ARCHIVUM MATHEMATICUM (BRNO) Tomus 30 (1994), 145 – 164

EMBEDDING OF HILBERT MANIFOLDS WITH SMOOTH BOUNDARY INTO SEMISPACES OF HILBERT SPACES

J. Margalef-Roig and E. Outerelo-Domínguez

Abstract. In this paper we prove the existence of a closed neat embedding of a Hausdorff paracompact Hilbert manifold with smooth boundary into H × [0; +∞), where H is a Hilbert space, such that the normal space in each point of a certain neighbourhood of the boundary is contained in H × {0}. Then, we give a neccesary and sufficient condition that a Hausdorff paracompact topological space could admit a differentiable structure of class ∞ with smooth boundary.

0. Introduction

A generalization of Whitney’s embedding theorem was given by J. Mc Alpin on 1965 [1] and [8]: “Every separable C^r –manifold without boundary modeled on a separable Hilbert space can be C^r–embedded as a closed submanifold of a separable Hilbert space”.

On 1970 J. Eells and K.D. Elworthy [4] proved the following immersion theorem: “Let E be a C^∞–smooth Banach space of infinite dimension, with a Shauder base. Suppose that X is a separable metrizable C^∞–manifold without boundary modeled on E. If X is parallelizable, then there is a C^∞–embedding of X onto an open subset of E”.

The purpose of this paper is to study embeddings in case that the infinite dimensional manifolds have boundary. We shall prove the following two theorems:

Theorem A

Let X be a Hausdorff paracompact differentiable manifold of class p + 1, p ≥ 1. Assume that X is a Hilbert manifold such that ∂(X) ≠ ϕ and ∂^2(X) = ϕ. Then there are a real Hilbert space H, a closed embedding g : H → H × [0, +∞) of class p with g^{−1}(X × {0}) = ∂(X), a collar neighbourhood (f, A) of ∂(X) in X of class p and an open set G of ∂(X) × [0, +∞) such that ∂(X) × {0} ⊂ G, gf(x, t) = (p_1g(x), t) for every (x, t) ∈ G, f(G) = G_1 is an open set in X with

1991 Mathematics Subject Classification: 57R40, 58C25, 58B10.

Key words and phrases: neat embedding, Hilbert manifold, manifold with smooth boundary, normal bundle manifold, collar neighbourhood.

Received April 3, 1992.

∂(X) ⊂ G_1 and N^g_x (X) ⊂ H × {0} for every x ∈ G_1, where N^g_x (X) is the normal space of g at x.

Theorem B

Let X be a Hausdorff paracompact topological space. The following statements are equivalent:

a) X admits a Hilbert differentiable structure of class ∞ with ∂(X) ≠ ϕ and ∂^2(X) = ϕ.

b) There are a real Hilbert space H, an open set U of H × [0, +∞) with U ∩ (H × {0}) ≠ ϕ and a map r : U → U of class ∞ such that r · r = r, r(∂(U )) ⊂ ∂(U ), ker(D(r)(x)) ⊂ H × {0} for every x ∈ r(U ) ∩ ∂(U ) and r(U ) is homeomorphic to X.

1. Prerequisites

Along this paper manifolds may have boundary if otherwise is not specified. Terminology and notation can be found in [6] but we explain here some of them.

Let E be a real Banach space and Λ a finite linearly independent system of elements of L(E, R). Then the quadrant {x ∈ E/λ(x) ≥ 0 for all λ ∈ Λ} will be denoted by E^+_Λ and the closed linear subspace {x ∈ E/λ(x) = 0 for all λ ∈ Λ} by E^0_Λ.

If X is a manifold, a chart of X will be denoted by (U, φ, (E, Λ)), where U is the domain of the chart, φ is the morphism, E is the model space, φ : U → E^+_Λ is injective and φ(U ) is an open set of E^+_Λ . For instance (E, Λ_E, E) is the natural chart of E and (E^+_Λ , j, (E, Λ)) is the natural chart of E^+_Λ , where j is the inclusion map.

Let E^+_Λ be a quadrant, U an open set of E^+_Λ and x ∈ E^+_Λ . Then we call index of x and denote ind(x), the cardinal of the set {i/λ_i(x) = 0, λ_i ∈ Λ}. The set {y ∈ U | ind(y) ≥ 1} will be called boundary of U and denoted ∂(U ). The set {y ∈ U / ind(y) = 0} will be called interior of U and denoted by int(U ), the set {x ∈ U/ ind(x) = k} will be denoted by B_k(U ) and the set {x ∈ U/ ind(x) ≥ k} will be denoted by ∂^k(U ), where k ∈ N ∪ {0}. From the local boundary invariance theorem we can define, in a natrual way, the index and the boundary of manifolds.

If X is a manifold and a ∈ X, we take the set {(c, v)/c = (U, φ, (E, Λ)) is a chart of X with a ∈ U and v ∈ E} and we consider the binary relation, ∼, on this set defined by: (c, v) ∼ (c^′, v^′) ⇔ D(φ^′φ^{−1})(φ(a))(v) = v^′. Then this relation is an equivalence relation and the quotient set will be denoted by T_a(X).

Let c = (U, φ, (E, Λ)) be a chart of X and a ∈ U . It is clear that the map θ^a_c : E → T_a(X) defined by θ^a_c (v) =∼ ((c, v)) is a bijective map. The class of equivalence ∼ ((c, v)) will be also denoted by [(c, v)]. Via the map θ^a_c the space T_a(X) becomes a real Banach space that will be called tangent space of X at a and θ^a_c becomes a linear homeomorphism. Moreover if c = (U, φ, (E, Λ)), c^′ = (U^′.φ^′, (E^′, Λ^′)) are charts of X with a ∈ U ∩ U^′, then (θ^a_c′ )^{−1} θ^a_c = D(φ^′φ^{−1}) (φ(a)).

If f : X → X^′ is a map of class p and a ∈ X, it is clear that there is a unique continuous linear map T_a(f) : T_a(X) → T_{f(a)}(X^′) such that for every chart c = (U, φ, (E, Λ)) of X at a and every chart c^′ = (U^′, φ^′, (E^′, Λ^′)) of X^′ at f(a), it holds T_a(f) = θ^{f(a)}_c′ D(φ^′fφ^{−1}) (φ(a))(θ^a_c )^{−1}.

If X is a manifold of class p we denote by T (X) the set {(x, v)/x ∈ X, v ∈ T_x(X)} and by τ_X the map τ_X : T (X) → X defined by τ_X (x, v) = x. Then for every chart c = (U, φ, (E, Λ)) of X, the triplet d_c = (τ^{−1}_X (U ), φ_c, (E × E, Λp_1)) is a chart of T (X) where the map φ_c : τ^{−1}_X (U ) → E × E is defined by φ_c((x, v)) = (φ(x), (θ^x_c )^{−1}(v)). In this way we obtain an atlas for T (X) and T (X) with this differentiable structure will be called tangent bundle manifold of X.

Let X be a manifold of class p and x ∈ X. A curve of class r on X with origin x, 0 ≤ r ≤ p, is a map α : [0, a) → X of class r such that α(0) = x.

If α is a curve of class r on X (1 ≤ r ≤ p) with origin x defined on [0, a), then the element of T_x(X) defined by T_0(α)θ^0_{c0} (1), where c_0 = ([0, a), i, (R, 1_R)) is the natural chart of [0, a) is called tangent vector to α at 0 and denoted α̇(0). We note that if c = (U, φ, (E, Λ)) is a chart of X at x, then α̇(0) = T_0(α)θ^0_{c0} (1) =

θ^x_c D(φα)(0)(1) = θ^x_c lim_{t→0+} φα(t) − φα(0) t = θ^x_c (φα)^′(0), where θ^0_{c0} : R → T_0([0, a))

and θ^x_c : E → T_x(X) are the natural linear homeomorphism.

If v is a tangent vector of X at x given by a curve α : [0, a) → X of class 1 on X with origin x, i.e. α̇(0) = v, then we shall say that v is an inner tangent vector at x. The set of the inner tangent vectors at x will be denoted by (T_xX)^i. It holds that T_xX = L((T_xX)^i), where L is the linear operator.

If c = (U, φ, (E, Λ)) is a chart of X such that x ∈ U and φ(x) ∈ E^0_Λ, then θ^x_c (E^+_Λ ) = (T_xX)^i = (T_xX)^+_Λ′ , where Λ^′ = Λ(θ^x_c )^{−1}.

Let X be a manifold of class p and X^′ a subset of X. We say that X^′ is a submanifold of class p of X if for every x^′ ∈ X^′ there are a chart c = (U, φ, (E, Λ)) of X with x^′ ∈ U and φ(x^′) = 0, a closed linear subspace E^′ of E that admits a topological supplement in E and a finite linearly independent system Λ^′ of elements of L(E^′, R) such that φ(U ∩ X^′) = φ(U ) ∩ E^{′+}_Λ′ and this set is open in E^{′+}_Λ′ .

We say that the submanifold X^′ is a totally neat submanifold if ind_X′ (x^′) = ind_X (x^′) for every x^′ ∈ X^′.

If only ∂(X^′) = ∂(X) ∩ X^′ we say that X^′ is a neat submanifold. Let (E, <, >_E), (F, <, >_F ) be real Hilbert spaces and u : E → F a linear continuous map. Then there is a unique map u^∗ : F → E such that < u(x), y >_F =< x, u^∗(y) >_E for every x ∈ E and y ∈ F . The map u^∗ will be called adjoint operator of u. This operator has the following properties:

1) u^∗ : F → E is a linear continuous map and ‖u^∗‖ = ‖u‖.

2) The map α : L(E, F ) → L(F, E) defined by α(u) = u^∗ is a linear homeomorphism which is also an isometry.

3) u^{∗∗} = u for all u ∈ L(E, F ).

4) If G is a real Hilbert space and v : F → G is a linear continuous map, then

(v.u)^∗ = u^∗.v^∗. If E = F , then 1^∗_E = 1_E . Therefore if u ∈ L(E, F ) is an invertible operator, then u^∗ is also an invertible operator and (u^∗)^{−1} = (u^{−1})^∗.

5) If (E, <, >) is a real Hilbert space, F is a closed linear subspace of E and u : E → E is a linear homeomorphism, then (u(F ))^⊥ = (u^∗)^{−1}(F^⊥).

Lemma 1.1 (R. Godement)

Let U, M be Hausdorff topological spaces, g : U → M a local homeomorphism, X a closed set of M and s : X → U a continuous section of g, i.e. gs = 1_X . Suppose that g(U ) is a Hausdorff paracompact space. Then, there exists an open neighbourhood W of X in M and there exists a prolongation of s to a continuous section, s̄ : W → U , of g such that s̄(W ) = U_0 is an open set of U. �

Corollary 1.2

Let Y and Y^′ be Hausdorff differentiable manifolds, f : Y → Y^′ a differentiable map of class p and X a closed subset of Y^′. Suppose that:

1) Y^′ is a Hausdorff paracompact space.

2) There exists a continuous map, s : X → Y , such that fs = 1_X 3) For every x ∈ X, f is a local diffeomorphism of class p at s(x). Then there exists an open set U_0 of Y and there exists an open set W of Y^′ with X ⊂ W such that f_{|U0} : U_0 → W is a diffeomorphism of class p and s = (f_{|U0} )^{−1}_{|X} . � 2. The normal bundle manifold of an immersion which ranges over a Hilbert space.

Proposition 2.1 Let (H, <, >) be a real Hilbert space, Y a differentiable manifold of class p + 1, (p ≥ 1), and f : Y → H an immersion of class p+1. For every y ∈ Y let us consider the sets T^f_y (Y ) = ( θ^{f(y)}_c )_{−1} T_y(f) T_y(Y ) ⊂ H, where c = (H, 1_H, H) is the

natural chart of H and θ^{f(y)}_c : H → T_{f(y)}(H) is the natural linear homeomorphism, and N^f_y (Y ) = {z ∈ H/ < z, u >= 0 for every u ∈ T^f_y (Y )} = [T^f_y (Y )]^⊥ ⊂ H. Now we take the sets T^f (Y ) = ∑ y∈Y T^f_y (Y ) = {(y, v) ∈ Y × H/v ∈ T^f_y (Y )} ⊂ Y × H and N^f (Y ) = ∑ y∈Y N^f_y (Y ) = {(y, v) ∈ Y × H/v ∈ N^f_y (Y )} ⊂ Y × H. Then we have that:

a) T^f (Y ) and N^f (Y ) are closed totally neat submanifolds of class p of Y × H, (N^f (Y ) will be called normal bundle manifold of f). In particular ∂(T^f (Y )) = T^f (Y ) ∩ [∂Y × H] and ∂(N^f (Y )) = N^f (Y ) ∩ [∂Y × H].

Moreover the map ℓ : T (Y ) → T^f (Y ), defined by ℓ(y, v) = (y, ( θ^{f(y)}_c )_{−1} T_y (f)(v)) , is a diffeomorphism of class p from T (Y ) onto T^f (Y ).

b) The maps τ_1 : T^f (Y ) → Y, τ_2 : N^f (Y ) → Y defined by τ_1(y, u) = y, τ_2(y, u) = y are submersions of class p.

c) The maps P : Y × H → T^f (Y ) and Q : Y × H → N^f (Y ) defined by P (y, v) = (y, p_T f_{y (Y )}(v)), Q(y, v) = (y, p_N f_{y (Y )}(v)), where p_T f_{y (Y )} is the orthogonal projection of H onto T^f_y (Y ) and p_N f_{y (Y )} is the orthogonal projection of H onto N^f_y (Y ), (we note that H = T^f_y (Y ) ⊕_T N^f_y (Y ) and v = p_T f_{y (Y )}(v) + p_N f_{y (Y )}(v)), are maps of class p such that P.P = P, Q.Q = Q and p_2Q = p_2 − p_2P , where p_2 : Y × H → H is the 2–projection.

d) T^f (Y ) ×_Y N^f (Y ) = {((y, u), (y, v))/(y, u) ∈ T^f (Y ), (y, v) ∈ N^f (Y )} is a submanifold of class p of T^f (Y ) × N^f (Y ) and it is also a submanifold of class p of (Y × H) × (Y × H). e) The map α : T^f (Y ) ×_Y N^f (Y ) → Y × H defined by α((y, u), (y, v)) = (y, u + v) is a diffeomorphism of class p whose inverse is α^{−1}(y, v) = (P (y, v), Q(y, v)). Therefore, T^f (Y ) and N^f (Y ) are closed submanifolds of Y × H.

f) If ∂(Y ) = ϕ, then the map e : N^f (Y ) → H of class p defined by e(y, v) = f(y) + v is a local diffeomorphism of class p at (y, 0) ∈ N^f (Y ) for every y ∈ Y .

Proof

a) Let y_0 be an element of Y . Since f is an immersion of class p + 1 at y_0, there is a chart c_1 = (U, ϕ, (E, Λ)) of Y with y_0 ∈ U and ϕ(y_0) = 0 and there is a chart c̄ = (V, Ψ, H) of class p + 1 of (H, <, >) with Ψf(y_0) = 0 and f(U ) ⊂ V such that E is a closed linear subspace of H (hence it admits a topological supplement in H), ϕ(U ) ⊂ Ψ(V ) and Ψf_{|U} ϕ^{−1} = j : ϕ(U ) → Ψ(V ) is the inclusion map.

Then we have that

T^f_y (Y ) = ( θ^{f(y)}_c )_{−1} T_y(f)T_y (Y ) = ( θ^{f(y)}_c )_{−1} θ^{f(y)}_{c̄} D(Ψfϕ^{−1})(ϕ(y)) ( θ^y_{c1} )_{−1} T_y(Y ) = ( θ^{f(y)}_c )_{−1} θ^{f(y)}_{c̄} (E) = D(Ψ^{−1}) (Ψf(y))(E)

for every y ∈ U and therefore DΨ(f(y))(T^f_y (Y )) = E for every y ∈ U . We note that T_y(f) is an injective map and im(T_y (f)) admits a topological supplement in T_{f(y)}(H).

Let β : U → GL(H) ⊂ L(H, H) be the map of class p defined by β(y) = DΨ^{−1}(Ψf(y)) and let G be the orthogonal space of E in (H, <, >), (G = E^⊥).

Since the map ν : GL(H) → GL(H) defined by ν(u) = u^{−1} is a map of class ∞, then the map β^{−1} : U → GL(H) defined by β^{−1}(y) = (β(y))^{−1} = DΨ(f(y)) is a map of class p. On the other hand the map ∗ : L(H, H) → L(H, H) defined by ∗(u) = u^∗ is a linear continuous map and therefore is a map of class ∞. Moreover ∗(GL(H)) = GL(H) and (u^∗)^{−1} = (u^{−1})^∗ for every u ∈ GL(H). Thus the maps β^∗ : U → GL(H)) and (β^∗)^{−1} : U → GL(H) defined by β^∗(y) = (β(y))^∗ and (β^∗)^{−1}(y) = (β^∗(y))^{−1} = ((β(y))^{−1} )^∗ are of class p.

Let us consider the map of class p

Φ : ϕ(U ) × H → ϕ(U ) × H defined by Φ(z, v) = (z, β(ϕ^{−1}(z))(p_E (v))+(β^∗)^{−1}(ϕ^{−1}(z))(p_G(v))), where p_E , p_G are the orthogonal projections of H over E and G respectively.

Then for every z ∈ ϕ(U ) the induced map Φ_z : H → H is a linear homeomorphism. Since [ β(ϕ^{−1}(z))(E) ]_⊥ = [ T^f_{ϕ−1(z)}(Y ) ]_⊥ = (β^∗)^{−1}(ϕ^{−1}(z))(G) = N^f_{ϕ−1(z)}(Y ).

It is clear that Φ is a bijective map of class p,

DΦ(z, v)(w, u) = (w, D^1(p_2Φ)(z, v)(w) + D^2(p_2Φ)(z, v)(u)),

D^2(p_2Φ)(z, v)(u) = Φ_z(u), DΦ(z, v) is a linear homeomorphism for every (z, v) ∈ ϕ(U ) × H and Φ(∂(ϕ(U ) × H)) = ∂(ϕ(U ) × H). Hence Φ is a diffeomorphism of class p and

Φ^{−1}(z, u) = (z, (β(ϕ^{−1}(z)))^{−1}p_{β(ϕ}−1_{(z))(E)}(u) + β^∗(ϕ^{−1}(z))p_{(β}∗_)−1_{(ϕ}−1_{(z))(G)}(u))

= (z, (β(ϕ^{−1}(z)))^{−1}p_T f_{ϕ−1(z)(Y )}(u) + β^∗(ϕ^{−1}(z))p_{|Nf} ϕ−1 (z)(Y ) (u)) . Then we can take the chart c^∗ = (U × H, Φ^{−1}(ϕ × 1_H ) = ϕ^∗, (E × H, Λp_1)) of class p of Y × H and we have that ϕ^∗((U × H) ∩ T^f (Y )) = ϕ^∗(U × H) ∩ (E^+_Λ × E) = ϕ(U ) × E, ϕ^∗((U × H) ∩ N^f (Y )) = ϕ^∗(U × H) ∩ (E^+_Λ × G) = ϕ(U ) × G and ϕ^∗(U × H) = ϕ(U ) × H. Thus we have that T^f (Y ) and N^f (Y ) are submanifolds of class p of Y × H and c^∗_1 = ((U × H) ∩ T^f (Y ), ϕ^∗_1 = ϕ^∗_{|(U×H)∩T f (Y )} , (E × E, Λp_1)) is a chart of T^f (Y ) and

c^∗_2 = ((U × H) ∩ N^f (Y ), ϕ^∗_2 = ϕ^∗_{|(U×H)∩Nf (Y )} , (E × G, Λp^′_1)) is a chart of N^f (Y ). It

is clear, using these charts, that T^f (Y ) and N^f (Y ) are totally neat submanifolds of Y × H. b) and c) are easily checked by localization.

d) We take the charts c^∗_1 and c^∗_2 constructed in the statement a). Then c^∗_1 ×c^∗_2 = (S = ((U ×H)∩T^f (Y ))×((U ×H)∩N^f (Y )), ϕ^∗_1×ϕ^∗_2, ((E×E)×(E×G), Λp^∗_1 ∪Λp^∗_3)) is a chart of T^f (Y ) × N^f (Y ), H^′ = {(u, v), (u, w))/u ∈ E, v ∈ E, w ∈ G} is a closed linear subspace of (E × E) × (E × G) that admits topological supplement in (E × E) × (E × G) and Λ(p^∗_{1|H′} ) is a finite linearly independent system of elements of L(H^′, R). Since (ϕ^∗_1 × ϕ^∗_2)(S ∩ (T^f (Y ) ×_Y N^f (Y ))) = (ϕ^∗_1 × ϕ^∗_2)(S) ∩ H^{′+}_{Λp}∗_{1|H′}

and H^{′+}_{Λp}∗_{1|H′} ⊂ [(E × E) × (E × G)]^+_{Λp}∗_{1∪Λp}∗_3 , it happens that T^f (Y ) ×_Y N^f (Y )

is a submanifold of class p of T^f (Y ) × N^f (Y ) and it is also a submanifold of (Y × H) × (Y × H). e) It is clear that α is a bijective map of class p and α^{−1} = (P, Q). Moreover, from c) and d), α^{−1} is a map of class p, hence α is a diffeomorphism of class p.

f) We have that (y_0, 0) ∈ (U × H) ∩ N^f (Y ) and (e_{|(U×H)∩Nf (y)} ) (ϕ^{∗−1}_2 |_{φ(U)×G}) = γ, where γ(z, u) = (β^∗(ϕ^{−1}(z)))^{−1}(u) + Ψ^{−1}(z).

Since

Dγ(0, 0)(u_1, u_2) = D(Ψ^{−1})(0)(u_1)+(β^∗(y_0))^{−1}(u_2) = β(y_0)(u_1)+(β^∗(y_0))^{−1}(u_2) ,

Dγ(0, 0) : E × G → H is a linear homeomorphism and therefore e is a local diffeomorphism of class p at (y_0, 0) ∈ N^f (Y ), because of ∂(N^f (Y )) = ϕ.

In fact we have the more general situation:

Proposition 2.2

Let (H, <, >) be a real Hilbert space, Λ_H a finite linearly independent system of elements of L(H, R), Y a differentiable manifold of class p + 1, (p ≥ 1), f : Y → H^+_{ΛH} an immersion of class p + 1, c = (H^+_{ΛH} , 1_H+_{ΛH} , (H, Λ_H))

the natural chart of H^+_{ΛH} and c^′ = (H, 1_H, H) the natural chart of H, (We note that jf : Y → H is also an immersion of class p + 1, where j : H^+_{ΛH} → H

is the inclusion map, ( θ^{f(y)}_c )_{−1} T_y(f) = ( θ^{f(y)}_c′ )_{−1} T_y(jf) for every y ∈ Y and

T_y(f)(T_y Y )^i ⊂ [ T_{f(y)} ( H^+_{ΛH} )]_i for every y ∈ Y ). For every y ∈ Y let us consider

the sets T^f_y (Y ) = ( θ^{f(y)}_c )_{−1} T_y(f)T_y (Y ) ⊂ H and N^f_y (Y ) = [T^f_y (Y )]^⊥ ⊂ H, (We

note that θ^{f(y)}_c : H → T_{f(y)} ( H^+_{ΛH} ) is the natural isomorphism, T_y(f) is an injec-

tive map, N^f_y (Y ) ⊕_T T^f_y (Y ) = H, ( θ^{f(y)}_c )_{−1} T_y (f)[T_y (Y )]^i = [T^f_y (Y )]^+_{My} for every

y ∈ Y , where [T^f_y (Y )]^+_{My} is a quadrant of T^f_y (Y ), ( θ^{f(y)}_c )_{−1} ( T_{f(y)}H^+_{ΛH} )_i = H^+_{ΛH} for every y such that f(y) ∈ H^0_{ΛH} and T^f_y (Y ) ⊂ H^0_{ΛH} for every y ∈ int (Y ) such that f(y) ∈ H^0_{ΛH} ).

Now we take the sets T^f (Y ) = {(y, v) ∈ Y × H/v ∈ T^f_y (Y )} ⊂ Y × H and N^f (Y ) = {(y, v) ∈ Y × H/v ∈ N^f_y (Y )} ⊂ Y × H, (Of course we have that T^f_y (Y ) = T^{jf}_y (Y ), N^f_y (Y ) = N^{jf}_y (Y ), T^f (Y ) = T^{jf} (Y ) and N^f (Y ) = N^{jf} (Y )).

Then we have that:

a) T^f (Y ) and N^f (Y ) are closed totally neat submanifolds of class p of Y × H.

Moreover the map ℓ : T (Y ) → T^f (Y ) defined by ℓ(y, v) = (y, ( θ^{f(y)}_c )_{−1} T_y(f)(v)) is a diffeomorphism of class p from T (Y ) over T^f (Y ).

b) The maps τ_1 : T^f (Y ) → Y, τ_2 : N^f (Y ) → Y defined by τ_1(y, u) = y, τ_2(y, u) = y are submersions of class p.

c) The maps P : Y × H → T^f (Y ) and Q : Y × H → N^f (Y ) defined by P (y, v) = (y, p_T f_{y (Y )}(v)), Q(y, v) = (y, p_N f_{y (Y )}(v)) are maps of class p such that P.P = P, Q.Q = Q and p_2Q = p_2−p_2P , where p_2 : Y ×H → H is the 2–projection.

d) T^f (Y ) ×_Y N^f (Y ) = {((y, u), (y, v))/(y, u) ∈ T^f (Y ), (y, v) ∈ N^f (Y )} is a submanifold of class p of T^f (Y ) × N^f (Y ) and it is also a submanifold of class p of (Y × H) × (Y × H).

e) The map α : T^f (Y ) ×_Y N^f (Y ) → Y × H defined by α((y, u), (y, v)) = (y, u + v) is a diffeomorphism of class p whose inverse is α^{−1}(y, v) = (P (y, v), Q(y, v)). Therefore T^f (Y ) and N^f (Y ) are closed submanifolds of Y × H.

f) Suppose that ∂(Y ) = f^{−1}(∂ ( H^+_{ΛH} ) ) and that there is an open neighbourhood G of ∂(Y ) in Y and there is an open neighbourhood V^0 of 0 in H, such that [V^0 ∩ N^f_y (Y )] + f(y) ⊂ H^+_{ΛH} for every y ∈ G and [V^0 ∩ N^f_y (Y )] + f(y) ⊂ ∂H^+_{ΛH} for every y ∈ ∂Y .

Then there is an open neighbourhood A of {(y, 0)/y ∈ Y } in N^f (Y ) such that the map e : A → H^+_{ΛH} of class p defined by e(y, v) = f(y) + v is a local diffeomorphism of class p at (y, 0) ∈ A for every y ∈ Y .

g) If ∂(Y ) = f^{−1}(∂(H^+_{ΛH} )), then

T_y(f)(T_y Y )^i ⊂ [ T_{f(y)} ( H^+_{ΛH} )]_i = K; T_y(f)(∂(T_y (Y ))^i) ⊂ ∂(K)

and T_y(f) (int ((T_y (Y ))^i)) ⊂ int (K) for every y ∈ Y. �

3. Closed embeddings into Hilbert spaces. Tubular neighbourhoods.

Proposition 3.1 Let (H, <, >) be a real Hilbert space, Λ_H a finite linearly independent system of elements of L(H, R), Y a differentiable manifold of class p + 1 (p ≥ 1), and f : Y → H^+_{ΛH} a closed embedding of class p + 1. Suppose that ∂(Y ) = f^{−1}(∂ ( H^+_{ΛH} ) ) and that there is an open neighbourhood G of ∂(Y ) in Y and there is an open neighbourhood V^0 of 0 in H such that [V^0 ∩N^f_y (Y )]+f(y) ⊂ H^+_{ΛH} for every y ∈ G and [V^0 ∩ N^f_y (Y )] + f(y) ⊂ ∂ ( H^+_{ΛH} ) for every y ∈ ∂Y .

Consider the totally neat submanifolds T^f (Y ) and N^f (Y ) of class p of Y × H and the map e : A ⊂ N^f (Y ) → H^+_{ΛH} of class p defined by e(y, v) = f(y) + v, (we know, from Proposition 2.2 that e is a local diffeomorphism of class p at (y, 0) ∈ A for every y ∈ Y . Moreover [T^f_y (Y )]^+_{My} = T^f_y (Y ) ∩ H^+_{ΛH} for every y with f(y) ∈ H^0_{Λh} ).

Then we have that:

a) There is an open set Ω_A of A ⊂ N^f (Y ) with Y × {0} ⊂ Ω_A and there is an open set W of H^+_{ΛH} with f(Y ) ⊂ W such that e_{|ΩA} : Ω_A → W is a diffeomorphism of class p and eξ = f, where ξ : Y → N^f (Y ) is defined by ξ(y) = (y, 0).

b) f(Y ) is a neat submanifold of H^+_{ΛH} and the map π : W → W defined by π = e.ξ.p_{1|ΩA} ( e_{|ΩA} )_{−1}

is a map of class p such that π(W ) ⊂ f(Y ) and πf(y) = f(y) for every y ∈ Y . Hence π : W → f(Y ) is a submersion of class p at every f(y) ∈ f(Y ). Lastly π(∂(W )) ⊂ ∂(f(Y )) and there is an open set W_1 of W such that f(Y ) ⊂ W_1 and π_{|W1} : W_1 → f(Y ) is a submersion of class p.

c) Suppose that for every y ∈ ∂(Y ) there is an open neighbourhood W^0_y of 0 in H such that

W^0_y ∩ [T^f_y (Y )]^+_{My} + f(y) ⊂ H^+_{ΛH}

and ∂ ( W^0_y ∩ [T^f_y (Y )]^+_{My} ) + f(y) ⊂ ∂ ( H^+_{ΛH} ) . Then for every y ∈ Y , there is an open neighbourhood U^0_y of 0 in (T_y (Y ))^i and there is an open neighbourhood V^y

of y in Y such that f(y) + ( θ^{f(y)}_c )_{−1} T_y(f)(u) ∈ W_1 for every u ∈ U^0_y and the

map e_y : U^0_y → V^y defined by e_y(u) = f^{−1}π[f(y) + ( θ^{f(y)}_c )_{−1} T_y(f)(u)], is a diffeomorphism of class p, where c = (H^+_{ΛH} , i, (H, Λ_H)) is the natural chart.

d) Suppose that there is an open neighbourhood W^0 of 0 in H such that for all y ∈ ∂(Y ), W^0 ∩ [T^f_y (Y )]^+_{My} + f(y) ⊂ H^+_{ΛH}

and ∂(W^0 ∩ [T^f_y (Y )]^+_{My} ) + f(y) ⊂ ∂ ( H^+_{ΛH} ) . Then there exists an open set

A_k of ∑ y∈B_k (Y ) (T_y Y )^i and there exists an open set A^∗_k of B_k(Y ) × Y such that

Δ_{Bk(Y )} ⊂ A^∗_k, {(y, 0)/y ∈ B_k(Y )} ⊂ A_k and the map E_k(y, v) = (y, f^{−1}π(f(y) + ( θ^{f(y)}_c )_{−1} T_y(f)(v)) is a diffeomorphism of class p from A_k onto A^∗_k, k ≥ 0.

e) If H = R^q, then there exists an open set W_2 of W_1, such that H^+_{ΛH} ⊃ W ⊃ W_1 ⊃ W̄_2 ⊃ W_2 ⊃ f(Y ) and π_{|W̄2} : W̄_2 → f(Y ) is a proper map.

Proof a) For every y ∈ Y , there is an open neighbourhood V^{(y,0)} of (y, 0) in A ⊂ N^f (Y ) and there is an open neighbourhood V^{f(y)} of e(y, 0) = f(y) in H^+_{ΛH} such that e : V^{(y,0)} → V^{f(y)} is a diffeomorphism of class p. Let us consider the open sets M = ⋃ y∈Y V^{(y,0)} ⊂ A ⊂ N^f (Y ) and U = ⋃ y∈Y V^{f(y)} ⊂ H^+_{ΛH} . Then the map e|_M : M → U is a local diffeomorphism of class p and therefore a local homeomorphism. On the other hand f(Y ) is a closed set in U, ξ : Y → A defined by ξ(y) = (y, 0) is a map of class p and the map s : f(Y ) → M defined by s(z) = ξ.f^{−1}(z) is a section of class p of e_{|M} . Then using Godement’s Lemma there is an open neighbourhood W of f(Y ) in U and there is a prolongation of s to a continuous section, s̄ : W → M , of e_{|M} such that s̄(W ) = Ω_A is an open set of M ⊂ A. Thus e_{|ΩA} : Ω_A → W is a bijective local diffeomorphism of class p and therefore a diffeomorphism of class p, which fulfils that e.ξ = f and ξ(Y ) ⊂ Ω_A.

b) Let z ∈ W . Then there is a unique (y_z , v_z) ∈ Ω_A such that e(y_z , v_z) = z = f(y_z ) + v_z . Hence π(z) = f(y_z ) ∈ f(Y ).

On the other hand if z = f(y), then (y_z , v_z) = (y, 0) and π(z) = f(y_z ) = f(y) = z. c) Let y be an element of Y and let α_y : T_y(Y ) → H be the map defined

by α_y(u) = f(y) + ( θ^{f(y)}_c )_{−1} T_y (f)(u). It is clear that α_y is a continuous map and α_y(0) = f(y) ∈ W_1. We note that if y ∈ int(Y ) then f(y) ∈ int(W_1) and if y ∈ ∂(Y ) then f(y) ∈ ∂(W_1) and there is an open neighbourhood W̃^0_y of 0 in

(T_yY )^i such that α_y(W̃^0_y ) ⊂ H^+_{ΛH} and ( θ^{f(y)}_c )_{−1} T_y (f)(W̃^0_y ) ⊂ W^0_y ∩ [T^f_y (Y )]^+_{My} .

Then there is an open neighbourhood V^0_y ⊂ W̃^0_y of 0 in (T_y (Y ))^i such that α_y(V^0_y ) ⊂ W_1 ⊂ W ⊂ H^+_{ΛH} . Moreover if y ∈ int(Y ), then α_y(V^0_y ) ⊂ int(W_1). Thus we have the map e_y : V^0_y ⊂ (T_y(Y ))^i → Y of class p defined by e_y(u) =

f^{−1}π[f(y) + ( θ^{f(y)}_c )_{−1} T_y(f)(u)].

Let us consider the map of class p defined by: μ : V^0_y^{Ty(f)|V} 0 y −→ T_y(f) (V^0_y )

(θ^{f(y)}_c )^{−1} −→ ( θ^{f(y)}_c )_{−1} T_y(f)(V^0_y )^{τf(y)}−→ W_1

Then we have that e_y = f^{−1}πμ, T_0(e_y) = T_{f(y)}(f^{−1}). T_{f(y)}(π).T_0(μ) and

μ|V^0_y = τ_{f(y)}((θ^{f(y)}_c )^{−1}T_y(f)|V^0_y ).

Therefore T_0(μ) = θ^{f(y)}c ( 0^0_{c1} )_{−1} , where c_1 = (V^0_y , ( θ^{f(y)}c )_{−1} T_y(f), (T^f_y (Y ), M_y)).

On the other hand f^{−1}πf = 1_Y , T_{f(y)}(f^{−1})T_{f(y)}(π)T_y(f) = 1_{Ty(Y )} and

T_0(e_y) = T_{f(y)}(f^{−1})T_{f(y)}(π) θ^{f(y)}_c ( θ^0_{c1} )_{−1} . Hence if w ∈ T_0(V^0_y ), then

T_0(e_y)(w) = T_{f(y)}(f^{−1})T_{f(y)}(π)θ^{f(y)}_c ( θ^0_{c1} )_{−1} (w) = T_{f(y)}(f^{−1})T_{f(y)}(π)θ^{f(y)}_c ( θ^{f(y)}_c )_{−1} T_y (f)(u) = u ,

where ( θ^{f(y)}_c )_{−1} T_y(f)(u) = ( θ^0_{c1} )_{−1} (w), and T_0(e_y) =

T_y(f))^{−1} ( θ^{f(y)}_c ) |T^f_y (Y ) . ( θ^0_{c1} )_{−1} is a linear homeomorphism.

Finally one has that e_y(∂(V^0_y )) ⊂ ∂(Y ) for all y ∈ ∂Y and e_y(0) ∈ int(Y ) for all y ∈ int(Y ) which, using the inverse mapping theorem, ends the proof of c).

d) The set H_k = ∑ y∈B_k(Y ) (T_yY )^i is a submanifold of T (Y ) and a submanifold of ∑ y∈B_k(Y ) T_y(Y ).

Let us consider the continuous map ē : T (Y ) → H defined by ē(y, v) = f(y) + ( θ^{f(y)}_c )_{−1} T_y(f)(v). For all k > 0 we take an open neighbourhood G^k of {(y, 0)/y ∈

B_k(Y )} in H_k, such that ē(G^k) ⊂ H^+_{ΛH} .

Then there exists an open neighbourhood G^k_1 of {(y, 0)/y ∈ B_k(Y )} in G^k such that ē(G^k_1) ⊂ W_1 ⊂ H^+_{ΛH} , k > 0. If k = 0 there exists an open neighbourhood G^0_1 of {(y, 0)/y ∈ B_0(Y )} in H_0 such that ē(G^0_1) ⊂ intW_1. Now we take the map E_k : G^k_1 → B_k(Y ) × Y of class p defined by E_k(y, v) = (y, f^{−1}π(f(y) + ( θ^{f(y)}c )_{−1} T_y(f)(v)), k ≥ 0. From the statement c) one has that E_k is a local diffeomorphism of class p at (y, 0) for all y ∈ B_k(Y ), k ≥ 0.

Since the map τ : Δ_{Bk(Y )} → G^k_1 defined by τ (y, y) = (y, 0) is a continuous section of E_k, using Godement’s Lemma we have that there exists an open neighbourhood G^k_2 of Δ_{Bk(Y )} in B_k(Y ) × Y and there exists a prolongation of τ to a continuous section, τ̄ : G^k_2 → G^k_1, of E_k such that τ̄ (G^k_2) = B^k is an open set of G^k_1. Thus E_k : B^k → G^k_2 is a bijective local diffeomorphism of class p at (y, 0) for all y ∈ B_k(Y ), k ≥ 0.

e) We have that p_1 : Y × B^=_1 (0) → Y is a proper map. Hence the map γ = p_{1|(Y ×B=1 (0))∩Nf (Y )} : (Y × B^=_1 (0)) ∩ N^f (Y ) → Y is also a proper map, because of

N^f (Y ) is a closed set in Y × R^q.

On the other hand N^f (Y ) ⊃ (Y × B^=_1 (0)) ∩ Ω_A ⊃ (Y × B_1(0)) ∩ Ω_A ∩ (e_{|ΩA} )^{−1}(W_1) ⊃ Y × {0} and from the normality of N^f (Y ) we have that there exists an open set V of N^f (Y ), such that (Y × B_1(0)) ∩ Ω_A ∩ (e_{|ΩA} )^{−1}(W_1) ⊃ V̄ ⊃ V ⊃ Y × {0}. Then e_{|V̄} : V̄ → e(V̄ ) ⊂ W_1 is a homeomorphism and H^+_{ΛH} ⊃ W ⊃ W_1 ⊃ e(V̄ ) ⊃ e(V ) ⊃ f(Y ). Again by the normality of H^+_{ΛH} , there exists an open set W_2 of H^+_{ΛH} , such that

e(V ) ⊃ W_2 ⊃ W_2 ⊃ f(Y ).

Now it is clear that π_{|W 2} = e_{|Y ×{0}}ξγj(e_{|V} )^{−1} : W_2 → f(Y ), where j : (e_{|V} )^{−1}(W_2) → (Y × B^=_1 (0)) ∩ N^f (Y ) is the inclusion map, is a proper map. � 4. Collar neighbourhood of ∂(X) in X. Embedded and collared manifolds

Proposition 4.1 Let X be a Hausdorff paracompact Hilbert differentiable manifold of class p.

Then there is a real Hilbert space, (H, <, >) and there is a closed embedding f of class p from X into H. Therefore the manifold X is diffeomorphic of class p to a closed submanifold of H. Moreover, for every x ∈ X there is an open neighbourhood W^x of x in X, there is a closed vector subspace H_1 of H and there is a quadrant (H_1)^+_{Λ1} of H_1 such that f_{|W x} : W^x → (H_1)^+_{Λ1} is an embedding of class p which fulfils that f(W^x) is a totally neat submanifold of (H_1)^+_{Λ1} , (see [2]). � Lemma 4.2

Let X be a Hausdorff paracompact Hilbert differentiable manifold of class p with ∂(X) ≠ ϕ. Then there exists a function g : X → R of class p such that 1) g(x) ≥ 0 for all x ∈ X.

2) g^{−1}(0) = ∂(X).

3) ∂^2(X) = g^{−1}(0) ∩ {x ∈ X/T_xg = 0}. Hence T_x(g) = 0 for all x ∈ ∂^2(X). 4) If ∂^2(X) = ϕ, then T_x(g) ≠ 0 for all x ∈ ∂(X) and T_xjT_xB_1X = ker T_x(g) = ∂((T_xX)^i) for all x ∈ B_1(X), where j : B_1X → X is the inclusion map.

Proof

The manifold X admits partitions of unity of class p. Let us consider the atlas A = {c_i = (U_i, Ψ_i = (Ψ^0_i , Ψ^1_i , . . . , Ψ^{ni}_i ), (E_i × R^{ni} , (p^i_j)_{j∈Ji ={1,... ,ni}}))/i ∈ I} of class p of X, where p^i_j (x^0, x^1, . . . , x^{ni}) = x^j. Then there exists a partition of unity {θ_i}_{i∈I} of class p in X which is subordinated to the open covering {U_i}_{i∈I} .

For every i ∈ I let us consider the function g_i : X → R of class p defined by

g_i(x) = { θ_i(x) ∏ j∈J_i Ψ j i (x) if x ∈ U_i 0 if x ∉ U_i Then g = ∑ i∈I g_i : X → R is a function of class p that fulfils the following

properties:

1) g(x) ≥ 0 for all x ∈ X.

2) g^{−1}(0) = ∂(X). Indeed, if x ∈ ∂(X) and x ∈ U_i, there is j ∈ J_i such that p^i_jΨ_i(x) = Ψ^j_i (x) = 0 and g_i(x) = 0 and therefore g(x) = 0. If x ∈ g^{−1}(0), then there is i_0 ∈ I such that θ_{i0} (x) ≠ 0 and there is j_0 ∈ J_{i0} such that Ψ^{j0}_{i0} (x) = 0. Hence x ∈ ∂X.

3) Let x be an element of ∂(X) and let c = (U, Ψ = (Ψ^0, Ψ^1, . . . , Ψ^n), (E × R^n, (p_j)_{j∈J={1,2,... ,n}})) be a chart of X with x ∈ U and Ψ(x) = 0, where p_j (x^0, x^1, . . . , x^n) = x^j. Then for all j_0 ∈ {0, 1, 2, . . . , n} = J∪{0}, one has that^{∂(gΨ−1(0))}_{∂xj0} = ∑ i∈I ∂(g_iΨ^−1)(0) ∂x_j0 and for all i ∈ I,

∂(g_iΨ^−1(0)) ∂x_j0 = 0 if x ∈ X − Ui ⊂ X − sup(θi) and

∂(gΨ^{−1}(0)) ∂x_{j0} = ∂((θ_i. ∏ j∈J_i Ψ j i )Ψ^{−1})(0) ∂x_{j0} =

= θ_i(x) ∑ k∈J_i ∏ j∈J_i −{k} Ψ^j_i (x)

. ∂(Ψ^{ki} Ψ^{−1})(0) ∂x_{j0} if x ∈ U_i.

Thus if ind (x) ≥ 2, then^{∂(giΨ−1(0))}_{∂xj0} = 0 and ∂^2X ⊂ g^{−1}(0) ∩ C(g), where C(g) = {x ∈ X/T_xg = 0}. If x ∈ B_1(X) and x ∈ U_i, there is a unique j_0 ∈ J_i such that Ψ^{j0}_i (x) = 0.

Moreover J = {1}, p_1(z, t) = t and

∂(g_iΨ^{−1})(0) ∂t = θ_i(x) ∏ j∈J_i −{j0} Ψ^j_i (x)

∂(Ψ^{j0i} Ψ^{−1}) ∂t (0).

Since D(Ψ_iΨ^{−1})(0) is a linear homeomorphism, it holds that D(Ψ^{j0}_i Ψ^{−1})(0) ≠ 0. On the other hand Ψ^{j0}_i Ψ^{−1}(y) ≥ 0 for all y ∈ Ψ(U ∩ U_i) and Ψ^{j0}_i Ψ^{−1}(0) = 0

and therefore^{∂(Ψj0i Ψ−1)(0)}_{∂z} = 0 and^{∂(Ψj0i Ψ−1)(0)}_{∂t} > 0. Then we have that T_xg ≠ 0, that is x ∉ C(g), and ∂^2(X) = g^{−1}(0) ∩ C(g).

4) If ∂^2(X) = ϕ, then g^{−1}(0) ∩ C(g) = ϕ or ∂(X) ∩ C(g) = ϕ. �

We note that the Lemma 4.2 is also true if X is a differentiable manifold which admits partition of unity of class p.

Corollary 4.3

Let X be a Hausdorff paracompact differentiable manifold of class p whose charts are modelled over real Banach spaces which satisfy the Urysohn condition of class p (In particular, X can be a Hausdorff paracompact Hilbert differentiable manifold). Suppose that ∂(X) ≠ ϕ and ∂^2(X) = ϕ. Then there exists a real Banach space (E, ‖ ‖) (or there exists a real Hilbert space (E, <, >), if X is a Hausdorff paracompact Hilbert manifold) and there exists a closed embedding g of class p from X into the quadrant E × (R^+ ∪ {0}) of E × R such that g(∂(X)) = g(X)∩(E ×{0}) and g(X) is a closed totally neat submanifold of (E ×R)^+_{p2} , where p_2(x, t) = t. Moreover for all x ∈ X there is an open neighbourhood W^x of x in X, there is a closed vector subspace E_1 of E and there is a quadrant E^{1+}_{Λ1} of E_1 such that p_1g : W^x → E^{1+}_{Λ1} is an embedding of class p and p_1g(W^x) is a totally neat submanifold of E^{1+}_{Λ1} .

Proof

There exists a real Banach space, (E, ‖ ‖), and there exists a closed embedding f of class p from X into E such that for every x ∈ X there is an open neighbourhood W^x of x in X, there is a closed vector subspace E_1 of E and there is a quadrant (E_1)^+_{Λ1} of E_1 which fulfil that f_{|W x} : W^x → (E_1)^+_{Λ1} is an embedding of class p and f(W^x) is a totally neat submanifold of (E_1)^+_{Λ1} (see [2]). In particular, there exists a real Hilbert space, (E, <, >), and there exists a closed embedding f of class p from X into E with the same local property if X is a Hausdorff paracompact Hilbert differentiable manifold).

From Lemma 4.2 it follows that there exists a function λ : X → R of class p such that λ(x) ≥ 0 for all x ∈ X, λ^{−1}(0) = ∂(X) and T_x(λ) ≠ 0 for all x ∈ ∂(X) = λ^{−1}(0) and T_x(j)T_xB_1(X) = ker(T_x(λ)) = ∂((T_x(X))^i) for all x ∈ B_1(X), where j : B_1(X) → X is the inclusion map. Let us consider the map, g = (f, λ) : X → E × (R^+ ∪ {0}). Obviously g is an injective map. Moreover g is a closed map. Indeed, if C is a closed subset of X and {g(x_n) = (f(x_n), λ(x_n))}_{n∈N} is a sequence in g(C) which converges to (u_0, t_0) in E ×(R^+ ∪{0}), then x_n ∈ C for all n ∈ N and the sequence {f(x_n)}_{n∈N} converges to u_0 in E. Hence the sequence {x_n}_{n∈N} converges to x_0 ∈ C in X. Thus (u_0, t_0) = g(x_0) ∈ g(C) and g(C) is a closed set in E × (R^+ ∪ {0}).

Then it occurs that g : X → g(X) is a homeomorphism, g(X) is a closed set in

E × (R^+ ∪ {0}) and g(∂(X)) = g(X) ∩ (E × {0}).

Let x_0 be an element of X. Since T_{x0} (f) is a linear injective map and im (T_{x0} (f)) admits a topological supplement in T_{f(x0)}(E), we have that T_{x0} (g) ≡ (T_{x0} (f), T_{x0} (λ)) is a linear injective map and im (T_{x0} (g)) admits a topological supplement in T_{(f(x0),λ(x0))}(E × R^+ ∪ {0})).

On the other hand g^{−1}(∂((E × R)^+_{p2} )) = ∂(X), and ind (v) = ind (T_{x0} (g)(v)) for all v ∈ (T_{x0} (X))^i, because of ker(T_x(λ)) = ∂((T_xX)^i) for all x ∈ B_1(X). Then, by Theorem 2.3 of [2], the map g is an immersion at x_0 and therefore g is a closed embedding of class p of X into E × (R^+ ∪ {0}) which fulfils that g^{−1}(E × {0}) = ∂(X). � Definition 4.4

Let X be a differentiable manifold of class p with ∂X ≠ ϕ and ∂^2X = ϕ. We say that (f, A) is a collar neighbourhood of ∂X in X of class p if A is an open neighbourhood of ∂(X) in X and f : ∂X × (R^+ ∪ {0}) → A is a diffeomorphism of class p such that f(x, 0) = x for all x ∈ ∂(X).

Lemma 4.5

Let X be a differentiable manifold of class p which admits partitions of unity of class p (In particular X could be a Hausdorff paracompact Hilbert manifold), let M = {M_i/i ∈ I} be a locally finite family of subsets of X such that X = ∪_{i∈I} M_i and ε = {ε_i}_{i∈I} a family of positive real numbers. Then there exists a map δ : X → R^+ of class p such that δ(x) < ε_i for all i ∈ I and all x ∈ M_i. �

Theorem 4.6

Let X be a Hilbert Hausdorff paracompact differentiable manifold of class p + 1, p ≥ 1, such that ∂(X) ≠ ϕ and ∂^2(X) = ϕ. Then there exists a collar neighbourhood (f, A) of ∂(X) in X of class p. Moreover there are a real Hilbert space H, a closed embedding β : ∂(X) → H of class p + 1 and an open set A^∗ in N^β(∂(X)) such that {(y, 0)/y ∈ ∂(X)} ⊂ A^∗ and e : A^∗ → H, defined by e(y, v) = f(y) + v is a local diffeomorphism of class p at (y, 0) ∈ A^∗ for every y ∈ ∂X. Proof

By Proposition 4.1, there is a real Hilbert space (H, <, >), and there is a closed embedding g of class p+1, from X into H. Obviously, g_{|∂(X)} : ∂(X) = B_1(X) → H is also a closed embedding of class p + 1.

Moreover, for every x ∈ X there is an open neighbourhood W^x of x in X, there is a closed vector subspace H_1 of H, and there is a quadrant (H_1)^+_{Λ1} of H_1, such that g_{|W x} : W^x → (H_1)^+_{Λ1} is an embedding of class p + 1 which fulfils that g(W^x) is a totally neat submanifold of (H_1)^+_{Λ1} .

Then, by Proposition 3.1, we have that g(∂(X)) is a submanifold without boundary of H and there are an open set W of H and a map π : W → W of class p such that g(∂(X)) ⊂ W, π(W ) ⊂ g(∂(X)), π g(y) = g(y) for every y ∈ ∂(X) and π : W → g(∂(X)) is a submersion of class p at every g(y) ∈ g(∂(X)). Thus U = g^{−1}(W ) is an open set in X such that ∂(X) ⊂ U and r = (g_{|∂(X)})^{−1}.π.g_{|U} : U → ∂(X) is a retraction of class p.

On the other hand, from Lemma 4.2, there exists a function α : X → R^+ ∪ {0} of class p + 1 such that α^{−1}(0) = ∂(X) and T_x(α) ≠ 0 for all x ∈ ∂(X) and T_x(j)(T_x(B_1(X))) = ker(T_x(α)) = ∂((T_x(X))^i) for all x ∈ B_1(X), where j : B_1(X) → X is the inclusion map.

Let us consider the map h = (r, α_{|U}) : U → ∂(X) × (R^+ ∪ {0}) of class p. Then it is clear that h(∂(U )) = h(∂(X)) = [∂(X)] × {0} = ∂[∂(X) × (R^+ ∪ {0})] and T_{x0} (h) is a linear homeomorphism for every x_0 ∈ ∂(X). Indeed, we have that T_{x0} (h) ≡ (T_{x0} (r), T_{x0} (α_{|U} )) : T_{x0} (U ) → (T_{x0} (∂(X))) × (T_0(R^+ ∪ {0})) and T_{x0} (X) = T_{x0} (j)(T_{x0} (B_1(X))) ⊕_T L{v_1}, where T_{x0} (α)(v_1) ≠ 0. Then for every u ∈ T_{x0} (X), there exists u_1 ∈ T_{x0} (j)(T_{x0} (∂(X)) and there exists u_2 ∈ L{v_1} such that u = u_1 + u_2 and T_{x0} (h) = (u_1 + T_{x0} (r)(u_2), T_{x0} (α)(u_2)) which proves that T_{x0} (h) is a linear homeomorphism. Thus there exists an open neighbourhood V^{x0} of x_0 in U there exists ε_{x0} > 0 and there exists an open neighbourhood W^{x0} of x_0 in X, such that h_{|V x0} : V^{x0} → (W^{x0} ∩ ∂(X)) × [0, ε_{x0}) is a diffeomorphism of class p for all x_0 ∈ ∂(X). Clearly the map s : ∂(X) × {0} → U , defined by s(x, 0) = x, is a continuous section of h and using the Godement’s lemma we have that there are an open neighbourhood G_1 of ∂(X) × {0} in ∂(X) × (R^+ ∪ {0}), an open set U_1 in U with ∂(X) ⊂ U_1 and a prolongation of s to a continuous section, s̄ : G_1 → U_1 of h_{|U1} such that s̄(G_1) = U_0 is an open set of U_1 with ∂(X) ⊂ U_0. Hence h_{|U0} : U_0 → G_1 is a diffeomorphism of class p.

By the Lemma 4.5 there exists a function γ : ∂(X) → R^+ of class p+1 such that {x}×[0, γ(x)) ⊂ G_1 for every x ∈ ∂(X). Then the set G_2 = ⋃ x∈∂(X) {x}×[0, γ(x)) ⊂ G_1 is an open set in ∂(X) × (R^+ ∪ {0}) and the map μ : G_2 → ∂(X) × (R^+ ∪ {0}), defined by μ(x, t) = ( x,^t_{γ(x)−t} ) , is a diffeomorphism of class p + 1 whose inverse

map is μ^{−1}(y, u) = ( y,^{u.γ(y)}_{u+1} ) . Thus the set A = ( h_{|U0} )_{−1} (G_2) is an open set of U_0 ⊂ U_1 such that ∂(X) ⊂ A and f^∗ = μh_{|A} is a diffeomorphism of class p of A onto ∂(X) × (R^+ ∪ {0}), which verifies that f^∗(x) = (x, 0) for all x ∈ ∂(X). Finally we take f = (f^∗)^{−1}. �

Proof of Theorem A

By Theorem 4.6, there exists a collar neighbourhood (f̄ , U ) of ∂(X) in X of class p. Then f̄(∂(X) × [0, +∞)) = U is an open set in X with ∂(X) ⊂ U and f̄ : ∂(X) × [0, +∞) → U is a diffeomorphism of class p such that f̄ (x, 0) = x for every x ∈ ∂(X).

Since X is a normal topological space and ∂(X) is a closed set in X, there is an open set V in X, such that X ⊃ U ⊃ V̄ ⊃ V ⊃ ∂(X). Therefore (f̄ )^{−1}(V ) is an open set in ∂(X) × [0, +∞) and, from Lemma 4.5, there exists a map γ : ∂(X) → R^+ of class p + 1, such that {x} × [0, γ(x)) ⊂ (f̄ )^{−1}(V ) for every x ∈ ∂(X).

We consider the maps of class p

α : U^{(f̄)−1}−→ ∂(X) × [0, +∞)^{p1}−→ ∂(X), β : U^{(f̄)−1}−→ ∂(X) × [0, +∞)^{p2}−→ [0, +∞)

and γ_1 = γα : U → R^+.

Then it is clear that α, β are surjective maps, (f̄ )^{−1}(x) = (α(x), β(x)) for all x ∈ U, U_1 = {x ∈ U/β(x) <^3_4 γα(x)} is an open set of U, U_2 = {x ∈ U/β(x) < 5 8 γα(x)} is an open set of U, U^∗_1 = {x ∈ U/β(x) ≤^3_4 γα(x)} is a closed set of U, U^∗_2 = {x ∈ U/β(x) ≤^5_8 γα(x)} is a closed set of U, ∂(X) ⊂ U_1 ⊂ U^∗_1 , ∂(X) ⊂ U_2 ⊂ U^∗_2 ⊂ U_1 ⊂ U^∗_1 and ∂(X) ⊂ U^∗_1 ⊂ V ⊂ V̄ ⊂ U ⊂ X. Hence U^∗_1 , U^∗_2 are closed sets of X and there exists a map of class p+1, μ : X → [0, 1], such that μ(Ū_1) = {1} and μ(X − V ) = {0} and there exists a map of class p + 1, ν : X → [0, 1] such that ν(Ū_2) = {0} and ν(X − U_1) = {1}.

Let us consider the map τ : X → [0, +∞) of class p, defined by

τ (x) = { μ(x).β(x) + ν(x) if x ∈ U ν(x) if x ∈ X − U, the open set of U, U^′ = {x ∈ U/β(x) <^1_2 γα(x)} and the open set of ∂(X) × [0, +∞), W_1 = {(x, t) ∈ ∂(X) × [0, +∞)/t <^1_2 γ(x)}. Then we have that ∂(X) ⊂ U^′ ⊂ U_2 ⊂ U_1 ⊂ U, ∂(X) × {0} ⊂ W_1, τ (∂(X)) = {0}, τ_{|U} ′ = β_{|U} ′ , τ_{|X−}¯_{V =ν|X−V̄} and τ is a submersion at x for every x ∈ ∂(X).

Hence T_x(j)T_x(∂(X)) = ker(T_x(τ )) for every x ∈ ∂(X), where j : ∂(X) → X is the inclusion map. Moreover T_x(j)T_x(∂X) = (T_xX)^0 = ∂(T_xX)^i) = ker(T_x(τ )) for every x ∈ ∂(X).

On the other hand C_1 = {(x, t) ∈ ∂(X) × [0, +∞)/t ≤^1_4 γ(x)} and C_2 = {(x, t) ∈ ∂(X) × [0, +∞) /^3_8 γ(x) ≤ t ≤^1_2 γ(x)} are disjoint closed sets of ∂(X) × [0, +∞)

such that ∂(X) × {0} ⊂ C_1, C_1 ⊂ W_1 and^∘C_1= {(x, t) ∈ ∂(X) × [0, +∞)/t < 1 4 γ(x)}. There is a map r : [0,^1_2 ] → [0, 1] of class ∞ such that r(t) = 0 for every t ∈ [0,^1_4 ], r(t) = 1 for all t ∈ [^3_8 ,^1_2 ] and r(t_1) < r(t_2) for all t_1, t_2 ∈ (1/4, 3/8) with t_1 < t_2.

Let us consider the map Φ : W_1 → [0, 1] defined by Φ(x, t) = r (_t γ(x) ) . Then we have that Φ is a map of class p + 1, Φ^{−1}(0) = C_1, Φ^{−1}(1) = C_2 ∩ W_1 and Φ(x, t_1) < Φ(x, t_2) for every (x, t_1), (x, t_2) ∈ W_1 with t_1, t_2 ∈ (^1_4 γ(x),^3_8 γ(x)) and t_1 < t_2. Hence for every x ∈ ∂(X), Φ_x : (^1_4 γ(x),^3_8 γ(x)) → (0, 1) is a bijective map.

Now we consider the map u : W_1 → ∂(X) × [0, +∞) of class p + 1, defined by u(x, t) = (x, t.Φ(x, t)) and the map, q : X → X, defined by q(x) = {¯ f u(f̄)^{−1}(x) if x ∈ U^′ ⊂ U_2 ⊂ U_1 x if x ∉ U^′

(Note that for every x ∈ U^′, (f̄ )^{−1}(x) = (α(x), β(x)) ∈ W_1). Since the set C = {x ∈ U/β(x) ≤^3_8 γα(x)} ⊂ U^∗_1 ⊂ V is a closed set of X, C ⊂ U^′, X = U^′ ∪(X −C) and f̄ (α(x), β(x)Φ(α(x), β(x))) = f̄ (α(x), β(x)) = x for every x ∈ U^′ ∩ (X − C), we have that q is a map of class p.

By Proposition 4.1, there exists a real Hilbert space (H, <, >) and there exists a closed embedding h of class p + 1, from X into H. Let g be the map of class p, g = (hq, τ ) : X → H × [0, +∞). Then the map g has the following properties: a) g(∂X) = g(X) ∩ (H × {0}), ∂(X) = τ^{−1}(0). b) g ∘ (ρ̄|_{C1} ) = ((p_10 g|_{∂(x)}) × 1_{[0,+∞)})|_{C1} and h(x) = p_1g(x) for all x ∈ ∂(X). Indeed, for all (x, t) ∈ C_1, we have that βf̄ (x, t) = t ≤^1_4 γ(x) <^1_2 γα(f̄ (x, t)), f̄(x, t) ∈ U^′ and gf̄ (x, t) = (hqf̄ (x, t), τ f̄(x, t)) = (hf̄ u(x, t), βf̄(x, t)) = (hf̄ (x, 0), t) = (h(x), t) = (p_1g(x), t) .

In particular gf̄ (x, 0) = g(x) = (h(x), 0) for every x ∈ ∂(X).

c) The map g is an injective map. Indeed, 1) For all y ∈ X − {x ∈ U/β(x) <^3_8 γα(x)} = M_1, we have that g(y) = (hq(y), τ (y)) = (h(y), τ (y)). 2) For every y ∈ {x ∈ U/^1_4 γα(x) < β(x) <^3_8 γα(x)} = M_2, we have that g(y) = (hf̄ u(α(y), β(y)), β(y)). 3) For every y ∈ {x ∈ U/β(x) ≤^1_4 γα(x)} = M_3 ⊂ U^′ it occurs that g(y) = (hq(y), τ (y)) = (hf̄ u(f̄ )^{−1}(y), τ (y)) = (hα(y), β(y)). Obviously X = M_1 ∪ M_2 ∪ M_3 and M_1, M_3 are closed sets of X. Let x, y be elements of X with x ≠ y such that g(x) = g(y).

c_1) If x, y ∈ M_1, then g(x) = (h(x), τ (x)) = (h(y), τ (y)) = g(y) and h(x) = h(y) which is a contradiction.

c_2) If x ∈ M_1 and y ∈ {z ∈ U/β(z) <^3_8 γα(z)}, then g(x) = (h(x), τ (x)) and g(y) = (hα(y), β(y)) if y ∈ M_3 or g(y) = (hf̄ u(α(y), β(y)), β(y)) if y ∈ M_2.

In the first case x = α(y) ∈ ∂(X) which is a contradiction. In the second case we have that x = f̄ (α(y), β(y)Φ(α(y), β(y)) which implies that α(x) = α(y) and 3 8 γα(x) ≤ β(x) = β(y)Φ(α(y), β(y)) ≤ β(y) <^3_8 γα(y) which is a contradiction.

c_3) If x, y ∈ {z ∈ U/β(z) <^3_8 γα(z)}, then β(x) = β(y) and it happens that hα(x) = hα(y) if x, y ∈ M_3, f̄ u(α(x), β(x)) = f̄u(α(y), β(y)) if x, y ∈ M_2 and α(x) = f̄ u(α(y), β(y)) = f̄(α(y), β(y)Φ(α(y), β(y))) if x ∈ M_3 and y ∈ M_2. All these cases give us that α(x) = α(y), which is a contradiction.

d) The map g : X → g(X) is a homeomorphism and g(X) is a closed set of H × [0, +∞). Indeed, d_1) The map g_{|M1} : M_1 → g(M_1) is a homeomorphism whose inverse map is α_1 = h^{−1}p_{1|g(M1)}. Indeed, we note that p_1g(M_1) = h(M_1), p_1g(x) = h(x) for all x ∈ M_1 and α_1g(x) = α_1(h(x), τ (x)) = h^{−1}h(x) = x for every x ∈ M_1 and gα_1(y, t) = gα_1g(z) = gα_1(h(z), τ (z)) = g(z) = (y, t) for all (y, t) ∈ g(M_1).

d_2) The map g_{|M3} : M_3 → g(M_3) is a homeomorphism whose inverse map is α_3 = f̄ (θ^{−1})_{|g(M3)} : g(M_3) → M_3, where θ = ( h_{|∂(X)}×1_{[0,+∞)} ) |_C1 : C1 → ( h_{|∂(X)}×1_{[0,+∞)} ) (C_1). Indeed, we note that g(M_3) ⊂ θ(C_1) f̄θ^{−1}g(M_3) = M_3, f̄ θ^{−1}g(x) = x for every x ∈ M_3, gf̄ θ^{−1}g(x) = g(x) for all x ∈ M_3 and f̄ θ−1g(x) = x for every x ∈ M_3.

d_3) Let M_2 be the closed subset of X, {x ∈ U/^1_4 γα(x) ≤ β(x) ≤^3_8 γα(x)} ⊂ U^′. Then the map g_{|M∗2} : M^∗_2 → g(M^∗_2 ) is a homeomorphism.

Indeed, we have that the map u_x : [^1_4 γ(x),^3_8 γ(x)] → [0,^3_8 γ(x)] is a bijective map for every x ∈ ∂(X), the map u_{|c3} : C_3 = {(y, t) ∈ ∂(X) × [0, +∞)/^1_4 γ(y) ≤ t ≤^3_8 γ(y)} → C^∗_3 is a homeomorphism, where C^∗_3 = {(y, t) ∈ ∂(X) × [0, +∞)/t ≤ 3 8 γ(y)} ⊂ W_1 , p_1g(M^∗_2 ) ⊂ im (h), M^∗_2 ⊂ U^′, h^{−1}p_1g(M^∗_2 ) ⊂ U^′ ⊂ U, (f̄ )^{−1}h^{−1}p_1g(M^∗_2 ) ⊂ C^∗_3 ,

u^{−1}(f̄ )^{−1}h^{−1}p_1g(M^∗_2 ) ⊂ C_3 ⊂ W_1, f̄ (C_3) ⊂ M^∗_2

and f̄u^{−1}(f̄ )^{−1}h^{−1}p_1g(M^∗_2 ) ⊂ M^∗_2 . Thus the inverse map of g_{|M∗2} is the continuous map f̄ u^{−1}f̄^{−1}h^{−1} p_{1/g(M} ∗_{2 )}.

d_4) g(M_1), g(M_3), g(M^∗_2 ) are closed sets of H × [0, +∞) and therefore g(X) = g(M_1) ∪ g(M_3) ∪ g(M^∗_2 ) is a closed set and g : X → g(X) is a homeomorphism.

e) The map T_x(g) : T_x(X) → T_{g(x)}(H × [0, +∞)) is an injective map, for every x ∈ X. e_1) First we note that M_1 = {x ∈ U/β(x) ≥^3_8 γα(x)} and that the map λ : ∂(X) × [0, +∞)) → R, defined by λ(y, t) = −t +^3_8 γ(y), is a map of class p + 1 such that λ^{−1}(0) ∩ (∂(X) × {0}) = ϕ and T_{(x,t)}(λ) ≠ 0 for every (x, t) ∈ λ^{−1}(0). Then the set λ^{−1}((−∞, 0]) is a closed submanifold of class p + 1 of ∂(X) × [0, +∞) such that ∂(λ^{−1}((−∞, 0])) = λ^{−1}(0) ∪ ((∂(X) × {0}) ∩ λ^{−1}((−∞, 0))) = λ^{−1}(0). But λ^{−1}((−∞, 0]) = {(y, t) ∈ ∂(X) × [0, +∞)/t ≥^3_8 γ(y)} and f̄ λ^{−1}((−∞, 0]) = {x ∈ U/β(x) ≥^3_8 γα(x)} = M_1. Hence it follows that M_1 is a submanifold of class p + 1 of X such that ∂(M_1) = f̄ (∂(λ^{−1}((−∞, 0]))) = f̄(λ^{−1}(0)) = {x ∈ U/β(x) =^3_8 γα(x)}, int(M_1) = {x ∈ U/β(x) >^3_8 γα(x)} is an open set of X and T_x(j) : T_x(M_1) → T_x(X) is a bijective map for every x ∈ M_1, where j : M_1 → X is the inclusion map.

Moreover for every y ∈ M_1 it occurs that g(y) = (h(y), τ (y)), T_y(g_{|M1} ) is an injective map and T_y(g) is an injective map.

e_2) If y ∈ M_2, then g(y) = (hf̄ u(f̄ )^{−1}(y), β(y)).

On the other hand u_{| ∘C3} :^∘C_3→^∘C_3 is a diffeomorphism of class p + 1 and

(f̄ )^{−1}(M_2) =^∘C_3. Therefore T_y(g) is an injective map for all y ∈ M_2.

e_3) We have that M_3 is a submanifold of class p + 1 of X such that ∂(M_3) = {x ∈ U/β(x) =^1_4 γα(x)} and int(M_3) = {x ∈ U/β(x) <^1_4 γα(x)} is an open set of X. Then for every x ∈ M_3, T_x(j) : T_x(M_3) → T_x(X) is a bijective map, where j : M_3 → X is the inclusion map. Moreover (f̄ )^{−1}(M_3) = C_1 and for every y ∈ M_3 it occurs that g(y) = (hα(y), β(y)) = (h_{|∂(X)}×1_{[0,+∞)})_{|C1} (f̄)^{−1}(y), T_y(g_{|M3} ) is an injective map and T_y(g) is an injective map.

Then using the formula T_x(j)T_x(∂X) = (T_xX)^0 = ∂((T_xX)^i) ⊂ ker T_x(τ ) for every x ∈ ∂(X), we have that ind(v) = ind (T_x(g)(v)) for every v ∈ (T_xX)^i and all x ∈ X and g is an immersion of class p. Hence g is a closed embedding of class p. Lastly it is straighforward to check that for every x ∈ f̄ (^∘C_1), T^g_x (X) = H_1 × R, where H_1 is closed linear subspace of H. Hence N^g_x (X) ⊂ H × {0} for every x ∈ f̄ (^∘C_1). �

Proposition 4.7

Let f : X → X be a differentiable map of class p such that f.f = f. Suppose that f(∂(X)) ⊂ ∂(X) and ker(T_{x0} (f)) ⊂ (T_{x0} X)^i for every x_0 ∈ f(X) ∩ ∂(X). Then we have that:

1) f is a subimmersion at every x_0 ∈ f(X), i.e. f localizes as a linear continuous map whose kernel and image admit topological supplements.

2) f(X) = {x ∈ X/f(x) = x} is a totally neat submanifold of class p of X. Moreover, if X is a Hausdorff manifold, then f(X) is a closed set of X (see [7]).

Proof of Theorem B

a) ⇒ b). From 4.7 we have that there are a real Hilbert space (H, <, >), a closed embedding g : X → H × [0, +∞) of class ∞ with g(∂(X)) = g(X) ∩ (H × {0}), a collar neighbourhood (f, A) of ∂(X) in X of class ∞ and an open set G in ∂(X) × [0, +∞), such that ∂(X) × {0} ⊂ G, ((p_1g_{|∂(X)}) × 1_{[0,+∞)})_{|G} = g_{|A}0 f/G, f(G) = G_1 is an open set in X with ∂(X) ⊂ G_1 and for every x ∈ G_1, N^g_x (X) ⊂ H × {0} = (H × R)^0_{p2} .

Using 3.1 we have that there is an open set Ω of Ã ⊂ N^g(X), with X × {0} ⊂ Ω and there is an open set W of H ×[0, +∞), with g(X) ⊂ W such that e_{|Ω} : Ω → W is a diffeomorphism of class ∞ and e.ξ = g, where ξ : X → N^g(X) is defined by ξ(y) = (y, 0), Ã is an open set of N^g(X) with (x, 0) ∈ Ã for every x ∈ X and e : Ã → H × [0, +∞) defined by e(x, v) = g(x) + v is a local diffeomorphism of class ∞ at (x, 0) ∈ Ã for every x ∈ X.

Moreover the map π : W → W defined by π = eξp_{1|Ω}(e_{|Ω})^{−1} is a map of class ∞ such that π(W ) = g(X), π(∂(W )) ⊂ ∂(g(X)) = g(∂(X)) = g(X) ∩ (H × {0}) and πg(x) = g(x) for all x ∈ X.

Lastly the map π : W → g(X) is a submersion of class ∞ at every g(x) ∈ g(X). Let (x_0, t_0) ∈ W such that π(x_0, t_0) ∈ ∂(W ). Then π(x_0, t_0) = (y_0, 0), (e_{|Ω})^{−1}(x_0, t_0) = (x_1, u_1, v_1) π(x_0, t_0) = g(x_1) and x_1 ∈ ∂(X), (x_0, t_0) = g(x_1) + (u_1, v_1), (u_1, v_1) ∈ N^g_{x1} (X), (y_0, 0) ∈ g(G_1).

Let us consider open neighbourhoods V^{x0} ⊂ G_1, V^0_R ⊂ R, V^{y0} ⊂ H and V^0 ⊂ [0, +∞) such that V^{y0} × V^0 ⊂ W , V^0_R ⊂ V^0, N^g(X) ∩ (V^{x1} × B^H_ε (0) × V^0_R) ⊂ Ω, V^{y0} − y_0 ⊂ B^H_{ε/2}(0) and [V^{y0} ∩ p_1(g(∂(X)))] × V^0 ⊂ g(V^{x1} ) ⊂ g(G_1) = gf(G). Then if (y, t) ∈ V^{y0} × V^0 we have that (y, 0) ∈ ∂(W ), π(y, 0) ∈ g(∂(X)) = g(X) ∩ (H × {0}) and π(y, 0) = g(x_2) = (p_1g_{|∂(X)} × 1_{[0,+∞)})(x_2, 0) = (p_1g(x_2), 0) with x_2 ∈ ∂(X). Since π(y_0, 0) = (y_0, 0), there are open neighbourhoods V^{y0}_1 ⊂ H, V^0_1 ⊂ [0, +∞) such that π(V^{y0}_1 × V^0_1 ) ⊂ V^{y0} × V^0 and V^{y0}_1 × V^0_1 ⊂ V^{y0} × V^0.

Now, if (y, t) ∈ V^{y0}_1 × V^0_1 , then p_1g(x_2) ∈ V^{y0} ∩ p_1g(∂(X)), (p_1g(x_2), t) ∈ g(V^{x1} ), (p_1g(x_2), t) = g(z) with z ∈ V^{x1}_1 , g(x_2)+(0, t) = g(z) and (y, 0) = g(x_2)+ (u, 0), where (e_{|Ω})^{−1}(y, 0) = (x_2, (u, 0)), π(y, 0) = g(x_2) and (u, 0) ∈ N^g_{x2} (X).

Hence (y, t) = (y, 0) + (0, t) = g(x_2) + (u, 0) + (0, t) = g(z) + (u, 0). On the other hand, from the formula g.f_{|G} = (p_1g_{|∂(X)} × 1_{[0,+∞)})_{|G}, it is straightforward to check that T^g_{x2} (X) = T^g_z (X) and therefore N^g_{x2} (X) = N^g_z (X), (u, 0) ∈ N^g_z (X), (z, (u, 0)) ∈ N^g(X), p_1g(x_2) + u = y, u = (y − y_0) − (p_1g(x_2) − y_0), ‖ y − y_0 ‖<^ε_2 , ‖ p_1g(x_2) − y_0 ‖< ε/2 and ‖ u ‖< ε. Finally u ∈ B^H_ε (0), (z, u, 0) ∈ Ω, π(y, t) = g(z) = (p_1g(x_2), t) and ker(Dπ(y_0, 0)) ⊂ H × {0}.

b) ⇒ a) By 4.8, r(U ) is a totally neat submanifold of class ∞ of U , which is homeomorphic to X. Thus X admits a Hilbert differentiable structure of class ∞ with ∂(X) ≠ ϕ and ∂^2(X) = ϕ.

References

[1] R. Abraham: Lectures of Smale Differential Topology. Columbia University, New York, 1962. [2] S. Armas-Gómez, J. Margalef-Roig, E. Outerelo-Domínguez, E. Padrón-Fernández: Embedding of an Urysohn differentiable manifold with corners in a real Banach space. Winter School of Geometry and Physics held in SRNI (January, 1991, Czechoslovak).

[3] H. Cartan: Sur les Rétractions d’une varieté. C.R. Acad. Sc. Paris, A. 303, Serie I, n. 14, 1986, p. 715.

[4] J. Eells, K.D. Elworthy: Open embeddings of certain Banach manifolds. Ann. of Math. 91, 1970, 465–485.

[5] R. Godement: Théorie des faisceaux. Hermann, Paris, 1958.

[6] J. Margalef-Roig, E. Outerelo-Domínguez: Topología diferencial. C.S.I.C., Madrid, 1988. [7] J. Margalef-Roig, E. Outerelo-Domínguez: On Retraction of Manifolds with corners (to appear).

[8] J.H. McAlpin: Infinite dimensional manifolds and Morse theory. Ph.D. Thesis, Columbia University, New York, 1965.

[9] R.E. Stong: Notes on Cobordism Theory. Princeton University Press, 1968.

J. Margalef–Roig Consejo Superior de Investigaciones Científicas Instituto de Matemáticas y Física Fundamental c/ Serrano 123 28006 Madrid, SPAIN

E. Outerelo–Dominguez Univ. Complutense de Madrid Facultad de Matemáticas Ciudad Universitaria 28040 Madrid, SPAIN