ARCHIVUM MATHEMATICUM (BRNO) Tomus 62 (2026), 113–123

POISSON BIVECTORS ON INFINITE DIMENSIONAL MANIFOLDS

Peter W. Michor and Praful Rahangdale

Abstract. We show that, on a smoothly paracompact convenient manifold M modeled on a convenient space with the bornological approximation property, the dual map of a Poisson bracket factors as a smooth section of the vector bundle L^2_{skew} (T^∗ M, R).

1. Introduction

For a finite-dimensional smooth manifold M, it is well known that a Poisson bracket on C^∞ (M) induces a Poisson tensor π ∈ Γ(∧^2 T M) (see [2], [17]). But for a manifold modeled on a locally convex space or on a convenient space it is not automatic (see [ 16], [4]). In [1], a Poisson structure is constructed on a Hilbert manifold such that the Poisson bracket of two functions depends on its second-order jets, hence the dual map of the Poisson bracket cannot be factored as a smooth section of L^2_{skew} (T^∗ M, R). In this article, we assume that the modeling space E of a smoothly paracompact manifold M has the bornological approximation property (see [7, Definition 6.6]). Then, if {− , −} : C^∞ (M)× C^∞ (M) → C^∞ (M) is a Poisson bracket on C^∞ (M), we show that the dual map ^{ , }^′ factors as a smooth section of the vector bundle L^2_{skew} (T^∗ M, R).

1.1. Notations and Terminology. Throughout this article, we utilize the smooth calculus in the convenient setting of global analysis, as developed in [7].

Let M be a smooth manifold modeled on a convenient vector space E. This implies we have a smooth atlas M ⊃ U_α^{u α}−→ u_α (U_α ) ⊂ E where all transition mappings u_{αβ} : u_β (U_α ∩ U_β ) → u_α (U_α ∩ U_β ) are smooth in the convenient sense. We explicitly assume that M is a smoothly paracompact manifold. Consequently, M admits smooth partitions of unity, which allows for the global gluing of locally defined smooth functions and sections.

We denote by π_M : T M → M the kinematic tangent bundle of M, which is locally trivialized by the induced charts T U_α^{T u α}−−→ u_α (U_α )× E ⊂ E × E. The space of smooth vector fields on M, denoted X(M), is the Lie algebra of smooth sections

2020 Mathematics Subject Classification : primary 58B20; secondary 70G70, 70G45. Key words and phrases : Poisson structure, Poisson bivector, infinite dimensional manifolds. Received May 28, 2026, revised June 2026. Editor J. Slovák. DOI: 10.5817/AM2026-3-113

114 PETER W. MICHOR AND PRAFUL RAHANGDALE

of the tangent bundle. The cotangent bundle is denoted by T^∗ M → M, where each fiber T^∗_x M is the bounded dual space of the kinematic tangent space T_x M .

For function spaces, C^∞ (M, R) denotes the commutative algebra of smooth, real-valued functions on M equipped with the convenient structure (see [ 7, Definition 3.6, Definition 3.11]) .

We denote the space of smooth test functions with compact support as C^∞_c (R^n ). Its continuous dual is the space of scalar distributions, denoted by D^′(R^n ). Extending this to vector bundles, the space of distributional sections (or currents) of a bundle E → M, such as the space of distributional 1-forms, is denoted by Γ_D ′ (T^∗ M ).

Bounded bilinear mappings on convenient spaces are linearized using the Mackey-completed bornological tensor product, denoted by ^⊗_β . However, when working with nuclear spaces, such as the (LF)-space X_c(R^n ), we can identify ^⊗_β with the completed projective tensor product, denoted by ^⊗_π (see [15, Proposition 50.5]).

In the infinite-dimensional Banach or convenient setting, the natural target space for a Poisson bivector is not automatically

⋀_2 T M). Instead, we work with the smooth vector bundle L^2_{skew} (T^∗ M, R) → M, whose fiber over x ∈ M consists of bounded, skew-symmetric bilinear forms on the cotangent space T^∗_x M (see [10, section 3.1]). A global bivector field in this context is a smooth section P ∈ Γ( L^2_{skew} (T^∗ M, R)).

2. The general setting

2.1. Poisson brackets. Let M be a smooth convenient manifold. A Poisson bracket on M is a bounded bilinear mapping

{ , } : C^∞ (M ) × C^∞ (M ) → C^∞ (M )

that satisfies the following properties:

– Skew-symmetry: { f, g } = −{ g, f } – Leibniz rule: { f, gh } = { f, g }h + g{ f, h } – Jacobi identity: { f, { g, h}} = {{ f, g }, h} + { g, { f, h }} for all f, g, h ∈ C^∞ (M). The Poisson bracket is said to be of first order if the mapping f → { f, g } is a linear differential operator of the first order. Explicitly imposing this condition is crucial in the infinite-dimensional setting, as the algebra C^∞ (M) admits derivations that correspond to differential operators of order two or higher (see [7, 28.3]).

Using the Mackey-completed bornological tensor product we can linearize bounded bilinear mappings; see [ 7, 5.7]. Consequently, the Poisson bracket factors through the skew-symmetric subspace to yield a bounded linear operator

C^∞ (M ) ¯⊗_β C^∞ (M ) ⊃ 2⋀ C^∞ (M )

^{ , } −−→ C^∞ (M ).

Taking the dual of this operator, we obtain the the map

C^∞ (M )^′

^{ , }^′ −−−−→

(^2⋀ C^∞ (M )

)_′ = L^2_{skew} (C^∞ (M ), R).

POISSON BIVECTORS ON INFINITE DIMENSIONAL MANIFOLDS 115

2.2. Theorem. Let M be a smoothly paracompact convenient manifold modeled on a convenient vector space E , such that one of the following holds:

(a) E has the bornological approximation property (see [7, 6.6]), or (b) E is a Montel space, and it has the approximation property, i.e. E^′ ⊗ E is dense in L_p(E, E ), where L_p(E, E ) denotes the space of all continuous maps from E to E with the topology of uniform convergence on pre-compact subsets of E .

Then the dual mapping of a Poisson bracket factors as follows:

C^∞ (M )^′

^{ , }^′ �

L^2_{skew} (C^∞ (M ), R)

M ev �

P �L2_{skew} (T ∗ M, R)

L^2_{skew} (ev ∘d, R) �

where ev_x (f ) = f (x) and (L^2_{skew} (ev ∘d, R)P̄_x )(f, g) := P̄_x (df_x , dg_x ). Moreover, the Schouten-Nijenhuis bracket described in [10] is applicable to P , and [P, P ] = 0 .

2.3. Remark. [7, 6.14] The following convenient spaces have the bornological approximation property:

– The space Γ(M ← F ) of smooth sections of any smooth finite dimensional vector bundle F → M with separable base M .

– The space Γ(M ← F ) of smooth sections with compact support in any finite dimensional vector bundle F → M with separable base M .

– The Fréchet space of holomorphic sections Γ_H (M ← E) of a holomorphic vector bundle over a complex Stein manifold M .

Proof. We have to show that for any x ∈ M and f, g ∈ C^∞ (M) the expression { f, g }_x depends only on df_x and dg_x in T^∗_x M. By skew symmetry it suffices to do this for f , say. Step 1: If f = 0 on an open set U ⊂ M, then also { f, g } = 0 on U for any g. Since M is smoothly paracompact, for any y ∈ U there exists h ∈ C^∞ (M) such that h(y) = 0 and h|_{M \U} = 1 . Then hf = f and { f, g } = { hf, g } = h{ f, g } + { h, g}f vanish at y. Step 2: Assume that df_x = 0 . Without loss of generality, we can also assume that f (x) = 0 since for any constant C we have { C, g} = 0 . By step 1 we may replace M by a smooth chart V centered at x which is diffeomorphic to an absolutely convex neighborhood of x = 0 in the modeling convenient vector space E. Let h ∈ C^∞ (M) be a function with support in V with h = 1 in an open neighborhood U of 0 in V. Then (h^2 f − f )|_U = 0 thus by step 1 also { hf − f, g }|_U = 0 . In V we have

f (y) = f (0) + df_0 (y) +

∫_1 0 d^2 f (ty)(y, y)(1 − t)dt =

∫_1 0 d^2 f (ty)(y, y)(1 − t)dt

Let us denote the remainder term by

(1) R(y) =

∫_1 0 d^2 f (ty)(y, y)(1 − t)dt.

116 PETER W. MICHOR AND PRAFUL RAHANGDALE

For a fixed g ∈ C^∞ (U) and x ∈ U, the mapping f → { f, g }(x) defines a bounded point derivation D_{g,x} ∈ C^∞ (U)^′ at x. We aim to show that D_{g,0}(R) = 0 , meaning the bracket depends only on the first derivative df (0).

Because D_{g,0} is a bounded linear functional on the convenient vector space C^∞ (U), and the curve t → (y → d^2 f (ty)(y, y)) is smooth into C^∞ (U), D_{g,0} commutes with the Riemann integral over the compact interval [0,1]. Thus, we have

(2) D_{g,0} (R) =

∫_1 0 D_{g,0} (R_t )(1 − t)dt,

where R_t (y) := d^2 f (ty)(y, y). It suffices to show that D_{g,0}(R_t ) = 0 for all t ∈ [0,1].

Without loss of generality, we assume x = 0 . In case (a), because E has the bornological approximation property, the identity operator id_E ∈ L(E, E ) can be approximated by elements in E^′ ⊗ E, that means that there exists a net of finite-dimensional linear operators L_i ∈ E^′⊗ E converging to id_E ∈ L(E, E ) uniformly on bounded subsets of E .

Since the second derivative d^2 f (ty) is a bounded bilinear form, we can approximate R_t (y) by the net of functions

(3) R_{t,i} (y) := d^2 f (ty)(L_i y, y).

We claim that R_{t,i} → R_t in the convenient topology of C^∞ (U). Let c ∈ C^∞ (R, U) be a smooth curve, then R_t ∘c, R_{t,i} ∘c ∈ C^∞ (R); we need to show that R_{t,i} ∘c and all its derivatives converge uniformly on compact intervals in R to R_{t,i} ∘c. Let [a, b] ⊂ R be a compact interval. The map R → E^′ defined by s → d^2 f (tc(s))(− , c(s)) is a smooth curve and is thus continuous (by [ 7, 1.8], e.g.), so the image C of [a, b] under this map is compact, hence the image is weakly bounded, but since a convenient space E is quasibarrelled, the image is equicontinuous in E^′; see [13, III 4.2]. This means that |d^2 (f ∘ c)(ty)(v, y)| < ϵ for y ∈ C, v ∈ V, where V is an open 0-neighborhood of E . Hence,

|R_{t,i} ∘ c(y) − R_t ∘ c(y)| < ϵ

for y ∈ [a, b]. Therefore, R_{t,i} ∘ c → R_t ∘ c uniformly on compact intervals in R.

We now show that for every k ∈ N, the sequence of derivatives^{d k}_{ds k} (R_{t,i} ∘ c) converges uniformly to^{d k}_{ds k} (R_t ∘ c) on compact intervals. By repeated application of the chain rule (see [ 7, Theorem 3.18]), the k-th derivative^{d k}_{ds k} (R_{t,i} ∘ c)(s) expands as a finite sum of terms of the form

d^m f (tc(s))( v_1 (s), . . . , v_m (s)),

where each argument v_r (s) is constructed via multilinear combinations of the vectors c(s), c^′(s), . . . , c^{(k )} (s) and L_i c(s), L_i c^′(s), . . . , L_i c^{(k )} (s).

Fix a compact interval [a, b] ⊂ R. Because c : R → U is a smooth curve into the convenient vector space E, the collection of all its relevant derivatives over this

POISSON BIVECTORS ON INFINITE DIMENSIONAL MANIFOLDS 117

interval, B = { c^{(j )} (s) | s ∈ [a, b], 0 ≤ j ≤ k}, constitutes a bounded subset of E. Since E satisfies the bornological approximation property, the net of finite-rank operators L_i converges to id_E uniformly on bounded subsets of E . Consequently, we have

L_i c^{(j )} (s) → c^{(j )} (s) uniformly for s ∈ [a, b] and 0 ≤ j ≤ k.

Furthermore, the smoothness of f implies that its derivative d^m f : U → L^m (E;R) maps bounded subsets of U to bounded subsets of the space of bounded multilinear forms L^m (E;R). Because the convenient vector space E is quasibarrelled, these bounded sets of multilinear forms are equicontinuous. The uniform convergence of L_i c^{(j )}(s) within these equicontinuous families of multilinear forms ensures that every term in the expansion of^{d k}_{ds k} (R_{t,i} ∘ c)(s) converges uniformly on [a, b] to the corresponding term of^{d k}_{ds k} (R_t ∘ c)(s). We therefore conclude that

d^k ds^k

(R_{t,i} ∘ c) → d^k ds^k

(R_t ∘ c) uniformly on [a, b].

Thus, R_{t,i} → R_t in the convenient topology of C^∞ (U). Now, since L_i has finite rank, it can be written as L_i(y) =

∑_{N i}

j =1 e ′ ij (y)e_{ij} for some e_{ij} ∈ E and e^′_{ij} ∈ E^′.

Consequently,

(4) R_{t,i} (y) =

N_i∑

j =1

e^′_{ij} (y) ·d^2 f (ty)(e_{ij} , y).

Applying the derivation D_{g,0} to this finite sum of products yields:

D_{g,0} (R_{t,i} ) = i∑ j =1

D_{g,0} (h_{ij} )g_{ij} (0) + D_{g,0} (g_{ij} )h_{ij} (0).

where h_{ij} (y) := e^′_{ij} (y), g_{ij} (y) := d^2 f (y)(e_{ij} , y) are smooth functions on a suitable 0-neighborhood V ⊆ E.

Note that as d^2 f (0) is bilinear, g_{ij} (0) = d^2 f (0)(e_{ij} ,0) = 0 , and because e^′_{ij} is a linear functional, h_{ij} (0) = e^′_{ij} (0) = 0 . Therefore, every term in the sum vanishes, yielding D_{g,0}(R_{t,i} ) = 0 for all i ∈ I. Passing to the limit over the net, we conclude D_{g,0} (R_t ) = 0 , and thus D_{g,0} (R) = 0 .

In case (b), when E has the usual approximation property, we can find a net L_i ∈ E^′⊗ E of finite rank operators converges to the identity operator id_E ∈ L(E, E ) uniformly on compact subsets of E. But since E is a Montel space, this convergence is the same as the uniform convergence on bounded subsets of E, the remaining proof follow thereby. □

2.4. Remark. Examples of Montel spaces with the approximation property are spaces of smooth sections of finite-dimensional vector bundles with compact base, or even noncompact base when one considers inductive limits of all subspaces of sections with compact support; spaces of holomorphic sections of complex vector bundles; but in general not their dual spaces.

118 PETER W. MICHOR AND PRAFUL RAHANGDALE

2.5. Corollary. If M is a smoothly paracompact manifold modeled on a nuclear Fréchet (or a Silva space) then the dual mapping of a Poisson bracket factors as a smooth section of L^2_{skew} (T^∗ M, R) ∼= ∧^2 T M .

In the corollary, ∧^2 T M denotes the smooth vector bundle with the fiber ∧^2 T_x M over x ∈ M and ∧^2 T_x M denotes the space of the skew-symmetric tensor product of T_x M with itself completed in the projective tensor product topology.

2.6. Remark. Note that if M is modeled on a nuclear Fréchet space (see [14]) or on a nuclear (LF) space (see [9]), similar arguments are used to show the topological isomorphism between the space of continuous derivations on C^∞ (M) and the space of smooth vector fields X(M ).

The following proposition establishes that infinite-dimensional Banach spaces cannot satisfy the bornological approximation property.

2.7. Proposition. Let E be a Banach space. The identity operator id_E lies in the bornological closure of the space of finite-rank operators E^′ ⊗ E in L(E, E ) if and only if dim(E) < ∞ . Consequently, E satisfies the bornological approximation property if and only if it is finite-dimensional.

Proof. Let E be a Banach space with norm ‖ · ‖_E and closed unit ball

B_E = { x ∈ E | ‖x‖_E ≤ 1}].

The space of bounded linear operators L(E, E ) is endowed with the locally convex topology of uniform convergence on bounded subsets of E. Because E is a Banach space, every bounded subset S ⊂ E is contained in λB_E for some scalar λ > 0. Therefore, the topology of uniform convergence on bounded sets on L(E, E ) coincides with the norm topology induced by the uniform operator norm

(5) ‖T‖_{op} = sup_{x ∈ B E} ‖T x‖_E .

Assume E possesses the bornological approximation property. By definition, id_E belongs to the bornological closure of E^′ ⊗ E in L(E, E ). Because the topology on L(E, E ) is normable, the bornological closure coincides with the topological closure. Thus,

(6) id_E ∈ E^′ ⊗ E^{‖·‖op} .

Since every finite-rank operator is compact and the space K(E) of compact operators is closed in (L(E, E ), ‖ · ‖_{op} ), we obtain

E^′ ⊗ E^{‖·‖op} ⊂ K (E ).

This implies id_E ∈ K (E ).

The identity operator id_E is compact if and only if the image of the closed unit ball, id_E (B_E ) = B_E , is a relatively compact set in E. Since B_E is closed, B_E must be compact. By Riesz’s Theorem, the closed unit ball of a Banach space is compact if and only if the space is finite-dimensional. Hence, dim( E ) < ∞ .

POISSON BIVECTORS ON INFINITE DIMENSIONAL MANIFOLDS 119

Conversely, assume dim(E) < ∞ . The operator id_E has finite rank, implying id_E ∈ E^′ ⊗ E. It trivially lies in its own bornological closure, so E satisfies the bornological approximation property. □

3. Examples 3.1. The Poisson structure on the dual of a Lie algebra. Let g be a convenient Lie algebra; i.e., g is a convenient vector space together with a bounded Lie bracket [ , ] : g × g → g. By the universal property of the bornological tensor product, the Lie bracket extends to a linear bounded mapping

g × g^{[ , ]} � � g

⋀_2 g ~[ , ] � � � � �

The dual mapping

P := ~[ , ]^∗ : g^∗ → (

⋀_2 g)^∗ = L^2_{skew} (g; R) is the candidate for the Lie-Poisson structure on the dual of the Lie algebra. It induces a Lie bracket on the space

C^∞_P (g^∗ ) = { f ∈ C^∞ (g^∗ ) : df factors as i_g ∘ ~df for ~df ∈ C^∞ (g^∗ , g)} with the convenient vector space structure induced by the linear mappings C^∞_P (g^∗ )^{incl}−−→ C^∞ (g^∗ , R), C^∞_P (g^∗ )^d−→ C^∞ (g^∗ , g) .

Similarly to [7, 48.6] we have the following result: 3.2. Lemma. For f ∈ C^∞ (g^∗ , R) we have (1) ⇔ (2) ⇒ (3), where:

(1) df : g^∗ → g^{∗∗} actually factors as a smooth mapping g^{∗ df}−→ g^{i g}−→ g^{∗∗} . (2) Each iterated derivative d^k f_x ∈ L^k_{sym} (g^∗ , R) has the property that d^k f_x ( , y_2 , . . . , y_k ) ∈ g for all x, y_2 , . . . , y_k ∈ g^∗ , and that the mapping k∏ g^∗ → g, given by (x, y_2 , . . . , y_k ) → df_x ( , y_2 , . . . , y_k ) , is smooth. By the symmetry of higher derivatives, this is then true for all entries of d^k f_x , for all x.

(3) f has a smooth P -gradient grad^P f = P ∘ df ∈ X(g^∗) = C^∞ (g^∗ , g^∗) which is given by P_x (df_x , y) = ⟨y, grad^P f (x)⟩.

120 PETER W. MICHOR AND PRAFUL RAHANGDALE

This looks like the usual finite dimensional version if g is reflexive. For non-reflexive g let i = i_g : g → g^{∗∗} be canonical embedding into the bidual.

Then we may ask for a linear lift P̃ fitting into the following diagram

g^{∗ P :=}

~[ , ]^∗�

P̃ � � � ( ⋀_2

g)^∗ L^2_{skew} (g; R)

( ⋀_2

g^{∗∗} )^∗

⋀_{2 (i g ) ∗} �

L^2_{skew} (g^{∗∗} ; R)

L^2_{skew} (i_g ;R) �

If g has predual g^p with (g^p)∗ = g as a convenient vector space, we get such a natural lift: Let i_g p : g^p → (g^p)^{∗∗} = g^∗ be the canonical injection, (i_g p )^∗ : g^{∗∗} → g, so that

g^{∗ P :=}

~[ , ]^∗�

P̃ � � � ( ⋀_2 g)^∗ ( ⋀_{2 (i g p ) ∗ ) ∗} � L^2_{skew} (g; R)

L^2_{skew} (( i_g p )^∗ ,R) � ( ⋀_2 g^{∗∗} )^∗ L^2_{skew} (g^{∗∗} ; R)

3.3. Example: Lie algebras of vector fields on R^n . We first consider the Lie algebra X_c(R^n ) of vector fields with compact support, a nuclear (LF)-space. By [ 15, Theorem 51.6] we have L(X_c(R^n ), X_c(R^n )^′) = D^′(R^n )^n ^⊗_π D^′(R^n )^n . Thus, we get the Lie Poisson structure:

P := − ~[ , ]^∗ : D^′(R^n )^n = Γ_D ′ (T^∗ R^n ) → (

⋀_2

X_c (R^n ))^∗ =

⋀_2 D^′(R^n )^n .

It fits the setup of section 1: thanks to nuclearity, X_c(R^n ) has the approximation property (see [ 6, 22.2, Corollary 2] ), and since X_c(R^n ) is reflexive D^′(R^n ) = X_c(R^n )^′ also has the approximation property by [ 7, Lemma 6.1]. We compute P (A) for a distributional 1-form (a 1-co-current) A = ∑ j A_j .dx^j ∈ Γ_D ′(T^∗ R^n ). It suffices to compute its action on X ⊗ Y for X = ∑ i X^i ∂_i , Y = ∑ i Y^i ∂_i ∈ X_c(R^n ). By definition, the pairing is given by ⟨P (A), X ⊗ Y⟩ = ⟨A, − [X, Y]⟩. Expanding the Lie bracket in coordinates, we have

⟨P (A), X ⊗ Y⟩ = ∑ i,j ⟨A_j , Y^i ∂_i X^j − X^i ∂_i Y^j ⟩ = ∑ i,j ( ⟨A_i , (∂_j X^i )Y^j ⟩ − ⟨ A_j , X^i (∂_i Y^j )⟩ ) .

At this stage, the test functions are evaluated at a single point x ∈ R^n . To represent this as an evaluation on the product space R^n × R^n , we utilize the diagonal embedding diag : R^n → R^n × R^n , mapping x → (x, x). This induces a continuous linear pullback diag^∗ : C^∞_c (R^n × R^n ) → C^∞_c (R^n ). By writing the pointwise products

POISSON BIVECTORS ON INFINITE DIMENSIONAL MANIFOLDS 121

as restrictions of two-variable functions, we obtain P ( ∑ k A_k dx^k ) = ∑ i,j ( (diag_∗ A_i ) ∂ ∂x^j

− (diag_∗ A_j ) ∂ ∂y^i ) dx^i ⊗ dy^j

= ∑ i,j ( ⟨A_i , diag^∗ ( ∂ ∂x^j

X^i (x)Y^j (y) ) ⟩ − ⟨ A_j , diag^∗ ( ∂ ∂y^i

X^i (x)Y^j (y) ) ⟩ ) . The transpose of the pullback is the pushforward map diag_∗ : D^′(R^n ) → D^′(R^n × R^n ), defined by the duality pairing ⟨diag_∗ T,Φ ⟩ := ⟨T, diag^∗Φ ⟩. Applying this shift, we move the evaluation from R^n to the product space R^n × R^n : P ( ∑ k A_k dx^k )

= ∑ i,j ( ⟨diag_∗ A_i , ∂ ∂x^j

(X^i (x)Y^j (y))⟩ − ⟨ diag_∗ A_j , ∂ ∂y^i

(X^i (x)Y^j (y))⟩ ) . Observe that the bilinear mapping defining the Lie bracket [·, ·] : X_c(R^n ) × X_c(R^n ) → X_c(R^n ) is a local differential operator. Consequently, the continuous bilinear functional (X, Y) → ⟨P (A), X ⊗ Y⟩ vanishes whenever supp(X)∩ supp(Y) = ∅ . This implies that the associated bi-distribution P (A) ∈ D^′(R^n × R^n )^{n × n} has its support strictly confined to the diagonal Δ ⊂ R^n × R^n .

By the structure theorem for distributions supported on submanifolds (cf. Hörmander [ 5, Theorem 5.2.3], based on [ 5, Theorem 2.3.5]), any distribution U ∈ D^′(R^n × R^n ) satisfying supp(U) ⊆ Δ admits a representation as a locally finite sum of transverse derivatives of pushed-forward distributions. Thus, for any test function Φ ∈ C^∞_c (R^n × R^n ), the action of U takes the form

(7) ⟨U, Φ ⟩ = ∑ |α |≤ m

⟨diag_∗ T_α , D^α Φ ⟩

where T_α ∈ D^′(R^n ), α is a multi-index, and D^α are differential operators transverse to Δ .

For our specific terms, this representation holds for m = 1 , with the operators D^α given by the partial derivatives^∂_{∂xj} and^∂_{∂yi} . Thus, we have

(8) P ( ∑ k A_k dx^k ) = ∑ i,j ⟨( (diag_∗ A_i ) ∂ ∂x^j

− (diag_∗ A_j ) ∂ ∂y^i ) , X^i (x)Y^j (y) ⟩ . Consequently, we obtain the final expression for the Poisson bivector:

(9) P ( ∑ k A_k dx^k ) = ∑ i,j ( (diag_∗ A_i ) ∂ ∂x^j

− (diag_∗ A_j ) ∂ ∂y^i ) dx^i ⊗ dy^j .

Analogous results also hold for the Lie algebras X_S (R^n ) of rapidly decreasing smooth vector fields, and for the Lie algebra X(R^n ) of all smooth vector fields, since they are also nuclear. For other Lie algebras like X_B(R^n ) consisting of smooth vector fields that are bounded together with all of their derivatives or X_H ∞ (R^n ), the space

122 PETER W. MICHOR AND PRAFUL RAHANGDALE

of Sobolev vector fields whose components and all derivatives are square-integrable (in the notation from [ 11]) formula (9) for P still holds, but the image is not in the space of summable skew multi vector fields, since the spaces are not nuclear. The same holds for the Lie algebras based on Denjoy-Carleman ultradifferentiable functions on R^n of Roumieu and Beurling type discussed in [ 8], depending on whether they are nuclear or not. For the non-nuclear ones, the Poisson structure is, however, a bounded skew multi vector field on the dual of the Lie algebra.

All the above also holds if we replace R^n by an open subset therein, and formula (9) remains valid; this paves the way to carry this over to manifolds. We summarize this as:

3.4. Proposition. Let N be a finite-dimensional smooth manifold. Then the Poisson structure on the dual X(N)^′ of the Lie algebra X(N) of all smooth vector fields on N , given as

P = − ~[ , ]^∗ : X(N )^′ = Γ_D ′ (T^∗ N ) → (

⋀_2 X_c (N ))^′ =

⋀_2 X_c (N )^′

is given by formula (9) on each open chart of N .

The same holds for all other suitable Lie algebras of vector fields: For example, for the Lie algebra X_μ (M) of divergence free vector fields on a (say) compact oriented manifold (M, μ ) with positive smooth volume form μ, the dual space is

X_μ (M )^′ = Γ_D ′ (T^∗ M )/d(D^′(M )),

and formula (9) factors to the quotient.

In different topological settings, Poisson brackets on the continuous dual g^′ of an infinite-dimensional Lie algebra g have also been discussed by Glöckner [ 3] and by Neeb, Sahlmann, and Thiemann [12].

Acknowledgments

The second author was supported by the German Research Foundation (Deutsche Forschungsgemeinschaft), SFB-TRR 358/1 2023 – 491392403.

References

[1] Beltiţă, Daniel, Goliński, Tomasz, Tumpach, Alice-Barbara, Queer Poisson brackets , J. Geom.

Phys. 132 (2018), 358–362. [2] Drinfeld, V.G., Hamiltonian structures on lie groups , Yang-Baxter Equation in Integrable Systems 10 (1990), no. 2, 222.

[3] Glöckner, Helge, Applications of hypocontinuous bilinear maps in infinite-dimensional differential calculus , Generalized Lie Theory in Mathematics, Physics and Beyond (Silvestrov, Sergei, Paal, Eugen, Abramov, Viktor, Stolin, Alexander, eds.), Springer, Berlin, Heidelberg, 2009, pp. 171–186.

[4] Goliński, Tomasz, Rahangdale, Praful, Tumpach, Alice Barbora, Poisson structures in the Banach setting: comparison of different approaches , Workshop on Geometric Methods in Physics, Springer, 2024, pp. 97–118.

[5] Hörmander, L., The analysis of linear partial differential operators I , Springer-Verlag, Berlin, 1983, Grundlehren 256.

POISSON BIVECTORS ON INFINITE DIMENSIONAL MANIFOLDS 123

[6] Jarchow, Hans, Locally convex spaces , Springer Science & Business Media, 2012. [7] Kriegl, Andreas, Michor, Peter W., The convenient setting of global analysis , Mathematical Surveys and Monographs, vol. 53, American Mathematical Society, Providence, RI, 1997. MR 1471480 DOI: 10.1090/surv/053 [8] Kriegl, Andreas, Michor, Peter W, Rainer, Armin, The convenient setting for Denjoy–Carleman differentiable mappings of Beurling and Roumieu type , Rev. Mat. Complut. 28 (2015), no. 3, 549–597.

[9] Michor, P, Manifolds of smooth maps IV: Theorem of de Rham , Cah. Topol. Géom. Différ.

Catég. 24 (1983), no. 1, 57–86. [10] Michor, Peter W., The Schouten-Nijenhuis bracket in infinite dimensions , arXiv.2504.15010, 2025. DOI: 10.48550/arXiv.2504.15010 [11] Michor, Peter W, Mumford, David, A zoo of diffeomorphism groups on R^n , Ann. Global Anal. Geom. 44 (2013), no. 4, 529–540.

[12] Neeb, K.-H., Sahlmann, H., Thiemann, T., Weak Poisson structures on infinite dimensional manifolds and Hamiltonian actions , Lie Theory and Its Applications in Physics: Varna, Bulgaria, June 2013, Springer, 2014, pp. 105–135.

[13] Schaefer, H.H., Topological vector spaces , Springer-Verlag, New York, 1971, GTM 3. [14] Thomas, E.G.F., Vector fields as derivations on nuclear manifolds , Math. Nachr. 176 (1995), no. 1, 277–286.

[15] Treves, François, Topological vector spaces, distributions and kernels: Pure and applied mathematics, vol. 25 , vol. 25, Elsevier, 2016.

[16] Tumpach, Alice Barbara, Banach Poisson–Lie groups and Bruhat–Poisson structure of the restricted Grassmannian , Comm. Math. Phys. 373 (2020), no. 3, 795–858.

[17] Weinstein, Alan, The local structure of Poisson manifolds , J. Differential Geometry 18 (1983), no. 3, 523–557.

Fakultät für Mathematik, Universität Wien, Oskar-Morgenstern-Platz 1, A-1090 Wien, Austria. E-mail : Peter.Michor@univie.ac.at

Institut für Mathematik, Universität Paderborn, Warburger Str. 100, 33098 Paderborn,Germany E-mail : praful@math.uni-paderborn.de