ARCHIVUM MATHEMATICUM (BRNO) Tomus 30 (1994), 139 – 144

SPECIAL SOLUTIONS OF LINEAR DIFFERENCE EQUATIONS WITH INFINITE DELAY

Milan Medveď

Abstract. For the difference equation (ϵ) xn_{+1} = Axn + ϵ Pnk_=�1 Rn�kxk, where xn ∈ Y, Y is a Banach space, ϵ is a parameter and A is a linear, bounded operator. A sufficient condition for the existence of a unique special solution y =

{yn}1n_=�1 passing through the point x0 ∈ Y is proved. This special solution con-

verges to the solution of the equation (0) as ϵ → 0.

The paper [2] contains a result on the existence of so-called two-sided solutions of linear integrodifferential equations of the form

(1) dx(t) dt = Ax(t) + ϵ t∫ −∞ R(t − s)x(s)ds,

where x ∈ R^n, A ∈ M_n – the set of all n × n matrices, ϵ ∈ R is a parameter and R(t) is a continuous matrix function satisfying the inequality (2) ||R(t)|| 5 c exp {−γt} t^{1−α} , where c, γ, α are positive constants and 0 < α < 1. It is proven there that if λ_1, λ_2, . . . , λ_n are eigenvalues of A and min{Re λ_j : 1 5 j 5 n} > −γ then there is an ϵ_0 > 0 such that for any x_0 ∈ R^n there exists a unique solution x_ϵ(t) (socalled two-sided solution) of (1) defined on the whole interval (−∞, ∞) satisfying the initial condition x_ϵ(0) = x_0 and lim_{ϵ→0} ||x_ϵ − x||_L = 0 for any L > 0, where ||x_ϵ − x||_L = sup{||x_ϵ(t) − x(t)|| : −L 5 t 5 L}, x(t) = exp {At}x_0. In the paper [1] a generalization of this result, including the case when A = A(t) is periodic, is proved, where the proof differs from that presented in [2].

If we substitute in (1) the difference x_{n+1} − x_n instead of^{dx(t)}_{dt} and discretize the integral (more precisely, we put the natural numbers n, i instead of t and s,

1991 Mathematics Subject Classification: 45D, 34C.

Key words and phrases: difference equation, infinite delay, special solution. Received August 31, 1993.

respectively) we obtain a difference equation with infinite delay. Let us consider such a difference equation in a Banach space Y , i. e. the equation

(3) x_{n+1} = Ax_n + ϵ(R_0x_n + R_1x_{n−1} + · · · + R_kx_{n−k} + . . . ),

where A, R_i ∈ L(Y ) –the space of continuous, linear mappings from Y into Y (i = 0, 1, . . .), A is invertible and A^{−1} ∈ L(Y ). We shall prove the following theorem on the existence of special solutions of the equation (3) determined uniquely by the initial value which is a point in Y and defined for all integers. Theorem. Let the following conditions be satisfied: (4) ||R_0|| = 1, ||R_n|| 5 γ^{−n} n^{1−α} , n = 1, . . . , where γ, α are constants, e 5 γ, 0 < α < 1. (5) ||A^{−1}|| < 1, γ^{−1}||A^{−1}|| 1 − ||A^{−1}|| < 1. Then there exists an ϵ_o > 0 such that the following assertions are valid:

(a) For any ϵ ∈ (0, ϵ_0] there exists an operator solution of the equation (3) of the form

(6) X_n(ϵ) = D(ϵ)^n,

where D(ϵ) is independent of n and

lim_{ϵ→0} D(ϵ) = A, i. e. lim_{ϵ→0} ||D(ϵ) − A|| = 0.

(b) For any ϵ ∈ (0, ϵ_0] and any x_0 ∈ Y there exists a unique solution x = {x_n(ϵ)}^∞_{n=−∞} of the equation (3) satisfying the condition x_0(ϵ) = x_0 such that x ∈ B := {z = {z_n}^∞_{n=−∞} : z_n ∈ Y, sup{|z_n| : −∞ < n 5 0} < ∞}, where | . | is the norm on Y . Moreover, sup{|x_n(ϵ) − A^nx_0| : −L 5 n 5 L} → 0 as ϵ → 0 for any L > 0.

Proof. The operator sequence {D^n}^∞_{n=−∞} is a solution of the equation (3) if and only if

(7) D^{n+1} = AD^n + ϵ(R_oD^n + R_1D^{n−1} + · · · + R_kD^{n−k} + . . . ).

Let us look the matrix D in the form D = A + Q, where Q ∈ L(Y ) is an unknown operator such that D is invertible. The equation (7) is obviously equivalent to the equation

(8) Q = F_ϵ(Q) := ϵ[R_0 + R_1(A + Q)^{−1} + · · · + R_k(A + Q)^{−k} + . . . ].

Define the mapping F_ϵ : V → L(Y ) via the formula (8), where V = {Q ∈ L(Y ) : ||Q|| 5 1}, ||Q|| := sup{||Qx|| : ||x|| 5 1}. If Q_1, Q_2 ∈ L(Y ) then ||F_ϵ(Q_1) − F_ϵ(Q_2)|| = ϵ||R_1[(A + Q_1)^{−1} − (A + Q_2)^{−1}]+ +R_2[(A + Q_1)^{−2} − (A + Q_2)^{−2}] + · · · + R_k[(A + Q_1)^{−k} − (A + Q_2)^{−k}] + . . . ||.

Since (A + Q_j ) = A(I + A^{−1}Q_j ), j = 1, 2 where I is the identity operator, we have (9) ||F_ϵ(Q_1) − F_ϵ(Q_2)|| 5 ϵ{||R_1||||A^{−1}||||(I + A^{−1}Q_1)^{−1} − (I + A^{−1}Q_2)^{−1}||+ +||R_2||||A^{−1}||^2||(I + A^{−1}Q_1)^{−2} − (I + A^{−1}Q_2)^{−2}|| + · · · + +||R_k||||A^{−1}||^k||(I + A^{−1}Q_1)^{−k} − (I + A^{−1}Q_2)^{−k}|| + . . . }. We have the following estimation:

||(I + A^{−1}Q_1)^{−k} − (I + A^{−1}Q_2)^{−k}|| = ||[(I + A^{−1}Q_1)^{−1}]^k − [(I + A_{−1}Q_2)^{−1}]^k|| 5

5 ||(I + A^{−1}Q1)^{−1} − (I + A^{−1}Q2)^{−1}||||[(I + A^{−1}Q1)^{−1}]^{k−1}+

+[(I + A^{−1}Q_1)^{−1}]^{k−2}(I + A^{−1}Q_2)^{−1} + · · · + [(I + A^{−1}Q_2)^{−1}]^{k−1}||

5 |(I + A^{−1}Q1)^{−1} − (I + A^{−1}Q2)^{−1}||{||(I + A^{−1}Q1)^{−1}||^{k−1}+

||(I + A^{−1}Q_1)^{−1}||^{k−2}||(I + A^{−1}Q_2)^{−1}|| + · · · + ||(I + A^{−1}Q_2)^{−1}||^{k−1}}. If Q_1, Q_2 ∈ V then ||(I + A^{−1}Q_i)^{−1}|| = ||I − (A^{−1}Q_i) + (A^{−1}Q_i)^2 − . . . || 5 1 + ν + ν^2 + · · · = 1 1 − ν , i = 1, 2, where ν = ||A^{−1}||. Therefore using the above estimation we obtain the inequality:

(10) ||(I + A^{−1}Q_1)^{−k} − (I + A^{−1}Q_2)^{−k}|| 5

5 ||(I + A^{−1}Q1)^{−1} − (I + A^{−1}Q2)^{−1}||^k_{(1 − ν)k−1} .

Now applying this inequality to the estimation (9) we obtain the estimation: (11) ||F_ϵ(Q_1) − F_ϵ(Q_2)|| 5 5 ϵ{||R1||||A^{−1}|| + ||R2||||A^{−1}||^{2 2}_{1 − ν} + · · · + +||R_n||||A^{−1}||^n n (1 − ν)^{n−1} + . . . }||(I + A_{−1}Q_n)^{−1} − (I + A^{−1}Q_2)^{−1}|| For all Q_1, Q_2 ∈ V.

We need the following estimation:

(12) ||(I + A^{−1}Q_1)^{−1} − (I + A^{−1}Q_2)^{−1}|| =

= ||(I − A^{−1}Q_1 + (A^{−1}Q_1)^2 − . . . ) − (I − A^{−1}Q_2 + (A^{−1}Q_2)^2 − . . . )|| 5 5 ||A^{−1}Q1 −A^{−1}Q2||+||(A^{−1}Q1)^2 −(A^{−1}Q2)^2||+· · ·+||(A^{−1}Q1)^n −(A^{−1}Q2)^n||+ + . . . . The mean value theorem yields (13) ||(A^{−1}Q_1)^i − (A^{−1}Q_2)^i|| 5 ||A^{−1}||^i||Q^i_1 − Q^i_2|| 5 5 ||A^{−1}||^i sup{||i[(1−t)Q1+tQ2]^{i−1}|| : 0 5 t 5 1}||Q1−Q2|| 5 i||A^{−1}||^i||Q1−Q2||. From (11), (12) and (13) it follows that (14) ||F_ϵ(Q_1) − F_ϵ(Q_2)|| 5 ϵS_1S_2||Q_1 − Q_2|| for all Q_1, Q_2 ∈ V , where S_1 = ||R_1||||A^{−1}|| + ||R_2||||A^{−1}||^2 2 1 − ν + · · · + ||R_n|||A^{−1}||^n n (1 − ν)^{n−1} + . . . , S_2 = ||A^{−1}|| + 2||A^{−1}||^2 + · · · + n||A^{−1}||^n + . . . , i. e.

S_1 = (1 − ν) ∞∑ n=1 n( n √ ||R_n|| ||A^{−1}|| 1 − ν )^n,

S_2 = ||A^{−1}|| ∞∑ n=1 n||A^{−1}||^{n−1}. One can show using the condition (4) and the D’Alambert convergence criterion that the series S_1 is convergent. Since ||A^{−1}|| < 1 the series S_2 is also convergent. Therefore the inequality (14) implies that if ϵ ∈ (0,^1_{S1S2} ) then the mapping F_ϵ|V is contractive and thus there exists a unique fixed point of F_ϵ in V , i. e. the assertion (a) is proved. It remains to prove the assertion (b). We shall prove that for any y_o ∈ Y there exists a unique solution x = {x_n}^∞_{n=−∞} of (3) satisfying the condition x_0 = y_0 and sup{|x_n| : −∞ < n 5 0} < ∞.

Define the space B = {x = {x_n}^0_{n=−∞} : x_n ∈ Y, sup{|x_n| : −∞ < n 5 0} < ∞} which is a Banach space with the norm ||x|| = sup{|x_n| : −∞ < n 5 0}.

From the equation (3) it follows that

x_{−1} = A^{−1}x_0 − ϵA^{−1}(R_0x_{−1} + R_1x_{−2} + · · · + R_kx_{−(1+k)} + . . . ), x_{−2} = A^{−1}x_{−1} − ϵA^{−1}(R_0x_{−2} + R_1x_{−3} + . . . R_kx_{−(2+k)} + . . . ) = = A^{−2}x_0 − ϵA^2(R_0x_{−2} + R_1x_{−3} + . . . R_kx_{−(2+k)} + . . . )− −ϵA^{−1}(R_0x_{−2} + R_1x_{−3} + · · · + R_{−(2+k)} + . . . ), etc.

x_{−p} = A^{−p}x_0 − ϵA^{−p}(R_0x_{−1} + R_1x_{−2} + · · · + R_kx_{−(1+k)} + . . . )− −ϵA^{−p+1}(R_0x_{−2} + R_1x_{−3} + · · · + R_kx_{−(2+k)} + . . . ) − · · · − −ϵA^{−1}(R_0x_{−p} + R_1x_{−(p+1)} + · · · + R_kx_{−(p+k)} + . . . ).

Therefore we define the mapping G_ϵ : B → {x : x = {x_n}^0_{n=−∞}, x_n ∈ Y }, (G_ϵx)_{−p} = −ϵA^{−p}(R_0x_{−1} + R_1x_{−2} + · · · + R_kx_{−1−k} + . . . ) − · · · − −ϵA^{−1}(R_0x_{−p} + R_1x_{−(p+1)} + · · · + R_kx_{−(p+1)} + . . . ) for all p ∈ N, p > 0. If x = {x_n}^0_{n=−∞} ∈ B and ν = ||A^{−1}|| then |(G_ϵx)_{−p}| 5 ϵ||x||{||A^{−1}||^p(||R_0|| + ||R_1|| + · · · + ||R_k|| + . . . )+ +||A^{−1}||^{p−1}(||R_0|| + ||R_1|| + . . . ||R_k|| + . . . ) + · · · + +||A^{−1}||(||R_0|| + ||R_1|| + · · · + ||R_k|| + . . . ) 5 5^{ϵ||x||}_{1 − ν} [1 + γ^{−1} + . . .^{γ−k}_{k1−α} + . . . ] 5 5^{ϵ||x||}_{1 − ν}^{∫ ∞}_0 (exp{−t})t^{α−1}dt =^{ϵ||x||}_{1 − ν} Γ(α). This means that |(G_ϵx)_{−p}| 5^{ϵ||x||}_{1−ν} Γ(α) for all p ∈ N, p > 0, i. e. G_ϵx ∈ B. Since G_ϵ is linear, we have

||G_ϵx_1 − G_ϵx_2|| = ||G_ϵ(x_1 − x_2)|| 5 ϵ

Γ(α) 1 − ν ||x_1 − x_2|| for all x_1, x_2 ∈ B. This implies that if ϵ ∈ (0,^{1−ν}_{Γ(α)} ) then the mapping G_ϵ is contractive and thus it has a unique fixed point z ∈ B. Since G_ϵ is linear, we conclude that z = 0.

Let ϕ_1 = {x_n}^∞_{n=−∞}, ϕ_2 = {y_n}^∞_{n=−∞} be two solutions of (3) satisfying the condition x_0 = y_0, sup{|x_n| : −∞ < n 5 0} < ∞, sup{|y_n| : −∞ < n 5 0} < ∞ and let ϕ = ϕ_1 − ϕ_2 = {x_n − y_n}^∞_{n=−∞}. Then ||ϕ|| = sup{|x_n − y_n| : −∞ <

n 5 0} < ∞. The sequence Φ = {xn − yn}^0_{n=−∞} is the fixed point of Gϵ and

therefore Φ = 0. Thus if there exists a solution x = {x_n}^∞_{n=−∞} of (3) such that {x_n}^0_{n=−∞} ∈ B then it is uniquely defined for all n 5 0. We shall prove that such a solution exists and it is uniquely defined also for all n = 0.

The sequence Ψ = {Ψ_n}^∞_{n=−∞} = {(D(ϵ))^nx_0}^∞_{n=−∞} is a solution of (3) satisfying the condition Ψ_0 = x_0. From the condition (5) and the assertion (a) it follows that there exists an ϵ_1 > 0 such that ||D(ϵ)^{−p}|| 5 ||D(ϵ)^{−1}||^p < 1 for all p ∈ N, p > 0, ϵ ∈ (0, ϵ_1) and this implies that sup{|ψ_n| : −∞ < n 5 0} 5 |x_o| < ∞, i. e. {Ψ_n}^0_{n=−∞} ∈ B. It suffices to prove the uniqueness of solutions of (3) for n = 0.

Let ϕ_1 = {x_n}^∞_{n=−∞}, ϕ_2 = {y_n}^∞_{n=−∞} be two solutions of (3) such that {x_n}^0_{n=−∞}, {y_n}^0_{n=−∞} ∈ B and x_0 = y_0. Since for n = 0 we have |x_n−y_n| = ϵ| n−1∑ i=0 A^{n−i−1}[R_0(x_i −y_i)+R_1(x_{i−1}−y_{i−1})+· · ·+R_k(x_{i−k} −y_{i−k})+. . . ]| and x_k = y_k for all k ∈ N, k 5 0, what we have proved above, we obtain |x_n − y_n| 5 ϵ{||A||^{n−1}|x_0 − y_0| + ||A||^{n−2}[|x_1 − y_1| + γ^{−1}|x_0 − y_0|]+ · · · + [|x_{n−1} − y_{n−1}| + γ^{−1}|x_{n−2} − y_{n−2}| + · · · + γ^{−(n−2)} (n − 2)^{1−α} |x_0 − y_0|]}. From this inequality we obtain

|x_1 − y_1| 5 ϵ|x_0 − y_0| = 0, |x_2 − y_2| 5 ϵ{||A||[|x_0 − y_0| + |x_1 − y_1|]} = 0, etc. By induction one can show that x_n = y_n for all n ∈ N, n = 0. From the assertion (a) it follows that if x_n(ϵ) = D(ϵ)^nx_0 then

sup{|x_n(ϵ) − A^nx_0| : −L 5 n 5 L} = sup{|[D(ϵ)^n − A^n]x_0| : −L 5 n 5 L} 5 5 sup{||D(ϵ) − A||^n|x0| : −L 5 n 5 L} → 0 as ϵ → 0 for any L > 0. References

[1] Medveď, M., Two-sided solutions of linear integrodifferential equations of Volterra type with delay, Časopis pro pěst. matem. 115 , 3 (1990), 264–272.

[2] Ryabov, Yu. A., On the existence of two-sided solutions of linear integrodifferential equations of Volterra type with delay, Čaopis pro pěst. matem. 111, 2 (1986), 26–33. (Russian)

Milan Medveď Faculty of Mathematics and Physics Comenius University Department of Math. Analysis, Mlynská dolina 842 15 Bratislava, SLOVAKIA