_j (t) dt ≠ 0 (j = 0, 1).

Then problem (2.8), (2.9) is solvable and its solution is unique if and only if

J̄_μ = [0, ω_2] .

References

[1] Aziz, A. K., Horak, M. G., Periodic solutions of hyperbolic partial differential equations in the large, SIAM J. Math. Anal. 3 (1972), No. 1, 176-182.

[2] Cesari, L., Existence in the large of periodic solutions of hyperbolic partial differential equations, Arch. Rational Mech. Anal. 20 (1965), 170-190.

[3] Cesari, L., Periodic solutions of nonlinear hyperbolic differential equations, Coll. Inter. Centre Nat. Rech. Sci. 148 (1965), 425-437.

[4] Cesari, L., Smoothness properties of periodic solutions in the large of nonlinear hyperbolic differential systems, Funkcial. Ekvac. 9 (1966), 325-338.

[5] Hale, J. K., Periodic solutions of a class of hyperbolic equations containing a smalls parameter, Arch. Rat. Mech. Anal. 23 (1967), No. 5, 380-398.

[6] Hartman, P., Ordinary differential equations., John Wiley & Sons, New York-London-Sydney, 1964.

[7] Kiguradze, T. I., On the periodic boundary value problems for linear hyperbolic equations I.

(Russian), Differentsial’nye Uravneniya 29 (1993), No. 2, 281-297.

[8] Kiguradze, T. I., On the periodic boundary value problems for linear hyperbolic equations II.

(Russian), Differentsial’nye Uravneniya 29 (1993), No. 4, 637-645.

[9] Kiguradze, T. I., Some boundary value problems for systems of linear partial differential equations of hyperbolic type, Memoirs on Differential Equations and Mathematical Physics 1 (1994), 1-144.

[10] Kiguradze, T. I., On bounded in a strip solutions of the hyperbolic partial differential equations, Applicable Analysis 58 (1995), 199-214.

[11] Kolmogorov, A. N., Fomin, S. V., Elements of theory of functions and functional analysis (Russian), Nauka, Moscow, 1989.

[12] Lusternik, L. A., Sobolev, V. I., Elements of functional analysis (Russian), Nauka, Moscow, 1965.

[13] Lakshmikantham, V., Pandit, S. G., Periodic solutions of hyperbolic partial differential equations, Comput. and Math. 11 (1985), No. 1-3, 249-259.

[14] Liu Baoping, The integral operator method for finding almost-periodic solutions of nonlinear wave equations, Nonlinear Anal. TMA 11 (1987), No. 5, 553-564.

[15] Žestkov, S. V., On twice periodic solutions of quasilinear hyperbolic systems, Differentsial’nye Uravnenia 24 (1988), No. 12, 2164-2166.

Tbilisi I. Javakhishvili State University Faculty of Physics Chavchavadze ave. 3 Tbilisi 380028, REPUBLIC OF GEORGIA