ARCHIVUM MATHEMATICUM (BRNO) Tomus 32 (1996), 181 – 193

OSCILLATION AND NONOSCILLATION OF EMDEN-FOWLER TYPE EQUATION OF SECOND ORDER

A. Lomtatidze

Abstract. Oscillation and nonoscillation criteria are established for the equation

u00_{+ p(t)|u|}ff_{|u}0_|1�ff_{sgn u = 0,}

where α ∈]0, 1], and p : [0, +∞[→ [0, +∞[ is a locally summable function.

1. Statement of Main Results

Consider the differential equation u^{′′} + p(t)|u|^α|u^′|^{1−α} sgn u = 0, (1) where α ∈]0, 1], and p : [0, +∞[→ [0, +∞[ is an integrable function. Under the solution of equation (1) is understood a function u : [0, +∞[→] − ∞, +∞[ which is locally absolutely continuous together with its first derivative and satisfying equation (1) almost everywhere.

The solution u of equation (1) is said to be proper if there exists a > 0 such that mes{t > a : u^′(t) = 0} = 0. The nontrivial solution u of equation (1) is said to be oscillatory if it has at least one zero in any neighborhood of +∞, and it is said to be nonoscillatory, otherwise. As it will be shown below (see Lemma 3), equation (1) cannot have proper oscillatory and proper nonoscillatory solutions simultaneously. This fact is justified by the following

Definition. Equation (1) is said to be nonoscillatory if it has at least one proper nonoscillatory solution, and it is said to be oscillatory, otherwise.

In this paper we intend to concern ourselves with the problem of oscillation and nonoscillation of equation (1). Analogous problem has been considered in [3] when p was in general not of constant signs.

As we shall show below (see Lemma 4), if for some λ < α the integral ∫_{+∞} s^λp(s)ds diverges, then equation (1) is oscillatory (for a linear equation, i.e., when α = 1,

1991 Mathematics Subject Classification: 34C15.

Key words and phrases: Edmen-Fowler type equation of second order, oscillatory and nonoscillatory solutions, oscillatory and nonoscillatory equations.

Received October 10, 1995.

this assertion goes back to W. B. Fite [1] and E. Hille [2]). Therefore we shall assume that ∫_{+∞} s^λp(s)ds converges for λ < α.

Introduce the notation:

p_∗(λ) = α lim inf_{t→+∞} t^{α−λ} +∞∫ t s^λp(s)ds, p^∗(λ) = α lim sup_{t→+∞} t^{α−λ} +∞∫ t s^λp(s)ds for λ < α,

p_∗(λ) = α lim inf_{t→+∞} t^{α−λ} t∫ 1 s^λp(s)ds, p^∗(λ) = α lim sup_{t→+∞} t^{α−λ} t∫ 1 s^λp(s)ds for λ > α. Below new oscillation and nonoscillation criteria of equation (1) are given in terms of the numbers p_∗(λ) and p^∗(λ). Analogous results for the linear equation (i.e., when α = 1) are contained in [4].

Theorem 1. Let either p_∗(0) >^1_{α+1} (^α_{α+1} )^α or p_∗(α + 1) > (^α_{α+1} )^{α+1}. Then equation (1) is oscillatory.

Thus it is natural to suppose that

p_∗(0) ≤ 1 α + 1 ( α α + 1 )_α and p_∗(α + 1) ≤ ( α α + 1 )_{α+1} . (2) Note that in this case the equations x^{α+1α} − x + p_∗(0) = 0, (3) αx^{α+1α} − αx + p_∗(α + 1) = 0 (4) are solvable. Denote by A the least nonnegative root of equation (3) and by B the largest root of equation (4).

Theorem 2. Let (2) be fulfilled and either p^∗(0) > B − A + p_∗(0) (5) or p^∗(α + 1) > B − A + p_∗(α + 1). (6) Then equation (1) is oscillatory.

Theorem 3. Let (2) be fulfilled and either p^∗(λ) > 1 α − λ ( λ α + 1 )_{α+1} + B (7) for some λ < α or p^∗(λ) > 1 λ − α ( λ α + 1 )_{α+1} − A (8) for some λ > α. Then equation (1) is oscillatory.

Corollary 1. Let lim_{λ→α} |α − λ|p^∗(λ) > ( α α + 1 )_{α+1} . (9) Then equation (1) is oscillatory. Corollary 2. Let for some λ ≠ α |α − λ|p_∗(λ) > ( α α + 1 )_{α+1} . (10) Then equation (1) is oscillatory. Corollary 3. Let

lim sup t→+∞ 1 ln t t∫ 1 s^αp(s)ds > α^α (α + 1)^{α+1} . (11)

Then equation (1) is oscillatory. Corollary 4. Let

lim sup λ→α− (α − λ) +∞∫ 1 s^λp(s)ds > α^α (α + 1)^{α+1} . (12)

Then equation (1) is oscillatory.

Remark 1. Inequalities (9)–(12) are exact and they cannot be weakened. Indeed, let p(t) =^1_α (^α_{α+1} )^{α+1}t^{−α−1} for t ≥ 1. Then |α − λ|p_∗(λ) = |α − λ|p^∗(λ) = α ln t ∫_t 1 s^αp(s)ds = α(α − λ) ∫_{+∞} 1 s^λp(s)ds = (^α_{α+1} )^{α+1}, and equation (1) has the nonoscillatory proper solution u(t) = t^{αα+1} for t ≥ 1.

Theorem 4. Let either for some λ <^{α2}_{α+1} or for some λ > α +^{αα+1}_{(α+1)[(α+1)α−αα]} the equality |α − λ|p^∗(λ) < ( α α + 1 )_{α+1} (13) be fulfilled. Then equation (1) is nonoscillatory. 2. Some Auxiliary Statements Lemma 1. Let u be the proper nonoscillatory solution of equation (1). Then there exists t_0 > 0 such that u(t)u^′(t) > 0 for t ≥ t_0.

(14)

Proof. For the sake of definiteness we assume that u(t) > 0 for t ≥ t_1. Suppose that u^′(t_2) ≤ 0 for some t_2 > t_1. Since u^′(t) ≢ 0 for t > t_2 and u^′ does not increase, there exists t_3 > t_2 such that u^′(t_3) < 0 and u^′(t) ≤ u^′(t_3) for t > t_3. Owing to this fact, we have

u(t) = u(t_3) + t∫ t3 u^′(s)ds ≤ u(t_3) + u^′(t_3)(t − t_3) for t > t_3.

Let t_4 = t_3 −^{u(t3)}_{u0(t3)} + 1. Then from the latter inequality we obtain contradiction that u(t_4) < 0. Thus the lemma is proved.

Lemma 2. Let equation (1) have a proper nonoscillatory solution. Then equations (3) and (4) are solvable, and there exists t_0 > 0 such that the equation ρ^′ + αp(t) + αρ^{α+1α} = 0

(15) has the solution ρ : [t_0, +∞[→]0, +∞[. Moreover, lim inf t→+∞ t αρ(t) ≥ A, lim inf_{t→+∞} t^αρ(t) ≤ B, (16) where A is the least nonnegative root of equation (3) and B is the largest root of equation (4).

Proof. Let u be the nonoscillatory proper solution of equation (1). By Lemma 1, there exists t_0 > 0 such that (14) is fulfilled. Let ρ(t) = (^{u0(t)}_{u(t)} )^α for t ≥ t_0. It is easily seen that ρ is the solution of equation (15). From (15) we find that − 1 α ρ^{− α+1α} (t)ρ^′(t) ≥ 1 for t ≥ t_0.

Integrating this inequality we obtain (t − t_0)^αρ(t) ≤ 1 for t ≥ t_0.

Hence lim sup t→+∞ t^αρ(t) ≤ 1. (17)

Introduce the notation r = lim inf t→+∞ t^αρ(t), R = lim sup_{t→+∞} t^αρ(t).

Assume that p_∗(0) ≠ 0 and p_∗(α + 1) ≠ 0 (the solvability of (3) and (4) as well of the estimate (16) is otherwise trivial). Because of (17) we easily find from (15) that t^αρ(t) = αt^α +∞∫ t p(s)ds + αt^α +∞∫ t ρ^{α+1α} (s)ds for t > t_0

(18) and t^αρ(t) = τ^{α+1}ρ(τ ) t + 1 t t∫ τ ( sρ^{1α} (s) )_α( α + 1 − αsρ^{1α} (s) ) ds −

− α t t∫ τ s^{α+1}p(s)ds for t_0 < t, τ < +∞, (19)

whence we have r ≥ p_∗(0) and R ≤ 1 − p_∗(α + 1).

Obviously, for any 0 < ε < min{r, 1 − R} there exist τ_ε > t_0 and t_ε > τ_ε such that r − ε < t^αρ(t) < R + ε, αt^α +∞∫ t p(s)ds > p_∗(0) − ε for t > τ_ε,

α t t∫ τε s^{α+1}p(s)ds > p_∗(α + 1) − ε for t > t_ε. Due to this fact we have from (18) and (19) that

t^αρ(t) > p_∗(0) − ε + (r − ε)^{α+1α} for t > τ_ε, t^αρ(t) < τ^{α+1}_ε ρ(τ_ε) t + (R + ε) ( α + 1 − α(R + ε)^{1α} ) − p_∗(α + 1) for t > t_ε.

From this we find that r^{α+1α} − r + p_∗(0) ≤ 0 and αR^{α+1α} − αR + p_∗(α + 1) ≤ 0.

Consequently, equations (3) and (4) are solvable, and (16) are fulfilled. Thus the lemma is proved.

Lemma 3. Let equation (1) have the proper oscillatory solution v. Then all the proper solutions of equation (1) are oscillatory.

Proof. Assume the contrary. Let u be proper nonoscillatory solution of equation (1). According to Lemma 1, there exists t_0 > 0 such that (14) holds. Choose t_1 > t_0 and t_2 > t_1 so that

v(t) > 0, v^′(t) > 0 for t_1 < t < t_2, v(t_1) = 0, v^′(t_2) = 0. Introduce the notation ρ(t) = ( v′(t) v(t) )_α , σ(t) = ( u′(t) u(t) )_α for t_1 < t < t_2.

Evidently, ρ^′(t) = −αp(t) − αρ^{α+1α} (t), σ^′(t) = −αp(t) − ασ^{α+1α} (t) for t_1 < t < t_2. (20)

It is not difficult to see that there exist t_3 ∈]t_1, t_2[ and ε ∈]0, t_2 − t_3[ such that ρ(t) < σ(t) for t_3 < t < t_3 + ε, ρ(t_3) = σ(t_3).

(21) Because of this fact we have from (20) that

ρ(t) = ρ(t_3) − α t∫ t3 p(s)ds − α t∫ t3 ρ^{α+1α} (s)ds ≥ σ(t_3) − α t∫ t3 p(s)ds −

−α t∫ t3 σ^{α+1α} (s)ds = σ(t) for t_3 < t < t_3 + ε,

but this contradicts (21). Thus the lemma is proved.

Remark 2. In proving Lemma 3 we have in fact proved that the solutions u and v of equation (1) do not exist which for some 0 < a < b < +∞ could satisfy the conditions u(t) > 0, u^′(t) > 0, v(t) > 0, v^′(t) > 0 for a < t < b, u(a) ≥ 0, u^′(b) > 0, v(a) = 0, v^′(b) = 0.

Lemma 4. Let for some λ < α the integral ∫_{+∞} s^λp(s)ds be divergent. Then equation (1) is oscillatory.

Proof. Assume the contrary. Let equation (1) have the proper nonoscillatory solution u. By Lemma 1, there exists t_0 such that (14) is fulfilled. Similarly as in proving Lemma 2 we can see that the function ρ(t) = (^{u0(t)}_{u(t)} )^α for t ≥ t_0 satisfies the relation (15) and the inequality (17). Multiplying the equality (15) by t^λ and integrating from t_0 to t, we see that t∫ t0 s^λp(s)ds = −t^λρ(t) + t^λ_0 ρ(t_0) + λ t∫ t0 s^{λ−1}ρ(s)ds −

−α t∫ t0 s^λρ^{α+1α} (s)ds for t > t_0.

By (17) the right-hand side of the above equality has a finite limit for t → +∞. Hence the integral ∫_{+∞} s^λp(s)ds converges, but this contradicts the condition of the lemma. Thus the lemma is proved.

Lemma 5. Let there exist the function v : [t_0, +∞[→]0, +∞[ which is locally absolutely continuous together with its first derivative and satisfying the inequalities v^′(t) > 0, v^{′′}(t) + p(t)v^α(t)(v^′(t))^{1−α} ≤ 0 for t > t_0

(22) almost everywhere. Then equation (1) is nonoscillatory.

Proof. Denote by u_0 a solution of equation (1) satisfying the initial conditions u_0(t_0) = 0, u^′_0(t_0) = 1 and show that u^′_0(t) > 0 for t > t_0.

Assume the contrary. Let there exist t_1 > t_0 such that u^′(t) > 0 for t_0 < t < t_1, u^′(t_1) = 0.

Since the function w(t) = (t − t_0)^{v(t1)−v(t0)}_{t1−t0} + v(t_0) satisfies the inequalities w^′(t) > 0, w^{′′}(t) + p(t)w^α(t)(w^′(t))^{1−α} ≥ 0 for t > t_0, equation (1) has the solution u_1 satisfying the conditions (cf., for example [5]) u_1(t) > 0, u^′_1(t) > 0 for t_0 ≤ t ≤ t_1, u_1(t_0) = v(t_0), u_1(t_1) = v(t_1), which is according to Remark 2 impossible. Thus we have proved that u^′_0(t) > 0 for t > t_0. Consequently, u_0 is the proper nonoscillatory solution of equation (1). Thus the lemma is proved.

Lemma 6. Let p^∗(λ) < +∞ for λ ≠ α. Then the mapping λ −→ (α − λ)p^∗(λ) (λ −→ (α − λ)p_∗(λ)) does not increase (does not decrease) for λ < α and does not decrease (does not increase) for λ > α.

Proof. We prove this lemma only in the case when λ < α. For λ > α the lemma is proved in a similar way. Let ε > 0. Choose t_ε > 0 so that p_∗(λ) − ε < αt^{α−λ} +∞∫ t s^λp(s)ds < p^∗(λ) + ε for t > t_ε. It is easy to see that whatever μ < α might be, t^{α−μ} +∞∫ t s^μp(s)ds = t^{α−λ} +∞∫ t s^λp(s)ds+(μ−λ)t^{α−μ} +∞∫ t s^{μ−λ−α} (^{+∞}∫ s τ^λp(τ )dτ ) ds. Hence if λ < μ, than

(p_∗(λ) − ε) ( 1 + μ − λ α − μ ) < αt^{α−μ} +∞∫ t s^μp(s)ds <

< (p^∗(λ) + ε) ( 1 + μ − λ α − μ ) for t > t_ε. This implies that (α − μ)p^∗(μ) ≤ (α − λ)p^∗(λ) and (α − μ)p_∗(μ) ≥ (α − λ)p_∗(λ). Thus the lemma is proved.

Lemma 7. Let p^∗(λ) < +∞ for λ ≠ α. Then lim λ→α− (α − λ)p_∗(λ) = lim_{λ→α+}(λ − α)p_∗(λ) ( lim λ→α− (α − λ)p^∗(λ) = lim_{λ→α+}(λ − α)p^∗(λ) ) . (23)

Proof. Let λ < α, μ > α and ε > 0. Choose t_ε > 1 so that

p_∗(λ) − ε < αt^{α−λ} +∞∫ t s^λp(s)ds < p^∗(λ) + ε for t > t_ε,

p_∗(μ) − ε < αt^{α−μ} t∫ 1 s^μp(s)ds < p^∗(μ) + ε for t > t_ε.

It is easily seen that

t^{α−λ} +∞∫ t s^λp(s)ds = −t^{α−μ} t∫ 1 s^μp(s)ds + (μ − λ)t^{α−λ} +∞∫ t s^{λ−μ−1} (^s∫ 1 τ^μp(τ )dτ ) ds,

t^{α−μ} t∫ 1 s^μp(s)ds = −t^{α−λ} +∞∫ t s^λp(s)ds + t^{α−μ} +∞∫ 1 s^λp(s)ds +

+(μ − λ)t^{α−μ} t∫ 1 s^{μ−λ−1} (^{+∞}∫ s τ^λp(τ )dτ ) ds.

From these equalities we have

μ − λ α(α − λ) (p_∗(μ) − ε) − t^{α−μ} t∫ 1 s^μp(s)ds < t^{α−λ} +∞∫ t s^λp(s)ds <

< μ − λ α(α − λ) (p^∗(μ) + ε) for t > t_ε,

−t^{α−λ} +∞∫ t s^λp(s)ds + μ − λ α(μ − α) (p_∗(λ) − ε)(1 − t^{α−λ}) < t^{α−μ} t∫ 1 s^μp(s)ds <

< +∞∫ 1 s^λp(s)ds + μ − λ α(μ − α) (p^∗(λ) + ε) for t > t_ε, whence we find that (μ − λ)p_∗(μ) − (α − λ)p^∗(μ) < (α − λ)p_∗(λ), (α − λ)p^∗(λ) < (μ − λ)p^∗(μ), −(μ − α)p^∗(λ) + (μ − λ)p_∗(λ) < (μ − α)p_∗(μ), (μ − α)p^∗(μ) < (μ − λ)p^∗(λ) + α(μ − α) +∞∫ 1 s^λp(s)ds.

Finally by Lemma 6 we obtain lim λ→α− (α − λ)p_∗(λ) ≥ (μ − α)p_∗(μ), lim_{λ→α−}(α − λ)p^∗(λ) ≤ (μ − α)p^∗(μ), lim μ→α+ (μ − α)p_∗(μ) ≥ (α − λ)p_∗(λ), lim_{μ→α+}(μ − α)p^∗(μ) ≤ (α − λ)p^∗(λ). From the last four inequalities we can conclude that the equality (23) is valid. Thus the lemma is proved.

Lemma 8. Let p^∗(λ) < +∞ for some λ < α and p^∗(μ) < +∞ for some μ > α. Then

α lim sup t→+∞ 1 ln t t∫ 1 s^αp(s)ds ≤ (α − λ)p^∗(λ) (24)

and

α lim sup λ→α− (α − λ) +∞∫ 1 s^λp(s)ds ≤ (μ − α)p^∗(μ). (25)

Proof. Let ε > 0. Choose t_ε > 1 so that for t > t_ε

αt^{α−λ} +∞∫ t s^λp(s)ds < p^∗(λ) + ε, αt^{α−μ} t∫ 1 s^μp(s)ds < p^∗(μ) + ε.

We can easily see that 1 ln t t∫ 1 s^αp(s)ds = − t^{α−λ} ln t +∞∫ t s^λp(s)ds + α − λ ln t t∫ 1 s^{α−λ−1} (^{+∞}∫ s τ^λp(τ )dτ ) ds, +∞∫ 1 s^δ p(s)ds = (μ − δ) +∞∫ 1 s^{δ−μ−1} (^s∫ 1 τ^μp(τ )dτ ) ds for δ < α.

From these inequalities we have α ln t t∫ 1 s^αp(s)ds < (α − λ)(p^∗(λ) + ε) for t > t_ε,

(α − δ) +∞∫ 1 s^δ p(s)ds < (μ − δ)(p^∗(μ) + ε) for t > t_ε.

Hence the inequalities (24) and (25) are fulfilled. Thus the lemma is proved.

3. Proof of the Main Results

Proof of Theorem 1. Assume the contrary. Let equation (1) have the proper nonoscillatory solution. Then according to Lemma 2, equations (3) and (4) are solvable. To this end it is necessary that the inequalities (2) be fulfilled. But this contradicts the conditions of the theorem. Thus the theorem is proved. Proof of Theorem 2. Assume the contrary. Let equation (1) have the proper nonoscillatory solution. Then according to Lemma 2, there exists t_0 > 0 such that equation (15) has the solution ρ : [t_0, +∞[→]0, +∞[ satisfying the conditions (16). From (15) we easily obtain that (18) and (19) are fulfilled. Assume p_∗(α + 1) ≠ 0 (p_∗(α + 1) = 0 i.e., B = 1). Clearly, for any 0 < ε < 1 − B (0 < ε < 1) there exist t_ε such that t^αρ(t) < B + ε, t^αρ(t) > A − ε for t > t_ε, t^αρ(t) ( α + 1 − αtρ^{1α} (t) ) < c(ε) for t > t_ε, where c(ε) = (B + ε)(α + 1 − α(B + ε)^{1α} ) (c(ε) = 1). Owing to this fact we find from (18) and (19) that

αt^α +∞∫ t p(s)ds < (B + ε)^{α+1α} − A + ε for t > t_ε and α t t∫ tε s^{α+1}p(s)ds < t^{α+1}_ε ρ(t_ε) t + c(ε) − A + ε for t > t_ε. Consequently,

p^∗(0) ≤ p_∗(0) + B − A and p^∗(α + 1) ≤ p_∗(α + 1) + B − A,

which contradicts (5) and (6). Thus the theorem is proved.

Proof of Theorem 3. Assume the contrary. Let equation (1) have the proper nonoscillatory solution. Then according to Lemma 2, there exists t_0 > 0 such that equation (15) has the solution ρ : [t_0, +∞[→]0, +∞[ satisfying the estimates (16). Clearly, for any ε > 0 there exists t_ε > t_0 such that t^αρ(t) < B + ε, t^αρ(t) > A − ε for t > t_ε. From (15) we easily find that

αt^{α−λ} +∞∫ t s^λp(s)ds = t^αρ(t) + t^{α−λ} +∞∫ t s^{λ−α−1} ( sρ^{1α} (s) )_α( λ − αsρ^{1α} (s) ) ds for t > t_ε, λ < α, αt^{α−λ} t∫ tε s^λp(s)ds = −t^αρ(t) + t_ε^λρ(t_ε) t + t^{α−λ} t∫ tε s^{λ−α−1} ( sρ^{1α} (s) )_α( λ − αsρ^{1α} (s) ) ds for t > t_ε, λ > α. Since max { x^α(λ − αx) : 0 ≤ x < +∞ } = (^λ_{α+1} )^{α+1}, from the last two inequalities we have αt^{α−1} +∞∫ t s^λp(s)ds < B + ε + 1 α − λ ( λ α + 1 )_{α+1} for t > t_ε, λ < α and αt^{α−1} t∫ tε s^λp(s)ds < t^λ_ε ρ(t_ε) t + 1 λ − α ( λ α + 1 )_{α+1} − A + ε for t > t_ε, λ > α. Consequently, p^∗(λ) ≤ 1 α − λ ( λ α + 1 )_{α+1} + B for λ < α, p^∗(λ) ≤ 1 λ − α ( λ α + 1 )_{α+1} − A for λ > α, but this contradicts (7) and (8). Thus the theorem is proved. Proof of Corollary 1. We shall assume that p^∗(λ) < +∞ (according to Theorem 3, the equation is otherwise oscillatory). Then by Lemma 7, the limit in the righthand side of the inequality (9) exists. Obviously, lim λ→α− [ |α − λ|p^∗(λ) − ( λ α + 1 )_{α+1} − (α − λ)B ] > 0. This implies that (7) is fulfilled for some λ < α. Therefore by Theorem 3 equation (1) is oscillatory. Thus the corollary is proved.

Proof of Corollary 2. If for some λ ≠ α, p^∗(λ) = +∞, then according to Theorem 3, equation (1) is oscillatory. We shall assume that p^∗(λ) < +∞ for λ ≠ α. By Lemma 6, if (10) holds for some λ ≠ α, then the condition (9) is also fulfilled. Hence according to Corollary 1, equation (1) is oscillatory.

To convince ourselves that Corollary 3 (Corollary 4) is valid, it should be noted that according to Lemma 8, it follows from (11) ((12)) that (9) is fulfilled. Hence by Corollary 1, equation (1) is oscillatory. Proof of Theorem 4. Introduce the notation f(t) = α +∞∫ t s^λp(s)ds for t > 1, λ < α^2 α + 1 ,

f(t) = −α t∫ 1 s^λp(s)ds for t > 1, λ > α + α^{α+1} (α + 1)[(α + 1)^α − α^α] ,

k = ( α α + 1 )_α − 1 α − λ ( α α + 1 )_{α+1} . From (13) for some t_0 > 1 we have 0 ≤ k + t^{α−λ}f(t) < ( α α + 1 )_α for t > t_0, λ < α^2 α + 1 , ( α α + 1 )_α < k + t^{α−λ}f(t) ≤ k for t > t_0, λ > α + α^{α+1} (α + 1)[(α + 1)^α − α^α] . (26)

We can easily see that if λ <^{α2}_{α+1} and 0 ≤ x < (^α_{α+1} )^α or λ > α+^{αα+1}_{(α+1)[(α+1)α−αα]} and^{α2}_{α+1} < x ≤ k, then αx^{α+1α} − λx + k(λ − α) ≤ 0, whence according to (26), we have α ( k + t^{α−λ}f(t) ) α+1_α − λ ( k + t^{α−λ}f(t) ) + k(λ − α) ≤ 0 for t > t_0.

The latter inequality is equivalent to ρ^′(t) ≤ λ t (ρ(t) + f(t)) − α t^λα (ρ(t) + f(t))^{α+1α} for t > t_0,

where ρ(t) = kt^{λ−α}. Then the function

v(t) = exp [^t∫ t0 ( ρ(s) + f(s) s^λ ) 1_α ds ] for t > t_0

satisfies the inequality (22). Hence by Lemma 5, equation (1) is nonoscillatory. Thus the theorem is proved.

References

[1] Fite W. B., Concerning the zeros of the solutions of certain differential equations, Trans. Amer. Math. Soc., vol. 19 (1917), pp. 341–352.

[2] Hille E., Nonoscillation theorems, Trans. Amer. Math. Soc., vol. 64 (1948), pp. 234–252.

[3] Del Pino M., Elgueta M., Manasevich R., Generalized Hartman’s oscillation result for (|x^′|^{p−2}x^′)^′ + c(t)|x|^{p−2} = 0, p > 1., Houston Journal of Math., vol. 17 , No 1, (1991) pp. 63–70.

[4] Lomtatidze A., Oscillation and nonoscillation criteria for second order linear differential equation, Georgian Math. J., vol. 3, No. 2, (1997) pp. 129-138.

[5] Kiguradze I.T., Shekhter B. L., Singular boundary value problems for second-order differential equations, in: “Current Problems in Mathematics: Newest Results”, Vol. 3, pp. 3–103, Itogi Nauki i Tekhniki, Akad. Nauk SSSR, Vsesoyuzn. Inst. Nauchn. i Tekhn. Inform., Moscow, 1987. [in Russian]

A. Lomtatidze N. Muskhelishvili Institute of Computational Mathematics Georgian Academy of Sciences 8, Akuri St., 380093 Tbilisi REPUBLIC OF GEORGIA

E-mail address: bacho@imath.acnet.ge