ARCHIVUM MATHEMATICUM (BRNO) Tomus 33 (1997), 173 – 189

INTRODUCTION TO THE THEORY OF SEMI–HOLONOMIC JETS

Paulette Libermann

To Ivan Kolář on the occasion of his 60th birthday.

0. Preface

The usual jets were introduced by C. Ehresmann as a fundamental tool in Differential Geometry. They permit to globalize the theory of differential systems and to give a formulation of the “infinite groups” of E. Cartan; this leads to the theory of Lie pseudogroups; initiated by C. Ehresmann, this theory was studied by many mathematicians (the author, J. Pradines, S. Chern, D. Spencer, Guillemin- Sternberg, H. Goldschmidt, Kumpera, Qué, Molino and Albert etc). D. Spencer introduced cohomological methods.

When studying the prolongations of a differential system or higher order connections (for instance the iteration of a linear connection on the tangent bundle) C. Ehresmann was led to introduce what he called, using the terminology of Mechanics, non holonomic and semi-holonomic jets; the ordinary jets are called holonomic jets.

While the theory of holonomic jets is now classical, the theory of non holonomic and semi-holonomic jets seems “mysterious” to many mathematicians. The purpose of this paper is to explain how semi-holonomic jets occur naturally in Differential Geometry and to serve as an elementary introduction to the works devoted to semi-holonomic jets; we leave to the reader the task of studying these papers.

Among the mathematicians who have investigated semi-holonomic jets are C. Ehresmann pupils (J. Pradines and the author, P. Ver Eecke, P. C. Yuen). A very important contribution has been made by I. Kolář and his co-workers, especially concerning natural transformations and higher order connections, as well as G. Virsik and M. Modugno. For instance I. Kolář has introduced the notion of equivalence with respect to curves for semi-holonomic jets; in the case of holonomic jets, equivalent jets coincide. This is linked with the research of natural transformations

1991 Mathematics Subject Classification: 58A20, 53C05, 53C10.

Key words and phrases: non holonomic jet, semi-holonomic jet, differential system, connection, G-structure.

Received February 5, 1997.

existing in a bundle of semi-holonomic jets. On the subject of natural transformations, we refer to the book “Natural Operations in Differential Geometry” by I. Kolář, P. Michor, J. Slovák which contains a great list of references.

The non holonomic jets are obtained by iteration of 1-jets; among them semiholonomic jets are obtained while “forgetting” the condition of Schwarz symmetry in higher order derivatives; they correspond to an iteration of linear maps in the following sense; the projection J̄_q E → J̄_{q−1}E (where J̄_q means the semi-holonomic prolongation of order q) is endowed with an affine bundle structure whose associated vector bundle is a bundle of multilinear maps from π^∗T M to the vertical bundle V E = ker T π. Here π denotes the projection E → M . The “difference” between holonomic and semi-holonomic prolongations leads to the notion of curvature.

Utilizing these affine structures we show the existence of a contraction onto the holonomic prolongation and an involution J in the space J̄_{q,q−1}E, inverse image of J_{q−1}E in J̄_q E. So we generalize a result of J. Pradines in the case q = 2.

J. Pradines has attached with the notion of non holonomic jet and semi-holo-nomic jet the theory of double vector bundles. We give a very short abstract of this theory.

I. Some facts about holonomic prolongations

To simplify we shall assume that all manifolds and maps are C^∞, the manifolds being finite-dimensional and paracompact. Many of the results are valid under less restrictive assumptions.

For any fibered manifold (E, M, π) (i.e. for any triple (E, M, π) where E and M are manifolds and π a surjective submersion), the holonomic prolongation J_qE is the set of q-jets of local section of E. Given manifolds M and N , the set J^q(M, N ) of q-jets from M to N could be written J_qE, considering the fibered manifold (E = M × N, M, pr_1). It is known that the projection J_q E → J_{q−1}E defines an affine bundle structure. In particular the bundle J_1E → E admits as associated vector bundle the set of linear morphisms from T M to the vertical bundle V E = ker T π. The prolongations of vector bundles are vector bundles.

For any manifold M , let T^q_p (M ) (resp. T^{∗q}_p (M )) be the set of q-jets from R^p to M (resp. from M to R^p), with source (resp. target) 0. For q = p = 1, we recover the tangent and cotangent bundles T M and T^∗M . If G is a Lie group, so is T^q_p (G) for any q and p.

The q-frame bundle H^q(M ) is the subset of T^q_n(M ) (where n = dimension of M ) generated by the q-jets of local diffeomorphisms. It is a L^q_n-principal bundle, where L^q_n is the group of q-jets of local diffeomorphisms from R^n to R^n with source and target 0. The q-coframe bundle H^{∗q}(M ) is also a L^q_n-principal bundle.

For any fibered manifold (E, M, π), we define the submanifold C^q_nE of T^q_n E, inverse image of H^q(M ) by the projection T^q_nπ : T^q_n E → T^q_nM . In particular if E = M and π = id_M , we obtain C^q_nM = H^q (M ). We have proved [L3]

Proposition I.1. The manifold C^q_nE is diffeomorphic to the fibered product J_qE ×_M H^q(M ). Moreover if (P, M, π) is a principal G-bundle, then (C^q_nP, M, T^qπ) is a principal G_q-bundle with G_q = T^q_n (G) × L^q_n.

Other authors, as for instance G. Virsik [V1] introduced such prolongations for principal bundles.

These prolongations are linked with the prolongations of Lie groupoids introduced by C. Ehresmann [E1] in the following way; let Φ^a´_b Φ_0 be a Lie groupoid

with Φ_0 as the set of units; an invertible a-section s is a section of Φ with respect of a, such that b ∘ s is a diffeomorphism. The set of all local invertible a-sections constitute a pseudogroup Γ; the q-prolongation of Φ is the groupoid Φ^q = J^q (Γ), set of q-jets of all elements of Γ.

We have proved [L3] that if Φ is the Lie groupoid associated with the principal bundle (P, M, π) i.e. the quotient of P × P by the diagonal action of G, then the Lie groupoid associated with C^q_nP is the prolongation Φ^q of Φ. Here the set of units of Φ and Φ^q is the manifold M .

Utilizing the notion of “partial jet” which is subjacent in the paper [E1] by C. Ehresmann, we have proved

Proposition I.2 (Schwarz lemma for manifolds). There exists a natural diffeomorphism

(I.1) ψ^q_p : T T^q_p M → T^q_p T M

which exchanges the projections of T T^q_p M and T^q_p T M on T M and T^q_p M ; the diffeomorphism ψ^1 is the natural involution on T T M . Moreover for a fibered manifold (E, M, π), we get

(I.2) ψ^q_n(T C^q_nE) = C^q_nT E ;

in particular

(I.3) ψ^q_n(T H^q(M )) = C^q_n(T M ) .

For the proof, we considered the partial jets from R× R^p to M or E; in terms of local coordinates, we used the Schwarz lemma for partial derivatives.

Let (P, M, π) be a principal G-bundle; the set T P/G of tangent vector to P mod the right translations by G is a vector bundle with base M . Then the tangent bundle T P may be identified with the fibered product (T P/G) ×_M P .

Using formula (I.2) and proposition I.1, we deduce the vector bundle isomorphism

(I.4) T (C^q_nP )/G_q ⇐⇒ J_q (T P/G) ;

in particular we recover the isomorphism (I.5) T (H^q(M ))/L^q_n ⇐⇒ J_qT M , which was proved previously in [L9] considering the one-parameter local groups of transformations generated by the vector fields tangent to M and their liftings to H^q(M ).

Let Φ be the groupoid associated with a principal bundle (P, M, π). An “infinitesimal displacement” in the sense of C. Ehresmann [E4] is a vector tangent to Φ which is a-vertical and whose origin lies in M (considered as the set of units). The set A(Φ) of all infinitesimal displacements is a vector bundle; it was proved in [L3] that A(Φ) is isomorphic to T P/G. So formula (I.4) may be written

(I.6) J_qA(Φ) = A(Φ^q ) .

Let (E, M, π) be a fibered manifold. A regular differential system of order q relative to E is a fibered submanifold R_q → M of J_q E → M . A local solution of R_q is a local section s : U ⊂ M → E such that for any x ∈ U , j^q_xs belongs to R_q. The differential system is said to be completely integrable if for any X^q ∈ R_q, there exists a local solution s of R_q such that j^q_xs = X^q (where x = α(X^q )). Then for any k > 0, the (q + k)-jet j^{q+k}_x s (which can be identified with j^k_xj^q f) belongs to J_kR_q ∩ J_{q+k}E and the map J_kR_q ∩ J_{q+k}E → R_q is surjective. For any differential system R_q the set R_{q+k} = J_kR_q ∩ J_{q+k}E is called the holonomic prolongation of order k of R_q; this prolongation is not necessarly a submanifold of J_kR_q and of J_{q+k}E. Among the differential systems, those of finite type are characterized by the following property: there exists k such that R_{q+k} is a submanifold of J_{q+k} E and R_{q+k} is a diffeomorphic to R_{q+k−1}. The systems which are not of finite type are said to be of infinite type (for instance the systems corresponding to the “infinite groups” of E. Cartan).

A connection of order 1 relative to a fibered manifold (E, M, π) (i.e. a lifting C : E → J_1E) is of finite type because R_1 = C(E) is diffeomorphic to E.

A G-structure on a manifold i.e. a principal G-subbundle H_G of the frame bundle H(M ), with G a subgroup of L^1_n = GL(n, R), is a differential system which may be of finite type or of infinite type.

The obstructions to complete integrability of connections and G-structures lead to the notions of curvature and “structure tensor”.

II. The notion of semi-holonomic jets

1. The introduction of semi-holonomic jets gives a good formulation of the notion of curvature and “structure tensor”. We shall obtain prolongations of differential systems which are fibered manifolds.

Let (E, M, π) be a fibered manifold, J_1E its first prolongation. The second non holonomic prolongation is the set ~J_2E = J_1J_1E. By iteration we define the non holonomic prolongation of order q by ~J_q E = J_1 ~J_{q−1}E. These prolongations define fibered manifolds with base M .

Given two manifolds M and N , the set ~J^q(M, N ) of non holonomic q-jets from M to N is defined considering the fibered manifold (E = M × N, M, pr_1).

The semi-holonomic prolongation J̄_2E ⊂ J_1J_1E is defined as follows; a local section s : U ⊂ M → J_1E is said to be adapted at x ∈ U if s(x) = j^1_x(β ∘ s), where β : J_1E → E is the target map; then the jet j^1_xs is called semi-holonomic. This definition was introduced by C. Ehresmann [E3]. As remarked by J. Pradines, the subset J̄_2E of ~J_2E, set of all semi-holonomic jets can be defined in the following way. We have the commutative diagram

J_1J_1E w j^1β

u^β

J_1E

u^β

J_1E w β E and J̄_2E = {z_2 ∈ J_1J_1E; β(z_2) = j^1β(z_2)}. In other terms J̄_2E is the inverse image of the diagonal of J_1E ×_E J_1E by the map (β, j^1β). So J̄_2E is a submanifold of J_1J_1E.

If we consider a local section of J_1E which can be written s = j^1f (where f is a local section of E), then s is adapted at each point of its source and j^1_xs = j^1_xj^1f = j^2_xf. We get a holonomic 2-jet. So J_2E is contained in J̄_2E.

By iteration we consider the commutative diagram

J_1J̄_{q−1}E w j^1β

u^β

J_1J̄_{q−2}E

u^β J̄_{q−1}E w β J̄_{q−2}E As J̄_{q−1}E ⊂ J_1J̄_{q−2}E, the projection J̄_{q−1}E → J̄_{q−2}E is the restriction to J̄_{q−1}E of the target map β : J_1J̄_{q−2}E → J̄_{q−2}E; the projection J_1J̄_{q−1}E → J_1J̄_{q−2}E is the 1-jet prolongation of β. We define

J̄_qE = {z_q ∈ J_1J̄_{q−1}E; β(z_q ) = j^1β(z_q )} .

The semi-holonomic prolongation J̄_q E is a submanifold of J_1J̄_{q−1}E and of ~J_q E = J_1 ~J_{q−1}E; J_qE is contained in J̄_q E.

We also have to consider the prolongation J̄_{q,q−1}E, inverse image of J_{q−1}E by the projection π̄^q_{−1} = β : J̄_q E → J̄_{q−1}E, as well as the sesquiholonomic prolongation J̌_q E defined by

J̌_qE = {z_q ∈ J_1J_{q−1}E; β(z_q ) = j^1β(z_q )} .

This prolongation J̌_qE is contained in J̄_{q,q−1}E.

For q = 2, J̄_{2,1}E and J̌_2E coincide with J̄_2E.

Other semi-holonomic prolongations can be obtained if we consider the non holonomic prolongations ~T^q_p (M ) = T^1_p ( ~T^{q−1}_p M ), ~C^q_nE = C^1_n(~C^{q−1}_n E); then the semiholonomic prolongations T̄^q_p (M ), C̄^q_nE are obtained by iteration, starting with adapted mappings from R^p to T̄^{q−1}_p (M ) or from R^n to C̄^{q−1}_n (E). The functors ~C^q_n and C̄^q_n transform principal bundles into principal bundles. The relation between prolongations of principal bundles and prolongations of their associated groupoids as well as formulae I.4, I.5, I.6 are still valid in the semi-holonomic case.

For p = 1, ~T^2_1 (M ) = T T (M ) (double tangent bundle), ~T^q_1 (M ) = T ( ~T^{q−1}_1 (M )). The semi-holonomic prolongations coincide with the holonomic prolongations.

We have to remark that T^∗T^∗(M ) is not a non holonomic prolongation because T^∗(M ) is a set of 1-jets from M to R, while T^∗T^∗(M ) is a set of 1-jets from T^∗(M )

to R. We shall introduce later^¯T^{∗2}(M ), set of all semi-holonomic jets order 2, from

M to R with target 0.

2. We shall give examples of semi-holonomic prolongations which occur naturally in differential geometry:

Example 1. Let (E, M, π) be a fibered manifold and C : E → J_1E be a connection of order 1. We define the 1-jet extension j^1C : J_1E → J_1J_1E. It is easy to check that the lifting j^1C ∘C : E → J_1J_1E takes its values in J̄_2E. The connection C is integrable (as a differential system) if and only if J^1C ∘ C takes its values into the holonomic prolongation J_2E; indeed if we use local coordinates, we are in the situation of a “total differential” equation and we use Frobenius theorem.

If we start with a linear connection T M → J_1T M , by iteration we obtain a lifting C̄_q : J̄_{q−1}T M → J̄_qT M , called semi-holonomic connection of order q.

For a holonomic connection of order q i.e. a lifting C_q : J_{q−1}E → J_qE, then J^1C_q ∘ C_q takes its values in the sesquiholonomic prolongation J̌_{q+1}E. More generally for a regular differential system R_q → M , fibered submanifold of J_qE → M , we define the sesqui-holonomic prolongation of R_q by

Ř_{q+1} = J_1R_q ∩ J̌_{q+1}E ;

when R_{q+1} is diffeomorphic to R_q (system of finite type), then according to Frobenius theorem, the system R_q is completely integrable if and only if Ř_{q+1} coincides with R_{q+1}.

Example 2. Let ω : M → T^∗(M ) be a Pfaffian form; then for any x ∈ M , there exists a function f : U ⊂ M → R such that f(x) = 0 and j^1_xf = ω(x); so the section ω is adapted at any point x ∈ M . The 1-jet j^1_xω belongs to T̄^{∗2}(M ) (space of all semi-holonomic 2-jets from M to R or semi-holonomic 2-covelocities). So we have proved that

J_1T^∗(M ) is diffeomorphic to T̄^{∗2}(M ) .

The jet j^1_xω belongs to T^{∗2}(M ) at any x if and if ω = j^1f i.e. ω = df in the neighbourhood of x. So ω must be closed.

In terms of local coordinates, we write in an open subset U of M ω = ∑ a_idx^i ;

j^1_xω is defined by a_1(x), . . . , a_n(x), ∂a_i ∂x^j (x) . The jet is a holonomic 2-jet if and only if ∂a_i ∂x^j = ∂a_j ∂x^i (i, j = 1, . . . , n) , with U assumed to be simply connected.

Example 3. For a principal bundle (P, M, π), the prolongation J_1P → M is not necessarly a principal bundle (contrary to C_nP → M ). But in the case of the frame bundle H(M ), the prolongation J_1H(M ) → M is endowed with a principal bundle structure. Indeed we shall prove the following property (due to P. Ver Eecke [Ve]):

Proposition II.1. There exists a natural diffeomorphism Φ from J_1H(M ) onto the principal bundle H̄^2(M ) where H̄^2(M ) is the semi-holonomic frame bundle of order 2.

Proof. The manifold H̄^2(M ) is a submanifold of C_nC_nH, inverse image of the diagonal of C_nM × C_nM by the map (β, j^1β); as β and j^1β are principal bundle morphisms, we may deduce that H̄^2(M ) → M is a principal subbundle of

CnCnM → M . We remark that the projection H(M ) → M is also a target map β

(as H(M ) = C_nM ).

Let s : U ⊂ M → H(M ) be a local section of β. For x ∈ U , the frame h_x is the 1-jet j^1_0 φ where φ is a local diffeomorphism from an open neighbourhood V of 0

in R^n onto a neighbourhood of x. The map ψ = s ∘ φ from V^′ = V ∩ φ^{−1}(U ) to

H(M ) is adapted at 0; indeed ψ(0) = h_x. Moreover β ∘ ψ = β ∘ s ∘ φ = φ|V^′ and h_x = j^1_0 (β ∘ ψ); so j^1_0 ψ is an element of H̄^2(M ).

Conversely given the adapted map ψ, the map φ = β ∘ ψ is a local diffeomorphism inducing a section s = ψ ∘ φ^{−1} and a jet j^1_xs.

We have proved in [L3], [L5] the existence of a diffeomorphism

Φ^q : J̄_q H(M ) → H̄^{q+1}(M ) ,

the image by Φ^q of J_q H(M ) being the principal bundle T^q_n(H) ∩ H̄^{q+1}.

3. A connection C : H(M ) → J_1H(M ) is said to be principal if it is a principal bundle morphism; then the distribution of horizontal spaces on H is invariant for the translation of the structure group. We recover the Ehresmann connections. The connection C is said to be symmetric if C takes its values in H^2(M ), the holonomic frame bundle of order 2.

III. Affine bundle structures on the semi-holonomic prolongations

1. Let (E, M, π) be a fibered manifold. We shall denote by π̄^q the projection J̄_qE → M , by π̄^q_k the projection J̄_qE → J̄_kE (for 0 ≤ k < q with the convention J_0E = E). The main property of semi-holonomic prolongations is the following theorem (proved in [L3] for Banach manifolds).

Theorem III.1. The projection π̄^q_{−1} : J̄_q E → J̄_{q−1}E defines an affine bundle structure whose associated vector bundle is (π̄^{q−1}_0 )^∗L^q_E (π^∗T M, V E) i.e. the pull back to J̄_{q−1}E of the vector bundle, with base E, of the q-linear morphisms from π^∗T M to V E = ker T π.

Proof. This theorem is known for q = 1. Let z_q ∈ J̄_qE, z_{q−1} = π̄^q_{−1}(z_q ), y = π^q_0(z_q ), x = π(y). As J̄_qE ⊂ J_1J̄_{q−1}E, the projection π̄^q_{−1} is a target map β. For any z^′_q ∈ J_1J̄_{q−1}E such that β(z^′_q ) = β(z_q ) = z_{q−1}, the jets z_q and z^′_q, which can be considered as linear maps from T_xM to T_{zq}�_1J̄_{q−1}E, satisfy the relation z_q − z^′_q ∈ L(T_xM, ker T_{zq}�_1π̄^{q−1}). Now z^′_q belongs to J̄_qE if and only if β(z^′_q ) = j^1β(z^′_q ) = z_{q−1}; j^1β can be considered as a linear morphism T β : T J̄_{q−1}E → T J̄_{q−2}E; so the condition j^1β(z^′_q ) = j^1β(z_q ) is equivalent to T_{zq}�_1 β · (z_q − z^′_q ) = 0 i.e. z_q − z^′_q ∈ L(T_xM, ker T_{zq}�_1π̄^{q−1}_{q−2}). If the theorem is true for the projection J̄_{q−1}E → J̄_{q−2}E, the condition is equivalent to: z_q − z^′_q ∈ L(T_xM, L^{q−1}(T_xM, V_yE)) i.e. z_q − z^′_q ∈ L^q(T_xM, V_yE) . � As we deal with finite dimensional manifolds, we may write: L^q (T_xM, V_yE) = V_y E ⊗ ⊗^q T^∗_x M . In the case of the prolongations J̄_{q,q−1}E and J̌_qE (see section II.1), the inverse image of z_{q−1} ∈ J_{q−1}E by the projection J̄_{q,q−1}E → J_{q−1}E (resp. J̌_q E → J_{q−1}E) is an affine space whose associated vector space is V_yE ⊗ ⊗^q T^∗_x M (resp. V_yE ⊗ ◯^{q−1}T^∗_x M ⊗ T^∗_x M ); here ◯ is the multiplication in the symmetric algebra of the tensor algebra of T^∗_x M . It is known that the inverse image of z_{q−1} ∈ J_{q−1}E in J_qE is an affine space whose associated vector space is V_y E ⊗ ◯^qT^∗_x M .

As was done by C. Ehresmann [E3] for T̄^q_n (R^k), we define by iteration local coordinates on J̄_qE. Let (x^i, y^α, y^α_{j1} , . . . , y^α_{j1,...,jq}�_1 ) be local coordinates in the neighbourhood of z_{q−1} ∈ J̄_{q−1}E; then a section s : U ⊂ M → J̄_{q−1}E is adapted at x = π̄^{q−1}(z_{q−1}) if it is defined by functions y^α(x^1, . . . , x^n), y^α_j (x^1, . . . , x^n), . . . , y^α_{j1,...,jq}�_1 (x^1, . . . , x^n) such that for x^i = a^i (where a^i are the values at x of x^1, . . . , x^n), dy^α = ∑ y^α_j (a^i)dx^j, dy^α_{j1} = ∑ y^α_{j1j2} (a^i)dx^{j2}, . . . , dy^α_{j1,...,jq}�_1 (a^i) = ∑ y^α_{j1...jq} (a^i)dx^{jq} . Then (x^i, y^α_{j1} , . . . , y^α_{j1,...,jq} ) constitute a system of local coordinates on J̄_qE around j^1_xs.

For J_qE we have local coordinates (x^i, y^α, y^α_{j1} , . . . , y_{j1...jq}�_1 , y^α_{j1...jq} ) with the conditions: for k = 2, . . . , j_q, y^α_{σ(j1)...σ(jk)} = y^α_{j1,...,jk} for any permutation on (1, . . . , k). For J̄_{q,q−1}E we have this condition only for k = 2, . . . , j_{q−1}. For J̌_qE ⊂ J̄_{q,q−1}E we must add the condition: the y^α_{j1,...,jq} are symmetric with respect of the (q − 1) first indices.

2. In this section we fix an element z_{q−1} ∈ J_{q−1}E; let y = π^{q−1}_0 (z_{q−1}), x = π(y) its projections on E and M . We shall denote by z_q and z^′_q elements of J̄_{q,q−1}E such that π̄^q_{−1}(z_q ) = π̄^q_{−1}(z^′_q ) = z_{q−1}.

An element z_q of J̄_{q,q−1}E belongs to J̌_qE (resp. J_q E) if and only if

z_q − z^′_q ∈ V_yE ⊗ (◯^{q−1}T_xM ⊗ T^∗_x M ) for z^′_q ∈ J̌_qE (resp. z − z^′_q ∈ V_yE ⊗ (◯^qT^∗_x M ) for z^′_q ∈ J_qE) .

These conditions are independent of the choice of z^′_q in J̌_q E (resp. J_q E). Let S_y be the projection:

V_yE ⊗ (⊗^q T^∗_x M ) → V_yE ⊗ (◯^qT^∗_x M )

defined by

S_y (v ⊗ u) = 1 q! ∑ σ∈P_q v ⊗ σu, for v ∈ V_y E, u ∈ ⊗^q T^∗_x M , P_q being the group of permutations of [1, q].

Let A_y be the projection

V_y E ⊗ (⊗^q T^∗_x M ) → Ker S_y defined by A_y(v ⊗ u) = v ⊗ u − S_y(v ⊗ u) . As Ker A_y =image S_y , if z^′_q ∈ J_q E, then A_y(z −z^′_q ) in independent of the choice of z^′_q in J_q E. So we have defined a mapping

A_{zq}�_1 : J̄_{q,q−1}E ∩ (π̄^q_{−1})^{−1}(z_{q−1}) → Ker S_y

such that A_{zq}�_1 (z_q ) = A_y(z_q − z^′_q) .

We remark that Ker A_{zq}�_1 = J_qE ∩ (π^q_{−1})^{−1}(z_{q−1}). We shall show that the mapping S_{zq}�_1 : z_q → Z_q = z_q − A_{zq}�_1 (z_q )

takes its values in J_qE. Indeed for z^′_q ∈ J_qE, we have Z_q − z^′_q = S_y (z_q − z^′_q ); from a previous remark, Z_q belongs to J_qE.

Let W_q = J_{zq}�_1 (z_q ) = z_q − 2A_{zq}�_1(z_q ); this element W_q satisfies the relation Z_q =^{zq +Wq}_2 . So we have an involution J_{zq}�_1 : z_q → W_q acting on J̄_{q,q−1}E ∩ (π̄^q_{−1})^{−1}(z_{q−1}).

With the same process for all elements of J̄_{q,q−1}E, we obtain a contradiction S : J̄_{q,q−1}E → J_qE and an involution J : J̄_{q,q−1}E → J̄_{q,q−1}E. Using local coordinates we see that S and J are differentiable.

We remark that the maps S and SJ coincide as S|J_qE is the identity map. If we consider the restriction of J to J̌_qE, its image is J̌_qE. In this case the image of the mapping A_{zq}�_1 is V_yE ⊗ (◯^{q−2}T^∗_x M ) ⊗ (Λ^2T^∗_x M ), as was proved in [L2] and [L3]. Then this operator coincides with the restriction of the cohomology operator δ introduced by D. Spencer. Using local coordinates (x^i, y^α, y^α_{j1} , . . . , y^α_{j1,...,jq}�_{1jq} ) satisfying the conditions of symmetry explained in section III.1 we obtain for the expression of A_{zq}�_1 the quantities y^α_{j1,...,jq}�_{1jq} − y^α_{j1,...,jqjq}�_1 .

From these developments, we deduce

Theorem III.2. Given a fibered manifold (E, M, π) there exists for the prolongation J̄_{q,q−1}E a natural contraction S : J̄_{q,q−1}E → J_qE and a natural involution J : J̄_{q,q−1}E → J̄_{q,q−1}E such that J (J̌_qE) = J̌_qE and J |J_qE = id. The maps S and J may be expressed as follows:

S(z_q ) = z_q − A(z_q ) J (z_q ) = z_q − 2A(z_q )

where A is a mapping from J̄_{q,q−1}E onto the kernel of the projection: V E ⊗ (⊗^q π^∗T M ) → V E ⊗ (◯^qπ^∗T M ); this map A vanishes on J_q E.

Remarks.

1^∘) The projectors A_y and S_y were introduced in [L2] and [L3]. 2^∘) If q = 2, then J̄_{2,1}E = J̌_2E = J̄_2E. The mapping A takes its values in V E ⊗ (Λ^2T^∗_x M ). We recover the involution introduced by J. Pradines [P] utilizing other methods (see section V).

Previously I. Kolář has introduced the symmetrization S on J_{q,q−1}E for any q [K5] as well as the notion of “equivalence with respect to curves”.

3^∘) When (E, M, π) is a vector bundle, we have the following exact sequences of vector bundles with base M . 0 → E ⊗ (◯^qT^∗M ) → J_qE → J_{q−1}E → 0 0 → E ⊗ (⊗^q T^∗M ) → J̄_qE → J̄_{q−1}E → 0 0 → E ⊗ (⊗^q T^∗M ) → J̄_{q,q−1}E → J_{q−1}E → 0 0 → E ⊗ (◯^{q−1}T^∗M ⊗ T^∗M ) → J̌_qE → J_{q−1}E → 0 4^∘) The theorem can be extended to the spaces J̄^{q,q−1}(M, N ) and J̌^q(M, N ) in particular to T̄^{q,q−1}_p (M ), Ť^q_p (M ), C̄^{q,q−1}_n (M ), Č^q_n(M ).

IV. Curvature, torsion, “structure” tensor

1. As was seen in example 1 of section II, given a connection C : E → J, E, where (E, M, π) is a fibered manifold, the map j^1C∘C takes its values in J̄_2E. From theorem III. 2, we deduce a morphism A : J̄_2E → V E ⊗ (Λ^2π^∗T M ). Combining with the lifting j^1C ∘ C we get a morphism

ϱ : E → V E ⊗ (Λ^2π^∗T M )

which vanishes if and only if j^1C ∘ C takes its values in J_2E i.e. if the connection is integrable. The map ϱ is called the curvature of the connection.

Similarly for a connection of order q i.e. a lifting C_q : J_{q−1}E → J_qE, the map j^1C_q ∘C_q takes its values in the sesquiholonomic prolongation J̌_{q+1}E. We have seen that the connection, considered as a differential system, is integrable if j^1C_q ∘ C_q takes its values in J_{q+1}E. The curvature, obstruction to integrability, is the map ϱ_q = A ∘ j^1C_q ∘ C_q. This map ϱ_q is a morphism of fibered manifolds with base E;

ϱ_q : J_{q−1}E → V E ⊗ (◯^{q−1}π^∗T^∗M ) ⊗ (Λ^2T^∗M ) .

2. Let us consider example 2 of II. 1. A Pfaffian form ω : M → T^∗M induces a connection C : E_0 → J_1E_0, where E_0 is the trivial bundle M × R and J_1E_0 = T^∗M ⊕ E_0; this connection is defined by C(x, t) = (ω(x), t); the curvature is the differential dω.

3. Let us consider example 3 of II. 1. Let C : H(M ) → J_1H(M ) = H̄^2(M ) be a principal connection on H(M ). As H̄^2(M ) = C̄^2_n(M ), according to remark 4^∘) concerning theorem III.2, we define a contraction S : H̄^2(M ) → H^2(M ) = C^2_n(M ) and an involution J : H̄^2(M ) → H̄^2(M ). The mappings H(M ) = C_n(M ) →

C^2_n(M ) and Cn(M ) → C̄^2_n(M ) defined by S ∘ C and J ∘ C are also principal

connections. The connection S ∘ C is symmetric. The obstruction to symmetry for C is the torsion.

It is known that C induces linear connections T M → J_1T M and T^∗M → J_1T^∗M , defined locally by Christoffel symbols Γ^i_{jk}. The connection defined locally

by ~Γ^i_{jk} =^{Γijk+Γikj}_2 is symmetric. The torsion is defined by T^i_{jk} = Γ^i_{jk} − Γ^i_{kj}; it depends on the connection itself while the curvature depends on j^1C ∘ C; locally the curvature is function of the Christoffel symbols and their first order derivatives. It is an obstruction to the integrability of the connection i.e. to the property that j^1C ∘ C takes its values in J_2H.

4. Let us consider a G-structure on M i.e. a principal G-subbundle H_G(M ) of the frame bundle H(M ). To simplify we shall write H_G and H instead of H_G(M ) and H(M ). The semi-holonomic prolongation of order q of H_G is the intersection

H̄^{q+1}_G = C̄^q_n(H_G) ∩ H̄^{q+1} ;

so it is defined by iteration as the kernel of the double arrow

CnH̄^q_G w � �^{CnH̄} q−1 G

H̄^q_G and the mapping H̄^{q+1}_G → M defines a principal bundle structure. Moreover the mapping H̄^{q+1}_G → H_G is surjective. The prolongation H̄^{q+1}_G is also the image of J̄_qH_G by the diffeomorphism Φ_q : J̄_qH → H̄^{q+1} (see section II.1).

The holonomic prolongation H^{q+1}_G of H_G is defined by

H^{q+1}_G = H^{q+1} ∩ H̄^{q+1}_G .

It is not necessarily a principal bundle.

A necessary condition for the G-structure H_G to be integrable in the sense of differential systems (see I) is the surjectivity of the mapping H^{q+1}_G → H_G; if this condition is satisfied, the G-structure is said to be q-integrable.

It was proved in [L5] and [L7] that the following conditions are equivalent a) the G-structure is q-integrable b) H^{q+1}_G is a principal subbundle of H^{q+1} and of H̄^{q+1}_G c) there exists principal bundle morphisms H_G → H̄^{q+1}_G which take their values in H^{q+1}_G .

The “structure tensor” was introduced to express the q-integrability of a Gstructure. First C. Ehresmann [E2] and D. Bernard [B] introduced this “tensor” at the order 2. Then many mathematicians worked on this higher order; among them D. Lehmann [Leh], P. Molino [M] without utilizing semi-holonomic jets, P. Yuen [Y] as well as I. Kolář.

In [L2] and [L5] we proceeded as follows. Let L^{q+1}_n (resp. L̄^{q+1}_n ) be the structural group of the principal bundle H^{q+1} (resp. H̄^{q+1}). To the projections H^{q+1} → H and H̄^{q+1} → H, there corresponds the projections L^{q+1}_n → L_n and L̄^{q+1}_n → L_n, where L_n = GL(n, R). The group L^{q+1}_n is the semi-direct product L_n × N^{q+1}_n , where N^{q+1}_n is the kernel of the projection L^{q+1}_n → L_n. Similarly the group L̄^{q+1}_n is the semi-direct product L_n × N̄^{q+1}_n and Ḡ^{q+1} (structural group of H̄^{q+1}_G ) is the semi-direct product G × Ḡ^{q+1}_1 , where Ḡ^{q+1}_1 is the kernel of the projection Ḡ^{q+1} → G.

For every h ∈ H_G, let (H^{q+1})_h and (H̄^{q+1}_G )_h the inverse images of h by the projections H^{q+1} → H, H̄^{q+1}_G → H_G. If we fix h_{q+1} ∈ (H^{q+1})_h, then for h̄_{q+1} and h̄′_{q+1} elements of (H̄^{q+1}_G )_h, we have h̄_{q+1} = h_{q+1}s, h̄_{q+1} = h_{q+1}sg where s ∈ N̄ q+1_n , g ∈ Ḡ^{q+1}_1 . So with (H̄^{q+1}_G )_h is associated an element ϱ_{hq+1} of N̄^{q+1}_n /Ḡ^{q+1}_1 . When h_{q+1} describes (H^{q+1})_h, then ϱ_{hq+1} (h) described an orbit of the group N^{q+1}_n acting on N̄^{q+1}_n /¯ G^{q+1}_1 . We deduce the “structure tensor”

α_q : H_G → (¯ N^{q+1}_n /¯ G^{q+1}_1 )/ N^{q+1}_n .

We say that α_q “vanishes” if α_q(H_G) is the orbit of the equivalence class of the unity of N̄^{q+1}_n , condition equivalent to the following: for every h ∈ H_G, the intersection (H̄^{q+1}_G )_h ∩ (H^{q+1})_h is non empty.

For q = 1, we recover the structure tensor of C. Ehresmann. Similarly we could define another “structure tensor” as a mapping

β_q : H_G → (N̄^{q+1}_n / N^{q+1}_n ) / Ḡ^{q+1}_1 ,

fixing first h̄_{q+1} ∈ (H̄^{q+1}_G )_h and considering h_{q+1}, h^′_{q+1} in (H^{q+1})_h.

For q = 1, the groups N̄^2_n, N^2_n, Ḡ^2_1 are abelian. Then β_2 takes its values in

R^n ⊗ Λ^2R^{n∗/}A(R^{n∗} ⊗ g),

where A = 1 − S and g is the Lie algebra of G. We recover the “tensor” introduced by D. Bernard [B].

V. Double vector bundles (J. Pradines [P]) 1. Let us consider the triplet (E, M, π) where E is a set, M a differentiable manifold and π : E → M a surjective map.

Definition V.1. The set E is endowed with a double vector bundle structure (with double base M ) if there exists an atlas A on E satisfying the following conditions:

1^∘) Each local chart C_α is a bijection θ_α from π^{−1}(U_α) onto U_α×R^{n1}×R^{n2}×R^{n0} compatible with the projections π and pr_1 on U_α. Here U_α is an open subset of M and the family (U_α)_{α∈I} is an open covering of M .

2^∘) The change of local chart θ_β ∘ θ^{−1}_α over U_α ∩ U_β may be expressed as (V.1) (x, X_1, X_2, X_0) → (x, u_1(x) · X_1, u_2(x) · X_2, u_0(x) · X_0 + ω(x) · (X_1, X_2)) with x ∈ U_α ∩U_β ; u_j(j = 1, 2, 0) is a differentiable map from U_α ∩U_β to GL(n_j, R), ω is a differentiable map from U_α∩U_β to the set L^2(R^{n1}, R^{n2}; R^{n0}) of bilinear maps:

R^{n1} × R^{n2} → R^{n0}. This atlas defines on E a differentiable manifold structure for

which π is a submersion.

2. From formula (V.1), it can be deduced the following properties: 1^∘) The local conditions X_1 = 0, X_0 = 0 are independent of the chart and define a submanifold E_1 of E. Likewise the conditions X_2 = 0, X_0 = 0 (resp. X_1 = 0, X_2 = 0) define a submanifold E_2 (resp. E_0).

Moreover the restrictions π_1, π_2, π_0 of π to E_1, E_2, E_0 define on these submanifolds vector bundles structures, with base M .

2^∘) There exists a projection ϖ_1 (resp. ϖ_2) from E onto E_1 (resp. E_2) whose local expression is

(x, X_1, X_2, X_0) → (x, 0, X_2, 0) (resp. (x, X_1, X_2, X_0) → (x, X_1, 0, 0)) . These projections ϖ_1 and ϖ_2 define on E vector bundle structures with bases E_1 and E_2. For the first one the operations are

λ(x, X_1, X_2, X_0) = (x, λX_1, X_2, λX_0) (x, X_1, X_2, X_0) + (x, X^′_1, X_2, X^′_0) = (x, X_1 + X^′_1, X_2, X_0 + X^′_0) .

For the second one the operations are

λ(x, X_1, X_2, X_0) = (x, X_1, λX_2, λX_0) (x, X_1, X_2, X_0) + (x, X_1, X^′_2, X^′_0) = (x, X_1, X_2 + X^′_2, X_0 + X^′_0) .

We remark that (V.2) π = π_1 ∘ ϖ_1 = π_2 ∘ ϖ_2 and ϖ_1|E_2 = π_2, ϖ_2|E_1 = π_1 .

If we consider the vector bundle E_1 ⊕ E_2 with base M and projection (π_1, π_2), we obtain a surjective map ϖ = (ϖ_1, ϖ_2) from E to E_1 ⊕ E_2 such that E_0 = {y ∈ E; ϖ(y) = π(y)} . In this section we have identified the zero section 0_B of any vector bundle with its base B for B = M, E_1, E_2. According to J. Pradines [P], the vector bundle (E_0, π_0, M ) will be called the “heart” of the double vector bundle.

Examples. 1) Let P : E → M be a vector bundle; then E = T E is endowed with a double vector bundle for which

π = P ∘ p, E_1 = T M, E_2 = E, ϖ_1 = T P, ϖ_2 = p

(where p is the projection T E → E).

As was proved in [L8], the heart E_0 is the restriction to the zero section 0_M of the vertical bundle V E = ker T P . This vector bundle E_0 is isomorphic to E. If we consider E as a groupoid for which α = β = P , the heart E_0 is the Lie algebroid of E.

2) In the particular case of the tangent bundle p : T M → M , then E = T T M and E_1, E_2, E_0 are isomorphic to T M as vector bundles; but we have remarked in [L8] that E_0 is a subspace of T^2M (set of holonomic 2-jets from R to M with source 0) and the action of R on E_0 (considered as a subspace of E_0) is different from the action of R on T M .

3) In the particular case of the cotangent bundle q : T^∗M → M , then E = T T^∗M and E_1, E_2, E_0 are isomorphic to T M , T^∗M, T^∗M . The Liouville form μ on T^∗M may be defined through the projection ϖ : T T^∗M → T M ⊕ T^∗M . As seen in [L8] the duality induced by the symplectic form dμ maps E_0 onto T^∗M .

These examples lead to the notion of soldering (strict soldering in the terminology of J. Pradines).

Definition V.2. Let E be a double vector bundle with base M ; a 1-soldering (resp. 2-soldering) of E is a vector bundle isomorphism σ from E_2 (resp. E_1) onto E_0.

In example 1, there exists a 1-soldering as E_2 = E and E_0 is isomorphic to E. In example 3, the 1-soldering is defined by the symplectic duality. In example 2 (E = T T M ) there exists also a 2-soldering.

For a double vector bundle E endowed with a 1-soldering, there exists adapted local charts such that the local expression of the 1-soldering σ is (x, X, 0, 0) → (x, 0, 0, X). Definition V.3. Let (E, M, π) and (E^′, M^′, π^′) be double vector bundles, f a differentiable mapping from M to M^′. A mapping g : E → E^′ will be called a f-double vector bundle morphism if for any x ∈ M , there exists a local chart c = (U, θ, R^{n1} × R^{n2} × R^{n0}) and a local chart c^′ = (U^′, θ^′, R^n

0_1

× R^{n0}2 × R^{n0}) of E^′

such that the local expression θ^′ ∘ f ∘ θ^{−1} of g by means of these local charts is written:

(V.3) (x, X_1, X_2, X_0) → (f(x), a_1(x) · X_1, a_2(x) · X_2, a_0(x) · X_0 + b(x)(X_1, X_2)) ,

where x ∈ U, f(U ) ⊂ U^′, a_j (j=1,2,0) is a differentiable map from U to L(R^{ni}, R^n

0_i ), b is a differentiable map from U to the set L^2(R^{n1}, R^{n2}; R^n 0 ) of bilinear maps:

R^{n1} × R^{n2} → R^{n0}. The set of all these morphisms will be denoted by L(E, E^′).

The local components of g are (f, a_1, a_2, (a_0, b)). Double vector bundle morphisms can be composed. If g ∈ L(E, E^′) and g^′ = L(E^′, E^{′′}), then g^′ ∘ g ∈ L(E, E^{′′}), with the composition law

(V.4) { (f^′, a^′_1, a^′_2, (a^′_0, b)) ∘ (f, a_1, a_2, (a_0, b)) =(f^′ ∘ f, (a^′_1 ∘ f) · a_1, (a^′_2 ∘ f) · a_2, (a^′_0 ∘ f) · a_0, b^{′′})

with b^{′′} = (a^′_0 ∘ f) · b + (b^′ ∘ f) · (a_1, a_2).

For any element of L(E, E^′) the restriction of g to each E_i (i = 1, 2, 0) is a vector bundle map g_i into E^′_i ; also g is a vector bundle map for the vector bundles (E, E_1, ϖ^1) and (E, E_2, ϖ^2).

If E and E^′ are endowed with 1-solderings the morphism g will be said to be 1-soldered if g_0 ∘ σ = σ^′ ∘ g_2 ,

where σ : E_2 → E_0 and σ^′ : E^′_2 → E^′_0 are the 1-solderings. In terms of adapted local charts, the local expression (f, a_1, a_2, (a_0, b)) of a 1-soldered morphism is characterized by a_1 = a_0. Double vector bundles with base reduced to a point (for instance the restriction T T M |_x of the double tangent bundle to a fiber T_xM ) and morphisms between them are called elementary. Utilizing formula (V.4) and the composition law between non holonomic jets introduced by C. Ehresmann [E3], J. Pradines has proved the following

Proposition V.1. There exists a diffeomorphism between the manifold ~J^2_{x,y}(M, N ) of non holonomic 2-jets from M to N with source x ∈ M , target y ∈ N and the manifold L_σ(T T M |_x, T T N |_y) of elementary double vector bundle morphisms which are 1-soldered.

Utilizing the notion of symmetry in double vector bundles, J. Pradines has introduced an involution J in the set L(T T M |_x, T T N |_y) of all elementary double vector bundle morphisms. But this involution does not keep invariant L_σ(T T M |_x, T T N |_y). On the other hand the subset of L_σ(T T M |_x, T T N |_y) which corresponds to the set J̄^2_{x,y}(M, N ) is transformed into itself by J . So a natural involution J : J̄^2_{x,y}(M, N ) → J̄^2_{x,y}(M, N ) is obtained and each holonomic jet is invariant by J .

These results have been interpreted by Janyška–Kolář [JK] (see also [J]) as follows: an element Y of ~J^2_{x,y}(M, N ) is a 1-jet j^1_xs where s is a local section U ⊂ M → J^1_{x,y}(M, N ) such that s(x) ∈ L(T_xM, T_yN ). For any u ∈ U , s(u) is a map S_u : T_uM → T N which defines a map S : T M |U → T N ; for v ∈ T M |U , S(v) = s(p(v)) · v where p is the projection T M → M . The 2-jet Y is represented by an element μY of the restriction of T S to T T M |_x.

Utilizing local coordinates, the authors show that the composition law in non holonomic 2-jets can be expressed as μ(Z ∘ Y ) = (μZ) ∘ (μY ) .

The natural involution J : T T M → T T M transforms T T M |_x into itself and induces an involution J_x : T T M |_x → T T M |_x.

Similarly we define J_y on T T N |_y. The involution

J : J̄^2(M, N ) → J̄^2(M, N ) is defined by μ(J X) = J_y ∘ μX ∘ J_x . The natural transformations of J̄_{3,2}E have been studied by G. Vosmanská.

References

[B] Bernard, D., Thèse, Ann. Inst. Fourier 10 (1960), 151–270.

[E] Ehresmann, C., 1. Structures infinitèsimales et pseudogroupes de Lie, Colloq. Intern.

CNRS, Geom. Diff. Strasbourg (1953), 97–110. 2. Proc. Intern. Congress Amsterdam (1954) II 478.

3. Compte-rendus, Acad. Sc. Paris 239 (1954) 1762; 240 (1955), 397, 1755, 246 (1958), 360.

4. Connexions d’ordre supérieur, Atti 5 Cong. dell Unione Italiana 1955, Roma (1956), 326–328.

Oeuvres completes, P. I and II, Amiens 1984.

[CK] Cabras, A., Kolář, I., Connections on some functional bundles, Czechoslovak Math. J.

45 (120) 1995, Praha, 529–548.

[J] Janyška, J., 1. Geometric properties of prolongation functors, Časopis pěst. mat. 110 (1985), 77–86.

2. On natural operations with linear connections, Czechoslovak Math. J. 35 (110) (1985), 106–115.

[JK] Janyška, J., Kolář, I., Connections naturally induced on the second order frame bundle, Arch. Math. (Brno) 22, No 1, (1986), 21–28.

[K] Kolář, I., 1. Order of holonomy and geometric objects of manifolds with connection, Comm. Math. Universitatis Carolinae 10, 4 (1969).

2. Order of holonomy of a surface with projective connection, Časopis pěst. mat. 96 (1971), 73–80.

3. On the torsion of spaces with connection, Czechoslovak Math. J. 21 (96) (1971), 124–136.

4. Higher order torsions of spaces with Cartan connection, Cahiers Top. Geom. Differentielle 12 (1971), 137–146.

5. The contact of spaces with connection, Journ. of Diff. Geometry, 7, No 3 and 4, (1972), 563–570.

6. On the absolute differentiation of geometric object fields, Ann. Polon. Math. 27 (1973), 293–304.

7. Some operations with connections, Math. Nachr. 69 (1975), 297–306. 8. Reducibility of connections on the prolongations of vector bundles, Colloq. Mathematicum, XXX (1974), 245–257.

9. A generalization of the torsion form, Časopis pěst. mat. 100 (1975), 284–290. 10. Generalized G-structures and G-structures of higher order, Boll. Union Math. Ital. 12, Suppl. fasc. 3 (1975), 245–256.

11. On generalized connections, Beitrage zur Alg. Geom. 11 (1981), 29–34. 12. Higher order absolute differentiation, Diff. Geom. Banach Center Publ. 12, Warszaw (1984), 153–161.

13. Natural operations with connections on second order frame bundles, Coll. Math. Societais János Bolyai, 46, Topics in Diff. Geom. Debrecen (1984), 715–732. 14. Some natural operators in differential geometry, Diff. Geom. and its applications. Proceed. of the Conf. August 1986, Brno.

[KMS] Kolář, I., Michor, P., Slovák, J., Natural Operations in Differential Geometry, Springer-Verlag, 1993.

[KM] Kolář, I., Modugno, M., Natural maps on the iterated jet prolongation of a fibered manifold, Annali di Matem. pura e appt. (IV), CLVIII (1991), 151–165.

[KVi] Kolář, I., Virsik, G., Connections in first principal prolongations, Rendiconti, Palermo. [KVo] Kolář, I., Vosmanská, G., Natural operations with second order jets, Rendiconti Circolo Matem. Palermo, II, No 14 (1987), 179–186.

[Leh] Lehmann, D., Sur l’ integrabilité des G-structures, Symp. Math. X (Convegno Geom.

Diff.) Roma (1971), 127–140.

[L] Libermann, P., 1. Geométrie des prolongements des fibrés vectoriels, Coll. Int. CNRS Grenoble (1964), Ann. Inst. Fourier XIV, fasc. 1, 145–172.

2. Connexions d’ordre supérieur et tenseur de structure, Atti Conv. Int. Geom. Diff., Bologna IX, 1967.

3. Prolongements des fibrés principaux et groupoides différentiables, Sémin. Analyse Globale Montréal (1969), 7–108.

4. Presque parallélisme, Diff. Geom. in honour of K. Yano, Tokyo (1972), 243–252. 5. Groupoides différentiables et presque parallélisme, Symp. Math. X (Convegno di Geom. Diff.) Roma (1971), 59–93.

6. Parallélismes, Journ. Diff. Geometry 8 (1973), 511–539.

7. Introduction à l’étude de certains systémes différentiels, Geom. and Diff. Geom., Haifa, Lecture Notes in Math. 792 (1979) and 3e Colloque sur les catégories Cahiers Top. et Geom. Diff. XXIII - 1 (1982), 55–72.

8. Lie algebroids and Mechanics, Arch. Math. 32 (1996), 147–162. 9. Pseudogroupes infinitésimaux, Bull. Soc. Math. France 87 (1959), 409–425.

[M] Molino, P., Sur quelques propiétés des G-structures, Journ. Diff. Geometry 6 (1972), 489–518.

[P] Pradines, J., 1. Compte-rendus, Acad. Sci. Paris 278 (1974), série A, 1523–1526, 1557–1560, 1587–1590.

2. Fibrés vectoriels doubles et calcul des jets non holonomes, Esquisses Math. 29, Amiens (1977).

[Ve] Ver Eecke, P., Thése, Cahiers Top. Geom. Diff. V (1963).

[Vi] Virsik, G., 1. On the holonomity of higher order connections, Cahiers Top. Geom. Diff.

12 (1971), 197–212.

2. Total connections in Lie groupoids, Arch. Math. (Brno) 31 (1995), 183–200. [Vo] Vosmanská, G., Natural transformations of semi-holonomic 3-jets, Arch. Math. (Brno) 31 (1995), 313–318.

[Y] Yuen, P., Prolongements des G-structures, Thése Esquisses Math. 11 (1970).

116 Avenue du Général Leclerc 75 014 Paris, FRANCE