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ON A HIGHER SPIN GENERALIZATION
OF THE COMPLEX II-OPERATOR

WANQING CHENG AND CHAO DING

ABSTRACT. Rarita-Schwinger fields are solutions to the relativistic field equa-
tion of spin-3/2 fermions in four dimensional flat spacetime, which are im-
portant in supergravity and superstring theories. Bures et al. generalized
it to arbitrary spin k/2 in 2002 in the context of Clifford algebras. In this
article, we introduce a higher spin II-operator related to the Rarita-Schwinger
operator. Further, we investigate norm estimates, mapping properties and the
adjoint operator of the higher spin II-operator. As an application, a higher spin
Beltrami equation is introduced, and existence and uniqueness of solutions to
this higher spin Beltrami equation is established by the norm estimate of the
higher spin II-operator.

1. INTRODUCTION

It is well-known that complex analysis is closely related to the theory of partial
differential equations, and with functional analytical methods many results of
classical function theory can be applied for solving partial differential equations. In
particular, the technique of transforming partial differential equations into some
integral equations is one of the most commonly used methods. The most important
integral transforms in this part of complex analysis are known as the Teodorescu
transform, the Il-operator, and the Beltrami equation. The Beltrami equation is a
generalization of Cauchy-Riemann’s equation, which has a wide applications in the
fields of hydrodynamics [I], electrodynamics [22] and modern control theory [27].
Formally, the Beltrami equation in the complex plane is given by

Y=,
where p(z) is a measurable function, which is usually called the complex characte-
ristic of f. The problem of existence and uniqueness of homogeneous solutions of
the Beltrami equation has been one of the hot topics considered by many mathema-
ticians. The first systematic study on this problem in the complex plane was given
by Vekua in 1962 [28]. For recent developments in the theory of Beltrami equations,
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the readers are referred to the monograph written by Iwaniec and Martin [20], the
book written by Gutlyanskii et al. [I9] and references therein.

In the last decades, the Teodorescu transform and the IT-operator has been
successfully generalized to higher dimensional Euclidean spaces in the framework
of Clifford analysis. One of the first generalizations can be found in [25]. In [I7] 18]
Girlebeck and Sproflig developed an operator calculus in real Clifford algebras
with special emphasis on Teodorescu transforms and their applications in solving
certain boundary value problems. Sprofiig [26] studied some elliptic boundary value
problems with the Teodorescu transform. One of the important applications of the
Teodorescu transform is to give the existence of solutions to the Beltrami equation,
and there are many papers contributed to this topic. For instance, Kéhler [21]
generalized the Beltrami equation in cases of quaternions. Giirlebeck and Kéhler
[15] investigated a hypercomplex generalization of the complex IT-operator and the
solution of a hypercomplex Beltrami equation. More related work can be found,
for instance, in [2] [5] [16].

The higher spin theory in the context of Clifford analysis (also known as higher
spin Clifford analysis) was firstly introduced by Bures et al. [4] in 2002. In [4],
the authors introduced the generalized Rarita-Schwinger operator, which acts
on functions taking values in k-homogeneous monogenic (null solutions to the
Dirac operator) polynomials. Further, the Rarita-Schwinger operator can also
be considered as a Stein-Weiss gradient as presented in [9]. It turns out the
Rarita-Schwinger operator is the analog of the Dirac operator in the higher spin
cases. Recently, in [§], the Teodorescu transform and its mapping properties in the
theory of higher spins have been studied. Therefore, it is natural to define a higher
spin II-operator and a higher spin Beltrami equation with the Rarita-Schwinger
operator and the Teodorescu transform, which are the main topics studied in this
article.

This article is organized as follows. In Section 2, we introduce some definitions
and notations in Clifford analysis and the higher spin Clifford analysis. Further,
some Rarita-Schwinger type operators and function spaces in the higher spin cases
are also reviewed here. Section 3 is devoted to a review of some integral formulas
and properties of the Rarita-Schwinger operators. In Section 4, we firstly define the
higher spin IT-operator, and an integral representation of the higher spin II-operator
is given, which leads to a norm estimate of the higher spin II-operator. Furthermore,
some mapping properties of the higher spin II-operator are given here as well. At the
end, we introduce a higher spin Beltrami equation, and existence and uniqueness of
solutions to the higher spin Beltrami equation have been established by the norm
estimate of the higher spin Il-operator as an application.

2. DEFINITIONS AND NOTATIONS

In this section, we review some definitions and preliminary results on Clifford
analysis and higher spin Clifford analysis, for more details, we refer the readers
to [3, 7, 12].
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2.1. Clifford algebras. Let R™~! be the (m — 1)-dimensional Euclidean space
with a standard orthonormal basis {ey, ..., e, _1}. The real Clifford algebra Cl,,,_1
is generated by R™ with the following relationship

e.e; +eje; = —2(51‘]‘60,

where d;; is the Kronecker delta function, and ey = 1 is the identity element. Hence

a Clifford number x € Cl,,,_1 can be written as x = ZA x ae4 with real coefficients

and A C {1,...,m — 1}. This suggests that one can consider Cl,,_; as a vector

space with dimension 2™ ~!. Therefore, a reasonable norm for a Clifford number

x =) ,xaea should be |z| = (3 4 2%)%. If we denote CI¥, | = {z € Clypy_1: © =

>_|aj=r Taea}, where [A] stands for the cardinality of the set A, then one can see
m—1

that Cl,,,_1 = @ Cl,’fl_l. For an arbitrary Clifford number z = Z\A\:k TaeA, WE

k=0
define the Clifford conjugation of x by
7= Z(—l) |A|(|424|+1) £a€a.
A
In this article, the m-dimensional Euclidean space R™ is identified with CI% | ®

ClL,_ as following
R™ — Cl0_, @l

m—1>
(0., Tm—1) — T =: Tpeo + T1€1 + -+ + Typ—1€m—1,
and we usually call  a paravector. Given x,y € R™, it is easy to check that
Yy = {x,y) —x Ay and x N'Y = —y AT, where
TNY = Z eiej(Tiy; — T59i),
0<i<j<m—1
which gives us the following
Ty +yxT = 2(x,y), Y — YT = —2x A\ Y.
Given a € S™ ! and £ € R™, we have
axa = a(—az + 2{a,T)) = —T + 2(a,T)a,
hence, axa is a reflection of —x with respect to the hyperplane that is orthogonal

to a.
The generalized Cauchy-Riemann operator in R™ is given by

m—1
Op 1= Ouy + Y €;0s,,
j=1

and D, = Z;ﬂ;ll ejaz]. is usually called the Dirac operator in R™~!, where 81;].
stands for the partial derivative with respect to x;. The generalized conjugate
Cauchy-Riemann operator is denoted by

m—1

83,3 = Ozy — E ejé)m.
j=1
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It is easy to verify that 0,05 = 0,05 = Ag, where A, is the Laplacian in R™.
Therefore, we usually say Clifford analysis is a refinement of harmonic analysis.

Definition 2.1. A Cl,,—;-valued function f(z) defined on a domain U in R™ is
left monogenic if Og f(x) = 0.

Since Clifford multiplication is not commutative in general, there is a similar
definition for right monogenic functions. Sometimes, we will consider the generalized
Cauchy-Riemann operator d,, in a vector w rather than . In this article, we use
monogenic to represent left monogenic unless specified.

2.2. Rarita-Schwinger operators. In theoretical physics, the Rarita-Schwinger
equation is the relativistic field equation of spin-3/2 fermions in a four-dimensional
flat spacetime. It is similar to the Dirac equation for spin-1/2 fermions. This
equation was first introduced by William Rarita and Julian Schwinger in 1941 [24].
In 2002, Bures et al. [4] generalized the Rarita-Schwinger operator from spin -3/2
to a general spin-k/2 in the framework of Clifford analysis. Now, we review the
definition and some properties of the Rarita-Schwinger operator as follows. For
more details, see [4] [10].

Let Px(u) be the space of Cl,,-valued polynomials homogeneous of degree k
in the variable u. We denote the following three important spaces of certain
homogeneous polynomials.

M (u) = Pr(u) Nker 9y, M}, (1) = Pr(u) Nker Oy,
Hi(u) = Pr(u) Nker A,,.

Then, we have a Fischer decomposition for Hy(u) as follows. Indeed, there is also
a similar Fischer decomposition of Hj, with respect to the Dirac operator, see [10].

Proposition 2.2 (Fischer decomposition).
The space of Cly,—1-valued k—homogeneous harmonic polynomials Hy(u) can be
decomposed as

Hi(u) = M (u) duM;_(u),
Hu(u) = M; (u) & uM{_, (w)
Proof. Here, we only prove the first identity, and the second one can be verified
similarly. Let hj € Hy(w), then, it is easy to see that Oyhi(u) € M) _;(u). Let
Pr—1 € Mj_,(u), a straightforward calculation shows us that
Outpi—1(u) = (M + 2By — u0y)pr—_1(u) = (m + 2By )pp_1(u)
= (m + 2k = 2)pp—1(u).

Now, we let

Pr—1(w) = (m+ 2k — 2) "' Juhy(w), py(u) = hy(uw) — Tpe—1(w).
One can easily see that Oypx(u) = 0, and pi(u) € M (u). Further,
Ouupr—_1(u) = (m + 2k — 2)pr_1(u)
also justifies the fact that M (u)NuM, _,(u) = 0, which completes the proof. O
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The Fischer decomposition above gives us the following two projections.
() — M (u), Py i) — M; (u)
ud )

S PR

m—+ 2k —2 m+ 2k —2

Suppose 2 is a domain in R™, we consider a differentiable function f : € x
R™ — Cl,,—1 such that, for each x € Q, f(x,u) is a left monogenic polynomial
homogeneous of degree k in w. Then, the first order conformally invariant differential

operator in higher spin theory, named as the Rarita-Schwinger operator [4, [10], is
defined by

Ry, : CY(, M (u)) — C(Q, M (),

Pr=1-

e o, udy =
Ruf @) o= B B o) = (1= ) )
We also define
Rl : CHQ, M (u)) — C(Q, M, (uw)),
+ L _ o _ u@u
Rlg(e.u) = Py Ongla) = (1= ono(o. )

The identities of End(M; (u)) and End(M;, (1)) can be represented by the reprodu-
cing kernel Z ]j (u,v) and Z,  (u, v), respectively, for the inner spherical monogenics
of degree k. This so called zonal spherical monogenic satisfies

f(u) = / ZE(u,v) f(v)dS(v), for all f € Mi(u).
sm—1
Thanks to the result [6, Theorem 3.2], one can apply a similar argument to obtain
that
2u+k
2p

2 k
7 (u,v) = %WW@Z@) + @ AvfulF oLt L),

Zy (u,v) = [ul*[0]*CF (1) +u A Blul* o ORI (8),

where = 5=, 1t = (u ’U| and C}/(t) is the Gegenbauer polynomial of degree k

[uflv

and order p glven by

" A n F(k: —n+ M) —2n
(2.1) Cp(t) = 7;0(—1) m(%)k ;

which satisfies O (t) = 2uC}™t] (t). We also observe that Z; (u,v) = Z, (@, D),

and

2u+k
2u

2u+k

) 1
= T\UI’“IUI"CZ() w ATl PO (2)

[l o CF () + w AT ul " o] OE (1)

le(uv’u) =
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2 k
= ol o L) + v ATl el O 0

(2.2) = Z; (v, u).

The fundamental solution for Ry and R,t are given by

1 T TULT
Bieo) = gt (B)

Cm k|

1 x TUuxT
El V) = s
e = g (o)

(m — 2)wpm—1

m+ 2k —2
unit sphere. Given a € S™~!, we notice that

respectively, where ¢, 1, = and w,,_1 is the area of (m—1)-dimensional

uava — avau auav — vaua o
(u Nava)a = 5 a=a 5 = a(aua) A7,

which gives us a crucial identity as the following

Zf (u, ava)a = aZf (aua, v).

2.3. Function spaces in higher spin Clifford analysis. In this subsection, we
introduce generalizations of some classical function spaces in higher spin Clifford
analysis. Let & C R™ be a domain, the norm of the space L?(Q x B™, Cl,,_1) with
1 <p < o is given by

1£10 —(// wu|pdudw);,

where | - | is the norm of a Clifford number given in Section 2.1, and when p = oo,
the function space is equipped with the essential norm. We introduce the Sobolev
space W' (Q x B™,Cly,—1) as the subset of functions f in LP(Q x B™,Cly,—1)
such that f and its derivatives up to order-(s,t) with respect to (x,u) have a

finite L? norm. Let & = (o, ..., ), 8 = (B1,...,0m) be multi-indices, |a| =
doimiag, 1Bl = 3700, By, and 9y = (95, ..., 08m), 08 = (05r,...,00m). The

norm for W;’t(Q x B™ Cl,,—1) with p > 1 is given by

1

s t 1
P
||f||W;’t(Q><]Bm,Clm_1) = |: Z Z ||8g[*)5f”Lp QxB™,Cly,— 1):| .

le|=018|=0

Now, we say that a function f(z,u) € LP(Q, M} (u)) if for each fixed = € €,
f(z,u) € M} (u) with respect to w and the L? norm of f is finite. For convenience,
we modify the norm of LP(Q, M (u)) to

||f‘|LP(QM+(u : (/gz/sm ) (z,u)|PdS(u )daz) )

which is equivalent to the norm || - ||» up to a multiplicative constant due to the
homogeneity of the second variable u.
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In later sections, for Sobolev spaces Wg’t(Q,M;(u)), since it is a space of
k-homogeneous polynomials in the variable u, we can omit the regularity with
respect to w to Wy (Q, M (u)) instead. Similar as [8, Theorem 3.1], it is trivial
that ./\/l;:(u) is a finite dimensional space, which implies that a Cauchy sequence
in LP(Q, M (u)) is equivalent to finitely many Cauchy sequence in LP(€,Cly,_1).
Therefore, we can see that

Proposition 2.3. The space of LP(Q, Mi (u)) is a closed subspace of LP(Q x
B™, Cly_s).

Proof. Let {f,}52, be a Cauchy sequence in LP(€, ME(u)), which converges to
feLr(xB™ Clm 1). This means that

lim / / | fr(z,u) — f(z,u)PdS(u)dz = 0,
n—oo SZ m—1
and this gives rise to that for almost every (x,u) € Q x B™, we have
lim fo(@,u) = f(z,u).
n—oo

Further, since for each fixed € Q, f,(z,u) € M (u) and M (u) is a finite
dimensional vector space, let {(;(u)}?_; be an orthonormal basis of ME(w). Then,
for each fixed x € €2, we can rewrite

Z pj(w)an,;(x

where a,, j(z) are all real-valued numbers depending on x. Apparently, the conver-

gence of { fi, (&, w) }52; is equivalent to the convergence of the sequence {a,, ;(x)}72,

for all j =1,2,...,s, we assume that lim a, j(x) = a;(x) for j =1,2,...,s. The-

refore, we must have

w) = e (wa, @)

which implies that f € M (u), i.e., f € LP(Q, M (u)). O

3. INTEGRAL FORMULAS FOR RARITA-SCHWINGER OPERATORS

In this section, we introduce some needed integral formulas for Ry, and RL, which
can be obtained with similar arguments for the Rarita-Schwinger operators given
in [4, [10].

Definition 3.1. For any Cl,,_1-valued polynomials P(u), Q(u), the inner product
(P(u), Q(u)), with respect to u is given by

(P(w), Qw))u = / P(u)Q(u)dS (u),

§m—1
where dS(u) is the area element on the unit sphere S™~1.

Firstly, we introduce a Stokes’ Theorem for 0, and 0, as follows.
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Theorem 3.2 (Stokes’ Theorem for the Dirac operator). [14, Theorem A.2.22]
Let Q@ C R™ be a bounded domain with piecewise smooth boundary, and f,g €
CH(Q, ME(u) N C(Q, ME(w)). Then, we have

/ g(m’u)do-wf(m’u):/ (g(xvu)gw)f(xvu)dm
o0 Q

+ /Q o, w) (o f (z, w)) de,
/ o, w)dow f (@, u) = / (9(@, u)Bs) f (x, u)dz
o0 Q

+ /Q o, w) (0 f (, w)) de,

where dogy = n(x)do(x), n(x) is the outward unit normal vector on 0 and do(x)
is the area element on Of).

Now, we can establish a Stokes’” Theorem for Rarita-Schwinger operators as
follows. A similar result for the Rarita-Schwinger operator defined with the Dirac
operator is given in [4] [10].

Theorem 3.3 (Rarita-Schwinger Stokes’ Theorem).
Let @ C R™ be a bounded domain with piecewise smooth boundary, and f,g €
CH(Q, M (u)) NC(Q, ME(u)). Then, we have

/ (g(:c,u)damf(:c,u))u:/ (9(x,u)Ry, f(x,u)), dx
o0 Q
+ [ @), Buf(@w), da.
|G wiz @), = [ (sewn] few) da
+A(g(m7u)7RLf(w,u)>udw.

The Borel-Pompeiu formulas for Rj and RL are as follows.

Theorem 3.4 (Borel-Pompeiu formula). Let @ C R™ be a bounded domain
with piecewise smooth boundary, and f € C1(Q, M (u)) N C(Q, M (u)), g €
CH M, (uw) NC(Q M (w)). Then, for all (y,u) € Q x B™, we have
fly.w) = [ (Bue— y.u.0).doufle0)),
o0
- [ il - yow), Bunf (@), da.
Q
styw) = [ (El@-y.u0).d01(@0)
o9 v

_/Q(Elz(w—y,u,v),RL,vf(xw)) d.

v
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‘We denote

Tof (y,u) = /Q (B -y, u,v), f(z,0)), dz,
Tlotw.w) = - [ (Bll@—v.uv).g(@v) da.
ka(ya ’U,) = \/BQ (Ek(m -y, u,v),damf(m, ’U)),U )

F]Ig(yvu) = /(’)Q (EI];($ 7?/3“’7”)7@9(:”,”)) )

%

Ty and Tg are well-known as the Teodorescu transform, and Fy, F; ,I are known as
the Cauchy-Bitsadze operator, see [14, Chapter 8]. Therefore, the Borel-Pompeiu
formula can be rewritten in the following short form

f(y,u) = ka(yv ’U,) + Tk(ka)(y>'u')>
9(y,u) = Flg(y,u) + T} (Rg)(y, u),

for f € CH(Q M (w))NC(Q, M (w)), g € CH(Q, M (u))NC(Q, M}, (u)). Similar
as in [8, [10], T} and T,I are the right inverses of Ry and R};, respectively.

Proposition 3.5. Let Q2 C R™ be a bounded domain with piecewise smooth boun-
dary, and f € CH(QL M (w))NC QM (u)),g € CHQ M, (uw) NC(Q, M (u)).
Then, we have

for all (y,u) € 2 x B™.

We present a mapping property of Ry and R,Tc below, which is needed for the
later discussion on the norm estimate of II-operator.

Proposition 3.6. Let 0 C R™ be a bounded domain with piecewise smooth
boundary. Then, we have

Ry : W%(Q,M,;(u)) — LQ(Q,MZ_(’U,))

is bounded.

Proof. In the Fischer decomposition in Proposition we denote Qz =1- P,j ,
which is the projection from Hj,(u) to wM,_, (u). Suppose that g € Hy(u), then
we have P;rg € M} (u) and Qf g € uM,_,(u), which gives that P; g € M, (u),
in other words, (P,:' g)0y = 0. Therefore, the Stokes’ Theorem in tells us that

(3.1) | Botw(Qiatu)dsw ~o.
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Now, we can see that

IR B iy = [ [ RS @) S udy
| [ [ A sty
LJQ JSm—1 0

= ,/Q/S JW(%MP,jayf(y,u)ds(u)dy}
L m—1 .

< / [ B Q00,5 + @B, u)dﬂu)dy}
gm-1 0

= / /S )0y f(y. )ds(u)dyh

a 2 11/ 2
/ /S By ) PAS @)y = 180 i

2
m Z ||ay1f||L2 QxB™ M T u)) S m”fHWZl(QXIB%’”,MI(u))’

which completes the proof. O

Remark 3.7. The proof of the Proposition above heavily relies on the identity (3.1)),
which only gives us the results on the L? instead of LP. This is also the reason that
the mapping properties obtained later are all on the L? space.

An important technical lemma on homogeneous harmonic polynomials is as
follows.

Lemma 3.8. [I0, Lemma 6] Suppose hy : R™ — Cl,,,_1 is a harmonic polynomial
homogeneous of degree k with m > 2. Suppose u € S™ 1, then

/Sm ) hi(xux)dS(x) = cp phi(w).

4. DEFINITIONS AND PROPERTIES FOR THE HIGHER SPIN II-OPERATOR

An analog of the complex II-operator in higher spin Clifford analysis is the
following.

Definition 4.1. Let 2 C R™ be a bounded domain with piecewise smooth boun-
dary, and f € C1(Q, M (u)) N C(Q, M} (u)), the higher spin Il-operator is given
by
IIf(y,u) := R;ka(y, u).
There is also an analog of the higher spin IT-operator, which is given by
Hfg(yv ’LL) = RkT];rg(ya U),

where g € C1(Q, M}, (u)) N C(Q, M}, (u)). Next, we will give integral expressions
for 11 and IIf.
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Theorem 4.2 (Integral representations). Let @ C R™ be a bounded domain
with piecewise smooth boundary, and f € CY(2, M (u)) N C(Q M (w)), g €
CHQ M, (w) N C(Q, My (w)). Then, we have

f(y,u) = RiTif(y,u) = P, 0yTif(y, w)

~ o A oo st s

_Q&RQ@”2%mP@&”+WW%
200w (0.0, o tut)do o),
I f(y,w) = RyT) f(y.u) = P, T} f(y, u)

/ / RyEl(z — y,u,v)f(x, v)dS(v)dz + P f(y, u)

2t _
- c;z}kplj ‘/Smfl D) |:u<t, 877> + <t7 u>a"1

—m

+2(t,u) (6,0, 1 (9. ut)iot)

(z—yux-y)  _=-y
le—yl> 7 |z—vyl

where n =

Proof. To obtain an integral expression for II, the main work is to find the
derivative of Ty f. The strategy is similar as applied in [8, Theorem 5.3]. The
calculation there is rather long, we only show the main steps here. Recall that

Tif (g, //m @~ y.u,v). /(@ 0)dS(v)dz

Ek(w —y,u, 'U) y Z]j((w_y)u<w2_ y),’l)),
cmww*yw |z -yl
-y o, ey
z—yl™ 7 2-m

and let € > 0 be sufficiently small such that B(y,e) C Q and Q. = Q\B(y,¢).

Furthermore, let n = % with Stokes’ Theorem of 95, the fact that Z;

is the reproducing kernel for M+(u) and the argument in [8, Theorem 5.3], we can

have
2—m

Cm, kaf Yy, u / |2_7‘(a f(:IJ 77))

- [ e mydo e,
o0

2—m
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and

0
Cm,k@ka(ya u)

m—1
Yi — T ‘m*y|2im 6778 3f($,77)
= (O f(x e — ————dx
/Q PR 2~ By, on,
m—1
3 Yi —Ti —— |z =y " —— ' s Of (z,m)
/asz |l — y|mn(m)f(m,77) T " ? 52:: Oyi  Ons do(@)
m—1
T —Yi —— ey S Ons Of (x,m)
| a5 Y g s
9B(y.e) s=0
e—0
Yi — T4 | |2m > 877s3f13377
— 0O x,n)+ ( ———dx
Q/ (|£L‘ - ylm )f( 77) ayz ons
e—fO
m—1
Yi — T | —y|2 " s Of (z,m)
* / |z —y|™ (e (@m) + =50 Z O dyi O “on,
B(y,e)
e—0
(4.1)
I+ 15+ I3
Since
n— (x-—yu-y) o ,(=-yuE-y

|z — y|? |z —y|?
a straightforward calculation gives us that
% _ 2)‘(i)ui(xs - ys) — 2<33 _ y7ﬁ>§si . 4<(L’ B y,ﬁ>(ms - ys)(yz - xi)
9y |z —y[? lz—yl|* '
Firstly, if we let © —y = et with r > 0,t € S™~!, then, by the homogeneity of
x — y in I3, we know that I3 = 0 when € — 0. Secondly, we notice that

(4.2)

Yi — T B 8a|w—y|2*m_ Jd x—y
lz—y[™™ " Ay ° 2-m Ay |z —y|™’
f(wan): - Zk(nav)f(wav)ds(v)a

where

—1, when =0,
otherwise.

Hence, we have

0 xT—y =9 0

ILh=— I T—y 0

2 /(8%— |$ym>f($,77)+|my|m8yif(:v,n)da:
e—0
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/ /m . 3 [|,,3 — 2k <($ é)fgjz y),v)]f(a:,v)dS(v)da:

C’mk// P} Ek y7uav)f(mav)ds(v)dm'
Q Jsm—1 OYi

We substitute & — y = et into I; to obtain
€— §m—1
2t [, . — 0 =]
g OBy + (8T o 20 (0T D) | (3. o ()
:/ titf(y,tut)
Sm—l
2t ... = NG =]
5 _)\(z)ui (t,0n) + (t, u}a—m + 2ti<t,u><t,8n>_ fy, tut)do(t).
Plugging back to (4.1)), we obtain

0, ka Yy, u

- / 0,Ex(@ ~ y.u.v) (@, 0)dS(0)de + ¢ [ fly.tut)do(t)
§m—1 gm—1

- Cm A /"H 5 f [ (t,0,) + (t, W0y + 2t<t,u><t,8n)] [y, tut)do(t).

According to Lemma [3:8] we know that

-2
II=c} / [y, tut)do(t) = ¢, !
Sm, 1

kT?H—T m—lf(y,u) = f(yau)a

which gives us that
3] ka y7

/ /Sm ) OyEr(x —y,u,v) f(x,v)dS(v)de + f(y,u)

m-12—m

(4.3) —c, k/ 2 { (t,0n) + (t,W)0p + 2t<t,u)<t,8n>}f(y,tut)dcr(t).
Therefore, the integral representation of II is given by
If(y,u) = R{Txf(y, u) = P, 0T f(y, u)
~ [ [ RiBG - o) @ods@de + P fvu)
2t

-1 _
—c P
mk” k sm—1 2—m

[u(t,8n> + (¢, w)0, + 2t(t, ) <t,a,,>} f(y,tut)do(t).

A similar calculation can give us the integral representation of IIT. (I
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Remark 4.3. Although the integral representation of the Il-operator looks ra-
ther complicated, it can be used to establish a norm estimate of the higher spin
IT-operator.

To introduce the norm estimate of the higher spin II-operator, we need the
following estimates on derivatives of harmonic functions.

Lemma 4.4. [I1 Theorem 7, Chap. 2] Let Q C R™ be a bounded domain and f
is harmonic in Q. Then

o CS
|D*f(z)| < W”fHLl(B(m,r))

for each ball B(x,r) C Q and each multi-index o = (o, . . ., Qm—1) of order || = s.
Here D™ = 991 --- 05",
1 (2m+lms)s
Co=——,0i = ———,
PV T Vim)
and V(m) is the volume of the unit ball in R™.

Remark 4.5. In particular, with Holder’s inequality, the lemma above immediately
gives us that

8 Cl 1 m m2m+1
(4.4) (%if(w) < rmHV(m)” 2| fll 2By = WW”JCHB(MW»

Now, we present a norm estimate for the higher spin II-operator as follows.

Theorem 4.6 (Norm estimates). Let Q C R™ be a bounded domain with piecewise
smooth boundary. The higher spin II-operator and IIt-operator

e L2(Q, M (w) — L*(Q, M (u)),
s L2(Q, M, (u)) — L*(Q, M{ (u))
are bounded. Furthermore, we have

||Hf||L2(QMk+(u)) < C||fHL2(Q,M,j(u))a

where
3m324m—+2k+4
_ 2,,2 o0nre
C \/3(8mC2+C1) w2+ DTS +3,
Oy = (2m — 2)| 2LEF [i‘ T(k—n+ p)2~—2n [g] T(k —n + p)2k—2n-1
e 2 D(pnl(k —2n)l "~ & T(p+ nl(k —2n —1)!
k-1 k=2
o [i] 2u+ KTk —n+ w2201 () (24 4 2)T(k — n 4 p)2h—2n-2
2T 4 T(ut Dnl(k — 20— 1)! 2o T T(u+ 2)nl(k — 2n - 2)!

Proof. Similar as the proof of Proposition in the Fischer decomposition in
Proposition we denote @, = I — P, , which is the projection from Hj(u)
to uM; (u). Suppose that g € Hy(u), then we have P, g € M, (u) and Q; g €
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uM; | (u), which gives that P, g € M;T(u), in other words, (P, g)Rr = 0.
Therefore, the Stokes’ Theorem in [3.9] tells us that

/SM Py g(u)(Qx g(w))dS(u) = 0.

Now, we can see that

71 0ty = VAT o nis oy = [ [ IR T A PaS iy
- / / R,Lka(y,u)RiTkﬂy,u)dS(u)dy]
LJQJsm—1 0

= A/Sm_llmf(y’wpkakaf(y’u)dS(U)dy}

0

<| | [ a0 ndwa e + Q,;)%ﬂf(y,u)dsw)dy}
LJa Jsm—1

0

B // W(y’makaf(yvu)dS(u)dy}
LJQ JSsm—1 .
(45) = /Q /STH |0y T f (y, w)[*dS (u)dy

Secondly, we have the integral expression (4.3)) as
|0y The f (y, w)[?

_ ‘ /Q /S 0B — yu,0)f (@, 0)dS(v)dz — f(y,u)

2

m-12—mM

+ c;:k/g 2t [u(tﬁ") + (t,w)0, + 2t(t, u) <t78n>} f(y, tut)do(t)

= [T+ IT+TIT12 <3(|I* + |I1)* + |TI1]%).
(4.6)
To estimate |I|2, a straightforward calculation shows that
—2 (z—y)?
e 72
e o ylmi2 2 )
mzf 52+ AZ;f (n,v)

|:13 - y|m y ° s .
With the expression of (4.2)), we can find that
0y Br(x — g, u,0)| < (m = 2)|z —y|""|Z] (n,v)| + m|lz — y["|Z;] (n,v)]

m—1
ey [2|anz,i<n7v>| n 6( S 10,27 ]
1=0

Z;f (n,v)
on; '

6yEk(m - yauvv) = Z,Ij_(na/v) +m

< @m =2z —y[""|Z{ (n,v)] + 8|z — y|” mz

1=0
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We notice that when n,v € S™~ ! we have

2u+k _
Zt(n,v) = o CL(t) +m ATCET (1),

where ¢ = (n,v). With the expression of C}/(¢) given in (2.1)), we have

2u+k
(2m =22 (n0) < (2m - 2)| 2 E g + gt 0]
2p+k & L(k—n+ p)28—2n & D(k —n + p)2k—2n-1
S (2m—2){ :| —- 017
2 = T(unl(k —2n)t = D(p+ nl(k —2n — 1)!
0z ()| _| ot (utkdCit) AT (0)
on; o 24 dt nnv dt

= |V ((2u +E)CE ) +n AT(2u + 2)C,’§j§(t)> ‘

< 2u+ K)ICEL ()] + (20 +2)|CLE3 (8)]
A =
[i] (2u+k)C(k —n + p)2-—21 N [i] (24 2)T(k — n + p)2k—2n—2
—  T(p+Dnl(k—2n—-1)! —  D(p+2)n!(k—2n-2)!

= 02.

Therefore, we have that

|0y Ex(xz — y,u,v)| < Cile —y|™™ + 8mCalx — y|™™ = (8mC2 + C1)|z —y| ™™,

and

s ([ [ o - vuoseoliseis)
([ [ 25 vl e oiswae)

< (<8m02 o [ /S e y|m|f<w,v>|ds<v>dm)2.

By the Calderon and Zygmund Theorem in [23] Theorem 3.1, XI], we obtain

[ [ kst

<[ [ (emcsen [ [ v s olasoe) s

<encvrent [ [ [ ([euise i) dises
< (8mCs + C1)2 /S o /Q 1 (@, 0)[2dzdS (v)dS (w)
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= (8mCs + C1)%w?2,_; /Q /Si |f (z,v)|*dzdS(v)

= (8mCs + C1)?w?
(4.7)

2
_1Hf||L2(Q,M;r(u))'

Also, we have

@) [ [ mpasay= [ [ 1p@Pdsds = 1 o

To estimate |I11|?, we notice that t,u € S™~! and n = tut € S™~ !, which give us
that

IT1| =

e /Sm_l 2t [u<t,a,,>+<t,u>a,7+2t<t,u><t,a,,>}f(y,tut)da(t)‘

2—m
m—
—1
=)
sm =0

Since f(y,n) is monogenic in i with homogeneity k, this also implies that fis also
harmonic in 7 with homogeneity k. Then, let { = 7 € %Sm’l and r = Z in ,
we have

5fyn

’L

‘ o(t).

‘8f(y n)’ _ k-1
on;

af(y C)‘ - m22m+k+2

¢ V(m) 1f(y, )l L2 @m)-

Therefore, we have

[ [ st
QJsgm-—1
m294m+2k+4
= ——f (Y, T2 mydS (u)dy
/Q/Sm—l V(m) 1F (Y, )| z2(gm) S (u)
m294m+2k+4
:7// / |f(y, v)dvdS(u)dy
224m+2k+4
- // / fly,ry)PrmtdrdS(~y)dy
§m—1
224m+2k+4 i o
- // 1//1 Fly, )P drdS (y)dy

m324m+2k+4 0
_me ~)[2dS(~)d
i | [ rwPaseay

m324m+2k+4
(49) = W”f”[ﬁ Q ./\/l+(u))’
where the 1abt second equality comes from the fact that V(m) = 2==%. Plugging

- - into , we obtain

||Hf||L2 QM (u)) < /Q/S B (I + |IT)? + |I11)*)dS(u)dy
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= 3[(8m02 + Cl) Hf”L'z QxB™, M+ (u)) + ||f||L2(QXBm’M2’(u))

324m+2k+4
+ m + Qk Hf”LZ QxB™ M+(u)):|

3m324m+2k+4
74_3 ||fH%2 QxB™ M (w))?
m + 2k ( M (w))

which gives us the norm estimate as the following

( (8m02+01) wm 1+

LNl 2 @mt - ()

< 4/3(8mCs + C1)2w? +M+3- Kl +
< m—1 m+ 2k L2(QxB™ M (u))’

and this completes the proof. (]
Remark 4.7. A similar argument can give the same norm estimate for the ITf-operator.
Now, we introduce some properties for the higher spin II-operator as follows.

Proposition 4.8. Let Q@ C R™ be a bounded domain with piecewise smooth
boundary, and f € W3 (Q, M} (u)) and g € W3 (2, My, (u)). Then, we have

IRy f = R}.f — RLFyf, 'R} g = Ryg — Ry Fg.
Proof. Using the Borel-Pompeiu formula with Ry in Theorem we obtain
IRy f = RITyRyf = RL(I — Fx)f = RL.f — RLFy.f.
Similarly, the Borel-Pompeiu formula with RL in Theorem gives us that
'Rlg = RWT] Rlg = Ri(I — F{)g = Rig — Ry Flg,
which completes the proof. O

Remark 4.9. One might notice that some properties of the Dirac operator case
given in [I5, Theorem 5] are not true for the Ry case, since RkRz #+ R;Rk in
general.

The Proposition above also leads to the following mapping property.

Proposition 4.10. Let @ C R™ be a bounded domain with piecewise smooth
boundary. Then, the relations

s Ry (W30, M (w)) — RE (W0, M (),
' R (W@, M () — Ra (W32, M ()

are true.
Proof. Let f € W;(Q,M;‘(u)) and g € W%(Q,M,;(u)), then we know that
F.f =F, ,I g = 0. Proposition immediately gives us the desired results. O

A connection between II and IIT is given as follows.
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Theorem 4.11. Let Q C R™ be a bounded domain with piecewise smooth boundary,
and 0 < s < 0o. Suppose f € W5(Q, M (u)), g € W5(Q, M, (u)). Then, we have
ITLf = f — ReF{ T f,
ity = g — RI KT} g.

Proof. These statements can be justified by a straightforward calculation. Indeed,
we have

Lf = RTy RIThf = Ri(I — F) T f
= (RiTyx — Ry F\Ty)f = (I = ReF}T})f = f — ReF{ Ty f,
Ity = RITL Ry T g = RL(I — Fy)Tg
= (RIT} — RLF.T{)g = (I - RLFT])g = g — RLF: T} g,
which completes the proof. ([
If we consider the space C§°(R™ x B™, M;(u)), some invertibility property for
IT and TI' holds as follows.

Corollary 4.12. Let f € C°(R™ x B™, M (u)), g € C(R™ x B™, M (u)).
Then, we have

I'TIf = f, Mg = g.

Proof. This corollary is a consequence of Theorem with the fact that Ty f €
Co(R™ x B™, M} (u)), and a similar result in the classical case can be found in
[I4, Theorem 8.1]. Therefore, Theorem m gives us the desired results IITIIf = f
immediately. The other one can be justified similarly. (Il

Notice that we also have C§°(R™ xB™, M (u)) is dense in L(R™ xB™, M,f(u)),
this gives rise to

Corollary 4.13. Let f € L*(R™ x B™, M} (u)) and g € L*(R™ x B™, M, (u)).
Then, we have

I'TIf = f, Mg = g.
Remark 4.14. The Corollary above shows that IIT is a left and right inverse of II.

Next, we investigate the adjoint operator of II, denoted by II*, with respect to
the following Cl,,_1-valued inner product

//m ) F(y, u)g(y, u)dS(u)dy,

Theorem 4.15. Let Q2 C R™ be a bounded domain with piecewise smooth boundary,
and f € W5(Q, M (u)) and g € W5(Q, M, (u)) with s > 1. Then, we have

I f = T} Ry f, TI'*g = TRl g.

where f,g € L*(Q, M} (u)).
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Proof. From the definition of the higher spin II-operator and the L? adjoint
operator, we have

(ILf,g) = (R{Tx f, g) = (Ti.f. R g) = (f, Ty R} g).
‘We know that

(Tyf.g) // T (g wg(y, w)dS (u)dy

_/Q/Sm_1 </Q/Sm_1 C yv“v”)f(:t:,l))dS(v)dm)g(y,u)ds(u)dy
7/9/87%1 (/Q/Sml flz,v) - Ep(x — y,'Uz,'U)dS(U)dm)g(y’u,)ds(u)dy

According to (2.2)), we know
e e Lt
|z —y| lz —y[™
i (v E DM ) ooy
’ |z —yl |l —y|™
= 0—1 Y 4 <(a: fy)'v(a:; y),u> = E;i(m —y,v,u)
-y |z -yl
= —E,Z(y —x,v,u).

Therefore,

o= [ [ (f]..7@
//m @ (//m 1ET —x,v,u)g (y,u)dS(u)dy>d5(v)dm

- [ [ T@oise v)asw)ie = (1.~Ts)
and this gives us that T} = fTJr Furthermore,

Bt = [ [ Rty v wasdy

N / /S L <f(y’u)Rch)f(y7u)dS(u)dy
//;, (y,u (RU@,0¢a)

= (f.~Rig).
which implies that R} = —Rk. Therefore, we have
(11f.9) = (£. iR g) = (/. T{ Rxg).

which says that II* = Tg Ry.. Similar argument can gives us that IIT* = T;CR,T€7 which
O

El(x — y,v,w)dS(v)d ) (1 w)dS () dy

completes the proof.
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5. EXISTENCE OF SOLUTIONS TO THE HIGHER SPIN BELTRAMI EQUATION

In [5] [15], the authors used the norm estimate of a generalized II-operator to
establish the existence of solutions to a hypercomplex Beltrami equation. In this
section, we will firstly introduce a higher spin Beltrami equation in the framework
of Clifford analysis, then a sufficient condition for existence of solutions to the
higher spin Beltrami equation will be provided.

Let © C R™ be a bounded domain with piecewise smooth boundary 02 and
f € CHQ, M (u)). Moreover, let w € C(€2, M} (u)). Then, we call the equation

(5.1) Ryw = fR,TCw

a higher spin Beltrami equation. In particular, when k = 0, all terms on the variable
u disappear, it reduces to the classical Beltrami equation. Before, we introduce
existence of solutions to the higher spin Beltrami equation, we need to following
technical lemma.

Lemma 5.1. Let Q C R™ be a bounded domain with piecewise smooth boundary,
and w € WH(Q, M (u)). Therefore there exists a function ¢ € L*(2, M} (u))
satisfying Ry¢ = 0 and h € L?(Q, M} (u)) such that

(5.2) w = ¢+ Tih.

Proof. Given w € Wi (9, MZ‘(u)), let h = Rjw, the mapping properties in
Proposition [3.6 tells us that h € L?(Q, M} (u)). Furthermore, let ¢ = w — Tj;h, we
immediately have Ry¢ = Rpw — RiTih = 0, which completes the proof. O

Now, we plug the substitution ([5.2) in to (5.1]) to obtain
Ry (¢ + Tyh) = f(RL(¢ + Tih)),
since T} is the right inverse of Ry, and Ri¢ = 0, the equation above becomes
(5.3) h = f(RLo +TIh).

This implies that, on the one hand, w is a solution of (5.1f), if 4 is a solution of
(5.3). On the other hand, each solution of (5.1)) can be represented by (/5.2).

Before introducing our main result in this section, we review the Banach
fixed-point theorem as follows.

Theorem 5.2 (Banach Fixed-Point Theorem). [I3] Let (X,d) be a non-empty
complete metric space. A mapping T: X — X s called a contraction mapping
on X if there exists g € [0,1), such that d(T'(x),T(y)) < qgd(x,y). Such T admits a

unique fized-point x* € X, which means T'(z*) = z*.

Now, we claim that

Theorem 5.3. Let 2 C R™ be a bounded domain with piecewise smooth boundary,

f e Lo, M (u), and 11| Lo (0, mt )y S P < C~1, where C is given in Theorem
WMy

. Then, for any ¢ € LZ(Q,M:(U)) satisfying Rix¢ = 0, our singular integral

equation (5.3) has a unique solution h € L*(2, M} (w)). Furthermore, our higher

spin Beltrami equation (5.1) also has a solution given by w = ¢ + T}h.
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Proof. We denote
T:h— fRLo + fIIh,

and in our case, we have
T (h1) = T(h2)ll L2 (@ M (w))
= ||f(R}6 + TThy) — f(RL6 + Tho)ll 20 M (u))
S 20t ()~ P2 = hall L2 uy)-
Therefore, with the Banach Fixed-Point Theorem, when
—1
Al Loe @Mt () S <O,

T is contractive, which leads to the existence of a unique solution to (5.3)). Applying
our norm estimate in Theorem [£.6] for the IT-operator we get the condition

AN Loe (nt (uy) S P < c!

being sufficient for the existence of a solution of equation (5.3)). The proof is
completed. O
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