ARCHIVUM MATHEMATICUM (BRNO) Tomus 32 (1996), 29 { 56

POISSON COHOMOLOGY AND CANONICAL HOMOLOGY OF POISSON MANIFOLDS

MARISA FERN«ANDEZ, RA«UL IB«A~NEZ, MANUEL DE LE «ON

Abstract. In this paper we present recent results concerningthe Lichnerowicz- Poisson cohomology and the canonical homology of Poisson manifolds.

1. Introduction Poisson manifolds are a subject of active research in Mathematics and Physics [3, 18, 27]. The notion of Poisson manifold was introduced by Lichnerowicz [22] as a manifold endowed with a Poisson bracket. We remit the reader to a paper by Weinstein [28] for some interesting historical remarks.

Lichnerowiz proved that a Poisson bracket on M is equivalent to give a skewsymmetric contravariant tensor field of second order G on M satisfying that the Schouten-Nijenhuis bracket of G with itself identically vanishes, that is, [G, G] = 0. G is called the Poisson tensor. A differential operator σ on the contravariant Grassmann algebra of M may be defined by σ(P ) = −[P, G]. The integrability condition for G (i.e., [G, G] = 0) implies that σ^2 = 0 and the corresponding cohomology is the so-called Lichnerowicz-Poisson cohomology of the Poisson manifold M .

On the other hand, Koszul [19] has introduced an operator δ on the Grassman algebra of differential forms defined by δ = [i(G), d], where i(G) is the contraction

1991 Mathematics Subject Classification. 53C15, 58A14, 58F05.

Key words and phrases. Poisson manifolds, symplectic manifolds, Lichnerowicz-Poisson cohomology, coe¸ective cohomology, canonical homology, canonical double complex.

This research was supported in part by DGICYT (Spain), Project PB94-0106; and UPV, Project 127.310-EA 191/94.

Lecture presented by M. de Le«on on the 6th International Conference Di¸erential Geometry and Applications, Brno, August 28 { September 1, 1995.

by the Poisson tensor G and d is the exterior derivative. Since δ^2 = 0, it defines a homology on M which is called the canonical homology of the Poisson manifold. Taking into account that dδ + δd = 0, Brylinski [7] has introduced a canonical double complex and studied the degeneracy of the first spectral sequence associated with it.

The aim of this paper is to present an account of recent results on the Poisson- Lichnerowicz cohomology and the canonical homology of any Poisson manifold.

The first part of the paper is devoted to study the Lichnerowicz-Poisson cohomology of a Poisson manifold. It is very hard to compute it although there exists a Mayer-Vietoris sequence. Nevertheless Poisson cohomology is not directly related with the topology of the manifold as in the case of the de Rham cohomology. For symplectic manifolds, the Lichnerowicz-Poisson cohomology is isomorphic to the de Rham cohomology, but it is not the case for non-symplectic Poisson manifolds. An example is presented in Section 6. In this paper we also introduce the so-called coeffective Lichnerowicz-Poisson cohomology. Since σ(G) = 0, we have σ(P ∧ G) = σ(P ) ∧ G and we obtain a subcomplex of the complex of contravariant tensor fields. Its cohomology is called coeffective. Again, for symplectic manifolds it is isomorphic to the coeffective cohomology introduced by Bouché [6]. Moreover, the cohomology class of G induces a truncated Lichnerowicz-Poisson cohomology. Both cohomologies are not isomorphic. In fact, the authors in [1, 9, 12, 13] have shown examples of compact symplectic manifolds and compact almost cosymplectic manifolds for which the coeffective cohomology is not isomorphic to the truncated Lichnerowicz-Poisson cohomology. In these cases we also have proved a Nomizu’s theorem for the coeffective cohomology; an open question is the possibility to extend it to arbitrary Poisson manifolds of constant rank.

The second part of this paper concerns with the canonical homology of a Poisson manifold. We establish its relationship with the Lichnerowicz-Poisson cohomology. In [2] Bhaskara and Viswanath have defined a natural pairing between the Lichnerowicz-Poisson cohomology and the canonical homology of a Poisson manifold M . We prove in Section 10 that for symplectic manifolds this pairing is nothing but the Poincaré duality.

In [7] Brylinski introduced the notion of harmonic forms on a Poisson manifold as follows: α is harmonic if dα = 0 and δα = 0. He proposed the following Problem A: to give conditions to ensure that any de Rham cohomology class has a representative which is harmonic. He proved that, for some symplectic manifolds, any de Rham cohomology class has a representative which is symplectically harmonic and conjectured that this is true for any symplectic manifold. In [11] we have constructed a counterexample. Independently, Mathieu [23] has proved that a symplectic manifold satisfies the Brylinski conjecture if and only if it verifies the Lefschetz theorem. As a corollary, if a symplectic manifold satisfies the Brylinski conjecture then its odd Betti numbers are even. So, many counterexamples can now be given.

Brylinski also studied in [7] the first spectral sequence associated with the canonical double complex and proved that, if the manifold is symplectic, it degenerates at the first term. He proposed the following Problem B: to find conditions on a

Poisson manifold to ensure that the first spectral sequence degenerates at the first term. We have studied the second spectral sequence and proved that it degenerates for arbitrary Poisson manifolds [14]. As a consequence, we find the Brylinski’s result. However, the first spectral sequence does not degenerate for non-symplectic Poisson manifolds. To prove this fact, we study the canonical homology of an almost cosymplectic manifold and prove the finiteness of their homology groups. We also prove a Nomizu’s theorem for the case of almost cosymplectic nilmanifolds, that is, the canonical homology may be computed at the Lie algebra level. By using these results we find a compact almost cosymplectic 5-dimensional nilmanifold for which the first spectral sequence does not degenerate at the first term.

Finally, in Section 17, we show that the previous Problems A and B have independent answers.

PART I: LICHNEROWICZ-POISSON COHOMOLOGY OF POISSON MANIFOLDS

2. Schouten-Nijenhuis bracket

Let M be C^∞ manifold of dimension m and denote by X(M ) the Lie algebra of C^∞ vector fields and by F(M ) the algebra of C^∞ functions on M .

There are two Grassmann algebras on M :

Covariant Grassmann algebra (Λ(M ) = ⨁_m p=0 Λ^p(M ), ∧)

Contravariant Grassmann algebra (V(M ) = ⨁_m p=0 V^p(M ), ∧) Λ(M ) is endowed with the exterior derivative d and V(M ) with the Schouten- Nijenhuis bracket [ , ]. We recall that the Schouten-Nijenhuis bracket is defined as the unique R-bilinear operator of local type

[ , ] : V^p(M ) × V^q (M ) −→ V^{p+q−1} (M )

such that [X_1 ∧ · · · ∧ X_p, Q] = q∑ i=1 (−1)^{i+1}X_1 ∧ · · · ∧ X̂_i ∧ · · · ∧ X_p ∧ [X_i, Q] , for all X_1, . . . , X_p ∈ X(M ) and for all Q ∈ V^q (M ), where the hat denotes missing arguments. Here [X, Q] = L_X Q is the usual Lie derivative of a tensor field with respect to a vector field X.

The Schouten-Nijenhuis bracket satisfies the following properties: [P, Q] = (−1)^{pq}[Q, P ] , [P, Q ∧ R] = [P, Q] ∧ R + (−1)^{pq+q} Q ∧ [P, R] , (−1)^{p(r−1)}[P, [Q, R]] + (−1)^{q(p−1)}[Q, [R, P ]] + (−1)^{r(q−1)}[R, [P, Q]] = 0 .

3. Poisson manifolds

Definition 3.1. A Poisson bracket { , } on a manifold M is a bilinear mapping

{ , } : F(M ) × F(M ) −→ F(M )

satisfying the following properties:

(1) (skew-symmetry) {f, g} = −{g, f}, (2) (Leibniz rule) {f, gh} = {f, g}h + g{f, h}, (3) (Jacobi’s identity) {{f, g}, h} + {{h, f}, g} + {{g, h}, f} = 0, for f, g, h ∈ F(M ). The pair (M, { , }) will be called a Poisson manifold. Next, if there is no danger of confusion, we shall write M instead of (M, { , }).

Notice that (1) is equivalent to that the Poisson bracket {f, f} vanishes, for any f ∈ F(M ); it expresses a conservation law of energy. Also, the Leibniz rule implies that the mapping f X_f (g) = {f, g} defines a vector field X_f on M which will be called a Hamiltonian vector field with energy f. Finally, the Jacobi’s identity can be equivalently written as X_f {g, h} = {X_f (g), h} + {g, X_f (h)}, which says that X_f is a derivation law of F(M ).

In [22], A. Lichnerowicz gave a more compact definition of a Poisson manifold. Define a skewsymmetric (2,0) type tensor field G by G(df, dg) = {f, g}. Then [G, G] = 0. Conversely, let G be an skewsymmetric (2,0) type tensor field on M and define a bracket of functions {f, g} = G(df, dg). Then { , } satisfies Jacobi’s identity iff [G, G] = 0. G will be called the Poisson tensor. The rank of G will be called the rank of the Poisson manifold.

The local structure of a Poisson manifold was elucidated by A. Weinstein (see [28]). We have

Theorem 3.1. Let M be a Poisson manifold of dimension m, with Poisson bracket { , }. Let x be a point of M where the rank of the Poisson structure is 2r. Then, there exist local coordinates {q^1, · · · , q^r, p_1, · · · , p_r, z^1, · · · , z^{m−2r}} around x such that {q^i, q^j} = 0, {q^i, p_j} = δ^j_i , {q^i, z^a} = 0, {p_i, p_j} = 0, {p_i, z_a} = 0, for all 1 ≤ i, j ≤ r, 1 ≤ a ≤ m − 2r. Furthermore, the Poisson bracket {z^a, z^b} is a function only of the local coordinates z^1, · · · , z^{m−2r} and vanishes at x. If the rank of the Poisson structure is constant and equal to 2r, the z-coordinates satisfy {z^a, z^b} = 0, for all 1 ≤ a, b ≤ m − 2r. (Coordinates {q^1, · · · , q^r, p_1, · · · , p_r, z^1, · · · , z^{m−2r}} are called Darboux coordinates.)

Suppose that G has constant rank 2r. Then G = r∑ i=1 ∂ ∂q^i ∧ ∂ ∂p_i , X_f = r∑ i=1 { ∂f ∂q^i ∂ ∂p_i − ∂f ∂p_i ∂ ∂q^i } , {f, g} = r∑ i=1 { ∂f ∂q^i ∂g ∂p_i − ∂f ∂p_i ∂g ∂q^i } .

4. Calculus on Poisson manifolds Let (M, { , }) be a Poisson manifold with Poisson tensor G. There exists a Poisson bracket of 1-forms

{ , } : Λ^1(M ) × Λ^1(M ) −→ Λ^1(M ) such that {df, dg} = d{f, g} (see K. H. Bhaskara, K. Viswanath [3]).

Define a mapping I : Λ^1(M ) −→ V^1(M ) as follows: I(α)(β) = G(α, β), ∀α, β ∈ Λ^1(M ) . Hence we can extend I to a mapping I : Λ^p(M ) −→ V^p(M ) by putting:

- I(f) = f, for any f ∈ F(M );

- I(α)(α_1, . . . , α_p) = (−1)^pα(I(α_1), . . . , I(α_p)), for α ∈ Λ^p(M ) and α_1, . . . , α_p ∈ Λ^1(M ).

Proposition 4.1. We have: - I(α ∧ β) = I(α) ∧ I(β) - I(df) = X_f - I : Λ^1(M ) −→ V^1(M ) is a Lie algebra homomorphism, i.e., I({α, β}) = [I(α), I(β)], ∀α, β ∈ Λ^1(M ) .

5. The Lichnerowicz-Poisson cohomology We define the contravariant exterior derivative σ : V^p(M ) −→ V^{p+1}(M ) by σ(P ) = −[G, P ] .

Alternatively, we can express σ in a more explicit way:

(σP )(α_0, α_1, . . . , α_p) = p∑ i=0 (−1)^i(Iα_i)(P (α_0, . . . , α̂_i, . . . , α_p))

+ p∑ i<j=0 (−1)^{i+j} P ({α_i, α_j}, α_0, . . . , α̂_i, . . ., α̂_j, . . . , α_p) , where α_i ∈ Λ^1(M ), and the hat denotes missing arguments.

Proposition 5.1. We have σ(P ∧ Q) = σ(P ) ∧ Q + (−1)^pP ∧ σ(Q) (P ∈ V^p(M )) , σ^2 = 0 , σ(G) = 0 , σ I = −I d . Thus, σ defines a cohomology on M which is called the Lichnerowicz-Poisson (LP for simplicity) cohomology of the Poisson manifold M . The p-th LP -cohomology group is then defined by

H^p_{LP} (M ) = ker{σ : V^p(M ) −→ V^{p+1}(M )} Im {σ : V^{p−1}(M ) −→ V^p(M )} . Notice that G defines a cohomology class [G] ∈ H^2_{LP} (M ).

Since σ I = −I d, we have induced homomorphisms in cohomology I : H^p_{DR}(M ) −→ H^p_{LP} (M ) 6. Symplectic manifolds Suppose that (M, { , }) has maximal rank, say m = 2n. In this case, I :

Λ^2(M ) −→ V^2(M ) is an isomorphism. If we put ω = −I^{−1}(G) , then we deduce dω = 0 , rank ω = 2n , −ω(X_f , X_g) = {f, g} , i_{Xf} ω = df . Thus, (M, ω) is a symplectic manifold.

Conversely, if (M, ω) is a symplectic manifold, we define a Poisson bracket by {f, g} = −ω(X_f , X_g), where i_{Xf} ω = df and i_{Xg} ω = dg. Theorem 6.1. For a symplectic manifold (M, ω) we have H^p_{DR}(M ) ∼= H^p_{LP} (M )

Proof. In fact, I induces isomorphisms in cohomology. � However, the result does not hold for non symplectic Poisson manifolds as the next example shows.

Example 6.1. (The manifold M (k, n)) Let M (k, n) be the completely solvable four-dimensional manifold defined by the 1-forms {α_1, α_2, α_3, α_4} such that

dα_1 = −kα_1 ∧ α_3 dα_2 = kα_2 ∧ α_3 dα_3 = 0 dα_4 = nα_1 ∧ α_2

where k is a real number such that e^k + e^{−k} is an integer different from 2, and n a non-zero integer number. M (k, n) is a compact quotient of a completely solvable Lie group G(k, n) with Lie algebra g(k, n).

Let {X_1, X_2, X_3, X_4} be the dual basis of vector fields. We have

[X_1, X_2] = −nX_4 [X_1, X_3] = kX_1 [X_2, X_3] = −kX_2

all the other brackets being zero.

Consider the Poisson tensor G given by

G = X_3 ∧ X_4 .

G is obtained from a left invariant Poisson structure on G(k, n). (We are using the same notation for the basis of left invariant 1-forms on G(k, n) and for the basis of 1-forms induced on M (k, n); as well for the basis of left invariant vector fields on G(k, n) and the basis of vector fields induced on M (k, n)). We compute the Lichnerowicz-Poisson cohomology groups at the Lie algebra level. They are

H^0_{LP} (g(k, n)) = 0 , H^1_{LP} (g(k, n)) = {[X_3], [X_4]} , H^2_{LP} (g(k, n)) = {[X_1 ∧ X_2], [X_3 ∧ X_4]} , H^3_{LP} (g(k, n)) = {[X_1 ∧ X_2 ∧ X_3], [X_1 ∧ X_2 ∧ X_4]} , H^4_{LP} (g(k, n)) = {[X_1 ∧ X_2 ∧ X_3 ∧ X_4]} .

A direct computation shows that [X_1 ∧ X_2] and [X_3 ∧ X_4] are not zero in H^2_{LP} (M (k, n)). Since H^2_{DR}(M (k, n)) = 0 (see [10]) we conclude that

H^2_{LP} (M (k, n)) Æ H^2_{DR}(M (k, n)) .

7. The coeffective Lichnerowicz-Poisson cohomology Since σ(G) = 0, H^2_{LP} (M ) has a distinguished element [G]. Hence we can define the truncated LP-cohomology groups as follows: ~H^p_{LP} (M ) = {[P ] ∈ H^p_{LP} (M )|[P ] ∧ [G] = 0} . Moreover, since σ(P ∧ G) = σ(P ) ∧ G we obtain a differential subcomplex of the complex (V(M ), σ): A^p_{LP} (M ) = {P ∈ V^p(M )|P ∧ G = 0} Its cohomology will be called the coeffective cohomology of M , and its p-th group is defined to be H^p(A_{LP} (M )) = ker{σ : A^p(M ) −→ A^{p+1}(M )} Im {σ : A^{p−1}(M ) −→ A^p(M )} . In a natural way, it arises the following question: Are H^p(A_{LP} (M )) and ~H^p_{LP} (M ) the same groups, unless isomorphism?

Next, we shall establish some partial results. If G has constant rank 2r, then A^p_{LP} (M ) = 0 , p ≤ r − 1 Therefore we get H^p(A_{LP} (M )) = 0 , p ≤ r − 1 .

Now, let (M, ω) be a symplectic manifold. We define a coeffective cohomology with respect to the symplectic form ω by declaring that a p-form α is coeffective if α ∧ ω = 0. Since ω is closed we obtain a differential subcomplex (A(M ), d) of the de Rham complex, where A^p(M ) = {α ∈ Λ^p(M )|α ∧ ω = 0} . The corresponding coeffective cohomology groups are denoted by H^p(A(M )), for every integer p and were introduced by T. Bouché [6].

On the other hand, we have the truncated de Rham cohomology ~H^∗_{DR}(M ) by the cohomology class [ω] of ω. Using the isomorphism I we deduce that ~H^p_{DR}(M ) ∼= ~H^p_{LP} (M ) , H^p(A(M )) ∼= H^p(A_{LP} (M )) . The next theorem follows from Bouché [6]:

Theorem 7.1. If M is a compact Kähler manifold of dimension 2n, we have H^p(A_{LP} (M )) ∼= ~H^p_{LP} (M ) , for p ≠ n.

In fact, if M is a compact Köhler manifold we have H^p(A(M )) ∼= ~H^p(M ) ,

Bouché conjectured that his result holds for arbitrary symplectic manifolds. However, a counterexample was constructed in [1]. Actually, a method to compute the coeffective cohomology was presented in [12, 13].

First of all, we recall the Nomizu’s theorem which permits us to compute the de Rham cohomology of compact nilmanifolds.

Theorem 7.2. (Nomizu’s theorem [24]) Let G be a connected nilpotent Lie group with discrete subgroup Γ such that the space of right cosets M = Γ\G is compact. Then there is an isomorphism of cohomology groups

H^∗(g^∗) ∼= H^∗_{DR}(M ) ,

where H^∗(g^∗) denotes the Chevalley-Eilenberg cohomology of the Lie algebra g of G and H^∗_{DR}(M ) denotes the de Rham cohomology of M .

Hattori [17] has extended this result for completely solvable manifolds. In [13], we have proved a Nomizu’s theorem for the coeffective cohomology of symplectic manifolds.

Theorem 7.3. Let G be a connected nilpotent Lie group endowed with an invariant symplectic form ω^∗ and with a discrete subgroup Γ such that the space of right cosets M = Γ\G is compact. Then there is an isomorphism of cohomology groups

H^p(A(g^∗)) ∼= H^p(A(M )) ,

for all p ≥ n + 1, dim G = 2n, where H^p(A(g^∗)) is the coeffective cohomology with respect to ω^∗ and H^p(A(M )) is the coeffective cohomology defined by the projected symplectic form ω on M .

The result still holds for completely solvable manifolds.

Example 7.1. (The manifold R^6) Let R^6 be a 6-dimensional compact nilmanifold defined by the 1-forms {α_1, α_2, α_3, α_4, α_5, α_6} such that

dα_i = 0 , 1 ≤ i ≤ 3 , dα_4 = −α_1 ∧ α_2 , dα_5 = −α_1 ∧ α_3 , dα_6 = −α_1 ∧ α_4 .

We write α_{ij} = α_i ∧ α_j, α_{ijk} = α_i ∧ α_j ∧ α_k, and so forth.

Using Nomizu’s theorem we obtain:

H^0_{DR}(R^6) = {1}, H^1_{DR}(R^6) = {[α_1], [α_2], [α_3]}, H^2_{DR}(R^6) = {[α_{15}], [α_{16}], [α_{23}], [α_{24}], [α_{35}], [α_{25} + α_{34}]}, H^3_{DR}(R^6) = {[α_{135}], [α_{145}], [α_{146}], [α_{156}], [α_{234}], [α_{235}], [α_{246}], [α_{236} + α_{245}]}, H^4_{DR}(R^6) = {[α_{1246}], [α_{1256}], [α_{1356}], [α_{1456}], [α_{2345}], [α_{2346}]}, H^5_{DR}(R^6) = {[α_{12456}], [α_{13456}], [α_{23456}]}, H^6_{DR}(R^6) = {[α_{123456}]}.

Since b_1(R^6) = 3, we deduce that R^6 does not admit Kähler structures. However R^6 admits symplectic structures, for instance, ω = α_{15} + α_{16} + α_{25} + α_{34} + α_{13} .

By a direct computation, we obtain

~H^4_{DR}(R^6) = {[α_{1246}], [α_{1356}], [α_{1456}], [α_{1256} + α_{2346}], [α_{2345} + α_{2346}]} , and, from Nomizu’s theorem for the coeffective cohomology (see [13]) we have H^4(A(R^6)) = {{α_{1245}}, {α_{1246}}, {α_{1356}}, {α_{1456}}, {α_{1256}−α_{2345}}, {α_{1256}+α_{2346}}} . Thus, ~H^4(R^6) Æ H^4(A(R^6)) Remark 7.1. The coeffective cohomology for almost cosymplectic manifolds was introduced in [9]. Moreover, in [13], a Nomizu’s type theorem for this cohomology was proved.

To end this section we propose the following open problems: 1.- To obtain a Nomizu’s theorem for the Lichnerowicz-Poisson cohomology.

This would mean the following:

Let G be a connected nilpotent Lie group endowed with an invariant Poisson structure G^∗ (of course, of constant rank 2r) and with a discrete subgroup Γ such that the space of right cosets M = Γ\G is compact. Then there is an isomorphism of cohomology groups H^∗_{LP} (g) ∼= H^∗_{LP} (M ) , where H^∗_{LP} (g) denotes the LP-cohomology of the Lie algebra g of G and H^∗_{LP} (M ) denotes the de LP-cohomology of M .

2.- The same problem for the coeffective LP-cohomology.

PART II: CANONICAL HOMOLOGY OF POISSON MANIFOLDS 8. Canonical homology Let M be a Poisson manifold with Poisson tensor G and Poisson bracket { , }.

J.L. Koszul [19] introduced the differential operator δ : Λ^k(M ) −→ Λ^{k−1}(M ) , defined by δ = [i(G), d] = i(G) ∘ d − d ∘ i(G) , where i(G) denotes the contraction by G, and d is the exterior derivative.

Alternatively, J.L. Brylinski [7] gave the following explicit expression for δ:

δ(f_0 df_1 ∧ · · · ∧ df_k) = ∑ 1≤i≤k (−1)^{i+1} {f_0, f_i} df_1 ∧ · · · ∧ ^df_i ∧ · · · ∧ df_k + ∑ 1≤i<j≤k (−1)^{i+j} f_0 d{f_i, f_j} ∧ df_1 ∧ · · · ∧ ^df_i ∧ · · · ∧ ^df_j ∧ · · · ∧ df_k . (1) The operator δ satisfies (see [19, 7]) δ^2 = 0 and so, we obtain the canonical complex · · · −→ Λ^{k+1}(M )^δ−→ Λ^k(M )^δ−→ Λ^{k−1}(M ) −→ · · · whose homology groups H^{can}_∗ (M ) are given by H^{can}_k (M ) = ker{δ : Λ^k(M ) −→ Λ^{k−1}(M )} Im {δ : Λ^{k+1}(M ) −→ Λ^k(M )} . H^{can}_∗ (M ) is called the canonical homology of M . 9. Brylinski conjecture Brylinski, in [7], stated the following problem.

Problem A: Give conditions on a compact Poisson manifold M which ensure that any cohomology class in H^k_{DR}(M ) has a representative α such that dα = 0 and δα = 0, (i.e., α is harmonic for the Poisson structure of M ).

Suppose that M is symplectic. Then there is a natural pairing Λ^k(G) : Λ^k(T^∗M ) × Λ^k(T^∗M ) −→ F(M ) induced by the Poisson tensor G. In fact, Λ^k(G) is defined as follows: Λ^k(G)(α_1 ∧ · · · ∧ α_k, β_1 ∧ · · · ∧ β_k) = det (G(α_i, β_j)) .

Denote by v_M =^{ωn}_{n!} the symplectic volume form on M . The symplectic star operator is defined in [7] as follows: ⋆ : Λ^k(M ) −→ Λ^{2n−k}(M ) β ∧ (⋆α) = Λ^kG(β, α) · v_M , for α, β ∈ Λ^k(M ).

Proposition 9.1. [7] We have ⋆(⋆α) = α δα = (−1)^{k+1} ⋆ d ⋆ (α) , for α ∈ Λ^k(M ).

Now, we can relate the canonical homology with the de Rham cohomology of the symplectic manifold M .

Theorem 9.1. [7] Let M be a compact symplectic manifold of dimension 2n. Then, the operator ⋆ establishes an isomorphism of the canonical homology group H^{can}_k (M ) with the de Rham cohomology group H^{2n−k}_{DR} (M ): H^{can}_k (M ) ∼= H^{2n−k}_{DR} (M ) . Let M = Γ\G be a compact symplectic nilmanifold, whose symplectic form comes from the projection of a left invariant symplectic form on G. Then, Theorem 9.1 and Nomizu’s theorem imply that there is a natural isomorphism H^{can}_i (g^∗) ∼= H^{can}_i (M ) , where g is the Lie algebra of G.

Because dδ + δd = 0, the symplectic Laplacian operator Δ = dδ + δd vanishes. However, we still give the following definition.

Definition 9.1. A k-form ν such that dν = 0 and δν = 0 will be called symplectically harmonic.

Brylinski made the following conjecture:

If M is a compact symplectic manifold, any de Rham cohomology class in H^∗_{DR}(M ) has a symplectically harmonic representative.

He obtained the following evidences for the conjecture:

(1) The conjecture is true if M = R^{2n}/Γ, where Γ is a discrete subgroup and

R^{2n} is endowed with the standard symplectic structure.

(2) Every cotangent bundle T^∗N satisfies the conjecture. (3) Every compact Kähler manifold satisfies the conjecture. However, the assertion fails for arbitrary compact symplectic manifolds.

Example 9.1. (The Kodaira-Thurston manifold) The Heisenberg group H is the connected, simply connected and nilpotent Lie group of dimension 3 of the form

H = 1 x_1 x_3 0 1 x_2 0 0 1

/ x_1, x_2, x_3 ∈ R .

A standard computation shows that a basis for the left invariant 1-forms on H is given by {dx_1, dx_2, dx_3 − x_1dx_2}. Now, we take the compact quotient Γ\H, where Γ is the uniform subgroup of H consisting of those matrices whose entries are integers. Thus, Γ\H is a 3-dimensional compact nilmanifold; and the 1-forms dx_1, dx_2, dx_3 − x_1dx_2 all descend to 1-forms α_1, α_2, α_3 on Γ\H.

The Kodaira-Thurston manifold KT is KT = (Γ\H) × S^1 Denote by α_4 the canonical 1-form on S^1. Then, {α_1, α_2, α_3, α_4} is a basis for the 1-forms on KT such that dα_1 = dα_2 = dα_4 = 0, dα_3 = −α_1 ∧ α_2 . (2) Nomizu’s theorem permits us to compute the de Rham cohomology groups of KT . They are: H^0_{DR}(KT ) = {1} , H^1_{DR}(KT ) = {[α_1], [α_2], [α_4]} , H^2_{DR}(KT ) = {[α_1 ∧ α_3], [α_1 ∧ α_4], [α_2 ∧ α_3], [α_2 ∧ α_4]} , H^3_{DR}(KT ) = {[α_1 ∧ α_2 ∧ α_3], [α_1 ∧ α_3 ∧ α_4], [α_2 ∧ α_3 ∧ α_4]} , H^4_{DR}(KT ) = {[α_1 ∧ α_2 ∧ α_3 ∧ α_4]} .

Define a symplectic form ω = α_1 ∧ α_3 + α_2 ∧ α_4 with Poisson tensor G = X_3 ∧ X_1 + X_4 ∧ X_2 , where {X_1, X_2, X_3, X_4} is the dual basis of vector fields.

Therefore, we have δ(α_3 ∧ α_4) = α_1 , δ(α_2 ∧ α_3 ∧ α_4) = α_1 ∧ α_2 , and δ(β) = 0 for the another left invariant forms β.

Theorem 9.2. [11] The cohomology class [α_2 ∧ α_3 ∧ α_4] in H^3_{DR}(KT ) does not admit a representative ν such that dν = δν = 0.

Proof. For a symplectic manifold (M, ω) we define L : Λ^k(M ) −→ Λ^{k+2}(M ) by L(α) = α ∧ ω. By using the identities L ∘ d = d ∘ L i(G) = − ⋆ L⋆ , [L, δ] = −d , ⋆(β) = −(n − 1)! L^{n−1}(β) , β ∈ Λ^1(M ) , the theorem is proved by a long by straightforward computation. � Remark 9.1. O. Mathieu [23] have obtained a characterization of the space of the cohomology classes which contain a harmonic representative. To do this, he used a classification result for representations of the Lie superalgebra sl(2) × C^2. As a consequence he obtain the following characterization:

Theorem 9.3. (Mathieu) A compact symplectic manifold (M^{2n}, ω) satisfies the Brylinski conjecture if and only if for any k ≤ n the cup product [ω]^k : H^{n−k}_{DR} (M ) −→ H^{n+k}_{DR} (M ) is an isomorphism, or, in other words, if and only if M satisfies the strong Lefschetz theorem.

Thus, any compact symplectic manifold which does not verify the strong Lefschetz theorem gives a counterexample of Brylinski conjecture. Corollary 9.1. (Mathieu) The odd Betti numbers of a manifold satisfying the conjecture are even.

Since b_1(KT ) = 3, Theorem 9.2 follows from Mathieu’s corollary.

10. Duality between canonical homology and Lichnerowicz-Poisson cohomology In [2], Bhaskara and Viswanath have defined a duality between the canonical homology and the Lichnerowicz-Poisson cohomology of any Poisson manifold M . First of all, they defined a natural pairing Λ^p(M ) × V^p(M ) −→ F (M ) by putting ⟨α_1 ∧ · · · ∧ α_p, X_1 ∧ · · · ∧ X_p⟩ = det(α_i(X_j )) . Moreover, they defined the following operation. If P ∈ V^{p−1}(M ) and γ ∈ Λ^p(M ), then i(P )γ ∈ Λ^1(M ) is given by (i(P )γ)(X) = ⟨γ, P ∧ X⟩ , ∀X ∈ X(M ) . So, they obtained the following formula ⟨γ, σ(P )⟩ − ⟨δγ, P ⟩ = (−1)^pδ(i(P )γ) .

from which it follows that ⟨ , ⟩ induces a natural pairing H^{can}_p (M ) × H^p_{LP} (M ) −→ H^{can}_0 (M ) by putting ⟨γ, [P ]⟩ = ⟨γ, P ⟩ . Now, suppose that M is a compact symplectic manifold of dimension 2n. Taking into account that H^{can}_p (M ) ∼= H^{2n−p}_{DR} (M ) , [γ] [⋆γ] , H^p_{LP} (M ) ∼= H^p_{DR}(M ) , [P ] [I^{−1}(P )] , H^{can}_0 (M ) ∼= H^{2n}_{DR}(M ) , [⟨γ, P ⟩] [⋆⟨γ, P ⟩] , we deduce that the pairing is non-singular. In fact, by integrating over M we obtain the well-known duality of Poincaré, which can be now stated as follows: H^{can}_p (M ) ∼= H^p_{LP} (M ) . 11. The double periodic complex Since dδ + δd = 0 , Brylinski [7] introduced the canonical double complex C_{∗,∗}(M ) , C_{p,q}(M ) = Λ^{q−p}(M ) , ∀p, q ≥ 0 , together with differentials

- d : C_{p,q} (M ) −→ C_{p−1,q}(M ) (the horizontal differential of degree −1), - δ : C_{p,q}(M ) −→ C_{p,q−1}(M ) (the vertical differential of degree −1). The periodic double complex is defined by (C^{per}_{∗,∗} (M ), d, δ) , C^{per}_{p,q} (M ) = Λ^{q−p}(M ) , (p, q ∈ Z) . Thus, (see [5, 16]) there are two spectral sequences associated with this periodic double complex which will be studied in the forthcoming sections. 12. The second spectral sequence Let^′δ_r be the differential of bidegree (r − 1, −r), so that the groups^′E^{r+1}_{p,q} (M ) are isomorphic to the homology groups of the sequence · · · −→^′E^r_{p−r+1,q+r} (M )^{0δr}−→^′E^r_{p,q}(M )^{0 δr}−→^′E^r_{p+r−1,q−r}(M ) −→ · · ·

Observe that a differential form β ∈ C^{per}_{p,q} (M ) lives to^′E^r_{p,q}(M ) if it satisfies dβ = 0, δβ = dβ_1, δβ_1 = dβ_2, . . δβ_{r−3} = dβ_{r−2}, δβ_{r−2} = dβ_{r−1}, for some differential forms β_1, · · · , β_{r−1}. In such a case, denote by^′[β]_r the homology class defined by β in^′E^r_{p,q}(M ). The differential^′δ_r on^′E^r_{p,q}(M ) is given by_′ δ_r^′[β]_r =^′[δβ_{r−1}]_r .

Now, for r = 1 the groups^′E^1_{p,q}(M ) of the second spectral sequence are isomorphic to the homology groups of the sequence · · · −→ C^{per}_{p+1,q}(M )^d−→ C^{per}_{p,q} (M )^d−→ C^{per}_{p−1,q}(M ) −→ · · · Thus we obtain_′ E^1_{p,q}(M ) ∼= H^{q−p}_{DR} (M ) . For r = 2 the groups^′E^2_{p,q}(M ) of the second spectral sequence are isomorphic to the homology groups of the sequence · · · −→ H^{q−p+1}_{DR} (M )^δ−→ H^{q−p}_{DR} (M )^δ−→ H^{q−p−1}_{DR} (M ) −→ · · · Next, we shall study the degeneracy of the second spectral sequence. First of all, we need the following lemma.

Lemma 12.1. [14] Let (M, { , }) be a Poisson manifold with Poisson tensor G. We have ki(G)di(G)^{k−1} = i(G)^kd + (k − 1)di(G)^k , ∀k ∈ N As a direct consequence, we get

Theorem 12.1. [14] The second spectral sequence of the double complex C^{per}_{p,q} (M ) degenerates at^′E^1(M ), that is,^′E^1(M ) ∼=^′E^∞(M ).

Proof. In fact, after some manipulations by using the above Lemma 12.1, we deduce that β_{r−1} = d(γ), for some (p + q − 1)-form γ. So^′δ_r^′[β]_r =^′[δβ_{r−1}]_r = 0.

13. The first spectral sequence

Denote by δ_r the differential of bidegree (−r, r−1), so that the groups E^{r+1}_{p,q} (M ) are isomorphic to the homology groups of the following sequence · · · −→ E^r_{p+r,q−r+1} (M )^{δr}−→ E^r_{p,q}(M )^{δr}−→ E^r_{p−r,q+r−1}(M ) −→ · · · Note that a differential form α ∈ C^{per}_{p,q} (M ) lives to E^r_{p,q}(M ) if it satisfies δα = 0, dα = δα_1, dα_1 = δα_2, . . dα_{r−3} = δα_{r−2}, dα_{r−2} = δα_{r−1}, for some differential forms α_1, · · · , α_{r−1}. Denote by [α]_r the homology class defined by α in E^r_{p,q}(M ). The differential operator δ_r is given by δ_r [α]_r = [dα_{r−1}]_r .

In particular, for r = 1 the groups E^1_{p,q}(M ) of the first spectral sequence are isomorphic to the homology groups of the sequence · · · −→ C^{per}_{p,q+1}(M )^δ−→ C^{per}_{p,q} (M )^δ−→ C^{per}_{p,q−1}(M ) −→ · · · Thus, we have E^1_{p,q}(M ) ∼= H^{can}_{q−p}(M ) . For r = 2, the groups E^2_{p,q}(M ) are isomorphic to the homology groups of the sequence · · · −→ H^{can}_{q−p−1}(M )^d−→ H^{can}_{q−p}(M )^d−→ H^{can}_{q−p+1}(M ) −→ · · · In [7], Brylinski has proposed the following problem:

Problem B: Give conditions on a compact Poisson manifold M which ensure the degeneracy at E^1 of the first spectral sequence of M .

In fact, he proved the following result.

Theorem 13.1. ( [7]) For any compact symplectic manifold M , the first spectral sequence of the double complex C^{per}_{p,q} (M ) degenerates at E^1(M ).

By using the symplectic star operator, we have Theorem 13.2. [14] For all r ≥ 0, the homomorphism f_r : E^r_{p,q}(M ) −→^′E^r_{q,2n+p}(M ) given by f_r [α]_r =^′[⋆α]_r is an isomorphism of homology groups. Moreover, f_r commutes with the differential, that is, (f_r ∘ δ_r )[α]_r = (−1)^{q−p+1}(^′δ_r ∘ f_r)[α]_r, for all [α]_r ∈ E^r_{p,q}(M ).

Proof. The theorem follows by using the symplectic star operator and Theorem 12.1. � Now, as a consequence of Theorem 12.1 and Theorem 13.2, we obtain Theorem 13.1.

14. Almost cosymplectic manifolds An important class of odd dimensional Poisson manifolds are almost cosymplectic manifolds.

Definition 14.1. An almost contact metric structure (ϕ, R, η, g) on a (2n + 1)- dimensional manifold M consists of:

- a tensor field ϕ of type (1, 1): - a vector field R; - a 1-form η;

- a Riemannian metric g on M ; such that ϕ^2 = −I + η ⊗ R, η(R) = 1, g(ϕ(X), ϕ(Y )) = g(X, Y ) − η(X)η(Y ) , ∀X, Y ∈ X(M ) . M is then called an almost contact metric manifold.

Define the fundamental 2-form Φ by Φ(X, Y ) = g(ϕ(X), Y ) , ∀X, Y ∈ X(M ) . Hence, we have Φ^n ∧ η ≠ 0 , which defines a volume form v_M = 1 n! (Φ^n ∧ η) .

Definition 14.2. M is called almost cosymplectic if Φ and η are closed.

Next, we shall introduce a Poisson structure on an almost cosymplectic manifold.

Definition 14.3. Let M be an almost cosymplectic manifold. For each f ∈ F(M ) the Hamiltonian vector field X_f of f is the vector field on M defined by { i_{Xf} Φ = df − R(f)η, i_{Xf} η = 0

Moreover, there are local coordinates {q^1, · · · , q^n, p_1, · · · , p_n, z} in a neighborhood of every point, such that Φ = n∑ i=1 dp_i ∧ dq^i , η = dz , R = ∂ ∂z , X_f = n∑ i=1 { ∂f ∂q^i ∂ ∂p_i − ∂f ∂p_i ∂ ∂q^i } . (see [4, 8, 20]).

Let M be an almost cosymplectic manifold, with fundamental 2-form Φ. Define the mapping { , } : F(M ) × F(M ) −→ F(M ) by {f, g} = −Φ(X_f , X_g) , for f, g ∈ F(M ), where X_f and X_g are the Hamiltonian vector fields of f and g, respectively. Then, { , } is a Poisson bracket on M . So, M is a Poisson manifold with Poisson tensor G given by G = n∑ i=1 ∂ ∂q^i ∧ ∂ ∂p_i , and the Poisson bracket satisfies {f, g} = n∑ i=1 { ∂f ∂q^i ∂g ∂p_i − ∂f ∂p_i ∂g ∂q^i } . Remark 14.1. Let M be a (2n + 1)-dimensional manifold endowed with a closed 2-form Φ and a closed 1-form η such that Φ^n ∧ η ≠ 0. Then there exists an almost contact metric structure (ϕ, R, η, g) on M such that Φ is the fundamental form (see [4] for the details).

15. The canonical homology of almost cosymplectic manifolds Let (M, ϕ, R, η, g) be an almost cosymplectic manifold, with fundamental 2- form Φ and Poisson tensor G. Denote by δ the Koszul differential of M .

Define the subspaces

Λ^k_R(M ) = {α ∈ Λ^k(M ) | i(R)α = 0},

Λ^k_η(M ) = {α ∈ Λ^k(M ) | η ∧ α = 0}.

We obtain the following decomposition

Λ^k(M ) = Λ^k_R(M ) ⊕ Λ^k_η(M ) . (3) In fact, if α ∈ Λ^k(M ) then α = (α − η ∧ i(R)α) + η ∧ i(R)α , where α − η ∧ i(R)α ∈ Λ^k_R(M ) , η ∧ i(R)α ∈ Λ^k_η(M ) . Proposition 15.1. δ preserves the above decomposition, i.e, we have i) δ(Λ^k_R(M )) ⊂ Λ^{k−1}_R (M ); ii) δ(Λ^k_η (M )) ⊂ Λ^{k−1}_η (M ).

So, we introduce the differential complexes

· · · −→ Λ^{k+1}_R (M )^δ−→ Λ^k_R(M )^δ−→ Λ^{k−1}_R (M ) −→ · · · and · · · −→ Λ^{k+1}_η (M )^δ−→ Λ^k_η(M )^δ−→ Λ^{k−1}_η (M ) −→ · · · and their corresponding homology groups ∧ H^{can}_k (M ) = Ker{δ : Λ^k_R(M ) −→ Λ^{k−1}_R (M )} δ(Λ^{k+1}_R (M )) , ∨ H^{can}_k (M ) = Ker{δ : Λ^k_η(M ) −→ Λ^{k−1}_η (M )} δ(Λ^{k+1}_η (M )) . In order to prove that the canonical homology groups H^{can}_k (M ) have finite dimension, we show in [14] that the groups Ȟ^{can}_k (M ) and Ĥ^{can}_{k−1}(M ) are isomorphic. Then, from (3) and Proposition 15.1, we deduce H^{can}_k (M ) ∼=^∧H^{can}_k (M ) ⊕^∨H^{can}_k (M ) ∼=^∧H^{can}_k (M ) ⊕^∧H^{can}_{k−1}(M ), for any k ≥ 1.

Moreover, in [14] we have proved the following Proposition 15.2. [14] For any compact almost cosymplectic manifold M of dimension (2n+1), the homology group^∧H^{can}_{2n−k}(M ) has finite dimension. Therefore, the canonical homology group H^{can}_k (M ) has also finite dimension.

16. The canonical homology of compact almost cosymplectic nilmanifolds In this section, we shall prove an approximation to Nomizu’s theorem for the canonical homology of compact almost cosymplectic nilmanifolds.

Let M = Γ\G be a compact almost contact metric nilmanifold of dimension (2n + 1). This means that:

- G is a connected, simply-connected and nilpotent Lie group of dimension (2n + 1);

- Γ is a discrete subgroup of G such that the quotient space Γ\G is compact; - There is a left invariant almost contact metric structure (ϕ, R, η, g) on G.

We also denote by (ϕ, R, η, g) the induced almost contact metric structure on M ; and by Φ the fundamental 2-form on G and M . Then, G and M are Poisson manifolds. Denote by δ the Koszul differential of G and M .

Let h be the Lie subalgebra of g defined by h = {X ∈ g|η(X) = 0} . So, h is a nilpotent Lie algebra of dimension 2n. Integrate h to obtain a Lie subgroup H of G, i.e., H is a connected, simply-connected, nilpotent Lie group whose Lie algebra is h. Moreover, Γ̃ = Γ ∩ H is a discrete subgroup of H such that the quotient space N = Γ̃\H is a compact nilmanifold. Notice that N is in fact a submanifold of M , for which the canonical inclusion will be denoted by j : N −→ M . Moreover, h is endowed with a symplectic form obtained by the restriction of Φ. Thus, N inherits a symplectic form also denoted by Φ which is the projection onto N of the left invariant symplectic form on H. In fact, N is a symplectic leaf of the symplectic foliation on M .

But we know that there are canonical isomorphisms

Ĥ^{can}_q (g^∗) ∼= H^{can}_q (h^∗) ∼= H^{can}_q (N ) .

Now, denote by λ : Ĥ^{can}_q (g^∗) −→ Ĥ^{can}_q (M ) the homomorphism which maps the homology class of a left invariant form α on G into the homology class of the projected form on M , namely λ[α] = [α]. Suppose that λ[α] = 0. Since α ∈ Λ^q_R(g) we have that α ∈ Λ^q (h). Because λ[α] = 0, we deduce that there exists β ∈ Λ^{q+1}_R (M ) such that α = δβ. From (1), we deduce that β = β_0 + β_1, where β_0 ∈ Λ^{q+1}(N ) and the components of β_1 in Darboux coordinates are linear on the z’s. Thus, α = δβ = δβ_0, and, therefore, [α] is the zero class in Ĥ^{can}_q (g^∗).

This proves

Theorem 16.1. Let G be a connected nilpotent Lie group endowed with an invariant almost cosymplectic structure (ϕ, R, η, g) and with a discrete subgroup Γ such that the space of right cosets M = Γ\G is compact. Then there is an injective homomorphism of homology groups from H^{can}_q (g^∗) into H^{can}_q (M ), for all q ≥ 0, where we consider on M the projected almost cosymplectic structure.

Example 16.1. (The manifold M^5) We exhibit an example of a compact almost cosymplectic nilmanifold M^5 for which the first spectral sequence {E^r(M^5)} is such that E^1(M^5) Æ E^2(M^5).

Let G be the 5-dimensional connected, simply-connected and nilpotent Lie group, defined by the left invariant 1-forms {α_1, · · · , α_5} such that

dα_1 = dα_2 = dα_5 = 0 ,

dα_3 = α_2 ∧ α_5 ,

dα_4 = α_1 ∧ α_2.

These structure equations can be integrated explicitly; in fact, G can be realized as the nilpotent Lie group

G = 1 x_1 x_2 x_5 x_3 x_4 0 1 0 0 0 −x_2 0 0 1 0 −x_5 0 0 0 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 1

| | | | | | | | | | | x_i ∈ R .

We take Γ to be the subgroup of G consisting of those matrices whose entries are integers. Define M^5 = Γ\G.

Let {X_1, · · · , X_5} be the basis dual to {α_1, α_2, α_3, α_4, α_5}. Consider the metric g on M^5 defined by g = α^2_1 + α^2 + α^2_3 + α^2_4 + α^2_5.

Then {X_1, · · · , X_5} is an orthonormal frame with respect to g on M^5.

Define a tensor field ϕ of type (1, 1) over M^5 by

ϕ(X_1) = X_4, ϕ(X_2) = X_3, ϕ(X_5) = 0, ϕ(X_4) = −X_1, ϕ(X_3) = −X_2,

and consider R = X_5, η = α_5. Then (ϕ, R, η, g) is an almost contact metric structure on M^5 whose fundamental 2-form Φ is

Φ = α_1 ∧ α_4 + α_2 ∧ α_3.

The compact nilmanifold M^5 = Γ\G with the almost contact metric structure (ϕ, R, η, g) is an almost cosymplectic nilmanifold whose structure arises from a left invariant almost contact metric structure on G.

The Poisson tensor G is given by

G = −X_1 ∧ X_4 − X_2 ∧ X_3 ,

and we have

δ(α_3 ∧ α_4) = α_1, δ(α_2 ∧ α_3 ∧ α_4) = −α_1 ∧ α_2 ,

δ(α_3 ∧ α_4 ∧ η) = α_1 ∧ η, δ(α_2 ∧ α_3 ∧ α_4 ∧ η) = −α_1 ∧ α_2 ∧ η ,

and δ(β) = 0 for the another left invariant forms β.

Denote by g the Lie algebra of G. Then, we have

H^{can}_0 (g^∗) = {1}, H^{can}_1 (g^∗) = {{α_2}, {α_3}, {α_4}, {η}}, H^{can}_2 (g^∗) = {{α_1 ∧ α_3}, {α_1 ∧ α_4}, {α_2 ∧ η}, {α_2 ∧ α_3}, {α_2 ∧ α_4}, {α_3 ∧ η}, {α_4 ∧ η}},

H^{can}_3 (g^∗) = {{α_1 ∧ α_2 ∧ α_3}, {α_1 ∧ α_2 ∧ α_4}, {α_1 ∧ α_3 ∧ η}, {α_1 ∧ α_3 ∧ α_4}, {α_1 ∧ α_4 ∧ η}, {α_2 ∧ α_3 ∧ η}, {α_2 ∧ α_4 ∧ η}}, H^{can}_4 (g^∗) = {{α_1 ∧ α_2 ∧ α_3 ∧ α_4}, {α_1 ∧ α_2 ∧ α_3 ∧ η}, {α_1 ∧ α_2 ∧ α_4 ∧ η}, {α_1 ∧ α_3 ∧ α_4 ∧ η}}, H^{can}_5 (g^∗) = {{α_1 ∧ α_2 ∧ α_3 ∧ α_4 ∧ η}}.

Theorem 16.2. For the first spectral sequence {E^1(M^5)} we have

E^1_{0,1}(M^5) ≁= E^2_{0,1}(M^5)

Proof. In fact, α_3 defines a nontrivial homology class {α_3} in H^{can}_1 (g^∗). Then, α_3 defines a nontrivial homology class in H^{can}_1 (M^5). Moreover, E^1_{0,1}(M^5) ∼= H^{can}_1 (M^5), so that α_3 represents a nontrivial class in E^1_{0,1}(M^5).

However, dα_3 = α_2 ∧ η; and we know that α_2 ∧ η defines a nontrivial class in H^{can}_2 (g^∗). Therefore, α_2 ∧ η represents a nontrivial homology class in H^{can}_2 (M^5). This implies that α_2 ∧ η ∉ δ(Λ^3(M^5)).

Thus, α_3 does not live in E^2_{0,1}(M^5). �

17. About the Problems A and B

In this section, we shall show that Problems A and B of Brylinski have independent answers. Firstly, we prove that Problem A does not imply Problem B. For this, we consider the Kodaira-Thurston manifold KT defined by the equations (2).

Define a Poisson structure G on KT by

G = X_3 ∧ X_4 . (4) Let δ be the differential operator determined by G. From a straightforward computation we obtain that δ(ρ) = 0 for any left invariant form ρ. Using again Nomizu’s theorem we see that any de Rham cohomology class has a left invariant representative which is δ-coclosed. This proves the following.

Theorem 17.1. Let KT be the Kodaira-Thurston manifold with the Poisson tensor G given by ( 4). Then, any de Rham cohomology class of KT has a representative which is harmonic for the Poisson structure.

In order to show that the first spectral sequence {E^r(KT )} does not degenerate at the term E^1(KT ), we need to prove that the canonical homology groups H^{can}_∗ (KT ) have finite dimension.

Consider the subspaces Λ^q_{34}(KT ), Λ^q_1(KT ), Λ^q_2(KT ) and Λ^q_{12}(KT ) of Λ^q(KT ), (1 ≤ q ≤ 4), defined by

Λ^q_{34}(KT ) = {λ ∈ Λ^q(KT ) | i_{X1} λ = i_{X2} λ = 0} = Λ^q(α_3, α_4) ,

Λ^q_1(KT ) = {λ ∈ Λ^q(KT ) | α_1 ∧ λ = 0, i_{X2} λ = 0} = α_1 ∧ Λ^{q−1}(α_3, α_4) ,

Λ^q_2(KT ) = {λ ∈ Λ^q(KT ) | i_{X1} λ = 0, α_2 ∧ λ = 0} = α_2 ∧ Λ^{q−1}(α_3, α_4) ,

Λ^q_{12}(KT ) = {λ ∈ Λ^q(KT ) | α_1 ∧ λ = α_2 ∧ λ = 0} = α_1 ∧ α_2 ∧ Λ^{q−2}(α_3, α_4) ,

where Λ^∗(α_3, α_4) denotes the exterior algebra generated by α_3 and α_4.

Now, for λ ∈ Λ^q(KT ) it is easy to see that

λ = (λ − α_1 ∧ i_{X1} λ − α_2 ∧ i_{X2} λ + α_1 ∧ α_2 ∧ i_{X2} i_{X1} λ) + (α_1 ∧ i_{X1} λ − α_1 ∧ α_2 ∧i_{X2} i_{X1} λ) + (α_2 ∧ i_{X2} λ − α_1 ∧ α_2 ∧ i_{X2} i_{X1} λ) + α_1 ∧ α_2 ∧ i_{X2} i_{X1} λ ,

with (λ − α_1 ∧ i_{X1} λ − α_2 ∧ i_{X2} λ + α_1 ∧ α_2 ∧ i_{X2} i_{X1} λ) ∈ Λ^q_{34}(KT ), (α_1 ∧ i_{X1} λ − α_1 ∧ α_2 ∧ i_{X2} i_{X1} λ) ∈ Λ^q_1(KT ), (α_2 ∧ i_{X2} λ − α_1 ∧ α_2 ∧ i_{X2} i_{X1} λ) ∈ Λ^q_2(KT ) and α_1 ∧ α_2 ∧ i_{X2} i_{X1} λ ∈ Λ^q_{12}(KT ).

Therefore, the space Λ^q(KT ) becomes:

Λ^q(KT ) = Λ^q_{34}(KT ) ⊕ Λ^q_1(KT ) ⊕ Λ^q_2(KT ) ⊕ Λ^q_{12}(KT ) . (5) It follows that

δ(α_1 ∧ λ) = α_1 ∧ δ(λ) ,

δ(α_2 ∧ λ) = α_2 ∧ δ(λ) ,

δ(α_1 ∧ α_2 ∧ λ) = α_1 ∧ α_2 ∧ δ(λ) . (6)

Now, from (6) we obtain that δ preserves the decomposition (5), that is, δ(Λ^q_{34}(KT )) ⊂ Λ^{q−1}_{34} (KT ), δ(Λ^q_s(KT )) ⊂ Λ^{q−1}_s (KT ), (s = 1, 2) and δ(Λ^q_{12}(KT )) ⊂ Λ^{q−1}_{12} (KT ).

Therefore, we have the differential complexes (Λ^∗_{34}(KT ), δ), (Λ^∗_s(KT ), δ) (s = 1, 2) and (Λ^∗_{12}(KT ), δ), each one of which is a subcomplex of the canonical complex of KT . Denote by H^{can}_{34,∗}(KT ), H^{can}_{s,∗} (KT ) (s = 1, 2) and H^{can}_{12,∗}(KT ) the homology of the complexes (Λ^∗_{34}(KT ), δ), (Λ^∗_s(KT ), δ) (s = 1, 2) and (Λ^∗_{12}(KT ), δ), respectively.

Let us now consider the homomorphisms ^i_{Xs} : Λ^q_s(KT ) −→ Λ^{q−1}_{34} (KT ), (s = 1, 2), and ^i_{X2} ^i_{X1} : Λ^q_{12}(KT ) −→ Λ^{q−2}_{34} (KT ) given by ^i_{Xs} (λ) = i_{Xs} λ , ^i_{X2} ^i_{X1} (μ) = i_{X2} i_{X1} μ ,

for λ ∈ Λ^q_s(KT ), (s = 1, 2), and μ ∈ Λ^q_{12}(KT ).

Using (6) one can check that each one of the homomorphisms ^i_{Xs} , (s = 1, 2), and ^i_{X2} ^i_{X1} commutes with the differential δ, and moreover the homomorphisms induced in homology are isomorphisms. Now, from (5), we obtain the isomorphism: H^{can}_q (KT ) ∼= H^{can}_{34,q}(KT ) ⊕ H^{can}_{34,q−1}(KT ) (7) ⊕H^{can}_{34,q−1}(KT ) ⊕ H^{can}_{34,q−2}(KT ) .

Next, we study the homology H^{can}_{34,∗}(KT ). First, we need to introduce the map d̂ : Λ^q_{34}(KT ) −→ Λ^{q+1}_{34} (KT ), (q ≥ 0), defined by

d̂(λ) = dλ − α_1 ∧ i_{X1} dλ − α_2 ∧ i_{X2} dλ + α_1 ∧ α_2 ∧ i_{X2} i_{X1} dλ , (8) for λ ∈ Λ^q_{34}(KT ).

A direct computation, by using (8), shows that

d̂2 = 0 , d̂(λ ∧ μ) = d̂(λ) ∧ μ + (−1)q λ ∧ d̂μ , for λ ∈ Λ^q_{34}(KT ).

Thus, we have the differential complex (Λ^∗_{34}(KT ), d̂). Denote by Ĥ^∗(KT ) the cohomology of this complex.

Proposition 17.1. The differential complex (Λ^∗_{34}(KT ), d̂) is elliptic. Therefore, the cohomology groups Ĥ^q(KT ) have finite dimension.

Proof. The complex is elliptic in degree q if for all points x in KT and for all 1-form non-zero μ ∈ Λ^1_{34}(KT ) at x the complex

· · · 0^{μ∧}−→ (Λ^0_{34})_x(KT )^{μ∧}−→ (Λ^1_{34})_x(KT )^{μ∧}−→ (Λ^2_{34})_x(KT )^{μ∧}−→ 0 · · ·

is exact, where (Λ^q_{34})_x(KT ) is the space of the q-forms λ at x such that i_{X1(x)}λ = i_{X2(x)}λ = 0.

If we consider Darboux coordinates (q^1, q^2, p_1, p_2) defined on some contractible neighborhood of x and such that G = ∂ ∂q^2 ∧ ∂ ∂p_2 , then (Λ^k_{34})_x(KT ) is spanned by {dq^2, dp_2}. This implies the exactness of the above complex. � Now, imitating the definition of the symplectic star operator given in [7], we define the operator ⋆_{34} : Λ^q_{34}(KT ) −→ Λ^{2−q}_{34} (KT ), (0 ≤ q ≤ 2), by the condition λ ∧ (⋆_{34}μ) = Λ^q (G)(λ, μ)σ, for λ, μ ∈ Λ^q_{34}(KT ), and where σ is the 2-form σ = α_3 ∧ α_4.

Moreover, we consider the operator δ̂ : Λ^q_{34}(KT ) −→ Λ^{q−1}_{34} (KT ) given by δ̂ = [i(G), d̂] = i(G) ∘ d̂ − d̂ ∘ i(G) . Then, the same proofs given by Brylinski for the symplectic star operator (see [7], Lemma 2.1.2, Theorem 2.2.1, pp. 100-101) show that for λ ∈ Λ^q_{34}(KT ) hold:

⋆_{34}(∗_{34}λ) = λ ,

δ̂(λ) = (−1)q+1 ⋆_{34} d̂(⋆_{34}λ) . (9)

Moreover, from (6) and (9), we have

Proposition 17.2. The differential δ of KT satisfies δλ = [i(G), d̂](λ) , for λ ∈ Λ^q_{34}(KT ) and q ≥ 0.

From (9) and Proposition 17.2, it follows that ⋆_{34} defines an isomorphism of groups Ĥ^q(KT ) ∼= H^{can}_{34,2−q}(KT ) (0 ≤ q ≤ 2). This proves, by using (8), the following Proposition 17.3. For the Kodaira-Thurston manifold KT , the canonical homology groups H^{can}_q (KT ) have finite dimension. Therefore, the term E^1(KT ) of the first spectral sequence has also finite dimension.

Theorem 17.2. Let KT be the Kodaira-Thurston manifold with Poisson tensor given by ( 4). Then, for the first spectral sequence we have E^1(KT ) ≁= E^2(KT ). Proof. Consider the differential 2-form ω defined by ω = α_3 ∧ α_4 .

Then δω = 0 so ω represents a class in E^1_{0,2}(KT ) ∼= H^{can}_2 (KT ). Moreover ω /∈ δ(Λ^3(KT )). In fact, suppose that ω = δθ , for some differential 3-form θ ∈ Λ^3(KT ). It follows that ω = δθ = i(G)dθ − d(i(G)θ) = fα_1 ∧ α_2 − d(i(G)θ) , (10) for some function f ∈ F (M ). Taking in (10) the wedge product by α_1 ∧ α_2, we get α_1 ∧ α_2 ∧ α_3 ∧ α_4 = ω ∧ α_1 ∧ α_2 = −d(i(G)θ) ∧ α_1 ∧ α_2 = d(−i(G)θ ∧ α_1 ∧ α_2) , which is a contradiction with (3). Therefore, ω represents a non-trivial class in E^1_{0,2}(KT ).

Next, we shall prove that ω does not define a class in E^2_{0,2}(KT ) which is equivalent to show that dω = −α_1 ∧ α_2 ∧ α_4 /∈ δ(Λ^4(KT )). Suppose that dω = −α_1 ∧ α_2 ∧ α_4 = δ(ν) , for some differential 4-form ν ∈ Λ^4(KT ). We have dω = −α_1 ∧ α_2 ∧ α_4 = −i(G)dν + d(i(G)ν) = d(i(G)ν) . (11)

Let us now consider the differential 2-form γ ∈ Λ^2(KT ) defined by γ = ω − i(G)ν . From (11) it follows that γ is closed, so it represents a de Rham cohomology class [γ] ∈ H^2_{DR}(KT ). Now, there are two possibilities:

- CASE I. γ defines the zero class in H^2_{DR}(KT ). In this case we have γ = dγ_1 for some γ_1 ∈ Λ^1(KT ), and hence ω = i(G)ν + dγ_1 .

In this equality taking the wedge product by α_1 ∧ α_2 we conclude that

α_1 ∧ α_2 ∧ α_3 ∧ α_4 = ω ∧ α_1 ∧ α_2 = d(γ_1 ∧ α_1 ∧ α_2) ,

which is a contradiction with (3).

- CASE II. γ defines a non-trivial class in H^2_{DR}(KT ). In this case must be:

γ = ω − i(G)ν = λ_1α_1 ∧ α_3 + λ_2α_1 ∧ α_4 + λ_3α_2 ∧ α_3 + λ_4α_2 ∧ α_4 + dγ_2 ,

(12)

for some λ_i ∈ R, (1 ≤ 1 ≤ 4), and some 1-form γ_2 ∈ Λ^1(KT ). Again, taking in (12) the wedge product by α_1 ∧ α_2, we deduce that α_1 ∧ α_2 ∧ α_3 ∧ α_4 defines the zero class in H^4_{DR}(KT ), which is a contradiction. This completes the proof. � Now, from Theorem 17.1 and Theorem 17.2, we have

Corollary 17.1. For the Kodaira-Thurston manifold with the Poisson tensor G given by ( 4), Problem A does not imply Problem B.

That Problem B does not imply Problem A follows directly from Theorem 9.2 and Theorem 13.1.

References

1. L. C. de Andr«es, M. Fern«andez, M. de Le«on, R. Ib«a~nez, J. Menc«“a: On the coe¸ective cohomology of compact symplectic manifolds, C. R. Acad. Sci. Paris, 318, S«erie I, (1994), 231-236.

2. K. H. Bhaskara, K. Viswanath: Calculus on Poisson manifolds, Bull. London Math. Soc. 20 (1988), 68-72.

3. K. H. Bhaskara, K. Viswanath: Poisson algebras and Poisson manifolds, Research Notes in Mathematics, 174, Pitman, London, 1988.

4. D. E. Blair: Contact manifolds in Riemannian geometry, Lecture Notes in Math., 509, Springer-Verlag, Berlin, 1976.

5. R. Bott, L. W. Tu: Differential Forms in Algebraic Topology, GTM 82, Springer-Verlag, Berlin, 1982.

6. T. Bouch«e: La cohomologie coe¸ective d’une vari«et«e symplectique, Bull. Sci. math., 114 (2) (1990), 115-122.

7. J. L. Brylinski: A di¸erential complex for Poisson manifolds, J. Differential Geometry 28 (1988), 93-114.

8. F. Cantrijn, M. de León, E. A. Lacomba: Gradient vector ˛elds on cosymplectic manifolds, J. Phys. A: Math. Gen., 25, 175-188, (1992).

9. D. Chinea, M. de Le«on, J. C. Marrero: Coe¸ective cohomology on cosymplectic manifolds, Bull. Sci. math., 119 (1) (1995), 3-20.

10. M. Fern«andez, M. J. Gotay, A. Gray: Four-dimensional parallelizablesymplectic and complex manifolds, Proc. Amer. Math. Soc. 103 (1988), 1209-1212.

11. M. Fern«andez, R. Ib«a~nez, M. de Le«on: On a Brylinski Conjecture for Compact Symplectic Manifods. Proceedings of the ”Meeting on Quaternionic Structures in Mathematics and Physics”, SISSA, Trieste (Italy), 1994, (to appear).

12. M. Fern«andez, R. Ib«a~nez, M. de Le«on: The coe¸ective cohomology for compact symplectic nilmanifolds, Proceedings of the III Fall Workshop: Differential Geometry and its Applications, Granada, September 19-20, 1994, Anales de F«“sica, Monograf«“as, 2, 1995. pp. 131-144.

13. M. Fern«andez, R. Ib«a~nez, M. de Le«on: A Nomizu’s theorem for the coe¸ective cohomology.

To appear in Mathematische Zeitschrift.

14. M. Fern«andez, R. Ib«a~nez, M. de Le«on: The canonical spectral sequences for Poisson manifolds. Preprint IMAFF-CSIC, 1995.

15. M. Fern«andez, R. Ib«a~nez, M. de Le«on: Harmonic cohomology classes and the ˛rst spectral sequence for compact Poisson manifolds. C. R. Acad. Sci. Paris, 322, S«erie I, 1996.

16. Ph. Gri‹ths, J. Harris: Principles of Algebraic Geometry, John Wiley, New York, 1978. 17. A. Hattori: Spectral sequence in the de Rham cohomology of ˛bre bundles, J. Fac. Sci. Univ.

Tokyo, (8) Sect. 1 (1960), 289-331.

18. M.V. Karasev, V.P. Maslov: Nonlinear Poisson brackets. Geometry and Quantization, Translations of Mathematical Monographs, vol. 119, American Mathematical Society, Providence, RI, 1993.

19. J.L. Koszul: Crochet de Schouten-Nijenhuis et cohomologie, in "Elie Cartan et les Math.

d’Aujour d’Hui", Astérisque hors-série (1985), 251-271.

20. M. de Le«on, P. R. Rodrigues: Methods of Differential Geometry in Analytical Mechanics, North-Holland Math. Ser. 152, Amsterdam, 1989.

21. P. Libermann, Ch. M. Marle: Symplectic Geometry and Analytical Mechanics, Kluwer, Dordrecht, 1987.

22. A. Lichnerowicz: Les vari«et«es de Poisson et les alg«ebres de Lie associ«ees, J. Differential Geometry 12 (1977), 253-300.

23. O. Mathieu: Harmonic cohomology classes of symplectic manifolds, Comment. Math. Helvetici 70 (1995), 1-9.

24. K. Nomizu: On the cohomology of compact homogeneous spaces of nilpotent Lie groups, Annals of Math. 59 (1954), 531-538.

25. M. S. Raghunatan: Discrete Subgroups of Lie groups, Ergebnisse der Mathematik, 68, Springer-Verlag, Berlin, 1972.

26. W. P. Thurston: Some examples of symplectic manifolds, Proc. Amer. Math. Soc., 55 (1976), 467-468.

27. I. Vaisman: Lectures on the Geometry of Poisson Manifolds, Progress in Math. 118, Birkhäuser, Basel, 1994.

28. A. Weinstein: The local structure of Poisson manifolds, J. Differential Geometry 18 (1983), 523-557. Errata et addenda: J. Differential Geometry 22 (1985), 255.

M. Fernández and R. Ibáñez Departamento de Matemáticas, Facultad de Ciencias, Universidad del País Vasco Apartado 644, 48080 Bilbao, SPAIN

E-mail addresses : mtpferol@lg.ehu.es and mtbibtor@lg.ehu.es

M. de León Instituto de Matemáticas y Física Fundamental, Consejo Superior de Investigaciones Científicas Serrano 123, 28006 Madrid, SPAIN

E-mail address : mdeleon@pinar1.csic.es