ARCHIVUM MATHEMATICUM (BRNO) Tomus 30 (1994), 97 – 115

SYMMETRIES OF CONNECTIONS ON FIBERED MANIFOLDS

Alexandr Vondra

Abstract. The (infinitesimal) symmetries of first and second-order partial differential equations represented by connections on fibered manifolds are studied within the framework of certain “strong horizontal” structures closely related to the equations in question. The classification and global description of the symmetries is presented by means of some natural compatible structures, e.g. by vertical prolongations of connections.

1. Introduction

In our recent paper [15], we have introduced a formalism which can be applied for a geometrical description of some indirrect integration methods concerning differential equations for integral sections of connections, i.e. Pfaffian systems for integral mappings of corresponding horizontal distributions. The results, motivated by the variational analysis over one-dimensional base [13], [14], suggest a generalization either of the “method of characterististics” from the theory of exterior differential systems or the “method of fields of extremals” (Hamilton-Jacobi method) from mechanics. This is done in terms of characterizable connections on π_{1,0}, their characteristic 2-connections on π and fields of paths, which are local connections on π. The crucial idea of reasoning on equations through the corresponding connections and their interrelations rests upon certain results on natural transformations [5] and it takes full advantage of the relationships between the associated horizontal distributions.

In this paper, we study in some sense complementary “strong horizontal” distributions which appear within the framework of considerations on the symmetries of such equations. It should be mentioned here that analogous structures appear in a particular case of J^1π = R× T M e.g. in [3], [27], or in a slightly more general situation on J^1π over an arbitrary one-dimensional base [26]. The importance of these structures either for equations themselves or for the calculus of forms along π_{1,0} : R× T M → R× M is discussed e.g. in [23].

1991 Mathematics Subject Classification: 35A30, 53C05.

Key words and phrases: connections, differential equations, integral sections, symmetries. Received March 28, 1993 Supported by the GA CR grant No. 201/93/2125 The author would like to express his gratitude to Prof. I. Kolář for his advice.

The notions and results are twofold, considered either “locally” for a single (mostly integrable) connection Γ on π or “globally” for a characterizable connection Ξ on π_{1,0}. It turns out that the complement to the Cartan distribution C^Γ_{π1,0} of a connection Γ on π in the decomposition of the tangent bundle T Γ(Y ), expressed in terms of the vertical prolongation VΓ of Γ, has a global counterpart in the so-called reduced connection associated to any characterizable connection on π_{1,0}. It should be mentioned that some of these ideas are partially motivated by [2], [28], [29]. The importance of the decompositions will become apparent in the last section, where the infinitesimal symmetries of connections are studied. We hope that the presented classification creates a contribution to the transparent description of the situation. In the last part of this section, we reap the benefit of the relations between 2-connections and their fields of paths to the description of the relations between their symmetries by means of the corresponding vertical prolongations.

Our formalism and notation of the fibered manifolds theory, jet prolongations and connections is mostly in accordance with [16], [17], [24]. For jet prolongations of vector fields and groups of transformations see e.g. [9], [10], [11], [19], [24]. The motivations and results from the theory of prolongations of connections and related topics are due to [7], [8], [18]. For the theory of natural operations and invariants we refer to [9], [12]. Further theories we are dealing with are the geometry of vector distributions and differential equations and their symmetries [1], [25] and mainly [6], [19], [24]. An interesting approach to these problems can be found in [2], [28], [29].

2. Connections and equations

Let π : Y → X be a fibered manifold with local fibered coordinates (x^i, y^σ ), i = 1, . . . , n = dim X, σ = 1, . . . , m = dim Y − dim X. The first jet prolongation of π as the set of all 1–jets j^1_xγ (x ∈ X) of local sections γ : X ⊃ U → Y of π (the set of such sections we denote by S_U (π) or generally S_{loc}(π)) is denoted by J^1π. The induced coordinates on J^1π are denoted by (x^i, y^σ , y^σ_i ). The manifold J^1π will be viewed as the total space both of the fibered manifold π_1 : J^1π → X and of the affine bundle π_{1,0} : J^1π → Y .

A connection on π is a section (generally defined on some open subset of Y ) Γ : Y → J^1π of π_{1,0}. In local fibered coordinates, the equations of Γ are y^σ_i ∘ Γ = Γ^σ_i (x^i, y^λ), where Γ^σ_i are the components of Γ. The horizontal form h_Γ of Γ is h_Γ = D_{Γi} ⊗ dx^i, where D_{Γi} = ∂/∂x^i + Γ^σ_i ∂/∂y^σ is the i-th (absolute) derivative with respect to Γ. The complementary projection to h_Γ is the vertical form v_Γ = I − h_Γ and the connection Γ is then identified with a canonical decomposition T Y = V_πY ⊕ H_Γ, where the n-dimensional π–horizontal distribution H_Γ = Im h_Γ is locally generated by the vector fields D_{Γi} for i = 1, . . . , n or equivalently by the forms dy^σ − Γ^σ_j dx^j for σ = 1, . . ., m.

By a first-order differential equation on π (more precisely, a (nonlinear) system of partial differential equations (PDE)) we mean any (embedded) submanifold E of J^1π. A solution of E is a section γ ∈ S_{loc}(π) such that j^1γ ⊂ E. An intrinsic object related to E is the Cartan distribution C^E_{π1,0} of E defined by C^E_{π1,0} = C_{π1,0} ∩ T E, where C_{π1,0} is the canonical Cartan distribution on J^1π.

Evidently, the (n + m)-dimensional submanifold Γ(Y ) ⊂ J^1π can be viewed as a global counterpart of a first-order differential equation “explicitly solved with respect to derivatives”. Thus a section γ ∈ S_{loc}(π) is called a path or an integral section of the connection Γ if j^1γ = Γ ∘ γ, which locally means the equations for γ on its domain ∂γ^σ ∂x^i = Γ^σ_i (x^j, γ^λ) .

Recall that γ is an integral section of Γ if and only if the image of γ is an integral manifold of the horizontal distribution H_Γ. Accordingly, the Frobenius integrability conditions for Γ, locally expressed by ∂Γ^σ_i ∂x^j + ∂Γ^σ_i ∂y^λ Γ^λ_j = ∂Γ^σ_j ∂x^i + ∂Γ^σ_j ∂y^λ Γ^λ_i ,

means equivalently that there exists a unique maximal integral section of Γ passing through each point y ∈ Y or that the distribution H_Γ is involutive or finally that for the curvature R_Γ of the connection Γ it holds R_Γ = 0.

The second (holonomic) prolongation of π is the set J^2π of 2–jets of local sections of π with local coordinates (x^i, y^σ , y^σ_i , y^σ_{ij}).

The first jet prolongation J^1π_{1,0} of the bundle π_{1,0} : J^1π → Y is the set of 1-jets of local connections on π with the induced coordinates (x^i, y^σ, y^σ_i , z^σ_{ij}, z^σ_{iλ}).

A 2-connection on π is a section Γ^{(2)} : J^1π → J^2π of π_{2,1}. In coordinates, y^σ_{ij} ∘ Γ^{(2)} = Γ^σ_{ij} , where Γ^σ_{ij} = Γ^σ_{ji} are the components of Γ^{(2)}. The horizontal form of Γ^{(2)} is locally expressed by h_Γ(2) = D_Γ(2)_i ⊗ dx^i, where D_Γ(2)_i = ∂/∂x^i + y^σ_i ∂/∂y^σ + Γ^σ_{ij}∂/∂y^σ_j is the i-th absolute derivative with respect to Γ^{(2)}. The canonical decomposition generated by h_Γ(2) is T J^1π = V_{π1} J^1π ⊕ H_Γ(2) , where the n-dimensional π_1–horizontal distribution H_Γ(2) = Im h_Γ(2) is locally generated by the vector fields D_Γ(2)_i or by the forms dy^σ = y^σ_j dx^j, dy^σ_i = Γ^σ_{ij}dx^j.

Since H_Γ(2) ⊂ C_{π1,0} , a path or an integral section of the connection Γ^{(2)} is defined to be a section γ ∈ S_{loc}(π) such that j^2γ = Γ^{(2)} ∘ j^1γ. Consequently, 2- connections on π are geometric counterparts of systems of second-order differential equations solved with respect to highest derivatives of the form

∂^2γ^σ ∂x^i∂x^j = Γ^σ_{ij} ( x^k, γ^λ, ∂γ^λ ∂x^k ) . Recall that γ is an integral section of Γ^{(2)} if and only if the image of j^1γ is an integral manifold of the horizontal distribution H_Γ(2) .

Finally, a connection on π_{1,0} is a section Ξ : J^1π → J^1π_{1,0} of (π_{1,0})_{1,0}. The horizontal form of Ξ is locally expressed by h_Ξ = D_{Ξj} ⊗ dx^j + D_{Ξλ} ⊗ dy^λ, where D_{Ξj} = ∂/∂x^j + Ξ^σ_{ij}∂/∂y^σ_i and D_{Ξλ} = ∂/∂y^λ + Ξ^σ_{iλ}∂/∂y^σ_i for j = 1, . . . , n and λ = 1, . . ., m, are the j-th or the λ-th absolute derivative with respect to Ξ, respectively. The canonical decomposition generated by h_Ξ is T J^1π = V_{π1,0} J^1π ⊕ H_Ξ, where the (n + m)-dimensional π_{1,0}–horizontal distribution H_Ξ = Im h_Ξ is locally generated by the vector fields D_{Ξj} and D_{Ξλ} or equivalently by the forms dy^σ_i = Ξ^σ_{ij} dx^j + Ξ^σ_{iλ} dy^λ.

Evidently, the integral sections of connections on π_{1,0} are just local connections on π. Such a connection Γ ∈ S_{loc}(π_{1,0}) is an integral section of Ξ if and only if j^1Γ = Ξ ∘ Γ, which in fibered coordinates means a system of (n + m) first order PDE of the form ∂Γ^σ_i ∂x^j = Ξ^σ_{ij}(x^k, y^ν , Γ^ν_k), ∂Γ^σ_i ∂y^λ = Ξ^σ_{iλ}(x^k, y^ν , Γ^ν_k)

for the components of Γ, or equivalently if and only if the image of Γ is an integral manifold of the horizontal distribution H_Ξ.

We refer to [15] for the more detailed discussion of the following notions and results.

It was shown in [5] that there is a unique 2-connection Γ^{(2)} on π naturally assigned to any connection Ξ on π_{1,0}. A connection Ξ on π_{1,0} is then called characterizable if H_Γ(2) ⊂ H_Ξ or equivalently H_Γ(2) = H_Ξ ∩ C_{π1,0} for the above 2-connection Γ^{(2)}, called now the characteristic connection of Ξ. Since the local conditions for Ξ to be characterizable are Ξ^σ_{ij} − Ξ^σ_{ji} + Ξ^σ_{iλ}y^λ_j − Ξ^σ_{jλ}y^λ_i = 0, the components of its characteristic connection are Γ^σ_{ij} = Ξ^σ_{ij} + Ξ^σ_{iλ}y^λ_j . The integral manifolds of H_Γ(2) of maximal dimension, which are just first jet prolongations of integral sections of the characteristic connection, are called characteristics of the connection Ξ and the most important fact for the theory of equations under consideration is that the integral sections of Ξ are foliated by the characteristics.

A connection Γ : Y ⊃ V → J^1π on π is called a field of paths of a 2-connection Γ^{(2)} on π if on V

(2.1) J^1(Γ, id_X ) ∘ Γ = Γ^{(2)} ∘ Γ ,

where J^1(Γ, id_X ) is the first jet prolongation of the fibered morphism Γ over X. An arbitrary field of paths of Γ^{(2)} is integrable and a connection Γ : Y ⊃ V → J^1π is a field of paths of Γ^{(2)} if and only if the submanifold Γ(V ) ⊂ J^1π is foliated by first jet prolongations of integral sections of Γ^{(2)}, i.e. if H_Γ(2) |_{Γ(V )} ≡ C^Γ_{π1,0} . In fiber coordinates, (2.1) reads Γ^σ_{ij} ∘ Γ = D_{Γj} (Γ^σ_i ). Since Γ^{(2)} ∘ j^1γ = Γ^{(2)} ∘ Γ ∘ γ = J^1(Γ, id_X ) ∘ Γ ∘ γ = j^1(Γ ∘ γ) = j^1(j^1γ) = j^2γ, if Γ is a field of paths of Γ^{(2)} and γ is an integral section of Γ then γ is an integral section (a path) of Γ^{(2)}. Thus if Γ : Y ⊃ V → J^1π is a field of paths of Γ^{(2)} then H_Γ defines a foliation of V such that each leaf of this foliation is the image of an integral section of Γ^{(2)}.

By the above results, the problem of finding all the integral sections of a given integrable 2-connection is equivalent to the problem of solving all fields of paths of Γ^{(2)}. This is not much surprising within the context of the theory of prolongations of differential equations. Clearly, the submanifold J^1(Γ, id_X ) ∘ Γ(Y ) ⊂ J^2π is just the first prolongation of the equation Γ(Y ) ⊂ J^1π. Conversely, each field of paths Γ of Γ^{(2)} represents a (local) reduction of the order of the equation Γ^{(2)}(J^1π) ⊂ J^2π.

It is easy to prove that if Ξ is a characterizable connection on π_{1,0} and Γ^{(2)} its characteristic 2-connection on π then each integral section Γ of Ξ is a field of paths of Γ^{(2)}. Consequently, if Ξ is integrable then Γ^{(2)} is integrable and each integral section of Γ^{(2)} is locally imbedded in a field of paths Γ, which is an integral section of Ξ.

3. Strong horizontal distributions

First recall the structure of vertical bundles on Y and J^1π. The vertical subbundle V_π Y to π of T Y , representing the family of vectors tangent to the fibers of π, can be viewed as the total space of the fibered manifold ρ : V_π Y → X, ρ = π ∘ τ_Y . Consequently, there is an identification of the tangent space T Y_x of Y_x with the fiber ρ^{−1}(x) of ρ. There are two canonical vertical subbundles of T J^1π, namely V_{π1} J^1π or V_{π1,0} J^1π of π_1 or π_{1,0}–vertical vectors on J^1π, respectively. To relate them with V_π Y , we have to recall that there is a canonical isomorphism between J^1ρ and V_{π1} J^1π over π^∗_{1,0}(V_π Y ). The isomorphism is represented locally by a rearrangement; if the induced coordinates on J^1ρ are (x^i, y^σ, ẏ^σ , y^σ_i , ẏ^σ_i ) then those on V_{π1} J^1π are (x^i, y^σ, y^σ_i , ẏ^σ , ẏ^σ_i ). Thus there is a natural identification of the tangent space T (J^1π)_x of a fiber (J^1π)_x = π^{−1}_1 (x) with ρ^{−1}_1 (x) and T (J^1π)_y ∼= ρ^{−1}_{1,0}(y).

Using a canonical vertical functor V for a connection Γ : Y → J^1π on π one obtains a mapping V Γ : V_πY → V_{π1} J^1π, representing a π_1-vertical lift of π-vertical vectors by

(3.1) ζ^σ ∂ ∂y^σ |_y^{V Γ}−→ ζ^σ ∂ ∂y^σ |_{Γ(y)} + ∂Γ^σ_i ∂y^λ ζ^λ ∂ ∂y^σ_i |_{Γ(y)} .

Using the above identification V_{π1} J^1π ∼= J^1ρ we get the so-called vertical prolongation VΓ of Γ, realizing the only connection on ρ naturally determined by the given connection Γ on π [7]. This vertical prolongation finds wide application for example in the theory of prolongations of connections on π to connections on π_1 (see [7], [8], [9], [18] and references therein). In what follows we would like to show that it also provides a natural description of the geometry related to the equation Γ(Y ) ⊂ J^1π in terms of its symmetries. It is to be remarked that this approach is not quite so original (cf. [28]).

First we will be interested in a decomposition of the tangent bundle T Γ(Y ), expressing the internal geometry of the corresponding equation Γ(Y ) ⊂ J^1π. Since we will have frequent occasion for expressing the results with reference to jet prolongations of vector fields, we recall that ζ being a vector field on Y , locally expressed by ζ = ζ^i∂/∂x^i + ζ^σ ∂/∂y^σ , its first jet prolongation J^1ζ is

(3.2) J^1ζ = ζ^i ∂ ∂x^i + ζ^σ ∂ ∂y^σ + ( D_i(ζ^σ) − D_i(ζ^j )y^σ_j ) ∂ ∂y^σ_i . For a π-projectable vector field ζ on Y , the flow of J^1ζ is the jet prolongation of that of ζ, which consists of fibered isomorphisms of π.

Since J^1D_{Γi} ∘ Γ = T Γ ∘ D_{Γi} if and only if Γ is integrable, the following assertion can be easily proved.

Lemma 3.1. Let Γ be an integrable connection on π. Then for any Γ-horizontal vector field ζ on Y holds (3.3) J^1ζ ∘ Γ = T Γ ∘ ζ ∈ C^Γ_{π1,0} .

It is trivial to verify that the tangent bundle T Γ(Y ) splits into the direct sum T Γ(Y ) = C^Γ_{π1,0} ⊕ VΓ(V_π Y ) accordingly to the decomposition T Y = H_Γ ⊕ V_π Y corresponding to Γ.

Considering T Γ(Y ) in obvious sense as an subbundle of T J^1π we find the assertion concerning a natural decomposition associated to any integrable connection on π. This proposition is to be considered as an inner version of Proposition 3.3. Proposition 3.1. Let Γ be an integrable connection on π and ζ a vector field on Y . Then J^1ζ ∘ Γ = J^1(h_Γ ∘ ζ) ∘ Γ + VΓ ∘ v_Γ ∘ ζ + (J^1ζ ∘ Γ)^{π1,0} , where J^1(h_Γ ∘ ζ) ∘ Γ ∈ C^Γ_{π1,0} VΓ ∘ v_Γ ∘ ζ ∈ VΓ(V_π Y ) (J^1ζ ∘ Γ)^{π1,0} ∈ V_{π1,0} J^1π .

Moreover, VΓ ∘ v_Γ ∘ ζ + (J^1ζ ∘ Γ)^{π1,0} = J^1(v_Γ ∘ ζ) ∘ Γ J^1D_{Γi} ∘ Γ = D_i ∘ J^1(Γ, id_X ) ∘ Γ .

The whole situation will become apparent in terms of decompositions of characterizable connections on π_{1,0}. Recall that a non-vanishing (1,1) tensor field F of constant rank on a manifold M is called an f(3,-1) structure on M if F^3 − F = 0, which yields a canonical direct sum decomposition of T M induced by any such f(3,-1) structure. The eigenspaces corresponding to the eigenvalues 0, −1, +1 are Im(F^2 − I), Im(F^2 − F ), Im(F^2 + F ), respectively.

Proposition 3.2. Let Ξ be a characterizable connection on π_{1,0} and Γ^{(2)} its characteristic 2-connection on π. Then F_Ξ = 2h_Ξ − h_Γ(2) − I is an f(3,-1) structure on J^1π of rank m(n + 1).

Proof. Since h_Ξ ∘ h_Γ(2) = h_Γ(2) ∘ h_Ξ = h_Γ(2) , it is easy to see that F^2_Ξ = v_Γ(2) , which immediately gives F^3_Ξ − F_Ξ = 0. The rank of F_Ξ is evident from the local expression

F_Ξ = ( F^σ_{ij} ∂ ∂y^σ_i − y^σ_j ∂ ∂y^σ ) ⊗ dx^j + + ∂ ∂y^σ ⊗ dy^σ − ∂ ∂y^σ_i ⊗ dy^σ_i + F^σ_{iλ} ∂ ∂y^σ_i ⊗ dy^λ , where the functions F^σ_{ij} = Ξ^σ_{ij} − Ξ^σ_{iλ}y^λ_j and F^σ_{iλ} = 2 Ξ^σ_{iλ} are the components of F_Ξ. � Since F^2_Ξ − I = −h_Γ(2) , F^2_Ξ + F_Ξ = 2(h_Ξ − h_Γ(2) ) and F^2_Ξ − F_Ξ = 2 v_Ξ, the assertion follows.

Proposition 3.3. Let Ξ be a characterizable connection on π_{1,0} and Γ^{(2)} its characteristic 2-connection on π. Then there is a canonically determined direct sum decomposition

(3.4) T J^1π = V_{π1,0} J^1π ⊕ H_Γ(2) ⊕ H_{FΞ} ,

given for any ζ^{(1)} ∈ T J^1π by

ζ^{(1)} = v_Ξ(ζ^{(1)}) + h_Γ(2) (ζ^{(1)}) + (h_Ξ − h_Γ(2) )(ζ^{(1)}) ,

where H_Γ(2) ⊕ H_{FΞ} = H_Ξ.

The m-dimensional H_{FΞ} = Im(h_Ξ − h_Γ(2) ) will be called a strong horizontal distribution. By the strong horizontality of H_Ξ we mean the decomposition

V_{π1} J^1π = V_{π1,0} J^1π ⊕ H_{FΞ} .

Using coordinates, for ζ^{(1)} = ζ^i∂/∂x^i + ζ^σ ∂/∂y^σ + ζ^σ_j ∂/∂y^σ_j the decomposition (3.4) means

v_Ξ(ζ^{(1)}) = ( ζ^σ_j − Ξ^σ_{ji}ζ^i − Ξ^σ_{jλ}ζ^λ ) ∂ ∂y^σ_j ,

h_Γ(2) (ζ^{(1)}) = ζ^i ( ∂ ∂x^i + y^σ_i ∂ ∂y^σ + (Ξ^σ_{ij} + Ξ^σ_{iλ}y^λ_j ) ∂ ∂y^σ_j ) ,

(h_Ξ − h_Γ(2) )(ζ^{(1)}) = (ζ^λ − ζ^iy^λ_i ) ( ∂ ∂y^λ + Ξ^σ_{jλ} ∂ ∂y^σ_j ) . It appears that there is further interesting object closely related with the results just referred to (cf. [2], [28], [29]).

Definition 3.1. A reduced connection of type (1,0) on π is a section

Γ_{(1,0)} : π^∗_{1,0}(V_π Y ) → V_{π1} J^1π

which is linear in ẏ^σ , i.e. whose local expression is ẏ^σ_i ∘ Γ_{(1,0)} = Γ^σ_{iλ}(x^j, y^σ , y^σ_i ) ẏ^λ.

In other words, Γ_{(1,0)} represents a lift of vector fields expressed by ( j^1_xγ, ζ^σ ∂ ∂y^σ |_{γ(x)} )_{Γ(1,0)} −−−→ ζ^σ ∂ ∂y^σ |_j1_{xγ} + Γ^σ_{iλ} ζ^λ ∂ ∂y^σ_i |_j1_{x γ} ,

and thus it generates a decomposition

V_{π1} J^1π = V_{π1,0} J^1π ⊕ H_{Γ(1,0)} ,

with H_{Γ(1,0)} = Im Γ_{(1,0)} generated by the vector fields ∂/∂y^λ + Γ^σ_{iλ}∂/∂y^σ_i for λ = 1, . . . , m.

Definition 3.2. A π-vertical vector field ζ on Y will be called an integral section of a reduced connection Γ_{(1,0)} on π if for any j^1_xγ holds

(3.5) J^1ζ(j^1_xγ) = Γ_{(1,0)} ( j^1_xγ, ζ(γ(x)) ) . Using coordinates, (3.5) means

(3.6) ∂ζ^σ ∂x^i + ∂ζ^σ ∂y^λ y^λ_i = Γ^σ_{iλ} ζ^λ .

Remark that if we are given Γ_{(1,0)} then obviously each connection Γ on π generates a connection Γ_{(1,0)} ∘ Γ on ρ : V_π Y → X by the composition V_π Y^{τY × id} −−−−→ Y ×_Y V_π Y^{Γ× id}−−−→ J^1π ×_Y V_πY^{Γ(1,0)}−−−→ V_{π1} J^1π . Locally

(3.7) ζ^σ ∂ ∂y^σ |_y^{Γ(1,0)∘Γ} −−−−−→ ζ^σ ∂ ∂y^σ |_{Γ(y)} + Γ^σ_{iλ} ζ^λ ∂ ∂y^σ_i |_{Γ(y)} .

Considering h_Ξ : π^∗_{1,0}(T Y ) → T J^1π as the horizontal lift with respect to a given characterizable connection Ξ on π_{1,0}, Prop. 3.3 can be reformulated. Theorem 3.1. Each characterizable connection on π_{1,0} splits into the direct sum of a 2-connection on π and a reduced connection of type (1, 0) on π. The decomposition is given by H_Ξ = H_Γ(2) ⊕ H_{Γ(1,0)} ,

where Γ^{(2)} is the characteristic connection of Ξ and Γ_{(1,0)} = h_Ξ|_π�_{1,0(VπY )}, i.e. locally

(3.8) Γ^σ_{iλ} = Ξ^σ_{iλ} .

The last assertion of this section imply the meaning of reduced connections (or in other words of the corresponding strong horizontal subbundles) in the theory of symmetries. By (3.1), (3.7) and (3.8):

Proposition 3.4. Let Ξ be a characterizable connection on π_{1,0}, Γ_{(1,0)} the associated reduced connection of type (1, 0) on π. Let Γ ∈ S_V (π_{1,0}) be an integral section of Ξ. Then Γ_{(1,0)} ∘ Γ ≡ VΓ on τ^{−1}_Y (V ) ⊂ V_π Y .

4. Symmetries In this section we will discuss the symmetries of connections in keeping with previous considerations. It should be noticed that we follow the infinitesimal approach, so that symmetries will be vector fields as the generators of the groups of invariant transformations.

First recall the symmetries of distributions in accordance with [6]. Let P be a regular distribution on a smooth manifold M . A vector field ζ on M is called a symmetry of the distribution P if its flow consists of diffeomorphisms which preserve P , i.e. if {α_t} is the corresponding one-parametric group of diffeomorphisms then T α_t(P_x) = P_{αt(x)} for x ∈ M . The set Sym(P ) of all symmetries of P is a Lie algebra with respect to Lie bracket of vector fields and

(4.1) ζ ∈ Sym(P ) ⇐⇒ [ζ, ξ] ∈ P for each ξ ∈ P

or equivalently

(4.2) ζ ∈ Sym(P ) ⇐⇒ L_ζω ∈ P^∗ for each ω ∈ P^∗,

where by P^∗ we denote the ideal of differentiable forms on M , annihilating P . Denoting by v_i the local generators of P , i = 1, . . . , dim P , then (4.1) means the existence of functions k_{ij} ∈ C^∞(M ) such that [ζ, v_i] = ∑ j k_{ij}v_j for each i. Using the definition of the Lie derivative we can see that it is equivalent to the condition T α_t(v_i) = ∑ j λ_{ij}(t)v_j for the flow {α_t} of ζ where λ_{ij} ∈ C^∞(M ) are smoothly parameterized by t and k_{ij} = − d dt | | t=0 λ_{ij}(t) . The importance of symmetries of a completely integrable distribution rests upon the fact that the corresponding flows preserve the set of maximal integral manifolds of P .

Example 4.1. Let P be a one-dimensional distribution locally generated by a nowhere vanishing vector field ξ. Then (4.1) reads ζ ∈ Sym(P ) ⇐⇒ [ζ, ξ] = kξ for k ∈ C^∞(M ). The notion of the maximal integral manifold of P coincides locally with that of the maximal integral curves of ξ.

Example 4.2. Considering the Cartan distribution C_{π1,0} on J^1π, the symmetries of C_{π1,0} are called contact vector fields. In this case (4.2) means that the Lie derivative of any contact form with respect to a contact vector field is again a contact form. It can be shown (e.g. [24]) that if a vector field ζ^{(1)} on J^1π is projectable onto Y , then ζ^{(1)} is a contact vector field if and only if it is a prolongation of a vector field on Y . Moreover, if m > 1 then every contact vector field is projectable and thus it is a prolongation. Notice that the singularity of the case m = 1 is induced by the same dimension n of the fibers of π_{1,0} and of the integral submanifolds j^1γ(U ) of C_{π1,0} .

The set of symmetries of P lying within P is denoted Char(P ). The flow of any such characteristic symmetry of P moves integral manifolds along itself. Since Char(P ) is an ideal in Sym(P ), the quotient algebra Shuf(P ) = Sym(P )/ Char(P ) of the so-called shuffling symmetries of P can be constructed. Thus any ζ ∈ Shuf(P ) represents the whole class of symmetries whose flow rearrange the integral manifolds of P in the same way.

Secondly, the symmetries of equations can be studied. Let E ⊂ J^1π be a first order differential equation on π. They are two different ways for understanding the symmetries of E, closely related to their internal and external geometry. The external symmetry of E is any contact vector field on J^1π tangent to E. The flow of such a symmetry preserve E and obviously the restriction of ζ to E defines a symmetry of C^E_{π1,0} . Just the symmetries of the distribution C^E_{π1,0} (vector fields on E) are called internal symmetries of E.

Definition 4.1. Let Γ be a connection on π. A vector field ζ on Y is called a symmetry of Γ if and only if ζ and J^1ζ are Γ-related, i.e.

(4.3) J^1ζ ∘ Γ = T Γ ∘ ζ .

Corollary 4.1. If Γ is integrable, then each Γ-horizontal vector field ζ on Y is a symmetry of Γ.

Proof. See Lemma 3.1. �

Proposition 4.1. Let Γ be an integrable connection on π. Then a vector field ζ on Y is a symmetry of Γ if and only if

(4.4) J^1(v_Γ ∘ ζ) ∘ Γ = VΓ ∘ v_Γ ∘ ζ .

Proof. Since ζ = h_Γ(ζ) + v_Γ(ζ) and due to Prop. 3.1 and Corollary 4.1, ζ is a symmetry of Γ if and only if v_Γ(ζ) is a symmetry. Since evidently VΓ ∘ v_Γ ∘ ζ = T Γ ∘ v_Γ ∘ ζ, the assertion is then an immediate consequence of Prop. 3.1. �

The condition (4.3) can be represented in terms of (generalized) Lie derivative [9]. Actually, a vector field ζ on Y is a symmetry of Γ if and only if a generalized Lie derivative ~L_{(ζ,J 1ζ)}Γ = T Γ ∘ ζ − J^1ζ ∘ Γ

of Γ with respect to ζ and J^1ζ vanishes. In this context, previous proposition can be obtained (again using Lemma 3.1) by

(4.5) ~L_{(ζ,J} 1_{ζ)}Γ = ~L_{(hΓ∘ζ+vΓ ∘ζ,J} 1_{(hΓ ∘ζ)+J} 1_{(vΓ∘ζ))}Γ = = ~L_{(hΓ∘ζ,J} 1_{(hΓ∘ζ))}Γ + ~L_{(vΓ∘ζ,J} 1_{(vΓ∘ζ))}Γ = ~L_{(vΓ∘ζ,J} 1_{(vΓ∘ζ))}Γ . The relation (4.4) locally means a system of PDE for the generating functions φ^σ = ζ^σ − Γ^σ_j ζ^j of v_Γ(ζ) = φ^σ∂/∂y^σ expressed by D_{Γi}(φ^σ) = L_{vΓ(ζ)}Γ^σ_i or equivalently

(4.6) ∂φ^σ ∂x^i + ∂φ^σ ∂y^λ Γ^λ_i = ∂Γ^σ_i ∂y^λ φ^λ for i = 1, . . . , n, σ = 1, . . . , m. Directly by calculations in coordinates we see that :

Corollary 4.2. A vector field ζ on Y is a symmetry of an integrable connection Γ if and only if

(4.7) L_{vΓ(ζ)}h_Γ = 0 .

In other words, due to the canonical vertical splitting

V_{π1,0} J^1π ∼= J^1π ×_Y (V_π Y ⊗ π^∗ (T^∗X))

and accordingly to (4.5), the generalized Lie derivative ~L_{(ζ,J} 1_{ζ)}Γ of an integrable connection Γ reads

(4.8) ~L_{(ζ,J} 1_{ζ)}Γ = ( Γ, L_{vΓ(ζ)}h_Γ ) . If we are asked to give an explicit formula for the symmetry ζ of an integrable Γ then if ζ = ζ^i∂/∂x^i + ζ^σ ∂/∂y^σ , we can see that [v_Γ(ζ), D_{Γi}] = [ζ − h_Γ(ζ), D_{Γi}] = [ζ, D_{Γi}] − [ζ^j D_{Γj}, D_{Γi}] and since L_{vΓ(ζ)}h_Γ = [v_Γ(ζ), D_{Γi}] ⊗ dx^i, ζ is a symmetry of Γ if and only if

(4.9) [ζ, D_{Γi}] = −D_{Γi}(ζ^j )D_{Γj}

for any i = 1, . . . , n. In this arrangement, symmetries of Γ are vector fields ζ such that J^1ζ|_{Γ(Y )} are the symmetries of C^Γ_{π1,0} . Accordingly, the symmetries of an integrable connection Γ are just the symmetries of the horizontal distribution H_Γ.

An additional characterization can be given in the case of projectable symmetries, the flow of which consists of π-morphisms. By means of direct calculations we obtain :

Lemma 4.1. Let ζ be a vector field on Y . Then L_{hΓ(ζ)}h_Γ = 0 if and only if ζ is projectable.

Previous assertion means that L_ζh_Γ = L_{vΓ(ζ)}h_Γ and equivalently

(4.10) ~L_{(ζ,J} 1_{ζ)}Γ = (Γ, L_ζh_Γ)

if and only if ζ is projectable.

Corollary 4.3. A projectable vector field ζ on Y is a symmetry of Γ if and only if (4.11) L_ζ h_Γ = 0 .

Notice that in the case of projectable symmetry ζ of Γ, (4.9) reads [ζ, D_{Γi}] = −D_i(ζ^j )D_{Γj} .

Remark 4.1. To prove the importance of the projectability, we recall a result of [24]. Namely; if ζ is a vector field on Y with the flow {α_t} and R is a (1,1) tensor field on Y then L_ζ R = 0 if and only if T α_t ∘ R = R ∘ T α_t for each t.

Corollary 4.4. A projectable vector field ζ on Y is a symmetry of an integrable connection Γ on π if and only if its flow permutes the integral sections of Γ.

Proof. Let γ ∈ S_U (π) and denote by h_Γ|_γ the restriction of h_Γ to T_{γ(x)}Y for any x ∈ U . Evidently γ is an integral section of Γ if and only if h_Γ|_γ = T γ ∘ T π. Let ζ be a projectable vector field on Y with the flow {α_t} and suppose α_t ∘ γ to be defined. Clearly ~γ = α_t ∘ γ ∈ Se_U (π) is an integral section of Γ if and only if h_Γ|e_γ = T α_t ∘T γ ∘T π∘T α^{−1}_t . The assertion is due to Corollary 4.3 and Remark 4.1, since ζ is a symmetry of Γ if and only if h_Γ|e_γ = T α_t ∘ h_Γ|_γ ∘ T α^{−1}_t . �

Previous results shows that in further considerations we can assume symmetries of Γ to be π-vertical. The flow of such a symmetry permutes the integral sections of Γ without changing their parameterization since the flow consists of isomorphisms of π over X; and (4.9) reads [ζ, D_{Γi}] = 0. The set of all symmetries of Γ will be denoted by Sym(Γ) and the set of π-vertical symmetries by Sym_v(Γ).

Proposition 4.2. Let Γ be an integrable connection on π. Then it holds

Sym_v(Γ) ∼= Shuf(C^Γ_{π1,0} ) .

Proof. The assertion accords with the evident fact that

H_Γ ∼= Char(C^Γ_{π1,0} ) .

Analogously as in [6] it can be shown that Shuf(C^Γ_{π1,0} ) ∼= ker Δ_Γ, where

Δ_Γ : (C^∞(Y ))^m → (C^∞(Y ))^{nm}

is an operator defined for each φ = (φ^σ ) by Δ_Γ(φ) = (Δ^σ_{Γi}(φ)), where

Δ^σ_{Γi}(φ) = D_{Γi}(φ^σ ) − ∂Γ^σ_i ∂y^λ φ^λ . On the other hand, also Sym_v(Γ) ∼= ker Δ_Γ. This isomorphism is given by the identification of π-vertical vector field with its generating functions family φ = (ζ^σ) by (4.4). �

Next assertions can be viewed as a confirmation of a deep relation between Γ and VΓ in terms of vertical symmetries, sections and fields along sections. A connection Γ is again supposed to be integrable.

Proposition 4.3. Let ζ ∈ Sym_v(Γ). Then a section γ of π is an integral section of Γ if and only if the section ξ = ζ ∘ γ of ρ is an integral section of VΓ.

Proof. Let γ be an integral section of Γ. Since ζ is vertical, (4.4) reads J^1ζ ∘ Γ = VΓ ∘ ζ. Then VΓ ∘ ξ = VΓ ∘ ζ ∘ γ = J^1ζ ∘ Γ ∘ γ = J^1ζ ∘ j^1γ = j^1ξ. Conversely, if VΓ ∘ ξ = j^1ξ, then VΓ ∘ ζ ∘ γ = J^1ζ ∘ j^1γ, which implies J^1ζ ∘ Γ ∘ γ = J^1ζ ∘ j^1γ. Since J^1ζ is a section, we have Γ ∘ γ = j^1γ. �

Corollary 4.5. For any vertical ζ it holds ζ ∈ Sym_v(Γ) if and only if ξ = ζ ∘ γ is an integral section of VΓ for each integral section γ of Γ.

Proof. Let y ∈ Y be an arbitrary point, let γ be a maximal integral section of Γ such that γ(x) = y for x = π(y). Then J^1ζ ∘ Γ(y) = J^1ζ ∘ j^1γ(x) = j^1ξ(x) = VΓ ∘ ξ(x) = VΓ ∘ ζ ∘ γ(x) = VΓ ∘ ζ(y). The converse is evident from Prop. 4.3. � Remark 4.2. Since ζ : Y → V_πY is a fibered morphism between π and ρ over X and J^1ζ = J^1(ζ, id_X ), the so-called covariant derivative ∇_{(Γ,VΓ)}ζ of ζ with respect to the pair of connections Γ and VΓ can be considered, see [8], [17]. This is defined as ∇_{(Γ,VΓ)}ζ = ∇_{VΓ} ∘ J^1ζ ∘ Γ. Using a canonical fibered morphism

V_{π1} J^1π ×_π�_{1,0(Vπ Y )} V_{π1} J^1π → V_{π1,0} J^1π

(realizing an ordinary difference of vectors in the same fiber), we can easily see that ∇_{(Γ,VΓ)}ζ : Y → V_{π1,0} J^1π and moreover ∇_{(Γ,VΓ)}ζ = − ~L_{(ζ,J} 1_{ζ)}Γ = (Γ, −L_ζh_Γ). Consequently ζ ∈ Sym_v(Γ) if and only if ∇_{(Γ,VΓ)}ζ = 0. Recall [8], where the last condition was proved to be equivalent with ζ-relativity of the vertical lifts h_Γ(ξ) and h_{VΓ}(ξ) for any vector field ξ on X.

This characterization can be compared to that of [28] expressing the situation by means of the so-called covariant derivative with respect to the canonical Bliznikas reduced connection.

Remark 4.3. At the very end of the previous section, we have suggested the importance of the reduced connection Γ_{(1,0)} associated to a given characterizable connection Ξ on π_{1,0}. From Def. 3.2 and Prop. 3.4 we deduce that if ζ is an integral section of Γ_{(1,0)} then ζ|_V is a symmetry of an arbitrary integral section Γ ∈ S_V (π_{1,0}) of Ξ.

Definition 4.2. Let Γ^{(2)} be an integrable 2-connection on π. A vector field ζ^{(1)} on J^1π will be called a a first-order symmetry of Γ^{(2)} if L_{vΓ(2) (ζ}(1)_)h_Γ(2) = 0 or equivalently

(4.12) [ζ^{(1)}, D_Γ(2)_i] = −D_Γ(2)_i(ζ^j )D_Γ(2)_j .

Locally, ζ^{(1)} must be such a vector field on J^1π that

v_Γ(2) (ζ^{(1)}) = φ^σ ∂ ∂y^σ + D_Γ(2)_i(φ^σ ) ∂ ∂y^σ_i , where the equations for the generating functions φ^σ = ζ^σ − y^σ_i ζ^i on J^1π are

(4.13) D^2_{Γ(2)ij}(φ^σ ) = ∂Γ^σ_{ij} ∂y^λ φ^λ + ∂Γ^σ_{ij} ∂y^λ_k D_Γ(2)_k(φ^λ) ,

where D^2_{Γ(2) ij}(f) = D_Γ(2)_j(D_Γ(2)_i(f)). The right side of (4.13) may be written as v_Γ(2) (ζ^{(1)})(Γ^σ_{ij} ) and the set of these symmetries we denote by Sym^{(1)}(Γ^{(2)}).

Remark 4.4. As before, the first-order symmetries of an integrable connection Γ^{(2)} are just the symmetries of H_Γ(2) ; the symbol of v_Γ(2) can be in omitted for π_1- projectable symmetries and this is equivalent with the permutation of the first jet prolongations of integral sections of Γ^{(2)}. The set of π_1-vertical symmetries of the first order of Γ^{(2)} will be denoted by Sym^{(1)}_v (Γ^{(2)}) and according to Prop. 4.2 it can be shown that in view of H_Γ(2) ∼= Char(C^{Γ(2)}_{π2,1} ) it holds Sym^{(1)}_v (Γ^{(2)}) ∼= Shuf(C^{Γ(2)}_{π2,1} ), where C^{Γ(2)}_{π2,1} = C_{π2,1} ∩ T Γ^{(2)}(J^1π) is the Cartan distribution of the second-order equation Γ^{(2)}(J^1π) ⊂ J^2π.

Let us return to vector fields on Y .

Definition 4.3. Let Γ^{(2)} be a 2-connection on π. A vector field ζ on Y will be called a zeroth-order symmetry or briefly a symmetry of Γ^{(2)} if

(4.14) L_{vΓ(2) (J} 1_{ζ)}h_Γ(2) = 0 .

Denote the set of these symmetries by Sym(Γ^{(2)}). If Γ^{(2)} is integrable then (4.14) means

(4.15) [J^1ζ, D_Γ(2)_i] = −D_i(ζ^j )D_Γ(2)_j .

Such a symmetry is determined by the functions φ^σ = ζ^σ − y^σ_i ζ^i (again on J^1π) satisfying

(4.16) D_Γ(2)_j (D_i(φ^σ )) = ∂Γ^σ_{ij} ∂y^λ φ^λ + ∂Γ^σ_{ij} ∂y^λ_k D_Γ(2)_k(φ^λ) ,

where on the right side is just v_Γ(2) (J^1ζ)(Γ^σ_{ij}).

Remark 4.5. For ζ^{(1)} = ζ^i∂/∂x^i + ζ^σ ∂/∂y^σ + ζ^σ_j ∂/∂y^σ_j , (4.12) means that

ζ^σ_j = D_Γ(2)_j (ζ^σ ) − y^σ_i D_Γ(2)_j (ζ^i) .

Consequently, if ζ^{(1)} is π_{1,0}-projectable then ζ^σ_j = D_j (ζ^σ) − y^σ_i D_j (ζ^i) and (according to Example 4.2) a π_{1,0}- projectable vector field ζ^{(1)} on J^1π is a first-order symmetry of Γ^{(2)} if and only if it is a prolongation of the symmetry ζ = T π_{1,0}(ζ^{(1)}). Proposition 4.4. A projectable vector field ζ on Y is a symmetry of an integrable 2-connection Γ^{(2)} on π if and only if its flow permutes the integral sections of Γ^{(2)}. Proof. Definition 4.3 means that ζ on Y is a symmetry of Γ^{(2)} if and only if J^1ζ is a symmetry of the first order. By previous considerations it is for an projectable ζ equivalent to the fact that the flow of J^1ζ permutes the first jet prolongations j^1γ of integral sections γ of Γ^{(2)}. But this flow is the prolongation of the flow of ζ. Hence if α_t permutes the integral sections of Γ^{(2)} and if j^1γ is the prolongation of an integral section then (J^1(α_t) denotes J^1(α_t, id_X )) J^1(α_t)∘j^1γ is by definition just j^1(α_t ∘γ) and thus again a jet prolongation of an integral section.

Conversely, if J^1(α_t) permutes the prolongations j^1γ of integral sections and if we are given such a section γ, then j^2(α_t ∘ γ) = j^1(j^1(α_t ∘ γ)) = j^1(J^1(α_t) ∘ j^1γ) = Γ^{(2)} ∘ (J^1(α_t) ∘ j^1γ) = Γ^{(2)} ∘ j^1(α_t ∘ γ) and consequently α_t ∘ γ is an integral section. �

The remainder of the section is devoted to the study of the algebras Sym_v(Γ^{(2)}) or Sym_v(Γ) of the vertical symmetries of Γ^{(2)} or Γ, respectively. Accordingly, the word “vertical” will be omitted if there is no danger of confusion.

In (4.4), the vertical prolongation VΓ of Γ on π allowed us to characterize the symmetries of Γ. In the case of 2-connections an analogous concept may be introduced. In order to relate it with the symmetries of Γ^{(2)}, the second jet prolongation of a π-vertical vector field on Y must be recalled.

For any ζ being a vertical vector field on Y , the second jet prolongation J^2ζ = J^2(ζ, id_X ) is a vector field on J^2π with the flow which is the second jet prolongation of the flow of ζ. In coordinates

(4.17) J^2ζ = ζ^σ ∂ ∂y^σ + D_iζ^σ ∂ ∂y^σ_i + D^2_{ij} ζ^σ ∂ ∂y^σ_{ij} , where D^2_{ij}f denotes a composition D_j (D_if) of total derivatives with respect to base coordinates, where the inner component is a vector field along π_{1,0} while the outer one is a vector field along π_{2,1}.

The vertical prolongation VΓ^{(2)} of a 2-connection Γ^{(2)} on π can be defined analogously to VΓ of Γ by means of the vertical functor V , which gives a mapping V Γ^{(2)} : V_{π1} J^1π → V_{π2} J^2π, and thus defines a lift

(4.18) ζ^σ ∂ ∂y^σ |_z + ζ^σ_i ∂ ∂y^σ_i |_z^{V Γ(2)} −−−→ ζ^σ ∂ ∂y^σ |_Γ(2)_{(z)} + ζ^σ_i ∂ ∂y^σ_i |_Γ(2)_{(z)} + + ( ∂Γ^σ_{ij} ∂y^λ ζ^λ + ∂Γ^σ_{ij} ∂y^λ_k ζ^λ_k ) ∂ ∂y^σ_{ij} |_{Γ(2) (z)} .

Composing V Γ^{(2)} with a canonical diffeomorphism between V_{π2} J^2π and J^2ρ for ρ : V_π Y → X, one obtains VΓ^{(2)} as a 2-connection on ρ.

From (4.16), (4.17) and (4.18), where φ^σ = ζ^σ are now functions on Y , we have

Proposition 4.5. A vertical vector field ζ on Y is a symmetry of a 2-connection Γ^{(2)} on π if and only if

(4.19) J^2ζ ∘ Γ^{(2)} = VΓ^{(2)} ∘ J^1ζ .

Remark 4.6. Following Remark 4.2, it is possible to present that ζ ∈ Sym_v(Γ^{(2)}) if and only if

0 = ∇_{(Γ}(2)_{,VΓ}(2)_)J^1ζ = − ~L_{(J} 1_{ζ,J} 2_{ζ)}Γ^{(2)} = (Γ^{(2)}, −L_J 1_ζ h_Γ(2) ) : J^1π → V_{π2,1} J^2π .

Analogously to Corollary 4.5 we obtain

Corollary 4.6. Let Γ^{(2)} be an integrable 2-connection on π. Then ζ ∈ Sym_v(Γ^{(2)}) if and only if ξ = ζ ∘ γ is an integral section of VΓ^{(2)} for each integral section γ of Γ^{(2)}.

In what follows, Γ ∈ S_U (π_{1,0}) is supposed to be a field of paths of a 2-connection Γ^{(2)}. Since any integral section of Γ is an integral section of Γ^{(2)}, due to Prop. 4.4 we get an expected result.

Corollary 4.7. If ζ is a symmetry of Γ^{(2)} then ζ|_U is a symmetry of Γ.

One might ask on the relationships between the vertical prolongations VΓ^{(2)} and VΓ.

Proposition 4.6. A connection Γ on π is a field of paths of a 2-connection Γ^{(2)} on π if and only if VΓ is a field of paths of VΓ^{(2)}.

Proof. Let Γ be a field of paths of Γ^{(2)}, i.e. Γ^{(2)} ∘ Γ = J^1(Γ, id_X ) ∘ Γ. Relative to the naturality of all morphisms, functors and structures, it is easy to see that VΓ^{(2)} ∘ VΓ = V (Γ^{(2)} ∘ Γ) = V (J^1(Γ, id_X ) ∘ Γ) = V J^1(Γ, id_X ) ∘ V Γ = J^1(VΓ, id_X ) ∘ VΓ which means that VΓ is a field of paths of VΓ^{(2)}. Note that we use the above mentioned identifications of various prolongations of ρ : V_π Y → X with the corresponding vertical bundles, if necessary. The converse can be obtained analogously. �

As an immediate consequence we obtain the well-known result affirming that an arbitrary vertical symmetry of an equation is a symmetry of its prolongation.

Corollary 4.8. If ζ is a symmetry of Γ, then ζ is a symmetry of Γ^{(2)} ∘ Γ.

Proof. What we want to prove is (following (4.19))

(4.20) J^2ζ ∘ Γ^{(2)} ∘ Γ = VΓ^{(2)} ∘ J^1ζ ∘ Γ on U .

Let y ∈ U be an arbitrary point, γ the maximal integral section of Γ passing through y, γ(x) = y. Then VΓ^{(2)} ∘ J^1ζ ∘ Γ(y) = VΓ^{(2)} ∘ J^1ζ ∘ Γ ∘ γ(x) = VΓ^{(2)}∘J^1ζ∘j^1γ(x) = VΓ^{(2)}∘j^1(ζ∘γ)(x) = VΓ^{(2)}∘j^1ξ(x) = j^2ξ(x) = J^2ζ∘j^2γ(x) = J^2ζ ∘ Γ^{(2)} ∘ j^1γ(x) = J^2ζ ∘ Γ^{(2)} ∘ Γ(y). �

Clearly, the whole situation may be described diagrammatically: V_π Y^{VΓ}−−−−→ V_{π1} J^1π^{VΓ(2)}−−−−→ V_{π2} J^2π ζ J^1ζ J^2ζ Y^Γ−−−−→ J^1π^{Γ(2)}−−−−→ J^2π . Example 4.3. First consider a time-dependent vector field v = Γ^σ(t, q^λ)∂/∂q^σ on M , identified with the connection Γ on π : R × M → R by D_Γ = ∂/∂t + v. A symmetry of v is then a vector field ζ = ζ^0∂/∂t + ζ^σ∂/∂q^σ on R × M , such that [ζ, D_Γ] = −D_Γ(ζ^0)D_Γ. Considering π-vertical symmetries we obtain again (generally time-dependent) vector fields ζ on M satisfying [ζ, ∂/∂t + v] = 0.

Let now D_Γ(2) = ∂ ∂t + q^σ_{(1)} ∂ ∂q^σ + Γ^σ_{(2)} ∂ ∂q^σ_{(1)}

be a (global) semispray on R × T M , identified with the 2-connection Γ^{(2)} : R × T M → R× T^2M . A vector field ζ^{(1)} = ζ^0∂/∂t + ζ^σ ∂/∂q^σ + ζ^σ_{(1)}∂/∂q^σ_{(1)} is then a first-order symmetry of the semispray D_Γ(2) if

(4.21) [ζ^{(1)}, D_Γ(2) ] = −D_Γ(2) (ζ^0)D_Γ(2)

which locally means ζ^σ_{(1)} = D_Γ(2) (ζ^σ ) − q^σ_{(1)}D_Γ(2) (ζ^0) and D^2_{Γ(2)} (φ^σ ) =

∂Γ^σ_{(2)} ∂q^λ φ^λ +

∂Γ^σ_{(2)} ∂q^λ_{(1)}

D_Γ(2) (φ^λ)

for the generating functions φ^σ = ζ^σ −q^σ_{(1)}ζ^0. In particular, for ζ^{(1)} π_1-projectable or π_1-vertical (4.21) reads [ζ^{(1)}, D_Γ(2) ] = −D(ζ^0)D_Γ(2) or [ζ^{(1)}, D_Γ(2) ] = 0, respectively.

If ζ^{(1)} is projectable onto R× M then it is a prolongation of the (zeroth-order) symmetry of D_Γ(2) , which is a vector field ζ satisfying [J^1ζ, D_Γ(2) ] = −D(ζ^0)D_Γ(2) . Provided D_Γ(2) = ∂/∂t + w, where w(q^λ, q^λ_{(1)}) is a semispray on T M , then ζ^{(1)} on T M is a first order symmetry of w if and only if [ζ^{(1)}, w] = 0 and ζ on M is a symmetry of w if and only if [ζ^c, w] = 0, where ζ^c is a complete lift of ζ.

It is well-known that the study of symmetries play a intrinsic role in the geometry both of autonomous and time-dependent dynamics; we refer e.g. to [3], [4], [19], [20], [21], [22] (and references therein). From this point of view, the above classification of symmetries for connections might be useful e.g. in the geometry of dynamics on an arbitrary fibered manifold over one-dimensional base (e.g. [14] and references therein). In fact, first order symmetries of the Hamilton vector field associated to a first-order regular lagrangian λ = L dt on J^1π are nothing else that the so-called dynamical symmetries of λ and accordingly the (zeroth-order) symmetries are just the Lie symmetries of λ (cf. [20], [21]).

References

[1] Alekseevskiĭ, D. V., Vinogradov, A. M. and Lychagin, V. V., Fundamental ideas and concepts of differential geometry, Itogi nauki i tekhniki, Sovremennye problemy matematiki 28, “VINITI”, Moscow, 1988. (Russian) [2] Bliznikas, V. I. and Vosylius, R. V., Non-holonomic connections, Liet. matem. rink. 27(1) (1987), 15–27. (Russian) [3] de León, M. and Rodrigues, P. R., Methods of Differential Geometry in Analytical Mechanics, North-Holland Mathematics Studies 158, North-Holland, Amsterdam, 1989.

[4] de León, M. and Marrero, J. C., Time-dependent linear Lagrangians: the inverse problem, symmetries and constants of motion, preprint, 1992.

[5] Doupovec, M. and Vondra, A., On certain natural transformations between connections, Proc. Conf. Diff. Geom. and Its Appl., Opava 1992, Silesian Univ., Opava, 1992, pp. 273–279.

[6] Duzhin, S. V. and Lychagin, V. V., Symmetries of Distributions and Quadrature of Ordinary Differential Equations, preprint, 1991.

[7] Kolář, I., Some natural operations with connections, J. Nat. Acad. Math. 5 (1987), 127–141. [8] , Connections in 2-fibered manifolds, Arch. Math. (Brno) 17 (1981), 23–30. [9] Kolář, I., Michor, P. W. and Slovák, J., Natural Operations in Differential Geometry, Springer, 1993.

[10] Kolář, I. and Slovák, J., Prolongations of vector fields to jet bundles, In Proc. of the Winter School on Geometry and Physics, Srní, 1989, Suppl. Rendiconti Circolo Mat. Palermo, Serie II 21, 1989, pp. 103–111.

[11] Krupka, D., Some geometrical aspects of variational problems on fibered manifolds, Folia Fac. Sci. Nat. Univ. Purk. Brun. Phys. XIV (1973), 1–65.

[12] Krupka, D. and Janyška, J., Lectures on differential invariants, Folia Fac. Sci. Nat. Univ.

Purk. Brun. Phys., J. E. Purkyně University, Brno, 1990. [13] Krupková, O., Hamilton-Jacobi distributions, preprint, 1989.

[14] , Variational analysis on fibered manifolds over one-dimensional bases, Ph.D. Thesis, Dept. of Mathematics, Silesian Univ. at Opava, Czechoslovakia, 1992.

[15] Krupková, O. and Vondra, A., On some integration methods for connections on fibered manifolds, Proc. Conf. Diff. Geom. and Its Appl., Opava 1992, Silesian Univ., Opava, 1992, pp. 89–101.

[16] Mangiarotti, L., Modugno, M., Fibred spaces, Jet spaces and Connections for Field Theories, In Proceedings of International Meeting “Geometry and Physics”, Florence, 1982, Pitagora Editrice, Bologna, 1983, pp. 135–165.

[17] , Connections and differential calculus on fibred manifolds. Applications to field theory, Istituto di Matematica Applicata “G.Sansone”, Firense (to appear).

[18] Modugno, M., Jet involution and prolongation of connections, Časopis Pěst. Mat. 114(4) (1989), 356–365.

[19] Olver, P. J., Applications of Lie groups to differential equations, Translation to Russian, “Mir”, Moscow, 1989, Springer-Verlag, 1986.

[20] Prince, G. E., Toward a classification of dynamical symmetries in classical mechanics, Bull.

Austral. Math. Soc. 27 (1983), 53–71.

[21] , A complete classification of dynamical symmetries in classical mechanics, Bull.

Austral. Math. Soc. 32 (1985), 299–308.

[22] Sarlet, W., Adjoint symmetries of second-order differential equations and generalizations, In Proc. Conf. Diff. Geom. and Its Appl., Brno, 1989, World Scientific, Singapore, 1990, pp. 412–421.

[23] Sarlet, W., Martínez, E. and Vandecasteele, A., Calculus of forms along a map adapted to the study of second-order differential equations, preprint, 1992.

[24] Saunders, D. J., The Geometry of Jet Bundles, London Mathematical Society Lecture Note Series 142, Cambridge University Press, Cambridge, 1989.

[25] Vinogradov, A. M., Krasil^0shchik, I. S. and Lychagin, V. V., An introduction to the geometry of nonlinear differential equations, “Nauka”, Moscow, 1986. (Russian)

[26] Vondra, A., On some connections related to the geometry of regular higher–order dynamics (to appear).

[27] , Sprays and homogeneous connections on R � T M , Arch. Math. (Brno) 28 (1992), 163–173.

[28] Vosylius, R. V., The contravariant theory of the differential prolongation on a space with a connection, Itogi nauki i tekhniki, Problemy geometrii (14), “VINITI”, Moscow, 1983, pp. 101–176. (Russian) [29] , The 1-integrability of non-holonomic differential geometrical structures. 1. Γ1_;2 - connections, Liet. matem. rink. 27(1) (1987), 28–37 (Russian); The 1-integrability of non-ho-lonomic differential geometrical structures. 2. The conditions of 1-integrability, Liet. matem. rink 27(2) (1987), 236–245. (Russian)

Department of Mathematics Military Academy in Brno PS 13, 612 00 Brno, CZECH REPUBLIC