ARCHIVUM MATHEMATICUM (BRNO) Tomus 32 (1996), 57 – 73

HIGHER ORDER CONTACT OF REAL CURVES IN A REAL HYPERQUADRIC

Y. Villarroel

Abstract. Let Φ be an hermitian quadratic form, of maximal rank and index (n, 1), defined over a complex (n + 1) vectorial space V . Consider the real hyperquadric defined in the complex projective space P^nV by Q = {[ς] ∈ P^n V, Φ(ς) = 0}, let G be the subgroup of the special linear group which leaves Q invariant and D the (2n−2) distribution defined by the Cauchy Riemann structure induced over Q. We study the real regular curves of constant type in Q, transversal to D, finding a complete system of analytic invariants for two curves to be locally equivalent under transformations of G.

The real hypersurfaces of real codimension one are the boundaries of domains in a complex manifold. Among the non-degenerate real hypersurfaces in C^{n+1} the simplest and most important are the real hyperquadrics. S. Chern and J. Moser show how the geometry of a general non-degenerate real hypersurface can be considered as a generalization of a real hyperquadric [4].

Here we consider an hermitian quadratic form Φ, of maximal rank, and index (n, 1), defined over a complex (n + 1)-vectorial space V , and Q the real hyperquadric defined in the complex projective space P^nV by the equation Q = {[ζ] ∈ P^nV, Φ(ζ) = 0}. The concept of Frenet frames for holomorphic curves in complex projective spaces played an important role in the classical theory of the equidistribution of these curves. In [5] it is investigated under what conditions on a Hermitian manifold every holomorphic curve in the manifold has a Frenet frame.

The purpose of the present article is to study, the real curves of constant type in the hyperquadric Q, finding a complete system of analytic invariants for two

1991 Mathematics Subject Classification: Primary 53C15, Secondary 53B25. Key words and phrases: geometric structures on manifolds, local submanifolds, contact theory, actions of groups.

Supported by C.D.C.H. Universidad Central de Venezuela. Received December 1, 1995.

curves to be locally equivalent under transformations of the subgroup G, of the special linear group which leave the hyperquadric Q invariant. Moreover we find the Frenet frames for these curves.

This problem is an special case of the equivalence of submanifolds in homogeneous spaces, which has been extensively studied by E. Cartan [2,3], G. Jensen [11], M. Green [7], P. Griffiths [8] and A. Rodrigues [14], among others. Using contact theory and the action of the group on each contact manifold of order k, a transversal section to the orbits of maximal dimension, can be naturally obtained.

1. The real projective hyperquadric Let Φ be an hermitian quadratic form of maximal rank, and index (n, 1), defined over a complex (n + 1)-vector space V , and {h_o, · · · , h_n} a base of V such that the expression of Φ is given as (1.1) Φ(ζ) = Φ(ζ^0, · · · , ζ^n) = (ζ^0)^2 + · · · + (ζ^{n−1})^2 − (ζ^n)^2, we can obtain this basis, reducing Φ to its normal form. Consider in V the basis f_α defined by

f_0 = i(h_n − h_o), f_α = h_α, f_n = h_n + h_0, 1 ≤ α ≤ n − 1. The form Φ, in this basis, goes into

(1.1^′) Φ(ζ) = ζ^αζ^α + i(ζ^nζ^0 − ζ^nζ^0), ζ ∈ V, and the matrix of its representation is

(1.2)

0 0 i 0 I_{n−1} 0 −i 0 0 .

If <, > denotes the bilinear form asociated to the quadratic form Φ, then we have (1.3) < ζ, ν >=^t(ν)A(ζ), ζ, ν ∈ V, where (ν) is the matrix n × 1 of the components of ν in the basis f_α.

Let G ⊂ SL(n + 1, C) be the subgroup which leaves Φ invariant. We represent g ∈ G in the basis f_α by the matrix (g^α_γ ), 0 ≤ α, γ ≤ n, and its column vector by g_γ , then g ∈ G ⇔ (Φ ∘ g)(ζ) = Φ(ζ) ⇔^tζ^tgAgζ =^tζAζ ⇔ (< g_γ , g_α >) = A, then g ∈ G satisfies the relations, for 0 ≤ γ ≤ n, 1 ≤ α, β ≤ n − 1, (1.4) < g_0, g_γ >= −δ^γ_n, < g_β, g_α >= −δ^α_β , < g_n, g_γ >= iδ^γ_0 , det g = 1. The Lie algebra G of G is given by

(1.6)

G = ℓ ∈ T_eG : ℓ = ℓ^0 ℓ^0_1 . . . ℓ^0_{n−1} ℓ^0_n ℓ^1_0 −iℓ^0_1 . . (ℓ^α_β ) . . ℓ^{n−1}_0 −iℓ^0_{n−1} ℓ^n_0 iℓ^1_O . . . iℓ^0_{n−1} −ℓ^0 ; ℓ^α_β + ℓ^β_α = 0,

trℓ = 0,

ℓ^0_n, ℓ^n_0 ∈ ℜ ,

and dim G = n^2 + 2n.

The canonical form ω over G with components ω^α_γ respect to the usual basis I^α_γ ∈ G(n + 1, C), satisfies the relation,

(1.7) ω_x(v) = n∑ 0 ω^α_{γx}(v)I^α_γ v ∈ T_xG, dω^α_β + ω^α_γ ∧ ω^γ_β = 0. Let Q be the (2n − 1)-dimensional real hyperquadric [5], defined in the complex projective space P^nV by the equation Q = {[ζ] ∈ P^nV, Φ(ζ) = 0}. The group G acts on P^nV by g.[ζ] = [g.ζ], and the quadric Q is invariant by the action of G on P^nV . Moreover, G acts transitively on Q, indeed: given p_0 = [(1, · · · , 0)] and [ζ] = [(ζ^0, · · · , ζ^n)] ∈ Q, we have

if ζ^0 ≠ then

g_0.p_0 = [ζ]

, with g_0 =

1 0 . . . 0 0 ζ1 ζ0 1 . . . 0 0 . . . . . . . . . . . ζ^n�1

ζ0 0 . . . 1 0 s i^{ζ1}_{ζ0} . . . i^{ζn} �1_{ζ0} 1 , where s ∈ C, Ims =^1_2 ∑ |^{ζα}_{ζ0} |^2 ,

if ζ^0 = 0, then g_1.p_0 = [ζ], with g_1 =

0 0 1 0 −I_{n−1} 0 1 0 0 .

The isotropy group G^0 at p_0, is G^0 = {g ∈ G : g^α_0 = 0, 1 ≤ α ≤ n} and its Lie algebra G^0 are given by

G^0 = ℓ ∈ G : ℓ = ℓ^0 . . . ℓ^0_n

0 (ℓ^α_β ) . . 0 0 −ℓ^0 .

The map ψ^0 : g ∈ G −→ g.p_0 ∈ Q, defines an isomorphism: G/G^o ≃ Q.

In the following we will agree that small Greek indices α run from 1 to n − 1, the indices α_k run from k to n − 1, unless otherwise specified, and we will use the summation convention.

2. Action of G on higher order contact elements of Q Let C^s_q Q be the manifold of contact element of order s, and dimension 1 at q ∈ Q, and C^sQ the manifold of all contact elements C^s_q Q, with q ∈ Q . For k ≤ s we consider the canonical projection π^s_k : C^sQ → C^kQ given by C^s_q Γ → C^k_q Γ, with Γ ⊂ Q an 1-dimensional submanifold [6, 12, 15, 16].

Denote by i^s, the canonical immersion i^s : Γ −→ C^sQ, defined by q ∈ Γ → C^s_q Γ, and i^{1,s} : C^{s+1}Q → C^1(C^sQ) defined as C^{s+1}_q Γ → C^1_Cs_{q Γ}C^sΓ.

The action G × Q → Q induces an action G × C^sQ → C^sQ given by g.C^s_q Γ = C^s_{g.q}g.Γ. The forms ω^α_0 which vanish on T_eG^0, allow us to define a basis {ω̃^α_0 } of T^∗_{p0} Q as follows. Given ṽ ∈ T_{p0} Q, let

(2.1) ω̃^α_0 (ṽ) = ω^α_{0 e}(v_e), where v ∈ G, and T_eψ^0_e (v) = ṽ. The forms ω̃^α_0 are well defined: indeed, u, v ∈ G T_eψ^0_e (u_e) = T_eψ^0_e (v_e) ⇔

T_eψ^0_e (u_e − v_e) = o u_e − v_e ∈ T_eG^0 ≃ G^0, then ω^α_{0 e}(u_e − v_e) = o and ω̃^α_0 (ũ) = ω̃^α_0 (ṽ),

the dimension of T^∗_{p0} Q is 2n − 1, then {ω̃^α_0 } define a basis of T^∗_{p0} Q, and the action of the Lie algebra G^0 on T^∗_{p0} Q is given, in coordinates, as follows. Proposition 2.1. The Lie algebra G^0 acts on T^∗_{p0} Q as follows: (ℓ, ω̃) ∈ G^0 × T^∗_{p0} Q → ℓ.ω̃, ℓ.ω̃(ṽ) = −dω|_e(ℓ_e, v_e), with v ∈ G, T_eψ^0(v_e) = ṽ, and its expression in coordinates is (2.2) ℓ.ω^{α0} = ℓ^{γα}ω γ 0 + (−ℓ^0 + ℓ^α)ω^α_0 − iℓ^0_αω^n_0 ℓ.ω^n_0 = − 2Reℓ^0_nω^n_0 . 1 ≤ α, γ ≤ n − 1, γ ≠ α Proof. Let us express (2.3) ℓ.ω^α_0 = (a^β_0 + ib^β_0 )ω^β_0 + cω^n_0 , a^β_0 , b^β_0 ∈ ℜ, and consider a basis of vectors in T_eG dual of the basis ω^α_0 . Applying (2.3) to such basis, and using (1.7) we obtain the result. � We observe in (2.2) that the subspace D_{p0} ⊂ T_{p0}Q defined by ω̃^n_0 = 0 is invariant by G^0, since G^0 transforms ω^n_0 in a multiple of itself, and G^0 is connected.

The transitivity of the action of G on Q, allow us to define a (2n−2)-dimensional distribution over Q, as follows

D : p ∈ Q −→ (l_g )_∗(D_{p0} ), where g ∈ G and l_g (p_0) = g.p_0 = p. To study the real curves in Q, it is natural to consider two cases: the curves tangent to the distribution D at all its points, and the curves transversal to D at all points. In this paper we consider the first case. We will use the following theorem about Lie groups.

Theorem 2.1. Let G be a Lie group that acts on a smooth manifold M and G its Lie algebra. Let χ(M ) denote the smooth (C^∞) vector fields on M , and let F be the map: F : G −→ χ(M ), ℓ −→ F_ℓ, withF_ℓ(x) = d dt |_{t=o}(exp (tℓ).x) , then we have:

a) The integral curve y(x) of the field F_ℓ, at the point x ∈ M , is contained in the orbit G(x) of x.

b) The action of G on M is transitive if and only if for any x ∈ M , and for any v ∈ T_xM , there exists ℓ ∈ G such that F_ℓ(x) = v. �

2.1. Action of G on 1-order contact elements of Q In this paragraph we study the action of the group G on 1-order contact elements of Q, which project on directions transversal to the distribution D.

Let H^1 be the fiber of the contact elements of order 1 transversal to D, which project onto p_0, i. e.,

H^1 = {X^1 ∈ C^1_{p0} Q : ω̃^n_0 |X^1 ≠ 0},

where w̃^n_0 |X^1 denotes the restriction of ω̃^n_0 to the 1-dimensional subspace defined by the contact element X^1. Consider on H^1 the coordinates defined as in [13],

(2.4) ω̃^α_0 = λ^α_0 ω̃^n_0 λ^α_0 ∈ C, 1 ≤ α ≤ n − 1,

and express X^1 in coordinates as X^1 = (λ^1_0, · · · , λ^{n−1}_0 ). Denote by C̃^1Q all the contact elements of order 1, transversal to D.

Proposition 2.2. Let F^0 : G^0 → χ(H^1), F_ℓ(X) =^d_{dt} |_{t=o}(exp (tℓ).X) , then given X = (λ^1_0, · · · , λ^{n−1}_0 ) we have

F^0_ℓ (X) = (_{n−1} ∑ γ=2 ℓ^γ_1 λ^γ_0 + (−ℓ^0 + ℓ^1 + 2Reℓ^0)λ^1_0 − iℓ^0_1 ) ∂ λ^1_0 |_X + · · ·

+ ∑ γ≠α ℓ^γ_αλ^γ_0 + (−ℓ^0 + ℓ^α + 2Reℓ^0)λ^α_0 − iℓ^0_α λ^{n−1}_0 ∂ ∂λ^α_0 |_X + · · · (2.5)

+ (_{n−2} ∑ γ=1 ℓ^γ_{n−1}λ^γ_0 + (−ℓ^0 + ℓ^{n−1}_{n−1} + 2Reℓ^0) − iℓ^0_{n−1} ) ∂ λ^1_{n−1} |_X . Proof. Given ℓ ∈ G^0, let r(t) = exp tℓ.X, which is expressed in coordinates as

r(t) = (λ^1_0(t), · · · , λ^{n−1}_0 (t)), where ω^α_0 |r(t) = λ^α_0 (t)ω^n_0 |r(t), deriving with respect to t and evaluating at t = 0, we have

(ℓ.ω^α_0 )(X) = d dt |_{t=0}λ^α_0 (t)ω^n_0 (X) + λ^α_0 (t)(ℓ.ω^n_0 )(X),

now applying (2.2) we obtain the result. � Proposition 2.3. The group G acts transitively on C̃^1Q.

Proof. Since the action of G on Q is transitive, it is sufficient to prove that the action of G^0 on C̃^1_{p0} Q, the contact elements of order 1 transversal to D which project onto p_0, is transitive.

Now given X ∈ C̃^1_{p0} Q, by Proposition 2.2 we can choose ℓ_1, · · · , ℓ_{n−1} ∈ G^0, such that F^0_{ℓ1} (X), · · · , F^0_{ℓn}�_1 (X) generate T_X H^1, then by theorem 2.1. we have that G^0 acts transitively on H^1. � Proposition 2.4. Let X^1_0 ∈ C^{1,1}_{p0} Q be given by X^1_0 = (0, · · · , 0), then i) the Lie algebra G^1 of the isotropy group G^1 ⊂ G^0 of X^1_0 is given as

G^1 = {ℓ ∈ G^0 : ℓ^0_1 = · · · = ℓ^0_{n−1} = 0}, i.e.,

G^1 = ℓ = ℓ^0 0 ℓ^0_n 0 (ℓ^α_β ) 0 0 0 −ℓ^0

; ℓ^α_β + ℓ^β_α = 0, trℓ = 0 ,

ii) dimG^1 = dimG^0 − 2n + 2 Proof. By Proposition 2.2., we have

F^0_ℓ (X^1_0 ) = 0 ⇔ ℓ^0_1 = · · · = ℓ^0_α = · · · = ℓ^0_{n−1} = 0. �

Let O^1 = G.X^1_0 be the orbit of the action of G on C^{1,1}Q which contains X^1_0 . Then, the map ψ^1 : G → O^1, given by ψ^1(g) = g.X^1_0 induces a diffeomorphism O^1 ≃ G/G^1. The forms ω^α_0 , ω^n_0 , ω^0_α, vanishing on G^1, define 4n − 3 linearly independent real forms which can be projected onto T_X1_0 O^1, using a similar argument as in (2.1), and the projected forms, denoted by ω̃^α_0 , ω̃0_α, ω̃^n_0 , define a basis of T^∗_{X10} O^1.

Given ℓ ∈ G^1 proceeding as in (2.2), we can prove that

(2.6) ℓ.ω̃^0_α = − ∑ γ≠α ℓ^γ_αω̃^0_α + (ℓ^0_α − ℓ^α)ω̃^0_α,

2.2 Action of G on the 2-order contact elements Let H^2 be the fiber of the contact elements of order 2 which project onto X^1_0 . Denote by i : C^2Q → C^1(C^1Q) the canonical immersion and π^1_0 : C^1Q → Q, and π^{1,1}_0 : C^1(C^1Q) → C^1Q, the canonical projections. Then

i(H^2) = {X^2 ∈ C^2_{p0} Q : ω̃^α_0 |X^2 = 0, 2 ≤ α ≤ n − 1}, indeed, given X^2_p ∈ C^2_p Q the image i(X^2_p ) is identified with an 1-dimensional subspace in T_π1,1_{0 (X2p )}C^1Q. Then (π^1_0)_∗i(X^2_p ) is identified with a subspace in T_pQ. The following can easily be verified, using coordinates if X^{1,1} ∈ C^1(C^1Q), exists X^2 ∈ C^2Q, i(X^2) = X^{1,1} ⇔ T (π^1_0)(X^{1,1}) = π^{1,1}_0 (X^{1,1}). � Similarly as in (2.4), consider coordinates in H^2 defined as X^2 = (λ^0_1, · · · , λ^0_{n−1}), where ω̃^0_α|X^2 = λ^0_αω̃^n_0 |X^2.

Let C̃^2Q be the contact elements of order 2, transversal to D, which project onto C̃1Q. Proposition 2.5. There are two types of orbits, Õ^2, Ô^2 by the action of G on C̃^2Q, defined as

Õ^2 = G.X̃^2_0 , with π^2_0(X̃^2_0 ) = X^1_0 , λ^0_1(X̃^2_0 ) = 1, λ^0_α(X^2_0 ) = 0, Ô^2 = G.X̂^2_0 , with π^2_0(X̂^2_0 ) = X^1_0 , λ^0_α(X̂^2_0 ) = 0, 1 ≤ α ≤ n − 1.

Proof. Since G^0 acts transitively on C̃^1Q it is sufficient to prove that there are two types of orbits by the action of G^1 on H^2. Let F^1 : G^1 → χ(H^2) be defined as

F^1_ℓ (X^2) = d dt |_{t=o}(exp (tℓ).X^2) ,

using coordinates we have F^1_ℓ (X^2) = ∑ B^0_α^∂_{∂λ0α} |_X2 .

Now, given X^2 = (λ^0_1, · · · , λ^0_{n−1}), and ℓ ∈ G^1, let r(t) = exp tℓ.X^2 be expressed in coordinates as r(t) = (λ^0_1(t), · · · , λ^0_{n−1}(t)), where ω^0_α|r(t) = λ^0_α(t)ω^n_0 |r(t), deriving the last expression with respect to t at 0, and using (2.6) we have,

F^1_ℓ (X^2) = (− ∑ α≠1 ℓ^α_1 λ^0_α + (−ℓ^0 + ℓ^1 − 2Reℓ^0)λ^0_1, · · · ,

(2.7) − ∑ α≠n−1 ℓ^α_{n−1}λ^0_α + (−ℓ^0 + ℓ^{n−1}_{n−1} − 2Reℓ^0)λ^0_{n−1}). Now i) if λ^0_α ≠ 0, for same α, then we can find 2n − 2 fields ℓ_1, · · · , ℓ_{2n−2} ∈ G^1 such that {F^1_{ℓj} (X^2)} generate T_X2 H^2, and by Theorem 2.1 we conclude that G^2 acts transitively on the contact elements of order 2 with λ^0_α ≠ 0, for some α. These elements can be represented as Õ^2 = G.X̃^2_0 , with π^2_0(X̃^2_0 ) = X^1_0 , λ^0_1(X̃^2_0 ) = 1, λ^0_α(X̃^2_0 ) = 0.

ii) If λ^0_α = 0, for all α we have the element X̂^2_0 , defined by π^2_0(X̂^2_0 ) = X^1_0 and λ^0_α(X̂^2_0 ) = 0. Using (2.7) we have F^1_ℓ (X̂^2) = 0, for ℓ ∈ G^1, then G^2 = G^1 and Ô^2 = G^1 is an orbit of the action of G^1 on H^2. �

Proposition 2.6. The Lie algebra of the element X̃^2_0 is given by

G̃^2 = ℓ = iA^0 0 0 ℓ^0 0 iA^0 0 0 0 0 (ℓ^{α2}_{β2} ) 0 0 0 0 iA^0 ; 2 ≤ α_2, β_2 ≤ n − 1

ℓ^{α2}_{β2} + ℓ^{β2}_{α2} = 0 trℓ = 0 , A^0 ∈ ℜ ,

in the case n > 2;

G̃^2 = ℓ = 0 0 ℓ^0_n 0 0 0 0 0 0

, in the case n=2.

Proof. Using (2.7) we have F^1_ℓ (X̃^2_0 ) = 0 ⇔ −ℓ^0 + ℓ^1 − Reℓ^0 = ℓ^1_2 = · · · = ℓ^1_{n−1} = 0,

now ℓ^1 + ℓ^1 = 0 and −ℓ^0 + ℓ^1 − Reℓ^0 = 0 implies Reℓ^0 = 0 and ℓ^1 = ℓ^0.

If n = 2, the condition trℓ^0 = 0 implies ℓ^0 = 0. � For n > 2, using a similar argument as in (2.1), the forms

ω^α_0 , ω^0_α, Reω^0, ω^1 − iImω^0 , ω^1_{α2}, ω^n_0 , can be projected onto T_{X̃}2_0 Õ^2 and define a basis of T^∗_{X̃20} Õ^2.

2.3 Action of G on the 3-order contact elements Let H^3 = {X^3 ∈ C^3Q : π^3_2(X^3) = X̃^2_0 }. We identify H^3 with its image by i : C^3Q → C^1(C^2Q), and we have that X^3 ∈ H^3 if and only if ω^0_1|X^3 = ω^n_0 |X^3 ≠ 0, ω^α_0 |X^3 = ω^0_{α2} |X^3 = 0.

We consider coordinates in H^3 defined as (ω^0 − ω^1)|X^3 = (a^1 + ib^1)ω^n_0 |X^3, ω^1_{α2} |X^3 = λ^1_{α2} ω^n_0 |X^3.

Proposition 2.7. There are no fixed points by the action of G on the contact elements of order 3, which are projected on the contact elements transversal to D.

Proof. Given ℓ ∈ G^2 similarly to (2.3), we can show that

(2.8) ℓ.(ω^0 − ω^1) = ℓ^0_nω^n_0 , ℓ.ω^1_{α2} = ∑ ℓ^γ_{α2} ω^1_γ + (ℓ^1 − ℓ^α)ω^1_α.

Let F^3 : G^2 → X (H^3) be defined as in Theorem 2.1, then using (2.8), we have for X^3 = (a^1 + ib^1, λ^1_2, · · · , λ^1_{n−1})

F^3_ℓ (X^3) =ℓ^0_n ∂ ∂a^1

|X^3 +

(ℓ^1 − ℓ^2)λ^1_2 + ∑ γ≠2 ℓ^γ_2 λ^1_γ ∂ ∂λ^1_2 |X^3 + · · ·

+ ∑ γ≠n−1 ℓ^γ_{n−1}λ^1_γ + (ℓ^1 − ℓ^{n−1}_{n−1})λ^1_{n−1} ∂ ∂λ^1_{n−1} |X^3 . (2.9)

Now, given ℓ ∈ G^2 with ℓ^0_n ≠ 0, we have that F^3_ℓ (X^3) ≠ 0, for all X^3 ∈ H^3. Then there are no contact elements of order 3 such that G^2 = G^3. Moreover if ℓ ∈ G^3 then ℓ^0_3 = 0 and dimG^3 < G^2, for all X^3 ∈ H^3. �

The following Proposition gives, a real differential invariant of order 3 [9, 7, 10], defined by a transversal section to the orbits of maximal dimension on C̃^3Q.

Proposition 2.8. If n = 2 we have a real invariant τ_3 of order three defined by

(ω^0 − ω^1)|X^3 = 2iτ_3ω^2_0|X^3.

Proof. If n = 2 then F^3_ℓ (X̃^3) = ℓ^0_2^∂_{∂a1} |X^3. Then the orbits of the action of G^2 on H^3 are on the coordinate axis a^1. A transversal section to these orbits is given by

I^3 = {X^3 ∈ H^3 : a^1 = 0}, i.e. (ω^0 − ω^1)|X^3 = 2iτ_3ω^2_0|X^3, τ_3 ∈ ℜ. �

We will denote E^0 , E^α, E^{α2}_{α2} , J^0_n, J^α_β the fields defined by the matrix

E^0 =

3 i i −3i 0 i , E^{α2}_{α2} =

α2 α2+1 0 −i i 0 ,

E^α_β =

α β 0 i i 0 , J^{αβ} =

α β 0 1 −1 0 , J^{0n} =

n 1 0 0 .

Proposition 2.9. Let H̃^3 = {X^3 ∈ H^3 : λ^1_{α2} ≠ 0, for some α_2}, and n > 2. If X^3_o ∈ H̃^3, then the orbit Õ^3 = G.X^3_0 is given by

Õ^3 = {X^3 ∈ H̃^3 : b^1(X^3) = b^1(X^3_0 ); ∑ |λ^1_{α2} (X^3)|^2 = ρ^2, ρ^2 = ∑ |λ^1_{α2}(X^3_0 )|^2}.

Proof. By (2.7), F^3_{J0n} (X^3) =^∂_{∂a1} |_X3 , and given ℓ ∈ G^3, F^3_ℓ vanishing in the coordinate^∂_{∂b1} . Then, to study the distribution D^3 on H^3, generated by the fields {F^3_ℓ (X^3), ℓ ∈ G^3}, it is enough to consider the components in the coordinates ∂ ∂λ1_α |X3 , 2 ≤ α ≤ n − 1. Now for X

3 = (a^1 + ib^1, λ^1_2, · · · , λ^1_n),

F^3_{E0} (X^3) = (0, i4λ^1_2 , λ^1_3, · · · , iλ^1_α, iλ^1_{α+1}, · · · , iλ^1_β , · · · , iλ^1_{n−1}), F^3_Eα_α (X^3) = (0, 0 , 0, · · · , iλ^1_α, −iλ^1_{α+1}, · · · , 0, · · · , 0), F^3_J α_β (X^3) = (0, 0 , 0, · · · , −λ^1_β, 0, · · · , λ^1_α, · · · , 0), F^3_Eα_β (X^3) = (0, 0 , 0, · · · , iλ^1_β, 0 , · · · , iλ^1_α, · · · , 0).

If we consider the identification of the tangent to the fiber with ℜ^{2n−2} and C^{n−1} ≃ ℜ^{2n−2} given by λ^α_β = a^α_β +ib^α_β → (a^α_β , b^α_β), we have that the vectors defined by F^3_{E0} , F^3_Eα_{2α2} , F^3_J α_β and F^3_Eα_β , are perpendicular to the vector with components given by X^3, moreover, for a^1_α ≠ 0 (respect. b^1_α ≠ 0), it is possible to find a (2n − 5) × (2n − 5)-square matrix A, inside the matrix B, defined by F^3_{E0} , F^3_Eα_{2α2} , F^3_J α_β and F^3_Eα_β , i.e.,

B =

0 b^1_2 −b^1_3 0 . . . 0 0 0 −a^1_2 a^1_3 0 . . . 0 0 0 −a^1_3 a^1_2 0 . . . 0 0 0 −b^1_3 b^1_2 0 . . . 0 0 0 −b^1_3 −b^1_2 0 . . . 0 0 0 a^1_3 a^1_2 0 . . . 0 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 −a^{n−1} 0 0 . . . a^1_2 0 0 −b^1_{n−1} 0 0 . . . b^1_2 0 0 −b^{n−1} 0 0 . . . −b^1_2 0 0 a^1_{n−1} 0 0 . . . a^1_2 0

with the determinant of A ≠ 0. Indeed, for a^1_α ≠ 0 (respectively b^1_α ≠ 0) we can find a matrix A with det (A) = a^1_α((a^1_α)^2 + c), c ≥ 0. Then, the integral submanifold of the distribution, generated by the fields which define B through X^3_0 , is given by

O^3 = {X^3 ∈ H^3 : n−1∑ 2 |λ^1_α(X^3)|^2 = ρ^2, b^1 = b^1(X^3_0 ), ρ^2 = n−1∑ 2 |λ^1_α(X^3_0 )|^2. �

A transversal section to the orbits of the action of G^3 on H^3_0 is given by

I^3_0 = { X^3 ∈ H^3 :

Reλ^1_2(X^3_0 ) > 0, Imλ^1_2(X^3) = 0 λ^1_{α3} (X^3) = 0, a^1(X^3) = 0 } . We will consider coordinates ρ_3 and τ_3 in I^3_0 given by

(2.10)

(ω^0 − ω^1)|X^3 = iτ_3ω^n|X^3 τ_3 ∈ ℜ, ω^1_2|X^3 = ρ_3ω^n_0 |X^3, ρ_3 ∈ ℜ, ρ_3 > 0 . The section I^3 defines two real invariants (see [7]) of C^3Q, and they correspond with the point where the orbit of X^3 meets I^3.

Using (2.7), we have that the Lie algebra G̃^3, corresponding to the element X^3_{τ3,ρ3} ∈ I^3, is defined as

G̃3 = { ℓ = ( iA0Id3�3 0 0 0 (ℓ^α3_β3 ) 0 0 0 iA0 ) ; ℓ α3_β 3 + ℓ^{β3}_{α3} = 0 trℓ = 0, A0 ∈ ℜ } , where Id_{3×3} denotes the 3 × 3 identity matrix. We have that dim G^3=dim G^2 − 1.

An important observation is that the isotropy algebra of X^3_{τ3,ρ3} does not depend on τ_3 and ρ_3. Then a curve Γ ⊂ Q, transversal to D, with C^3Γ ⊂ C̃^3Q, is a curve of constant type [7].

In the case n = 3, from the relation trℓ = 0 we have that G^3 = 0.

2.4 Action of G on 4-order contact elements

Similarly to paragraph 2.3, we consider an element X^3_0 = X^3_{τ3,ρ3} , and O^3 = G.X^3_0 . The map ψ^3 : G −→ O^3, −→ g.X^3_0 , allows us to project the forms (2.11) ω^{α1}_0 , ω^n_0 , ω^0_{α1} , ω^0 − ω^1, ω^1_{α2}, ω^0_n, ω^0 − ω^2, ω^2_{α3}, on T_X3_0 O^3. Moreover, the real forms (2.12) dτ_3, dρ_3, given by the functions τ_3 and ρ_3, define a basis of T^∗_{X30} I^3. If C̃^3Q denotes the contact elements of order 3 transversal to D, which project onto Õ^2, then we have T_X3_0 C̃^3Q = T_X3_0 Õ^3 ⊕ T_X3_0 I^3,

and we can define a basis of T^∗_{X30} C̃^3Q extending the forms (2.11), (2.12), as follows

(2.13) ω^α_β |T_X3_0 I^3 = 0, dτ_3|T_X3_0 Õ^3 = 0, dρ_3|T_X3_0 Õ^3 = 0. Let H^4 = {X^4 ∈ C^4Q : π^4_2(X^4) = X^3_0 }, defined by

ω^{α1}_0 |X^4 = 0 , (ω^0 − ω^1)|X^4 = iτ_3 ω^n_0 |X^4 , ω^0_1|X^4 = ω^n_0 |X^4 , ω^1_2|X^4 = ρ_3 ω^n_0 |X^4 , ω^0_{α1} |X^4 = 0 , ω^1_{α2} |X^4 = 0 .

We introduce coordinates in H^4 as follows

ω^0_n|X^4 = a^0_nω^n_0 |X^4 , (ω^0 − ω^2)|X^4 = ib^2ω^n_0 |X^4 , ω^2_{α3} |X^4 = λ^2_{α3} ω^n_0 |X^4 , dτ_3|X^4 = τ^1_3 ω^n_0 |X^4 , dρ_3|X^4 = ρ^1_3ω^n_0 |X^4 .

If G^3 denotes the Lie algebra of the isotropy group of X^3_0 , then similarly to (2.8), we can prove ℓ.(ω^0 − ω^2) = 0 , ℓ.ω^0_n = 0 , ℓ.ω^2_{α3} = − ∑_{n−1} γ≠α3 ℓ γ α3 ω^2_γ − (ℓ^2 − ℓ^{α3}_{α3} )ω^2_{α3} , ℓ.dτ_3 = 0 , ℓ.dρ_3 = 0 .

To prove ℓ.dτ_3 = ℓ.dρ_3 = 0, we use the fact that the isotropy algebra G^3 is independent of ρ_3, and τ_3.

Proceeding as in Proposition 2.8, we can prove that a transversal section to the orbits of the action of G on H^4, is given by

I^4 = { X^4 ∈ H^4 : Reλ^2_3(X^4) > 0, Imλ^2_3(X^4) = 0, λ^2_{α4} = 0, } so we consider coordinates in I^4 defined as

(ω^0 − ω^2)|X^4 = iτ_4ω^n_0 |X^4 , ω^0_n|X^4 = μ_4ω^n_0 |X^4 , ω^2_3|X^4 = ρ_4ω^n_0 |X^4 , dτ^1_3 |X^4 = τ^2_3 ω^n_0 |X^4 , dρ^1_3|X^4 = ρ^2_3ω^n_0 |X^4.

The invariants μ_4, τ_4, ρ_4 correspond to the coordinates a^1, b^2, Reλ^2_3.

The Lie algebra of the isotropy group of order 4 is given by: G̃4 = G3, if λ2_{α3} (X4) = 0, for all α_3,

G̃^4 = ℓ = iA^0Id_{4×4} 0 0 0 (ℓ^{α3}_{β3} ) 0 0 0 iA^0

; ℓ^{α3}β_3 + ℓ^{β3α}3 = 0 trℓ = 0, A^0 ∈ ℜ ,

if λ^2_{α3} (X^4) ≠ 0 for some α_3, and X^4_0 = X^4_{τ3ρ3τ4ρ4μ4τ}1_{3 ρ}1_3 .

Also we observe here that the isotropy algebra of X^4_0 does not depend on the invariants τ_3, ρ_3, τ_4, ρ_4, μ_4, τ^1_3 , ρ^1_3.

In the case n = 4, using the relation trℓ = 0, we have that G^4 = 0.

2.5 Action of G on the k-order contact elements

Similarly to paragraph 2.4, and using induction we can construct for k ≥ 5, a transversal section I^k to the orbits of maximal dimension, as follows

(2.14)

(ω^0 − ω^{k−2}_{k−2})|X^k = iτ_kω^n_0 |X^k , ω^{k−2}_{k−1}|X^k = ρ_kω^n_0 |X^k , dτ_{k−1}|X^k = τ^1_{k−1}ω^n_0 |X^k , dρ_{k−1}|X^k = ρ^1_{k−1}ω^n_0 |X^k , · · · · · · · · · · · · dτ^{k−5}_4 |X^k = τ^{k−4}_4 ω^n_0 |X^k , dρ^{k−5}_4 |X^k = ρ^{k−4}_4 ω^n_0 |X^k , dμ^{k−5}_4 |X^k = μ^{k−4}_4 ω^n_0 |X^k , dτ^{k−4}_3 |X^k = τ^{k−3}_3 ω^n_0 |X^k , dρ^{k−4}_3 |X^k = ρ^{k−3}_3 ω^n_0 |X^k .

The Lie algebra, of the isotropy group of a k-order contact element is given by

Ĝ^k = G̃^{k−1}, if λ^{αk}�^2_{αk}�_1 = 0, for all α_{k−2}, α_{k−1},

G̃^k = ℓ = iA^0Id_{k×k} 0 0 0 (ℓ^{αk}�^1_{βk}�_1 ) 0 0 0 iA^0 ; ℓ^{αk} �1_{βk} �1 + ℓ^{βk} �1_{αk} �1 = 0, trℓ = 0, A^0 ∈ ℜ , if X^k ∈ I^k.

3. Equivalence of regular curves in Q

In this paragraph we give the structure equations for a regular curve in Q, and necessary and sufficient conditions for the equivalence of two regular curves.

Let Γ be a curve in Q transversal to the distribution D at all its points, viewed as a connected 1-dimensional submanifold. Given p ∈ Γ, denote by C^k_p Γ the contact element of order k of Γ at p, and G^0_{Ckp Γ} the isotropy group by the induced action of G on C^kQ. We say that p is a regular point if: For n = 2, dimG^0_C3_p Γ = 0,

For n ≥ 3, dimG^0_Cn_p Γ = 0,

If p is regular and k is the smallest order of contact with G^0_{Ckp Γ} = 0, we say that p is a regular point of order k.

Now if p is a regular point of order k then all the points in a neighborhood of p are regulars of order k. We can see this, using the following results about Lie Groups [1].

Proposition 3.1. Let G be a Lie group acting on a smooth manifold M . For p ∈ M , let G_p be the isotropy group of p and d(p) the dimension of G_p. Then, given p_0 ∈ M , there exists a neighborhood V of p_0 in M , such that d(p) ≤ d(p_0) for all p ∈ V .

We will say that a curve Γ ⊂ Q is regular if all its points are regular.

Let I^k be the transversal section defined in (2.14) and A = G.I^k. Then we have the following,

Theorem 3.1. Let Γ ⊂ Q be a curve, and p ∈ Γ. Then Γ is regular of order k in p if and only if C^k_p Γ ∈ A.

Proof. By definition of I^k we have: if X^k_0 ∈ C^kQ, and X^k_0 /∈ A then dimG^0_{Xk} < dimG^0_{Xk0} , for all X^k ∈ A. In consequence, if C^k_p Γ /∈ A then dimG^0_{Ckp Γ} > 0 and p is no regular. The reciprocal is immediate by the definition of A. � Theorem 3.2. Let h : I^k × G → A be defined as h(X, g) = g.X. Then h has maximal rank.

Proof. The manifold I^k is transversal to the orbits of the action of G on A. Then, if X ∈ I^k we have,

T_X A = T_X I^k ⊕ T_X O_X , where O_X = G.X, now given g ∈ G

T l_g (T_X A) = T l_g (T_X I^k) ⊕ T l_g(T_X O_X ) = T_{g.X} gI^k ⊕ T_{g.X} O_X , moreover

T_{g.X} I^k ∩ T_{g.X} O_X = T l_g (T_X I^k ∩ T_X O_X ) = 0, then dim(T l_g (T_X A)) = dimA and h has maximal rank. � Corollary 3.1. Given X ∈ A there exists X_0 ∈ I^k, g_0 ∈ G and neighborhoods U ⊂ A, U ⊂ I^k, B ⊂ G of X, X_0 and g_0 respectively such that

h|_{U×B} : U × B −→ U is a diffeomorphism, then there exist smooth sections η : U → U ⊂ I^k, σ : U → B ⊂ G, such that

(3.1) (h|_{U×B})^{−1} = (η, σ). Remarks.

1. If Γ : J ∈ ℜ → Q is a regular curve of order k, then C^kΓ ⊂ A, and given X = C^k_p Γ the section σ allows us to define an immersion σ̃ = σ ∘ C^kΓ, of the curve Γ in G. Then we can transport the invariants forms ω^α_β defined on G to the curve Γ, as follows

ω̃^α_β = σ̃^∗ω^α_β .

2. Given X ∈ I^k the forms ω^α_β , which vanish on G^k, were projected onto T_Xk O^k using the map ϕ^k : g ∈ G −→ g.X^k ∈ O^k.

For v ∈ T_Xk O_Xk we have defined ω̃^α_β (v) = ω^α_β (V ), where V ∈ T_eG and T ψ^j (V ) = v. The forms ω̃^α_β can be extended similarly to (2.13), to the space T_Xk (G.I^k). 3. Let Γ ∈ Q be a regular curve of order k, and p ∈ Γ a regular point of order k then for q ∈ Γ there are g ∈ G, X^k ∈ I^k, such that C^k_q Γ = g.X^k. The left invariants forms ω̃^α_β which vanish on G^k, with the exception of^{ω0−ω0}_{2i} , were defined on Γ^′(0) ∈ T_pQ as

ω̃^α_β (Γ^′(t)) = ω̃^α_β ( d dt |_{t=0}C^{k−1}Γ(t)).

We can transport the form Imω^α_β to the curve Γ, using the section σ̃. Then we define (3.2) σ^∗Imω^0 (Γ^′(t)) = iτ_n(t)σ̃^∗ω^n_0 (Γ^′(t)), τ_n(t) ∈ ℜ.

It is clear, by the definition of I^k that for n = 2

(3.3) ω̃^2_0(Γ^′(0)) ≠ 0 , ω̃^0_1(Γ^′(0)) = ω̃^2_0(Γ^′(0)) , ω̃^1_0(Γ^′(0)) = 0 , ω̃^0_2(Γ^′(0)) = μ_4ω̃^2_0(Γ^′(0)) , Reω̃^0(Γ^′(0)) = 0 , Imω^0 (Γ^′(0)) = τ_3(Γ^′(0)) ,

for n > 2

(3.4) ω̃^n_0 (Γ^′(0)) ≠ 0 , ω̃^0_1(Γ^′(0)) = ω̃^n_0 (Γ^′(0)) , ω̃^0_{α2} (Γ^′(0)) = 0 , Reω̃^0(Γ^′(0)) = 0 , ω̃^{αj}_{βj} (Γ^′(0)) = 0 , ω̃^0_n(Γ^′(0)) = μ_4ω̃^2_0(Γ^′(0)) ,

(ω̃^0 − ω̃^{αj −2}_{αj −2})(Γ^′(0)) = iτ_{αj} ω^n_0 (Γ^′(0)), ω̃^{αj −1}_{αj −2}(Γ^′(0)) = ρ_{αj}�_2 ω^n_0 (Γ^′(0)) .

Where ρ_{αj} , μ_{αj} , τ_{αj} , 3 ≤ j ≤ n − 1, are the invariants of the orbits defined in the section 2.5.

3.1 The structure equations Let e_α : G → C^{n+1}, given by e_α(g_0, · · · , g_n) = g_α, where g = (g^α_β ) = (g_0, · · · , g_n), then we have de_α = ∑ ω^α_β e_β.

If Γ : J → Q is a regular curve transversal to D, we say that Γ is parametrized by arc length if ω^n_o (Γ^′(t)) = 1, for t ∈ J. A parametrization of Γ by arc length is given by s(t) = ∫_t t0 ω^n_0 (Γ^′(t))dt.

Given a regular curve parametrized by arc length , from (3.3) we have,

for n=2, de_0 = iτ_3dse_0 + dse_2 de_1 = dse_0 −2iτ_3dse_1 de_2 = μ_4de_0 − idse_1 +iτ_3dse_2.

For n ≥ 3 the structure equations are given by the matrix, iτ_nds ds iδ_3ds ρ_3ds −ρ_3ds iδ_4ds . μ_4ds

−ρ_4ds . . . . . . . ρ_{n−1}ds

ds . iδ_nds −ρ_nds iϵds iτ_nds

.

where τ_α, μ_α, ρ_α, are invariants of the orbits and

τ_n = Imω̃^0 ω̃^n_0

, δ_α = τ_n − τ_α, ϵ = n∑ α=3 τ_α − nτ_n.

Remark. The form ds coincides with the Levi form for Cauchy-Riemann structures, [5]. In D_{p0} we have a complex structure defined by the operator I : v ∈ D_{p0} → iv ∈ D_{p0} , and the Levi form defined by (α(v, v))^2 =^1_2 dω^n_0 (v, Iv). Using (1.7) we have,

dω^n_0 = −2 ∑ ω^γ_0 (v)ω^γ_0 (v), then (α(v, v))^2 = ∑ ω^γ_0 (v)ω^γ_0 (v).

The following Theorem about Lie groups, and the structure equations defined above, allow us to prove the following Theorem of equivalence of curves.

Theorem 3.3. Let G be a n-dimensional Lie group and ω^1, · · · , ω^n a basis of right invariants forms of G. Let S_1, S_2 ∈ G be two m-dimensional connected submanifolds, with n < m. Then, there exists an element g ∈ G such that R_g(S_1) = S_2 if and only if there exists a diffeomorphism ψ : S_1 → S_2, which preserves the forms ω^j , ψ^∗(ω^j |s_1) = ω^j |S_2. Proof. [7].

Theorem 3.4. Let Γ^1, Γ^2 ⊂ Q be two regular curves of order k, transverses to D, parametrized by length arc. Let p_1 ∈ Γ^1, p_2 ∈ Γ^2. Then there exists an element g ∈ G such that locally, l_g (Γ^1) = Γ^2, g.p_1 = p_2 if and only if there exists a local diffeomorphism

ψ : Γ_1 → Γ_2, such that τ^1_α ∘ ψ = τ^2_α, μ^1_α ∘ ψ = μ^2_α, ρ^1_α ∘ ψ = ρ^2_α, ν^1_α ∘ ψ = ν^2_α,

where τ^j_α, μ^j_α, ρ^j_α, ν^j_α, j = 1, 2, are the invariants asociated to Γ^j.

Proof. Let σ̃^1, σ̃^2 be the local sections of Γ^1, Γ^2 respectively in G, defined by the local diffeomorphism given in (3.1). These sections define two connected submanifolds Γ̃^1, Γ̃^2 ∈ G, and Γ^1, Γ^2 are locally equivalent if and only if Γ̃^1, Γ̃^2 are locally equivalent, by the following commutative diagram, J^{1 γ1}−→ Γ^1 ⊂ Q^{ik}−→ C^kQ^{σ1}−→ G lg lg J^{2 γ2}−→ Γ^2 ⊂ Q^{ik}−→ C^kQ^{σ2}−→ G .

Using Theorem 3.3, we have that Γ̃^1 = σ^1 ∘ i^k ∘ γ^1, and Γ̃^2 = σ^2 ∘ i^k ∘ γ^2, are equivalents if and only if there exists a local diffeomorphism ψ which preserves the forms ω^α. Since the curves are parametrized by arc length, we have using the structure equations that the forms are preserved if and only if the invariants τ^j_α, μ^j_α, ρ^j_α, ν^j_α, j = 1, 2, are preserved. �

References

[1] Bredon, G.E., Introduction to Compact Transformations groups, Academic. Press, New York (1972).

[2] Cartan, E., Sur la géométrie pseudo-conforme des hypersurfaces de deux variables complexes, I.II, Ouvres II, 2, 1231-1304; ibid III,2, 1217-1238.

[3] Cartan, E., Théorie des groupes finis el la géométrie différentielle traitées par la Methode du repère mobile, Gauthier-Villars, Paris, (1937).

[4] Chern, S. S., Moser, J. K., Real hypersurfaces in complex manifolds, Acta mathematica 133, (1975), 219-271.

[5] Chern, S. S., Cowen, J. M., Frenet frames along holomorphic curves, Topics in Differential Geometry, 1972-1973, pp. 191-203. Dekker, New York, 1974.

[6] Ehresmann, C., Les prolongements d’un space fibré diferéntiable, C.R. Acad. Sci. Paris, 240 (1955), 1755-1757.

[7] Green,M. L., The moving frame, Differential invariants and rigity theorems for curves in homogeneous spaces, Duke Math. Journal, Vol 45, No.4(1978), 735-779.

[8] Griffiths, P., On Cartan’s method of Lie groups and moving frames as applied to existence and uniqueness questions in differential geometry, Duke Math. J. 41(1974), 775-814.

[9] Hermann, R., Equivalence invariants for submanifolds of Homogeneous Spaces, Math. Annalen 158, 284-289 (1965).

[10] Hermann, R., Existence in the large of parallelism homomorphisms, Trans. Am. Math. Soc.

108, 170-183 (1963).

[11] Jensen, G. R., Higher Order Contact of Submanifolds of Homogeneous Spaces, Lectures notes in Math. Vol. 610, Springer-Verlag, New York (1977).

[12] Jensen, G.R., Deformation of submanifolds of homogeneous spaces, J. of Diff. Geometry, 16(1981), 213-246.

[13] Kolář, I., Canonical forms on the prolongations of principle fibre bundles, Rev. Roum.

Math. Pures et Appl., Bucarest, Tome XVI, No.7, (1971), 1091-1106.

[14] Rodrigues, A. M., Contact and equivalence of submanifolds of homogeneous spaces, Aspects of Math. and its Applications. Elsevier Science Publishers B.V. (1986).

[15] Villarroel, Y., Equivalencia de curvas, Acta Científica Venezolana. Vol. 37, No. 6, p. 625-631, (1987).

[16] Villarroel, Y., Teoria de contacto y Referencial móvil, Public. Universidad Central de Venezuela. Dpto. de Matemática. 1991.

Y. Villarroel Departamento de Matemática. Facultad de Ciencias Universidad Central de Venezuela Caracas, VENEZUELA