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ON A HIGHER SPIN GENERALIZATION
OF THE COMPLEX Π-OPERATOR

Wanqing Cheng and Chao Ding

Abstract. Rarita-Schwinger fields are solutions to the relativistic field equa-
tion of spin-3/2 fermions in four dimensional flat spacetime, which are im-
portant in supergravity and superstring theories. Bureš et al. generalized
it to arbitrary spin k/2 in 2002 in the context of Clifford algebras. In this
article, we introduce a higher spin Π-operator related to the Rarita-Schwinger
operator. Further, we investigate norm estimates, mapping properties and the
adjoint operator of the higher spin Π-operator. As an application, a higher spin
Beltrami equation is introduced, and existence and uniqueness of solutions to
this higher spin Beltrami equation is established by the norm estimate of the
higher spin Π-operator.

1. Introduction

It is well-known that complex analysis is closely related to the theory of partial
differential equations, and with functional analytical methods many results of
classical function theory can be applied for solving partial differential equations. In
particular, the technique of transforming partial differential equations into some
integral equations is one of the most commonly used methods. The most important
integral transforms in this part of complex analysis are known as the Teodorescu
transform, the Π-operator, and the Beltrami equation. The Beltrami equation is a
generalization of Cauchy-Riemann’s equation, which has a wide applications in the
fields of hydrodynamics [1], electrodynamics [22] and modern control theory [27].
Formally, the Beltrami equation in the complex plane is given by

∂f

∂z
(z) = µ(z)∂f

∂z
(z),

where µ(z) is a measurable function, which is usually called the complex characte-
ristic of f . The problem of existence and uniqueness of homogeneous solutions of
the Beltrami equation has been one of the hot topics considered by many mathema-
ticians. The first systematic study on this problem in the complex plane was given
by Vekua in 1962 [28]. For recent developments in the theory of Beltrami equations,
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the readers are referred to the monograph written by Iwaniec and Martin [20], the
book written by Gutlyanskii et al. [19] and references therein.

In the last decades, the Teodorescu transform and the Π-operator has been
successfully generalized to higher dimensional Euclidean spaces in the framework
of Clifford analysis. One of the first generalizations can be found in [25]. In [17, 18]
Gürlebeck and Sprößig developed an operator calculus in real Clifford algebras
with special emphasis on Teodorescu transforms and their applications in solving
certain boundary value problems. Sprößig [26] studied some elliptic boundary value
problems with the Teodorescu transform. One of the important applications of the
Teodorescu transform is to give the existence of solutions to the Beltrami equation,
and there are many papers contributed to this topic. For instance, Kähler [21]
generalized the Beltrami equation in cases of quaternions. Gürlebeck and Kähler
[15] investigated a hypercomplex generalization of the complex Π-operator and the
solution of a hypercomplex Beltrami equation. More related work can be found,
for instance, in [2, 5, 16].

The higher spin theory in the context of Clifford analysis (also known as higher
spin Clifford analysis) was firstly introduced by Bureš et al. [4] in 2002. In [4],
the authors introduced the generalized Rarita-Schwinger operator, which acts
on functions taking values in k-homogeneous monogenic (null solutions to the
Dirac operator) polynomials. Further, the Rarita-Schwinger operator can also
be considered as a Stein-Weiss gradient as presented in [9]. It turns out the
Rarita-Schwinger operator is the analog of the Dirac operator in the higher spin
cases. Recently, in [8], the Teodorescu transform and its mapping properties in the
theory of higher spins have been studied. Therefore, it is natural to define a higher
spin Π-operator and a higher spin Beltrami equation with the Rarita-Schwinger
operator and the Teodorescu transform, which are the main topics studied in this
article.

This article is organized as follows. In Section 2, we introduce some definitions
and notations in Clifford analysis and the higher spin Clifford analysis. Further,
some Rarita-Schwinger type operators and function spaces in the higher spin cases
are also reviewed here. Section 3 is devoted to a review of some integral formulas
and properties of the Rarita-Schwinger operators. In Section 4, we firstly define the
higher spin Π-operator, and an integral representation of the higher spin Π-operator
is given, which leads to a norm estimate of the higher spin Π-operator. Furthermore,
some mapping properties of the higher spin Π-operator are given here as well. At the
end, we introduce a higher spin Beltrami equation, and existence and uniqueness of
solutions to the higher spin Beltrami equation have been established by the norm
estimate of the higher spin Π-operator as an application.

2. Definitions and notations

In this section, we review some definitions and preliminary results on Clifford
analysis and higher spin Clifford analysis, for more details, we refer the readers
to [3, 7, 12].
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2.1. Clifford algebras. Let Rm−1 be the (m− 1)-dimensional Euclidean space
with a standard orthonormal basis {e1, . . . , em−1}. The real Clifford algebra Clm−1
is generated by Rm with the following relationship

eiej + ejei = −2δije0,

where δij is the Kronecker delta function, and e0 = 1 is the identity element. Hence
a Clifford number x ∈ Clm−1 can be written as x =

∑
A xAeA with real coefficients

and A ⊂ {1, . . . ,m − 1}. This suggests that one can consider Clm−1 as a vector
space with dimension 2m−1. Therefore, a reasonable norm for a Clifford number
x =

∑
A xAeA should be |x| = (

∑
A x

2
A) 1

2 . If we denote Clkm−1 = {x ∈ Clm−1 : x =∑
|A|=k xAeA}, where |A| stands for the cardinality of the set A, then one can see

that Clm−1 =
m−1⊕
k=0
Clkm−1. For an arbitrary Clifford number x =

∑
|A|=k xAeA, we

define the Clifford conjugation of x by

x =
∑
A

(−1)
|A|(|A|+1)

2 xAeA.

In this article, the m-dimensional Euclidean space Rm is identified with Cl0m−1 ⊕
Cl1m−1 as following

Rm −→ Cl0m−1 ⊕ Cl1m−1,

(x0, . . . , xm−1) 7−→ x =: x0e0 + x1e1 + · · ·+ xm−1em−1,

and we usually call x a paravector. Given x,y ∈ Rm, it is easy to check that
xy = 〈x,y〉 − x ∧ y and x ∧ y = −y ∧ x, where

x ∧ y =
∑

0≤i<j≤m−1
eiej(xiyj − xjyi),

which gives us the following
xy + yx = 2〈x,y〉, xy − yx = −2x ∧ y.

Given a ∈ Sm−1 and x ∈ Rm, we have
axa = a(−āx̄+ 2〈a,x〉) = −x+ 2〈a,x〉a,

hence, axa is a reflection of −x with respect to the hyperplane that is orthogonal
to a.

The generalized Cauchy-Riemann operator in Rm is given by

∂x := ∂x0 +
m−1∑
j=1

ej∂xj ,

and Dx =
∑m−1
j=1 ej∂xj is usually called the Dirac operator in Rm−1, where ∂xj

stands for the partial derivative with respect to xj . The generalized conjugate
Cauchy-Riemann operator is denoted by

∂x := ∂x0 −
m−1∑
j=1

ej∂xi .
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It is easy to verify that ∂x∂x = ∂x∂x = ∆x, where ∆x is the Laplacian in Rm.
Therefore, we usually say Clifford analysis is a refinement of harmonic analysis.

Definition 2.1. A Clm−1-valued function f(x) defined on a domain U in Rm is
left monogenic if ∂xf(x) = 0.

Since Clifford multiplication is not commutative in general, there is a similar
definition for right monogenic functions. Sometimes, we will consider the generalized
Cauchy-Riemann operator ∂u in a vector u rather than x. In this article, we use
monogenic to represent left monogenic unless specified.

2.2. Rarita-Schwinger operators. In theoretical physics, the Rarita-Schwinger
equation is the relativistic field equation of spin-3/2 fermions in a four-dimensional
flat spacetime. It is similar to the Dirac equation for spin-1/2 fermions. This
equation was first introduced by William Rarita and Julian Schwinger in 1941 [24].
In 2002, Bureš et al. [4] generalized the Rarita-Schwinger operator from spin -3/2
to a general spin-k/2 in the framework of Clifford analysis. Now, we review the
definition and some properties of the Rarita-Schwinger operator as follows. For
more details, see [4, 10].

Let Pk(u) be the space of Clm-valued polynomials homogeneous of degree k
in the variable u. We denote the following three important spaces of certain
homogeneous polynomials.

M+
k (u) = Pk(u) ∩ ker ∂u, M−k (u) = Pk(u) ∩ ker ∂u,

Hk(u) = Pk(u) ∩ ker ∆u.

Then, we have a Fischer decomposition for Hk(u) as follows. Indeed, there is also
a similar Fischer decomposition of Hk with respect to the Dirac operator, see [10].

Proposition 2.2 (Fischer decomposition).
The space of Clm−1-valued k−homogeneous harmonic polynomials Hk(u) can be
decomposed as

Hk(u) =M+
k (u)⊕ uM−k−1(u),

Hk(u) =M−k (u)⊕ uM+
k−1(u).

Proof. Here, we only prove the first identity, and the second one can be verified
similarly. Let hk ∈ Hk(u), then, it is easy to see that ∂uhk(u) ∈ M−k−1(u). Let
pk−1 ∈M−k−1(u), a straightforward calculation shows us that

∂uupk−1(u) = (m+ 2Eu − u∂u)pk−1(u) = (m+ 2Eu)pk−1(u)
= (m+ 2k − 2)pk−1(u).

Now, we let
pk−1(u) = (m+ 2k − 2)−1∂uhk(u), pk(u) = hk(u)− upk−1(u).

One can easily see that ∂upk(u) = 0, and pk(u) ∈M+
k (u). Further,

∂uupk−1(u) = (m+ 2k − 2)pk−1(u)
also justifies the fact thatM+

k (u)∩uM−k−1(u) = ∅, which completes the proof. �
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The Fischer decomposition above gives us the following two projections.

P+
k : Hk(u) −→M+

k (u), P−k : Hk(u) −→M−k (u)

P+
k = 1− u∂u

m+ 2k − 2 , P
−
k = 1− u∂u

m+ 2k − 2 .

Suppose Ω is a domain in Rm, we consider a differentiable function f : Ω ×
Rm −→ Clm−1 such that, for each x ∈ Ω, f(x,u) is a left monogenic polynomial
homogeneous of degree k in u. Then, the first order conformally invariant differential
operator in higher spin theory, named as the Rarita-Schwinger operator [4, 10], is
defined by

Rk : C1(Ω,M+
k (u)) −→ C(Ω,M+

k (u)),

Rkf(x,u) := P+
k ∂xf(x,u) =

(
1− u∂u

m+ 2k − 2

)
∂xf(x,u).

We also define

R†k : C1(Ω,M−k (u)) −→ C(Ω,M−k (u)),

R†kg(x,u) := P−k ∂xg(x,u) =
(

1− u∂u
m+ 2k − 2

)
∂xg(x,u).

The identities of End(M+
k (u)) and End(M−k (u)) can be represented by the reprodu-

cing kernel Z+
k (u,v) and Z−k (u,v), respectively, for the inner spherical monogenics

of degree k. This so called zonal spherical monogenic satisfies

f(u) =
∫

Sm−1

Z±k (u,v)f(v)dS(v), for all f ∈M±k (u).

Thanks to the result [6, Theorem 3.2], one can apply a similar argument to obtain
that

Z+
k (u,v) = 2µ+ k

2µ |u|k|v|kCµk (t) + u ∧ v|u|k−1|v|k−1Cµ+1
k−1 (t),

Z−k (u,v) = 2µ+ k

2µ |u|k|v|kCµk (t) + u ∧ v|u|k−1|v|k−1Cµ+1
k−1 (t),

where µ = m−2
2 , t = 〈u,v〉

|u||v| and Cµk (t) is the Gegenbauer polynomial of degree k
and order µ given by

Cµk (t) =
[k/2]∑
n=0

(−1)n Γ(k − n+ µ)
Γ(µ)n!(k − 2n)! (2t)

k−2n,(2.1)

which satisfies d
dtC

µ
k (t) = 2µCµ+1

k−1 (t). We also observe that Z+
k (u,v) = Z−k (u,v),

and

Z+
k (u,v) = 2µ+ k

2µ |u|k|v|kCµk (t) + u ∧ v|u|k−1|v|k−1Cµ+1
k−1 (t)

= 2µ+ k

2µ |u|k|v|kCµk (t)− u ∧ v|u|k−1|v|k−1Cµ+1
k−1 (t)
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= 2µ+ k

2µ |u|k|v|kCµk (t) + v ∧ u|u|k−1|v|k−1Cµ+1
k−1 (t)

= Z+
k (v,u).(2.2)

The fundamental solution for Rk and R†k are given by

Ek(x,u,v) = 1
cm,k

x

|x|m
Z+
k

(
xux

|x|2
,v

)
,

E†k(x,u,v) = 1
cm,k

x

|x|m
Z−k

(
xux

|x|2
,v

)
,

respectively, where cm,k = (m− 2)ωm−1

m+ 2k − 2 and ωm−1 is the area of (m−1)-dimensional
unit sphere. Given a ∈ Sm−1, we notice that

(u ∧ ava)a = uāv̄ā− avau
2 a = a

āuāv − vaua
2 = a(āuā) ∧ v,

which gives us a crucial identity as the following

Z±k (u,ava)a = aZ±k (aua,v).

2.3. Function spaces in higher spin Clifford analysis. In this subsection, we
introduce generalizations of some classical function spaces in higher spin Clifford
analysis. Let Ω ⊂ Rm be a domain, the norm of the space Lp(Ω×Bm, Clm−1) with
1 ≤ p <∞ is given by

||f ||Lp :=
(∫

Ω

∫
Bm
|f(x,u)|pdudx

) 1
p

,

where | · | is the norm of a Clifford number given in Section 2.1, and when p =∞,
the function space is equipped with the essential norm. We introduce the Sobolev
space W s,t

p (Ω × Bm, Clm−1) as the subset of functions f in Lp(Ω × Bm, Clm−1)
such that f and its derivatives up to order-(s, t) with respect to (x,u) have a
finite Lp norm. Let α = (α1, . . . , αm),β = (β1, . . . , βm) be multi-indices, |α| =∑m
j=1 αj , |β| =

∑m
j=1 βj , and ∂αx := (∂α1

x1
, . . . , ∂αmxm ), ∂βu := (∂β1

u1
, . . . , ∂βmum ). The

norm for W s,t
p (Ω× Bm, Clm−1) with p > 1 is given by

||f ||W s,t
p (Ω×Bm,Clm−1) :=

[ s∑
|α|=0

t∑
|β|=0

||∂αx ∂βuf ||
p
Lp(Ω×Bm,Clm−1)

] 1
p

.

Now, we say that a function f(x,u) ∈ Lp(Ω,M+
k (u)) if for each fixed x ∈ Ω,

f(x,u) ∈M+
k (u) with respect to u and the Lp norm of f is finite. For convenience,

we modify the norm of Lp(Ω,M+
k (u)) to

||f ||Lp(Ω,M+
k

(u)) :=
(∫

Ω

∫
Sm−1

|f(x,u)|pdS(u)dx
) 1
p

,

which is equivalent to the norm ‖ · ‖Lp up to a multiplicative constant due to the
homogeneity of the second variable u.
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In later sections, for Sobolev spaces W s,t
p (Ω,M+

k (u)), since it is a space of
k-homogeneous polynomials in the variable u, we can omit the regularity with
respect to u to W s

p (Ω,M+
k (u)) instead. Similar as [8, Theorem 3.1], it is trivial

that M+
k (u) is a finite dimensional space, which implies that a Cauchy sequence

in Lp(Ω,M±k (u)) is equivalent to finitely many Cauchy sequence in Lp(Ω, Clm−1).
Therefore, we can see that

Proposition 2.3. The space of Lp(Ω,M±k (u)) is a closed subspace of Lp(Ω ×
Bm, Clm−1).

Proof. Let {fn}∞n=1 be a Cauchy sequence in Lp(Ω,M±k (u)), which converges to
f ∈ Lp(Ω× Bm, Clm−1). This means that

lim
n→∞

∫
Ω

∫
Sm−1

|fn(x,u)− f(x,u)|pdS(u)dx = 0,

and this gives rise to that for almost every (x,u) ∈ Ω× Bm, we have
lim
n→∞

fn(x,u) = f(x,u).

Further, since for each fixed x ∈ Ω, fn(x,u) ∈ M±k (u) and M±k (u) is a finite
dimensional vector space, let {ϕj(u)}sj=1 be an orthonormal basis ofM±k (u). Then,
for each fixed x ∈ Ω, we can rewrite

fn(x,u) =
s∑
j=1

ϕj(u)an,j(x),

where an,j(x) are all real-valued numbers depending on x. Apparently, the conver-
gence of {fn(x,u)}∞n=1 is equivalent to the convergence of the sequence {an,j(x)}∞n=1
for all j = 1, 2, . . . , s, we assume that lim

n→∞
an,j(x) = aj(x) for j = 1, 2, . . . , s. The-

refore, we must have

f(x,u) =
s∑
j=1

ϕj(u)aj(x),

which implies that f ∈M±k (u), i.e., f ∈ Lp(Ω,M±k (u)). �

3. Integral formulas for Rarita-Schwinger operators

In this section, we introduce some needed integral formulas for Rk and R†k, which
can be obtained with similar arguments for the Rarita-Schwinger operators given
in [4, 10].

Definition 3.1. For any Clm−1-valued polynomials P (u), Q(u), the inner product
(P (u), Q(u))u with respect to u is given by

(P (u), Q(u))u =
∫

Sm−1
P (u)Q(u)dS(u),

where dS(u) is the area element on the unit sphere Sm−1.

Firstly, we introduce a Stokes’ Theorem for ∂x and ∂x as follows.
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Theorem 3.2 (Stokes’ Theorem for the Dirac operator). [14, Theorem A.2.22]
Let Ω ⊂ Rm be a bounded domain with piecewise smooth boundary, and f, g ∈
C1(Ω,M±k (u)) ∩ C(Ω,M±k (u)). Then, we have∫

∂Ω
g(x,u)dσxf(x,u) =

∫
Ω

(
g(x,u)∂x

)
f(x,u)dx

+
∫

Ω
g(x,u)

(
∂xf(x,u)

)
dx,∫

∂Ω
g(x,u)dσxf(x,u) =

∫
Ω

(g(x,u)∂x) f(x,u)dx

+
∫

Ω
g(x,u) (∂xf(x,u)) dx,

where dσx = n(x)dσ(x), n(x) is the outward unit normal vector on ∂Ω and dσ(x)
is the area element on ∂Ω.

Now, we can establish a Stokes’ Theorem for Rarita-Schwinger operators as
follows. A similar result for the Rarita-Schwinger operator defined with the Dirac
operator is given in [4, 10].
Theorem 3.3 (Rarita-Schwinger Stokes’ Theorem).
Let Ω ⊂ Rm be a bounded domain with piecewise smooth boundary, and f, g ∈
C1(Ω,M±k (u)) ∩ C(Ω,M±k (u)). Then, we have∫

∂Ω
(g(x,u)dσxf(x,u))u =

∫
Ω

(g(x,u)Rk, f(x,u))u dx

+
∫

Ω
(g(x,u), Rkf(x,u))u dx,∫

∂Ω

(
g(x,u)dσxf(x,u)

)
u

=
∫

Ω

(
g(x,u)R†k, f(x,u)

)
u
dx

+
∫

Ω

(
g(x,u), R†kf(x,u)

)
u
dx.

The Borel-Pompeiu formulas for Rk and R†k are as follows.
Theorem 3.4 (Borel-Pompeiu formula). Let Ω ⊂ Rm be a bounded domain
with piecewise smooth boundary, and f ∈ C1(Ω,M+

k (u)) ∩ C(Ω,M+
k (u)), g ∈

C1(Ω,M−k (u)) ∩ C(Ω,M−k (u)). Then, for all (y,u) ∈ Ω× Bm, we have

f(y,u) =
∫
∂Ω

(Ek(x− y,u,v), dσxf(x,v))v

−
∫

Ω
(Ek(x− y,u,v), Rk,vf(x,v))v dx,

g(y,u) =
∫
∂Ω

(
E†k(x− y,u,v), dσxf(x,v)

)
v

−
∫

Ω

(
E†k(x− y,u,v), R†k,vf(x,v)

)
v
dx.
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We denote

Tkf(y,u) = −
∫

Ω
(Ek(x− y,u,v), f(x,v))v dx,

T †kg(y,u) = −
∫

Ω

(
E†k(x− y,u,v), g(x,v)

)
v
dx,

Fkf(y,u) =
∫
∂Ω

(Ek(x− y,u,v), dσxf(x,v))v ,

F †kg(y,u) =
∫
∂Ω

(
E†k(x− y,u,v), dσxg(x,v)

)
v
,

Tk and T †k are well-known as the Teodorescu transform, and Fk, F
†
k are known as

the Cauchy-Bitsadze operator, see [14, Chapter 8]. Therefore, the Borel-Pompeiu
formula can be rewritten in the following short form

f(y,u) = Fkf(y,u) + Tk(Rkf)(y,u),

g(y,u) = F †kg(y,u) + T †k (R†kg)(y,u),

for f ∈ C1(Ω,M+
k (u))∩C(Ω,M+

k (u)), g ∈ C1(Ω,M−k (u))∩C(Ω,M−k (u)). Similar
as in [8, 10], Tk and T †k are the right inverses of Rk and R†k, respectively.

Proposition 3.5. Let Ω ⊂ Rm be a bounded domain with piecewise smooth boun-
dary, and f ∈ C1(Ω,M+

k (u))∩C(Ω,M+
k (u)), g ∈ C1(Ω,M−k (u))∩C(Ω,M−k (u)).

Then, we have

RkTkf(y,u) = f(y,u), R†kT
†
kg(y,u) = g(y,u),

for all (y,u) ∈ Ω× Bm.

We present a mapping property of Rk and R†k below, which is needed for the
later discussion on the norm estimate of Π-operator.

Proposition 3.6. Let Ω ⊂ Rm be a bounded domain with piecewise smooth
boundary. Then, we have

Rk : W 1
2 (Ω,M−k (u)) −→ L2(Ω,M+

k (u))

is bounded.

Proof. In the Fischer decomposition in Proposition 2.2, we denote Q+
k = I − P+

k ,
which is the projection from Hk(u) to uM−k−1(u). Suppose that g ∈ Hk(u), then
we have P+

k g ∈M
+
k (u) and Q+

k g ∈ uM
−
k−1(u), which gives that P+

k g ∈M
−
k,r(u),

in other words, (P+
k g)∂u = 0. Therefore, the Stokes’ Theorem in 3.3 tells us that∫

Sm−1
P+
k g(u)(Q+

k g(u))dS(u) = 0.(3.1)
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Now, we can see that

‖Rkf‖2L2(Ω×Bm,M−
k

(u)) =
∫

Ω

∫
Sm−1

|Rkf(y,u)|2dS(u)dy

=
[ ∫

Ω

∫
Sm−1

Rkf(y,u)Rkf(y,u)dS(u)dy
]

0

=
[ ∫

Ω

∫
Sm−1

P+
k ∂yf(y,u)P+

k ∂yf(y,u)dS(u)dy
]

0

≤
[ ∫

Ω

∫
Sm−1

(P+
k +Q+

k )∂yf(y,u)(P+
k +Q+

k )∂yf(y,u)dS(u)dy
]

0

=
[ ∫

Ω

∫
Sm−1

∂yf(y,u)∂yf(y,u)dS(u)dy
]

0

=
∫

Ω

∫
Sm−1

|∂yf(y,u)|2dS(u)dy = ‖∂yf‖2L2(Ω×Bm,M−
k

(u))

≤ m
m−1∑
i=0
‖∂yif‖2L2(Ω×Bm,M−

k
(u)) ≤ m‖f‖

2
W 1

2 (Ω×Bm,M+
k

(u)),

which completes the proof. �

Remark 3.7. The proof of the Proposition above heavily relies on the identity (3.1),
which only gives us the results on the L2 instead of Lp. This is also the reason that
the mapping properties obtained later are all on the L2 space.

An important technical lemma on homogeneous harmonic polynomials is as
follows.

Lemma 3.8. [10, Lemma 6] Suppose hk : Rm −→ Clm−1 is a harmonic polynomial
homogeneous of degree k with m ≥ 2. Suppose u ∈ Sm−1, then∫

Sm−1
hk(xux)dS(x) = cm,khk(u).

4. Definitions and properties for the higher spin Π-operator

An analog of the complex Π-operator in higher spin Clifford analysis is the
following.

Definition 4.1. Let Ω ⊂ Rm be a bounded domain with piecewise smooth boun-
dary, and f ∈ C1(Ω,M+

k (u)) ∩ C(Ω,M+
k (u)), the higher spin Π-operator is given

by

Πf(y,u) := R†kTkf(y,u).

There is also an analog of the higher spin Π-operator, which is given by

Π†g(y,u) := RkT
†
kg(y,u),

where g ∈ C1(Ω,M−k (u)) ∩ C(Ω,M−k (u)). Next, we will give integral expressions
for Π and Π†.
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Theorem 4.2 (Integral representations). Let Ω ⊂ Rm be a bounded domain
with piecewise smooth boundary, and f ∈ C1(Ω,M+

k (u)) ∩ C(Ω,M+
k (u)), g ∈

C1(Ω,M−k (u)) ∩ C(Ω,M−k (u)). Then, we have

Πf(y,u) = R†kTkf(y,u) = P−k ∂yTkf(y,u)

=
∫

Ω

∫
Sm−1

R†kEk(x− y,u,v)f(x,v)dS(v)dx+ P−k f(y,u)

− c−1
m,kP

−
k

∫
Sm−1

2t
2−m

[
u〈t, ∂η〉+ 〈t,u〉∂η

+ 2t〈t,u〉〈t, ∂η〉
]
f(y, tut)dσ(t),

Π†f(y,u) = RkT
†
kf(y,u) = P+

k ∂yT
†
kf(y,u)

=
∫

Ω

∫
Sm−1

RkE
†
k(x− y,u,v)f(x,v)dS(v)dx+ P+

k f(y,u)

− c−1
m,kP

+
k

∫
Sm−1

2t
2−m

[
u〈t, ∂η〉+ 〈t,u〉∂η

+ 2t〈t,u〉〈t, ∂η〉
]
f(y, tut)dσ(t),

where η = (x− y)u(x− y)
|x− y|2

, t = x− y
|x− y|

.

Proof. To obtain an integral expression for Π, the main work is to find the
derivative of Tkf . The strategy is similar as applied in [8, Theorem 5.3]. The
calculation there is rather long, we only show the main steps here. Recall that

Tkf(y,u) = −
∫

Ω

∫
Sm−1

Ek(x− y,u,v), f(x,v)dS(v)dx,

Ek(x− y,u,v) = 1
cm,k

x− y
|x− y|m

Z+
k

(
(x− y)u(x− y)
|x− y|2

,v

)
,

x− y
|x− y|m

= ∂x
|x− y|2−m

2−m ,

and let ε > 0 be sufficiently small such that B(y, ε) ⊂ Ω and Ωε = Ω\B(y, ε).
Furthermore, let η = (x−y)u(x−y)

|x−y|2 , with Stokes’ Theorem of ∂x, the fact that Z+
k

is the reproducing kernel forM+
k (u) and the argument in [8, Theorem 5.3], we can

have

cm,kTkf(y,u) =
∫

Ω

|x− y|2−m

2−m
(
∂xf(x,η)

)
dx

−
∫
∂Ω

|x− y|2−m

2−m n(x)f(x,η)dσ(x).
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and

cm,k
∂

∂yi
Tkf(y,u)

=
∫

Ω

yi − xi
|x− y|m

(∂xf(x,η)) + |x− y|
2−m

2−m

m−1∑
s=0

∂ηs
∂yi

∂f(x,η)
∂ηs

dx

−
∫
∂Ω

yi − xi
|x− y|m

n(x)f(x,η) + |x− y|
2−m

2−m n(x)
m−1∑
s=0

∂ηs
∂yi

∂f(x,η)
∂ηs

dσ(x)

=
∫

∂B(y,ε)
ε→0

xi − yi
|x− y|m

n(x)f(x,η)− |x− y|
2−m

2−m n(x)
m−1∑
s=0

∂ηs
∂yi

∂f(x,η)
∂ηs

dσ(x)

−
∫
Ωε
ε→0

(
yi − xi
|x− y|m

∂x

)
f(x,η) +

(
|x− y|2−m

2−m ∂x

)m−1∑
s=0

∂ηs
∂yi

∂f(x,η)
∂ηs

dx

+
∫

B(y,ε)
ε→0

yi − xi
|x− y|m

(
∂xf(x,η)

)
+ |x− y|

2−m

2−m +
m−1∑
s=0

∂x
∂ηs
∂yi

∂f(x,η)
∂ηs

dx

= : I1 + I2 + I3.
(4.1)

Since

η = (x− y)u(x− y)
|x− y|2

= −u+ 2 〈x− y,u〉(x− y)
|x− y|2

,

a straightforward calculation gives us that
∂ηs
∂yi

= 2λ(i)ui(xs − ys)− 2〈x− y,u〉δsi
|x− y|2

− 4 〈x− y,u〉(xs − ys)(yi − xi)
|x− y|4

.(4.2)

Firstly, if we let x − y = εt with r > 0, t ∈ Sm−1, then, by the homogeneity of
x− y in I3, we know that I3 = 0 when ε→ 0. Secondly, we notice that

yi − xi
|x− y|m

∂x = ∂

∂yi
∂x
|x− y|2−m

2−m = ∂

∂yi

x− y
|x− y|m

,

f(x,η) =
∫

Sm−1
Zk(η,v)f(x,v)dS(v),

where

λ(i) =
{
−1, when i = 0,

1, otherwise.
Hence, we have

I2 =−
∫
Ωε
ε→0

(
∂

∂yi

x− y
|x− y|m

)
f(x,η) + x− y

|x− y|m
∂

∂yi
f(x,η)dx
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=−
∫
Ωε
ε→0

∫
Sm−1

∂

∂yi

[
x− y
|x− y|m

Z+
k

(
(x− y)u(x− y)
|x− y|2

,v

)]
f(x,v)dS(v)dx

=− cm,k
∫

Ω

∫
Sm−1

∂

∂yi
Ek(x− y,u,v)f(x,v)dS(v)dx.

We substitute x− y = εt into I1 to obtain

I1 = lim
ε→0

∫
Sm−1

titf(y + εt, tut)

− 2t
2−m

[
λ(i)ui〈t, ∂η〉+ 〈t,u〉 ∂

∂ηi
+ 2ti〈t,u〉〈t, ∂η〉

]
f(y, tut)dσ(t)

=
∫

Sm−1
titf(y, tut)

− 2t
2−m

[
λ(i)ui〈t, ∂η〉+ 〈t,u〉 ∂

∂ηi
+ 2ti〈t,u〉〈t, ∂η〉

]
f(y, tut)dσ(t).

Plugging back to (4.1), we obtain

∂yTkf(y,u)

=−
∫

Ω

∫
Sm−1

∂yEk(x− y,u,v)f(x,v)dS(v)dx+ c−1
m,k

∫
Sm−1

f(y, tut)dσ(t)

− c−1
m,k

∫
Sm−1

2t
2−m

[
u〈t, ∂η〉+ 〈t,u〉∂η + 2t〈t,u〉〈t, ∂η〉

]
f(y, tut)dσ(t).

According to Lemma 3.8, we know that

II = c−1
m,k

∫
Sm−1

f(y, tut)dσ(t) = c−1
m,k

m− 2
m+ 2k − 2ωm−1f(y,u) = f(y,u),

which gives us that

∂yTkf(y,u)

=−
∫

Ω

∫
Sm−1

∂yEk(x− y,u,v)f(x,v)dS(v)dx+ f(y,u)

− c−1
m,k

∫
Sm−1

2t
2−m

[
u〈t, ∂η〉+ 〈t,u〉∂η + 2t〈t,u〉〈t, ∂η〉

]
f(y, tut)dσ(t).(4.3)

Therefore, the integral representation of Π is given by

Πf(y,u) = R†kTkf(y,u) = P−k ∂yTkf(y,u)

=
∫

Ω

∫
Sm−1

R†kEk(x− y,u,v)f(x,v)dS(v)dx+ P−k f(y,u)

− c−1
m,kP

−
k

∫
Sm−1

2t
2−m

[
u〈t, ∂η〉+ 〈t,u〉∂η + 2t〈t,u〉〈t, ∂η〉

]
f(y, tut)dσ(t).

A similar calculation can give us the integral representation of Π†. �
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Remark 4.3. Although the integral representation of the Π-operator looks ra-
ther complicated, it can be used to establish a norm estimate of the higher spin
Π-operator.

To introduce the norm estimate of the higher spin Π-operator, we need the
following estimates on derivatives of harmonic functions.

Lemma 4.4. [11, Theorem 7, Chap. 2] Let Ω ⊂ Rm be a bounded domain and f
is harmonic in Ω. Then

|Dαf(x)| ≤ Cs
rm+s ‖f‖L1(B(x,r))

for each ball B(x, r) ⊂ Ω and each multi-index α = (α0, . . . , αm−1) of order |α| = s.
Here Dα = ∂α1

x1
· · · ∂αm−1

x0 ,

C0 = 1
V (m) , Cs = (2m+1ms)s

V (m) ,

and V (m) is the volume of the unit ball in Rm.

Remark 4.5. In particular, with Hölder’s inequality, the lemma above immediately
gives us that∣∣∣∣ ∂∂xi f(x)

∣∣∣∣ ≤ C1

rm+1V (m) 1
2 r

m
2 ‖f‖L2(B(x,r)) = m2m+1

r
m
2 +1

√
V (m)

‖f‖L2(B(x,r)).(4.4)

Now, we present a norm estimate for the higher spin Π-operator as follows.

Theorem 4.6 (Norm estimates). Let Ω ⊂ Rm be a bounded domain with piecewise
smooth boundary. The higher spin Π-operator and Π†-operator

Π : L2(Ω,M+
k (u)) −→ L2(Ω,M−k (u)),

Π† : L2(Ω,M−k (u)) −→ L2(Ω,M+
k (u))

are bounded. Furthermore, we have
‖Πf‖L2(ΩM+

k
(u)) ≤ C‖f‖L2(Ω,M+

k
(u)),

where

C =

√
3(8mC2 + C1)2ω2

m−1 + 3m324m+2k+4

m+ 2k + 3,

C1 = (2m− 2)
[

2µ+ k

2µ

[ k2 ]∑
n=0

Γ(k − n+ µ)2k−2n

Γ(µ)n!(k − 2n)! +
[ k−1

2 ]∑
n=0

Γ(k − n+ µ)2k−2n−1

Γ(µ+ 1)n!(k − 2n− 1)!

]

C2 =
[ k−1

2 ]∑
n=0

(2µ+ k)Γ(k − n+ µ)2k−2n−1

Γ(µ+ 1)n!(k − 2n− 1)! +
[ k−2

2 ]∑
n=0

(2µ+ 2)Γ(k − n+ µ)2k−2n−2

Γ(µ+ 2)n!(k − 2n− 2)! .

Proof. Similar as the proof of Proposition 3.6, in the Fischer decomposition in
Proposition 2.2, we denote Q−k = I − P−k , which is the projection from Hk(u)
to uM+

k (u). Suppose that g ∈ Hk(u), then we have P−k g ∈ M
−
k (u) and Q−k g ∈
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uM+
k−1(u), which gives that P−k g ∈ M

+
k,r(u), in other words, (P−k g)Rk = 0.

Therefore, the Stokes’ Theorem in 3.3 tells us that∫
Sm−1

P−k g(u)(Q−k g(u))dS(u) = 0.

Now, we can see that

‖Πf‖2
L2(Ω,M−

k
(u)) = ‖R†kTkf‖

2
L2(Ω,M−

k
(u)) =

∫
Ω

∫
Sm−1

|R†kTkf(y,u)|2dS(u)dy

=
[ ∫

Ω

∫
Sm−1

R†kTkf(y,u)R†kTkf(y,u)dS(u)dy
]

0

=
[ ∫

Ω

∫
Sm−1

P−k ∂yTkf(y,u)P−k ∂yTkf(y,u)dS(u)dy
]

0

≤
[∫

Ω

∫
Sm−1

(P−k +Q−k )∂yTkf(y,u)(P−k +Q−k )∂yTkf(y,u)dS(u)dy
]

0

=
[ ∫

Ω

∫
Sm−1

∂yTkf(y,u)∂yTkf(y,u)dS(u)dy
]

0

=
∫

Ω

∫
Sm−1

|∂yTkf(y,u)|2dS(u)dy.(4.5)

Secondly, we have the integral expression (4.3) as

|∂yTkf(y,u)|2

=
∣∣∣∣ ∫

Ω

∫
Sm−1

∂yEk(x− y,u,v)f(x,v)dS(v)dx− f(y,u)

+ c−1
m,k

∫
Sm−1

2t
2−m

[
u〈t, ∂η〉+ 〈t,u〉∂η + 2t〈t,u〉〈t, ∂η〉

]
f(y, tut)dσ(t)

∣∣∣∣2
=: |I + II + III|2 ≤ 3(|I|2 + |II|2 + |III|2).

(4.6)
To estimate |I|2, a straightforward calculation shows that

∂yEk(x− y,u,v) = m− 2
|x− y|m

Z+
k (η,v) +m

(x− y)2

|x− y|m+2Z
+
k (η,v)

+ x− y
|x− y|m

m−1∑
s=0

∂yηs
∂Z+

k (η,v)
∂ηs

.

With the expression of (4.2), we can find that
|∂yEk(x− y,u,v)| ≤ (m− 2)|x− y|−m|Z+

k (η,v)|+m|x− y|−m|Z+
k (η,v)|

+ |x− y|−m
[
2|∂ηZ+

k (η,v)|+ 6
(m−1∑

i=0
|∂ηiZ+

k (η,v)|2
) 1

2
]

≤ (2m− 2)|x− y|−m|Z+
k (η,v)|+ 8|x− y|−m

m−1∑
i=0

∣∣∣∣∂Z+
k (η,v)
∂ηi

∣∣∣∣.
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We notice that when η,v ∈ Sm−1, we have

Z+
k (η,v) = 2µ+ k

2µ Cµk (t) + η ∧ vCµ+1
k−1 (t),

where t = 〈η,v〉. With the expression of Cµk (t) given in (2.1), we have

(2m− 2)|Z+
k (η,v)| ≤ (2m− 2)

[
2µ+ k

2µ |Cµk (t)|+ |Cµ+1
k−1 (t)|

]

≤ (2m−2)
[

2µ+ k

2µ

[ k2 ]∑
n=0

Γ(k − n+ µ)2k−2n

Γ(µ)n!(k − 2n)! +
[ k−1

2 ]∑
n=0

Γ(k − n+ µ)2k−2n−1

Γ(µ+ 1)n!(k − 2n− 1)!

]
=: C1,

∣∣∣∣∂Z+
k (η,v)
∂ηi

∣∣∣∣ =
∣∣∣∣ ∂t∂ηi

(
2µ+ k

2µ
dCµk (t)
dt

+ η ∧ v
dCµ+1

k−1 (t)
dt

)∣∣∣∣
=
∣∣∣∣vi((2µ+ k)Cµ+1

k−1 (t) + η ∧ v(2µ+ 2)Cµ+2
k−2 (t)

)∣∣∣∣
≤ (2µ+ k)|Cµ+1

k−1 (t)|+ (2µ+ 2)|Cµ+2
k−2 (t)|

≤
[ k−1

2 ]∑
n=0

(2µ+ k)Γ(k − n+ µ)2k−2n−1

Γ(µ+ 1)n!(k − 2n− 1)! +
[ k−2

2 ]∑
n=0

(2µ+ 2)Γ(k − n+ µ)2k−2n−2

Γ(µ+ 2)n!(k − 2n− 2)!
=: C2.

Therefore, we have that

|∂yEk(x− y,u,v)| ≤ C1|x− y|−m + 8mC2|x− y|−m = (8mC2 + C1)|x− y|−m,

and

|I|2 ≤
(∫

Ω

∫
Sm−1

∣∣∂yEk(x− y,u,v)f(x,v)
∣∣dS(v)dx

)2

≤
(∫

Ω

∫
Sm−1

2m2
∣∣∂yEk(x− y,u,v)

∣∣ · ∣∣f(x,v)
∣∣dS(v)dx

)2

≤
(

(8mC2 + C1)
∫

Ω

∫
Sm−1

|x− y|−m
∣∣f(x,v)

∣∣dS(v)dx
)2
.

By the Calderon and Zygmund Theorem in [23, Theorem 3.1, XI], we obtain∫
Ω

∫
Sm−1

|I|2dS(u)dy

≤
∫

Ω

∫
Sm−1

(
(8mC2 + C1)

∫
Ω

∫
Sm−1

|x− y|−m
∣∣f(x,v)

∣∣dS(v)dx
)2
dS(u)dy

≤ (8mC2 + C1)2
∫

Sm−1

∫
Sm−1

∫
Ω

(∫
Ω
|x− y|−m|f(x,v)|dx

)2
dydS(v)dS(u)

≤ (8mC2 + C1)2
∫

Sm−1
ωm−1

∫
Ω
|f(x,v)|2dxdS(v)dS(u)
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= (8mC2 + C1)2ω2
m−1

∫
Ω

∫
Sm−1

|f(x,v)|2dxdS(v)

= (8mC2 + C1)2ω2
m−1‖f‖2L2(Ω,M+

k
(u)).

(4.7)

Also, we have

(4.8)
∫

Ω

∫
Sm−1

|II|2dS(u)dy =
∫

Ω

∫
Sm−1

|f(y,u)|2dS(u)dy = ‖f‖2
L2(Ω,M+

k
(u)).

To estimate |III|2, we notice that t,u ∈ Sm−1 and η = tut ∈ Sm−1, which give us
that

|III| =
∣∣∣∣c−1
m,k

∫
Sm−1

2t
2−m

[
u〈t, ∂η〉+ 〈t,u〉∂η + 2t〈t,u〉〈t, ∂η〉

]
f(y, tut)dσ(t)

∣∣∣∣
≤ c−1

m,k

∫
Sm−1

2
2−m · 4

m−1∑
i=0

∣∣∣∣∂f(y,η)
∂ηi

∣∣∣∣dσ(t).

Since f(y,η) is monogenic in η with homogeneity k, this also implies that f is also
harmonic in η with homogeneity k. Then, let ζ = η

2 ∈
1
2Sm−1 and r = 1

4 in (4.4),
we have ∣∣∣∣∂f(y,η)

∂ηi

∣∣∣∣ = 2k−1
∣∣∣∣∂f(y, ζ)

∂ζi

∣∣∣∣ ≤ m22m+k+2√
V (m)

‖f(y, ·)‖L2(Bm).

Therefore, we have∫
Ω

∫
Sm−1

|III|2dS(u)dy

≤
∫

Ω

∫
Sm−1

m224m+2k+4

V (m) ‖f(y, ·)‖2L2(Bm)dS(u)dy

= m224m+2k+4

V (m)

∫
Ω

∫
Sm−1

∫
Bm
|f(y,v)|2dvdS(u)dy

= m224m+2k+4ωm−1

V (m)

∫
Ω

∫ 1

0

∫
Sm−1

|f(y, rγ)|2rm−1drdS(γ)dy

= m224m+2k+4ωm−1

V (m)

∫
Ω

∫
Sm−1

∫ 1

0

∫
Sm−1

|f(y,γ)|2rm+2k−1drdS(γ)dy

= m324m+2k+4

m+ 2k

∫
Ω

∫
Sm−1

|f(y,γ)|2dS(γ)dy

= m324m+2k+4

m+ 2k ‖f‖2
L2(Ω,M+

k
(u)),(4.9)

where the last second equality comes from the fact that V (m) = ωm−1
m . Plugging

(4.7),(4.8),(4.9) into (4.5), we obtain

‖Πf‖2
L2(Ω,M−

k
(u)) ≤

∫
Ω

∫
Sm−1

3(|I|2 + |II|2 + |III|2)dS(u)dy
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≤ 3
[
(8mC2 + C1)2ω2

m−1‖f‖2L2(Ω×Bm,M+
k

(u)) + ‖f‖2
L2(Ω×Bm,M+

k
(u))

+ m324m+2k+4

m+ 2k ‖f‖2
L2(Ω×Bm,M+

k
(u))

]
=
(

3(8mC2 + C1)2ω2
m−1 + 3m324m+2k+4

m+ 2k + 3
)
‖f‖2

L2(Ω×Bm,M+
k

(u)),

which gives us the norm estimate as the following

‖Πf‖L2(Ω,M−
k

(u))

≤

√
3(8mC2 + C1)2ω2

m−1 + 3m324m+2k+4

m+ 2k + 3 · ‖f‖L2(Ω×Bm,M+
k

(u)),

and this completes the proof. �

Remark 4.7. A similar argument can give the same norm estimate for the Π†-operator.

Now, we introduce some properties for the higher spin Π-operator as follows.

Proposition 4.8. Let Ω ⊂ Rm be a bounded domain with piecewise smooth
boundary, and f ∈W 1

2 (Ω,M+
k (u)) and g ∈W 1

2 (Ω,M−k (u)). Then, we have

ΠRkf = R†kf −R
†
kFkf, Π†R†kg = Rkg −RkF †kg.

Proof. Using the Borel-Pompeiu formula with Rk in Theorem 3.4, we obtain

ΠRkf = R†kTkRkf = R†k(I − Fk)f = R†kf −R
†
kFkf.

Similarly, the Borel-Pompeiu formula with R†k in Theorem 3.4 gives us that

Π†R†kg = RkT
†
kR
†
kg = Rk(I − F †k )g = Rkg −RkF †kg,

which completes the proof. �

Remark 4.9. One might notice that some properties of the Dirac operator case
given in [15, Theorem 5] are not true for the Rk case, since RkR†k 6= R†kRk in
general.

The Proposition above also leads to the following mapping property.

Proposition 4.10. Let Ω ⊂ Rm be a bounded domain with piecewise smooth
boundary. Then, the relations

Π : Rk
(
W̊ 1

2 (Ω,M+
k (u))

)
−→ R†k

(
W̊ 1

2 (Ω,M+
k (u))

)
,

Π† : R†k
(
W̊ 1

2 (Ω,M+
k (u))

)
−→ Rk

(
W̊ 1

2 (Ω,M+
k (u))

)
are true.

Proof. Let f ∈ W̊ 1
2 (Ω,M+

k (u)) and g ∈ W̊ 1
2 (Ω,M−k (u)), then we know that

Fkf = F †kg = 0. Proposition 4.8 immediately gives us the desired results. �

A connection between Π and Π† is given as follows.
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Theorem 4.11. Let Ω ⊂ Rm be a bounded domain with piecewise smooth boundary,
and 0 ≤ s <∞. Suppose f ∈W s

2 (Ω,M+
k (u)), g ∈W s

2 (Ω,M−k (u)). Then, we have

Π†Πf = f −RkF †kTkf,

ΠΠ†g = g −R†kFkT
†
kg.

Proof. These statements can be justified by a straightforward calculation. Indeed,
we have

Π†Πf = RkT
†
kR
†
kTkf = Rk(I − F †k )Tkf

= (RkTk −RkF †kTk)f = (I −RkF †kTk)f = f −RkF †kTkf,

ΠΠ†g = R†kTkRkT
†
kg = R†k(I − Fk)T †kg

= (R†kT
†
k −R

†
kFkT

†
k )g = (I −R†kFkT

†
k )g = g −R†kFkT

†
kg,

which completes the proof. �

If we consider the space C∞0 (Rm × Bm,M+
k (u)), some invertibility property for

Π and Π† holds as follows.

Corollary 4.12. Let f ∈ C∞0 (Rm × Bm,M+
k (u)), g ∈ C∞0 (Rm × Bm,M−k (u)).

Then, we have

Π†Πf = f, ΠΠ†g = g.

Proof. This corollary is a consequence of Theorem 4.11 with the fact that Tkf ∈
C0(Rm × Bm,M+

k (u)), and a similar result in the classical case can be found in
[14, Theorem 8.1]. Therefore, Theorem 4.11 gives us the desired results Π†Πf = f
immediately. The other one can be justified similarly. �

Notice that we also have C∞0 (Rm×Bm,M±k (u)) is dense in L2(Rm×Bm,M±k (u)),
this gives rise to

Corollary 4.13. Let f ∈ L2(Rm × Bm,M+
k (u)) and g ∈ L2(Rm × Bm,M−k (u)).

Then, we have

Π†Πf = f, ΠΠ†g = g.

Remark 4.14. The Corollary above shows that Π† is a left and right inverse of Π.

Next, we investigate the adjoint operator of Π, denoted by Π∗, with respect to
the following Clm−1-valued inner product

〈f, g〉 =
∫

Ω

∫
Sm−1

f(y,u)g(y,u)dS(u)dy,

where f, g ∈ L2(Ω,M+
k (u)).

Theorem 4.15. Let Ω ⊂ Rm be a bounded domain with piecewise smooth boundary,
and f ∈ W̊ s

2 (Ω,M+
k (u)) and g ∈ W̊ s

2 (Ω,M−k (u)) with s ≥ 1. Then, we have

Π∗f = T †kRkf, Π†∗g = TkR
†
kg.
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Proof. From the definition of the higher spin Π-operator and the L2 adjoint
operator, we have

〈Πf, g〉 = 〈R†kTkf, g〉 = 〈Tkf,R†∗k g〉 = 〈f, T ∗kR
†∗
k g〉.

We know that

〈Tkf, g〉 =
∫

Ω

∫
Sm−1

Tkf(y,u)g(y,u)dS(u)dy

= −
∫

Ω

∫
Sm−1

(∫
Ω

∫
Sm−1

Ek(x− y,u,v)f(x,v)dS(v)dx
)
g(y,u)dS(u)dy

= −
∫

Ω

∫
Sm−1

(∫
Ω

∫
Sm−1

f(x,v) · Ek(x− y,u,v)dS(v)dx
)
g(y,u)dS(u)dy.

According to (2.2), we know

Ek(x− y,u,v) = c−1
m,kZk

(
(x− y)u(x− y)
|x− y|2

,v

)
x− y
|x− y|m

= c−1
m,kZk

(
v,

(x− y)u(x− y)
|x− y|2

)
x− y
|x− y|m

= c−1
m,k

x− y
|x− y|m

Zk

(
(x− y)v(x− y)
|x− y|2

,u

)
= E†k(x− y,v,u)

= −E†k(y − x,v,u).
Therefore,

〈Tkf, g〉 =−
∫

Ω

∫
Sm−1

(∫
Ω

∫
Sm−1

f(x,v) · E†k(x− y,v,u)dS(v)dx
)
g(y,u)dS(u)dy

=
∫

Ω

∫
Sm−1

f(x,v)
(∫

Ω

∫
Sm−1

E†k(y − x,v,u)g(y,u)dS(u)dy
)
dS(v)dx

=−
∫

Ω

∫
Sm−1

f(x,v)(T †kg(x,v))dS(v)dx = 〈f,−T †kg〉,

and this gives us that T ∗k = −T †k . Furthermore,

〈Rkf, g〉 =
∫

Ω

∫
Sm−1

Rkf(y,u)f(y,u)dS(u)dy

=
∫

Ω

∫
Sm−1

(
f(y,u)R†k

)
f(y,u)dS(u)dy

= −
∫

Ω

∫
Sm−1

f(y,u)
(
R†kf(y,u)

)
dS(u)dy

= 〈f,−R†kg〉,

which implies that R∗k = −R†k. Therefore, we have

〈Πf, g〉 = 〈f, T ∗kR
†∗
k g〉 = 〈f, T †kRkg〉,

which says that Π∗ = T †kRk. Similar argument can gives us that Π†∗ = TkR
†
k, which

completes the proof. �
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5. Existence of solutions to the higher spin Beltrami equation

In [5, 15], the authors used the norm estimate of a generalized Π-operator to
establish the existence of solutions to a hypercomplex Beltrami equation. In this
section, we will firstly introduce a higher spin Beltrami equation in the framework
of Clifford analysis, then a sufficient condition for existence of solutions to the
higher spin Beltrami equation will be provided.

Let Ω ⊂ Rm be a bounded domain with piecewise smooth boundary ∂Ω and
f ∈ C1(Ω,M+

k (u)). Moreover, let ω ∈ C1(Ω,M+
k (u)). Then, we call the equation

Rkω = fR†kω(5.1)
a higher spin Beltrami equation. In particular, when k = 0, all terms on the variable
u disappear, it reduces to the classical Beltrami equation. Before, we introduce
existence of solutions to the higher spin Beltrami equation, we need to following
technical lemma.

Lemma 5.1. Let Ω ⊂ Rm be a bounded domain with piecewise smooth boundary,
and ω ∈ W 1

2 (Ω,M+
k (u)). Therefore there exists a function φ ∈ L2(Ω,M+

k (u))
satisfying Rkφ = 0 and h ∈ L2(Ω,M+

k (u)) such that
ω = φ+ Tkh.(5.2)

Proof. Given ω ∈ W 1
2 (Ω,M+

k (u)), let h = Rkω, the mapping properties in
Proposition 3.6 tells us that h ∈ L2(Ω,M+

k (u)). Furthermore, let φ = ω − Tkh, we
immediately have Rkφ = Rkω −RkTkh = 0, which completes the proof. �

Now, we plug the substitution (5.2) in to (5.1) to obtain

Rk(φ+ Tkh) = f
(
R†k(φ+ Tkh)

)
,

since Tk is the right inverse of Rk, and Rkφ = 0, the equation above becomes

h = f
(
R†kφ+ Πh

)
.(5.3)

This implies that, on the one hand, ω is a solution of (5.1), if h is a solution of
(5.3). On the other hand, each solution of (5.1) can be represented by (5.2).

Before introducing our main result in this section, we review the Banach
fixed-point theorem as follows.

Theorem 5.2 (Banach Fixed-Point Theorem). [13] Let (X, d) be a non-empty
complete metric space. A mapping T : X −→ X is called a contraction mapping
on X if there exists q ∈ [0, 1), such that d(T (x), T (y)) ≤ qd(x, y). Such T admits a
unique fixed-point x∗ ∈ X, which means T (x∗) = x∗.

Now, we claim that

Theorem 5.3. Let Ω ⊂ Rm be a bounded domain with piecewise smooth boundary,
f ∈ L∞(Ω,M+

k (u)), and ‖f‖L∞(Ω,M+
k

(u)) ≤ ρ < C−1, where C is given in Theorem
4.6. Then, for any φ ∈ L2(Ω,M+

k (u)) satisfying Rkφ = 0, our singular integral
equation (5.3) has a unique solution h ∈ L2(Ω,M+

k (u)). Furthermore, our higher
spin Beltrami equation (5.1) also has a solution given by ω = φ+ Tkh.



110 WANQING CHENG AND CHAO DING

Proof. We denote
T : h→ fR†kφ+ fΠh,

and in our case, we have
||T (h1)− T (h2)||L2(Ω,M+

k
(u))

= ||f(R†kφ+ Πh1)− f(R†kφ+ Πh2)||L2(Ω,M+
k

(u))

≤ ||fΠ||L2(Ω,M+
k

(u)) · ||h1 − h2||L2(Ω,M+
k

(u)).

Therefore, with the Banach Fixed-Point Theorem, when
||f ||L∞(Ω,M+

k
(u)) ≤ ρ < C−1,

T is contractive, which leads to the existence of a unique solution to (5.3). Applying
our norm estimate in Theorem 4.6 for the Π-operator we get the condition

||f ||L∞(Ω,M+
k

(u)) ≤ ρ < C−1

being sufficient for the existence of a solution of equation (5.3). The proof is
completed. �
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