ARCHIVUM MATHEMATICUM (BRNO) Tomus 31 (1995), 139 { 145

PROLONGATION OF TANGENT VALUED FORMS TO WEIL BUNDLES

Antonella Cabras, Ivan Koláø

Abstract. We prove that the so-called complete lifting of tangent valued forms

from a manifold M to an arbitrary Weil bundle over M preserves the Fr-olicher- Nijenhuis bracket. We also deduce that the complete lifts of connections are torsionfree in the sense of M. Modugno and the second author.

It has been pointed out recently that the Weil functors represent a uni˛ed technique for studying a large class of geometric spaces. Moreover, the general results from [4] enable us to clarify that certain procedures can be applied precisely to Weil bundles. In [7], A. Morimoto introduced the so-called complete lifting of tensor ˛elds of type (1, 1) from a manifold M to any Weil bundle T^AM by using the canonical exchange isomorphism between T^AT M and T T^AM . A special case of such a construction is the lifting of arbitrary connections from a ˛bered manifold E → B to T^AE → T^AB by J. Slov«ak, [8]. The problem of lifting tensor ˛elds of type (1, k) was studied by J. Gancarzewicz, [1] and by himself, W. Mikulski and Z. Pogoda, [2]. We present their construction of the complete lift of such a tensor ˛eld in Section 2 below, but we add a justi˛cation of the fact that such a procedure works for Weil bundles only, provided we accept the standard assumption of the so-called point property. A special case of tensor ˛elds of type (1, k) on M are the tangent valued k-forms on M . Using some results from [2] and the expression of the Fr-olicher-Nijenhuis bracket of tangent valued forms in terms of the bracket of vector ˛elds by P. W. Michor, [4], and M. Modugno, [6], we prove that the complete lifting preserves the Fr-olicher-Nijenhuis bracket. In our setting this is a consequence of a more general formula deduced in Section 4. This general formula enables us to study the torsions of connections on Weil bundles introduced by M. Modugno and the second author, [5]. In particular we deduce that all torsions of the complete lift of every connection vanish.

1991 Mathematics Subject Classification: 53C05, 58A20.

Key words and phrases: Weil bundle, tangent valued form, Fr-olicher-Nijenhuis bracket, complete lift, connection, torsion.

Received June 2, 1994.

This work has been performed during the visit of I. Koláø at Dipartimento di Matematica Applicata \G. Sansone", Universit„a di Firenze, supported by G. N.S.A.G. of C.N.R. The second author was also supported by a grant of the GA ÈR No. 201/93/2125.

Al manifolds and mappings are assumed to be in˛nitely di¸erentiable and all manifolds are paracompact.

1. Weil bundles

We recall the de˛nition of a Weil bundle over a manifold M in a form generalizing the classical concept of the jet functor T^r_k of k-dimensional velocities of order r, T^r_k M = J^r_0 (R^k, M ). Let ⟨x_1, . . ., x_k⟩ ⊂ R[x_1, . . ., x_k] be the ideal of all polynomials without absolute term in the algebra of all polynomials in k variables and ⟨x_1, . . . , x_k⟩^r be its r-th power. By a Weil ideal in R[x_1, . . . , x_k] we mean an ideal A satisfying ⟨x_1, . . . , x_k⟩^{r+1} ⊂ A ⊂ ⟨x_1, . . . , x_k⟩^2. The factor algebra

A = R[x1, . . . xk]/A is called a Weil algebra; the number k is said to be the width

of A and the minimum of the r’s is called the depth of A. If we consider the algebra E(k) of all germs of smooth functions on R^k at zero, then A generates an ideal ~A ⊂ E(k). Clearly, we have A = E(k)/ ~A as well.

Definition 1. Two maps g, h : R^k → M , g(0) = h(0) = x are said to be Aequivalent, if φ ∘ g − φ ∘ h ∈ ~A for every germ φ of a smooth function on M at x. Such an equivalence class will be denoted by j^Ag and called an A-velocity on M . The point g(0) is said to be the target of j^Ag.

Denote by T^AM the set of all A-velocities on M . It is easy to see that T^AR = A. The target map is a bundle projection T^AM → M . Further, for every f : M → N we de˛ne T^Af : T^AM → T^AN by T^Af(j^Ag) = j^A(f ∘ g). Then T^A is a functor on the category Mf of all manifolds with values in the category FM of smooth ˛bered manifolds, which is called the Weil functor corresponding to A. Clearly, T^A(M ×N ) = T^AM ×T^AN , so that T^A preserves products. In particular, for A = ⟨x_1, . . . , x_k⟩^{r+1} we obtain the functor T^r_k and the tangent functor T corresponds to the algebra D = R[x]/⟨x⟩^2 of the so-called dual (or Study) numbers.

Let B = R[x_1, . . .x_k]/B be another Weil algebra and H : A → B be an algebra homomorphism. Then H is the factor map of an algebra homomorphism

ψ : R[x1, . . . xk] → R[x1, . . . xl] satisfying ψ(A) ⊂ B and ψ is generated by a poly-

nomial map h : R^m → R^k, x_i = ψ(x_i), i = 1, . . . , k. In [3] it is proved that the maps τ^H_M : T^AM → T^BM ,

τ^H_M (j^Ag) = j^B (g ∘ h), g : R^k → M

de˛ne a natural transformation τ^H : T^A → T^B .

The important role of Weil functors in di¸erential geometry has been clari˛ed by a recent result, which reads that every product preserving bundle functor on Mf is a Weil functor and every natural transformation of two product preserving bundle functors is determined by a homomorphism of the corresponding Weil algebras, see [4] for a survey. In particular, the iteration T^A ∘ T^B of two Weil bundles corresponds to the tensor product A ⊗ B of Weil algebras, T^A(T^BM ) = T^{A⊗B}M . The exchange algebra homomorphism A⊗B → B⊗A de˛nes a natural equivalence κ^{A,B}_M : T^A(T^BM ) → T^B (T^AM ) which generalizes the canonical involution of the second tangent bundle T T M . Furthermore, if a : R×R→ Ror m : R×R→ Ris the addition or the multiplication of reals, then T^Aa : A×A → A or T^Am : A×A → A is the vector addition or the algebra multiplication in A = T^AR, respectively.

2. Complete lifts

A tensor ˛eld D of type (1, k) on M can be interpreted as a map D : T M ×_M · · · ×_M k-times T M → T M . Applying the functor T^A, we obtain

T^AD : T^AT M ×_T A_M · · · ×_T A_M T^AT M → T^AT M .

If we add the above mentioned exchange map κ : T^AT M → T T^AM , we construct

T^AD := κ ∘ T^AD ∘ (κ^{−1} × · · · × κ^{−1}) :

T T^AM ×_T A_M · · · ×_T A_M T T^AM → T T^AM (1) This is a tensor ˛eld of type (1, k) on T^AM , which is called the complete lift of D to T^AM , [2]. In the special case k = 0, we have a vector ˛eld D = X : M → T M . Then T^AX coincides with the ‚ow prolongation of X, i.e

(2) T^AX = ∂ ∂t | |_∘T^A(exp tX)

where exp tX is the ‚ow of vector ˛eld X, [4]. If X_1, . . . X_k ∈ C^∞T M are vector ˛elds on M , then D(X_1, . . .X_k) is a vector ˛eld on M as well. From (1) we deduce directly

(3) T^AD(T^AX_1, . . .T^AX_k) = T^A(D(X_1, . . . X_k))

We remark that such a construction of an induced tensor ˛eld of type (1, k) can be applied to Weil bundles only. We recall that a bundle functor F : Mf → FM is said to have the point property, if F (pt) = pt for each one point set pt. From Proposition 38.8 in [4] it follows easily: If F has the point property and there exists a natural equivalence F T → T F , then F preserves products, i.e. F is a Weil functor.

By [7], every a ∈ A determines a tensor L(a) of type (1, 1) on T^AM as follows. The multiplication of the tangent vectors of M by reals is a map μ : R× T M → T M . Applying the functor T^A, we obtain T^Aμ : A × T^AT M → T^AT M . Then

(4) T^Aμ := κ ∘ T^Aμ ∘ (id_A ×κ^{−1}) : A × T T^AM → T T^AM

and we de˛ne L(a) = T^Aμ(a, −). Since the multiplication in A is induced from the multiplication of reals, it holds

L(a_1) ∘ L(a_2) = L(a_1a_2) a_1, a_2 ∈ M .

Clearly, L(1) = id. If we need to underline the manifold M , we shall also write L_M (a).

The following lemma is due to Gancarzewicz, Mikulski and Pogoda, [2], but we sketch its proof for the sake of completeness.

Lemma 1. Let C and —C be two tensor fields of type (1, k) on T^AM . If it holds

C(L(a_1)T^AX_1, . . . , L(a_k)T^AX_k) = —C(L(a_1)T^AX_1, . . . , L(a_k)T^AX_k)

for all X_1, . . . X_k ∈ C^∞T M and all a_1, . . . a_k ∈ A, then C = —C.

Proof. It su‹ces to consider M = R^m and the constant vector ˛elds on R^m. Let 1, e_1, . . . , e_n be a basis of the vector space A with nilpotent e_1, . . . , e_n and x^i, y^i_1, . . . y^i_n be the induced coordinates on T^AR^m = A^m. Since the ‚ow of a constant vector ˛eld X = ξ^i∂/∂x^i is formed by translations, we have T^AX = ξ^i∂/∂x^i + 0.∂/∂y^i_1 + · · · + 0.∂/∂y^i_n. Then L(e_p)T^AX = ξ^i∂/∂y^i_p, p = 1, . . . , n. But ξ^i are arbitrary and this implies the coordinate form of our assertion. �

3. Some lemmas

Every function f : M → R induces a vector valued function T^Af : T^AM → A. Every vector ˛eld Y on T^AM determines the Lie derivative Y T^Af : T^AM → A of such a vector valued function. Given a ∈ A, we de˛ne aT^Af : T^AM → A by multiplying in A.

Lemma 2. If two vector fields Y and ~Y on T^AM satisfy Y (aT^Af) = ~Y (aT^Af) for all f : M → R and all a ∈ A, then Y = ~Y .

Proof. The proof is quite similar to the proof of Lemma 1. If su‹ces to take in account the linear functions f : R^m → R. �

Lemma 3. It holds T^A(Xf) = T^AX(T^Af) for every vector field X on M and every f : M → R.

Proof. The derivative Xf is the second projection of T f ∘ X : M → T R. Then T^A(Xf) = T^A(pr_2) ∘ T^Af ∘ T^AX. We have T^AX = κ_M ∘ T^AX by de˛nition and T^AT f ∘ κ^{−1}_M = κ^{−1}R ∘ T T^Af by naturality of κ. But T^A(pr_2) ∘ κRis the second projection A × A → A. �

Lemma 4. For every X ∈ C^∞T M , every f : M → R and every a ∈ A it holds T^AX(aT^Af) = aT^A(Xf) and (L(a)T^AX)T^Af = aT^A(Xf).

Proof. We have X(tf) = t(Xf) for all t ∈ R. By Lemma 3 we obtain T^AX(aT^Af) = aT^A(Xf). Further, we have (tX)f = t(Xf) for all t ∈ R. Using Lemma 3 and the de˛nition of L(a), we obtain (L(a)T^AX)T^Af = aT^A(Xf). �

The following lemma can be found in [2], but we present another proof, which replaces real-valued functions by A-valued ones.

Lemma 5. It holds [L(a_1)T^AX_1, L(a_2)T^AX_2] = L(a_1a_2)T^A([X_1, X_2]) for all X_1, X_2 ∈ C^∞T M and all a_1, a_2 ∈ A.

Proof. We know that the ‚ow prolongation T^A preserves the bracket of vector ˛elds, [4]. For every vector ˛elds Y_1, Y_2 on T^AM and every F : T^AM → A we have

[Y_1, Y_2]F = Y_1(Y_2f) − Y_2(Y_1F ) by de˛nition. Using Lemmas 3 and 4, we obtain [L(a_1)T^AX_1, L(a_2)T^AX_2](aT^Af) = L(a_1)T^AX_1(a_2aT^A(X_2f))− L(a_2)T^AX_2(a_1aT^A(X_1f)) = a_1a_2a(T^A(X_1X_2f) − T^A(X_2X_1f)) = a_1a_2aT^A([X_1, X_2])T^Af = L(a_1a_2)T^A([X_1, X_2])(aT^Af) .

Then our assertion follows from Lemma 2. � Even the following lemma is due to Gancarzewicz, Mikulski and Pogoda, [2].

Lemma 6. For every tensor fields D of type (1, k) on M , every X_1, . . . , X_k ∈ C^∞T M and every a_1, . . . , a_k ∈ A, it holds (6) T^AD(L(a_1)T^AX_1, . . ., L(a_k)T^AX_k) = L(a_1 . . . a_k)T^A(D(X_1, . . . , X_k)) . Proof. We have D(t_1X_1, . . . , t_kX_k) = t_1 . . . t_kD(X_1, . . . , X_k) for all t_1, . . . t_k ∈ R. Applying the functor T^A to this relation and using the de˛nition of L(a), we obtain (6). �

4. The Fr-olicher-Nijenhuis bracket

A tangent valued k-form P on M is an antisymmetric tensor ˛eld of type (1, k) on M . If Q is a tangent valued l-form on M , the Fr-olicher-Nijenhuis bracket [P, Q] is a tangent valued (k + l)-form on M , [4], [6]. Given a tangent valued k-form S on T^AM and an element a ∈ A, L(a)S is a tangent valued k-form on T^AM as well. The main result of the present paper is Proposition 1. For every tangent valued k-form P and tangent valued l-form Q on M and every a, b ∈ A, it holds (7) [L(a)T^AP, L(b)T^AQ] = L(ab)T^A([P, Q]) In particular, for a = b = 1 we obtain [T^AP, T^AQ] = T^A([P, Q]). Proof. M. Modugno, [6] and P.W. Michor, [4], found the following expression of [P, Q] in terms of the bracket of vector ˛elds [P, Q](X_1, . . . , X_{k+l}) = (8) = 1 k!l! ∑ σ sign σ[P (X_{σ1}, . . . , X_{σk}), Q(X_{σ(k+1)}, . . ., X_{σ(k+l)})] + −1 k!(l − 1)! ∑ σ sign σQ([P (X_{σ1}, . . . , X_{σk}), X_{σ(k+1)}], X_{σ(k+2)}, . . . ) + (−1)^{kl} (k − 1)!l! ∑ σ sign σP ([Q(X_{σ1}, . . . X_{σl}), X_{σ(l+1)}], X_{σ(l+2)}, . . . ) + (−1)^{k−1} (k − 1)!(l − 1)!2 ∑ σ sign σQ(P ([X_{σ1}, X_{σ2}], X_{σ3}, . . . ], X_{σ(k+2)}, . . . ) + (−1)^{(k−1)l} (k − 1)!(l − 1)!2 ∑ σ sign σP (Q([X_{σ1}, X_{σ2}], X_{σ3}, . . . ], X_{σ(l+2)}, . . .)

with X_1, . . . X_{k+l} ∈ C^∞T M . Let us express the value of [L(a)T^AP, L(b)T^BQ] on L(a_1)T^AX_1, . . . , L(a_{k+l})T^AX_{k+l} in this way. Using Lemmas 5 and 6 and (3), we deduce that each term of such a modi˛cation of (8) is equal to the value of T^A on the corresponding term of (8) multiplied by L(aba_1 . . . a_{k+l}). Hence we obtain L(ab)T^A([P, Q])(L(a_1)T^AX_1, . . . , L(a_{k+l}T^AX_{k+l})). Then Lemma 1 yields (7). � Given an arbitrary ˛bered manifold p : E → B, a connection on E can be studied either as a lifting map γ : E ×_B T B → T E or as the horizontal projection ` : T E → T E, which is a special tangent valued 1-form on E. Clearly, it holds ` = γ ∘ T p. Using the ˛rst approach, Slovák de˛ned the induced connection T^Aγ on T^AE → T^AB by T^Aγ = κ_Effi T^Aγ ∘ κ^{−1}_B , [8]. Under the second approach, we have T^A` = κ_E ∘ T^A` ∘ κ^{−1}_E according to (1). But T^AT p ∘ κ^{−1}_E = κ^{−1}_B ∘ T T^Ap by naturality, so that T^A` = (κ_E ∘ T^Aγ ∘ κ^{−1}_B ) ∘ T T^Ap. Hence the results of both approaches coincide.

Consider two connections ` and ´ on E in the second form of tangent valued 1-forms. The Fr-olicher-Nijenhuis bracket [`, ´] is called the mixed curvature of` and ´, [4], p. 232. Then Proposition 1 yields the following formula for the mixed curvature of T^A` and T^A´.

Proposition 2. It holds [T^A`, T^A´] = T^A([`, ´]).

In the special case ` = ´ we obtain the curvature [`, `] of `. We remark that this case has been studied in [2].

5. Torsions

In [5], M. Modugno and the second authors deduced that all natural tensors (in the sense of [4]) of type (1, 1) on T^AM are of the form L_M (a), a ∈ A. For example, in the special case A = D of the tangent bundle, the class {x} ∈ R[x]/⟨x⟩^2 determines the well known vertical operator on T T M . Given a connection ` on T^AM → M , the Fr-olicher-Nijenhuis bracket [`, L(a)] is called the L(a)-torsion of `, [5]. This idea can be modi˛ed to the case of connections on T^Ap : T^AE → T^AB as well.

Definition 2. Let ` be a connection on T^Ap : T^AE → T^AB and a ∈ A. Then the Fr-olicher-Nijenhuis bracket [`, L_E(a)] will be called the a-torsion of `.

A natural question is to study the torsions of the connection T^A` induced from a connection ` on E → B. The answer is a corollary of the following more general assertion.

Proposition 3. For every tangent valued k-form P on a manifold M and every a ∈ A, it holds [T^AP, L_M (a)] = 0.

Proof. We have L_M (a) = L(a)I_T A_M , where I_T A_M is the identity of T T^AM . Then Proposition 1 yields [T^AP, L(a)I_T A_M ] = L(a)T^A([P, I_M ]). But [P, I_M ] = 0 is a well known formula. � Corollary. For every connection ` on E → B, all a-torsions of the induced connection T^A` vanish.

References

[1] Gancarzewicz, J., Complete lifts of tensor fields of type (1, k) to natural bundles, Zeszyty Nauk. UJ, Kraków 23 (1982), 43{79.

[2] Gancarzewicz, J., Mikulski, W., Pogoda, Z., Lifts of some tensor fields and connections to product preserving functors, to appear in Nagoya Math. J.

[3] Koláø, I., Covariant approach to natural transformations of Weil functors, Comment. Math.

Univ. Carolinae 27 (1986), 723{729.

[4] Koláø, I., Michor, P. W., Slovák, J., Natural operations in differential geometry, Springer-Verlag 1993.

[5] Koláø, I. Modugno, M., Torsions of connections on some natural bundles, Di¸erential Geometry and Its Applications 2 (1992), 1{16.

[6] Mangiarotti, L. Modugno. M., Graded Lie algebras and connections on a fibred space, Journ.

Math. Pures and Appl. 83 (1984), 111{120.

[7] Morimoto, A., Prolongations of connections to bundles of infinitely near points, J. Di¸. Geo.

11 (1976), 479{498.

[8] Slovák, J., Prolongations of connections and sprays with respect to Weil functors, Suppl.

Rendiconti Circolo Mat. Palermo, Serie II 14 (1987), 143{155.

[9] Weil, A., Théorie des pointes proches sur les variétés différentielles, Colloque de topologie et g«eom«etrie di¸«erentielle, Strasbourg (1953), 111{117.

Antonella Cabras Dipartimento do Matematica Applicata \G. Sansone" Via S. Marta 3 50139 Firenze, ITALY

Ivan Koláø Department of Algebra and Geometry Faculty of Science Masaryk University Janáèkovo nám. 2a 662 95 Brno, CZECH REPUBLIC