ARCHIVUM MATHEMATICUM (BRNO) Tomus 62 (2026), 43–67

A WINTGEN TYPE INEQUALITY AND CHARACTERIZATION OF HYPERBOLIC POINTS ON SURFACES SITTING IN THE EUCLIDEAN FOUR-SPACE

Mahdi Khajeh Salehani

Abstract. The aim of this paper is to explore the relations between some geometric invariants associated with surfaces immersed in the Euclidean four-space, by investigating the extrinsic and intrinsic geometries of our surfaces from a global point of view, as well as considering the curvature ellipses of a given surface and their associated isoptic curves. We establish an elegant formula which shows how the isoptic curves of the curvature ellipses of a given surface are related to the asymptotic directions on the surface, and derive a Wintgen type inequality which provides both a simple relationship between the main intrinsic and extrinsic invariants, and a natural and geometric characterization of the hyperbolic points, on the given surface. To indicate an application of our Wintgen type inequality to the theory of Möbius invariant Euclidean submanifolds, we conclude the paper with a novel geometric result on a remarkable family of surfaces known as Wintgen ideal surfaces.

1. Introduction

The quest for discovering nice and novel relations between intrinsic and extrinsic invariants associated with a submanifold is one of the most fundamental problems in submanifold theory; this is actually due to the classical fact that the celebrated embedding theorem of John F. Nash Jr. allows us to view each Riemannian manifold as a submanifold of a Euclidean space (for more details and a through treatment, we refer the reader to [ 6] and [8]). Moreover, understanding the smoothly embedded surfaces in a 4-manifold is intimately related to understanding the smooth structures on a 4-manifold; for instance, this was exhibited in [ 16] where it has been shown that the minimum genus of such a surface often depends on the particular smooth structure on the 4-manifold. One more interesting fact concerning the topic of our paper and the smooth structure of the ambient space of our surfaces is the existence of an uncountable family of non-diffeomorphic smooth structures on R^4, as was shown by Clifford Henry Taubes in [ 25]; however, throughout this paper, we equip R^4 with its standard smooth structure.

2020 Mathematics Subject Classification : primary 53C40; secondary 53C42, 53C05. Key words and phrases : normal curvature, mean curvature, asymptotic field, hyperbolic point, isoptic curve, Wintgen ideal surface.

Received December 19, 2024. Editor J. Slovák. DOI: 10.5817/AM2026-2-43

44 MAHDI KHAJEH SALEHANI

The problem of describing the lines of curvature near an umbilic point, as a remarkable problem in submanifold theory, attracted the attention of Cayley, Frost and Hamilton – to name only some of the prominent researchers among others, cf. [3], [4] and [11]; in addition, Darboux [ 7] fully discussed the same problem in its generic case. Gullstrand, whose interest in the concept of umbilicity arose out of his work on eyesight aberration [ 12], seems to be the first to put due emphasis on the discriminant of the cubic form giving the principal directions at an umbilic point.

On any given surface M immersed in the flat space-form R^4 there exist three basic local invariants associated with M: the first and the second fundamental forms, and the normal connection . These three invariants are related by the Gauss, Codazzi and Ricci equations, and they determine the isometric immersion of M into R^4 uniquely up to isometries of R^4 .

To a given surface M in R^4 and a globally defined normal field ν on M, there corresponds a shape operator S_ν on M intrinsically related to the second fundamental form II_ν along ν on M. The ν-lines of curvature of M are determined by the eigenvectors of S_ν , and the corresponding eigenvalues give the ν-principal curvatures. If the two ν-principal curvatures coincide at some point p ∈ M, then p is called a ν-umbilic point. The ν-umbilic points can, in fact, be characterized as the critical points of the corresponding principal direction fields. If all points on a surface are umbilic with respect to some globally defined normal vector field ν, then the surface is referred to as a ν-umbilic surface. A surface M is said to be “totally umbilic” if it is ν-umbilic with respect to all normal vector fields ν on M .

Moreover, associated with any point p on an embedded surface M in R^4 we shall consider an elegant configuration in the normal plane N_p M, which is actually another local invariant associated with M, called the curvature ellipse of M at p (this was referred to as the “curvature conic” by Y.-C. Wong in [ 27]). The point p ∈ M, being thought of as the origin of the normal vector space N_p M, is said to be a hyperbolic point if it lies outside the curvature ellipse of M at p. In addition, Wong [27] considered the possibility of defining the so-called asymptotic directions over the points of the surfaces M in R^4 .

In the spirit of [ 27, 28], we establish in this paper some novel relations between the above-mentioned local invariants associated with a surface M ⊂ R^4; in fact, employing the analytic features of asymptotic directions on M, we develop a theory exhibiting harmony of these local invariants: a Wintgen type inequality is derived which provides both a simple relationship between the main intrinsic and extrinsic invariants, and a natural and geometric characterization of the points, of the given surface M, that lie on the isoptic curves of the corresponding curvature ellipses (see Theorem 3.14) – accordingly, we shall refer to these points as the isoptic points of M (by Definition 3.13, to each of these points on M there corresponds a unique angle α ∈ (0, π) and therefore such a given point is called an “ α-isoptic point”). In fact, the primary purpose of this paper is to prove the following theorem:

CHARACTERIZATION OF HYPERBOLIC POINTS ON SURFACES M ⊂ R^4 45

Theorem 3.14. A point p ∈ M is an α-isoptic point, for some angle α ∈ (0, π), if and only if the normal curvature N and the mean curvature vector H read

|N (p)| ≤ (− Δ( p))^{12} E_α + ‖H (p)‖^2 ,

with (− Δ( p))^{12} E_α as a new geometric quantity on the curvature ellipse (to be considered in Section 3 with a clear geometric interpretation as in Corollary 3.19) where the equality holds when and only when either p is an umbilic point or the curvature ellipse of M at p degenerates to a circle.

However, as is shown in the proof of Proposition A.1, the set of all isoptic points and that of the hyperbolic points coincide . Hence, Theorem 3.14 provides a geometric characterization of the hyperbolic points on M as well.

Our local constructions lead to global results on the existence of singularities of M as well. It is worth noting that the semi-umbilic points (i.e., the points at which the curvature ellipses degenerate to line segments) can be characterized as singularities of corank 2 for some special type of mapping given by the composition of an embedding and the standard Euclidean distance function taken from some focal centers of the surface (see [ 23] for an introduction to the geometric interpretation of the singularities of those special functions on submanifolds, and [ 19] for the especial case of surfaces in R^4) – recent developments on the geometry of surfaces in Euclidean and Minkowski spaces from a singularity theory viewpoint can be found in [13]. The main difference between classical works on geometric invariants on surfaces and the present work is that this paper enables us, in a novel way, to systematically compare the geometries of the surface M and its ambient space R^4, and provides us with an infinitesimal description of the shape of M in R^4; in fact, throughout this paper when dealing with connections, we would employ the two standpoints of considering a connection globally as a differential operator, and locally as connection 1-forms appropriately.

This paper is organized as follows. Section 2 is devoted to the study of the lines of curvature as an analytic tool for considering the principal directions on a surface M ⊂ R^4, and presents some preliminaries on the extrinsic and intrinsic invariants of M. In Section 3, we will be concerned with the geometric aspects of the above-mentioned invariants and the analytic features of asymptotic directions of the surfaces by looking more closely at the normal connection and extrinsic geometry of M, and investigating the curvature ellipse of M and its isoptic curves ; in fact, in this section, referring to the reconciliation between extrinsic and intrinsic geometries of M ⊂ R^4, we obtain – as our main result – a Wintgen type inequality given by Theorem 3.14. To indicate an application of our Wintgen type inequality to the theory of M öbius invariant Euclidean submanifolds, we conclude the paper with a novel geometric result (in Corollary 3.19) on a remarkable family of surfaces known as Wintgen ideal surfaces:

Corollary 3.19. Let M ⊂ R^4 be a Wintgen ideal surface with no umbilic points. A point p ∈ M is an α-isoptic point, for some angle α ∈ (0, π), if and only if the

46 MAHDI KHAJEH SALEHANI

Gaussian curvature G of M at p reads G(p) = − (− Δ( p))^{12} E_α . Accordingly, the Gaussian curvature G(p) of M at an α-isoptic point p is negative (respectively, positive, or else zero) when and only when α ∈ (0,^π_2 ) (respectively, α ∈ (^π_2 , π), or else α =^π_2 ).

We have also included in this paper, for the convenience of the reader, an appendix in which we derive the equation of isoptic curves of a given ellipse (see Appendix A).

Perspectives. It is worth pointing out here that the stereographic projection is a construction that connect the field of study of asymptotic lines on surfaces in R^4 with that of curvature lines on those in R^3. Hence, any new result regarding the former field yields a generalization of similar issue concerning the latter. Moreover, according to Lemma 3.6 and Remark 3.7, one can expect to see some other nice and novel geometric features in the study of the invariants associated with surfaces or submanifolds with codimensions bigger than two sitting in some (flat or curved) space forms of higher dimensions. In fact, applications of the main result of this paper to the analysis of some constrained Newtonian three-body motions (both planar and non-planar), and extension of some of these formalisms to the case of non-Euclidean ambient spaces and investigation of the curved three-body motions, e.g., in the realm of hyperbolic geometry (also known as Lobachevsky-Bolyai-Gauss geometry) will be the subject of our future publications (cf. [9, 14, 15]).

2. The integral curves of principal direction fields on a surface M ⊂ R^4

Let M be an orientable smooth surface isometrically immersed in M := R^4. Considering the standard Riemannian metric on the ambient space R^4, we equip the surface M with the Riemannian metric induced by the isometric immersion. For any point p ∈ M , we would consider the following decomposition

T_p R^4 = T_p M ⊕ N_p M,

where the normal plane N_p M of M at p is the orthogonal complement of the tangent plane T_p M in R^4 .

One of the basic tools for the study of manifold and/or submanifold geometry is the Levi-Civita connection. The Levi-Civita connection can be defined both globally as a differential operator (by Koszul’s definition, see for instance [ 21, Ch. 3: Th. 11]) and locally as connection 1-forms (using Cartan’s formulation and the Maurer-Cartan equation, cf. [ 22, Th. 1.2.2]). While the global definition is better for interpreting the geometry, the local definition is easier to compute with; in fact, throughout this paper, we would employ both definitions appropriately.

Suppose that ∇ is the Riemannian connection (i.e., the Levi-Civita connection) of R^4. For any local vector fields X, Y on M, a local extension of these fields to R^4 will be respectively denoted by X, Y. Then it can be shown that the Riemannian connection ∇ of M is the tangent component of the Riemannian connection of R^4; that is, ∇_X Y = tan ( ∇_X Y ) , where “tan ” stands for the tangent component of vectors (cf. [21, Ch. 4: Lemma 3]).

CHARACTERIZATION OF HYPERBOLIC POINTS ON SURFACES M ⊂ R^4 47

We denote the space of all smooth vector fields tangent to the surface M by X(M), and that of all smooth vector fields normal to M by X^⊥ (M). In addition, we will use the symbol F(M) to denote the set of all smooth real-valued functions on M . The second fundamental map II is defined by

II : X(M ) × X(M ) → X^⊥ (M ), II (X, Y ) = ∇_X Y − ∇_X Y,

which is an F(M)-bilinear and symmetric mapping. In fact, II is also referred to as either the shape tensor or the second fundamental tensor of M ⊂ R^4 (while the first fundamental tensor is just the metric tensor of M). Thus at each point p ∈ M, II determines an R-bilinear function

T_p M × T_p M → N_p M

sending an ordered pair of tangent vectors (x, y) to the normal vector II (x, y).

For any normal vector field ν ∈ X^⊥ (M ) \ { 0}, define

H_ν : X(M ) × X(M ) → R, H_ν (X, Y ) = ⟨II (X, Y ), ν⟩ .

The quadratic form of H_ν is called the second fundamental form II_ν of M along ν,

II_ν : X(M ) → R, II_ν (X ) = H_ν (X, X ).

Accordingly, the shape operator of M ⊂ R^4 derived from ν is given by the tensor field S_ν : X(M ) → X(M ), S_ν (X ) = − tan ( ∇_X ν ) , and for any vector fields X, Y ∈ X(M ) reads

⟨S_ν (X ), Y⟩ = H_ν (X, Y ).

As usual, S_ν determines a linear operator S_ν : T_p M → T_p M at each point p ∈ M; evidently, this linear operator is self-adjoint.

So the second fundamental form along ν reads

II_ν (X ) = ⟨S_ν (X ), X ⟩ .

Hence, for any p ∈ M, there exists an orthonormal basis consisting of the eigenvectors of S_ν on T_p M with respect to which the restriction II_ν |_S 1 , to the unit vectors, of the second fundamental form attains its maximum and minimum values. We will denote the corresponding eigenvalues, respectively, by k_1 and k_2 and refer to them as the ν- principal curvatures of M. With the above notation, we call a point p ∈ M a ν-umbilic point if k_1 = k_2. The surface M is said to be ν-umbilic if every point on M is ν-umbilic.

Now let U_ν be the set of all ν-umbilic points on M. Then for any point p ∈ M \U_ν , there exist two principal directions with respect to ν, given by the eigenvectors of S_ν , whose corresponding vector fields are smooth and integrable. To study the integral curves of these vector fields, we make the following definition.

Definition 2.1. For any point p ∈ M \ U_ν , integral curves of the vector fields defined by the ν-principal directions of M form two orthogonal families of curves which are called the ν-principal lines of curvature .

48 MAHDI KHAJEH SALEHANI

To be more precise, a ν-line of curvature is, by definition, a differentiable curve γ : (− 1,1) → M which passes through γ(0) = p on M with the velocity vector γ^′(0) = X (γ(0)), where X ∈ X(M) is the vector field given by a ν-principal direction on M .

The differential equation of ν-lines of curvature is given by

(2.1) S_ν (X (p)) = λ(p)X (p).

Now for a suitable open subset U ⊂ R^2, assume that φ : U → R^4 is an immersion of φ (U) = M, with the local coordinates (u, v), into R^4. Then the coefficients E, F , and G of the first fundamental form, and those of the second fundamental form along ν ∈ X^⊥ (M), denoted by e_ν , f_ν , and g_ν , are defined in this coordinate system as E = ⟨φ_u , φ_u ⟩ , F = ⟨φ_u , φ_v ⟩ , G = ⟨φ_v , φ_v ⟩ ,

e_ν = − II_ν (∂_u ) = − ⟨ II (∂_u , ∂_u ) , ν⟩ , f_ν = − ⟨ II (∂_u , ∂_v ) , ν⟩ = − ⟨ II (∂_v , ∂_u ) , ν⟩ , g_ν = − II_ν (∂_v ) = − ⟨ II (∂_v , ∂_v ) , ν⟩ ,

where for instance ∂_u = ∂/∂uand φ_u = dφ (∂_u ).

In fact, in the above-mentioned coordinate system, the differential equation (2.1) of the ν-lines of curvature can be expressed (as can be found in [ 24]) in the following form

(2.2) (f_ν E − e_ν F )du^2 + ( g_ν E − e_ν G)dudv + ( g_ν F − f_ν G)dv^2 = 0 ,

and assuming our coordinate system to be an isothermic one (i.e., having E = G > 0, F = 0 ) we derive

(2.3) f_ν du^2 + ( g_ν − e_ν )dudv − f_ν dv^2 = 0 .

Given any p ∈ M, (2.3) just amounts to the fact that the linear shape operator S_ν : T_p M → T_p M can be defined in the matrix form by

(2.4) S_ν = 1 E ( e_ν f_ν f_ν g_ν ) . Accordingly, the surface M is ν-umbilic if and only if (e_ν − g_ν ) = 0 = f_ν .

3. The extrinsic and intrinsic invariants of M ⊂ R^4

In fact, at the very beginning and actually prior to Gauss, every property was thought of as being extrinsic. Shortly after Gauss drew our attention to the difference between intrinsic and extrinsic properties, Riemann followed the track and redefined geometric objects in an intrinsic way. The consequence was that geometric objects could not necessarily be globally realized in any ambient space. The embedding theorems of the 1950’s (see [ 8] for more details) suggested a link back in time, to realize a Riemannian manifold as a submanifold of some Euclidean space, and open up for giving extrinsic definitions of intrinsic properties.

Suppose that M ⊂ R^4 is an embedded surface, and ψ : M → R^4 is an embedding. If we take an orthonormal frame { X_i }^4_{i =1} on M, then the coframe { ω_i }^4_{i =1} dual to

CHARACTERIZATION OF HYPERBOLIC POINTS ON SURFACES M ⊂ R^4 49

our frame is given by the 1-forms ω_i = ⟨dψ, X_i ⟩, and the ∇ -connection 1-forms { ω_{ij} }^4_{i,j =1} on R^4 are defined by ω_{ij} = ⟨ ∇ X_i , X_j ⟩ . In what follows, we assume that { X_j }^2_{j =1} ⊂ X(M) gives a tangent frame and { X_k }^4_{k =3} ⊂ X^⊥ (M) does a normal frame on M. So, it is clear that ω_3 = 0 = ω_4 and hence, by the Maurer-Cartan structure equation,

0 = dω_k = ω_{k 1} ∧ ω_1 + ω_{k 2} ∧ ω_2 , k = 3 , 4.

On the other hand, since the 1-forms ω_1 , ω_2 are linearly independent, applying Cartan’s lemma twice, yields { ω_{13} = aω_1 + bω_2 ω_{23} = bω_1 + cω_2 , { ω_{14} = âω_1 + b̂ω_2 ω_{24} = b̂ω_1 + ĉω_2 , for some real-valued smooth functions a, b, c,â, b̂,ĉ ∈ F(M). In fact, these functions are a = e_{X 3} , b = f_{X 3} , c = g_{X 3} , â = e_{X 4} , b̂ = f_{X 4} , ĉ = g_{X 4} ,

since, for instance, we have

a = ω_{13} (X_1 ) = ⟨ ∇_{X 1} X_3 , X_1 ⟩ = − ⟨ − tan ( ∇_{X 1} X_3 ) , X_1 ⟩ = − ⟨ S_{X 3} (X_1 ) , X_1 ⟩ = − ⟨ II (X_1 , X_1 ) , X_3 ⟩ = e_{X 3} .

Hence, the connection 1-forms ω_{jk} (for j = 1 ,2 and k = 3 ,4) can be expressed in terms of the 1-forms ω_1 , ω_2 as

(3.1) { ω_{1k} = e_{X k} ω_1 + f_{X k} ω_2 , ω_{2k} = f_{X k} ω_1 + g_{X k} ω_2 .

(k = 3 , 4)

We shall now see that the second fundamental map II may be written as

(3.2) II = 4∑ k =3 ( e_{X k} ω^2_1 + 2 f_{X k} ω_1 ω_2 + g_{X k} ω^2 ) X_k ,

such that, for any vector fields X, Y ∈ X(M), the (normal) component ⟨II (X, Y ), X_k ⟩ of II (X, Y ) equals

e_{X k} ω_1 (X )ω_1 (Y) + f_{X k} (ω_1 (X )ω_2 (Y) + ω_2 (X )ω_1 (Y)) + g_{X k} ω_2 (X )ω_2 (Y).

To see this, given an embedding ψ : M → R^4, it suffices to show that the components of II = ⟨II (dψ, dψ ), X_3 ⟩ X_3 + ⟨II (dψ, dψ ), X_4 ⟩ X_4 can be expressed in the desired form as above.

We know that ω_k = ⟨dψ, X_k ⟩ = 0 , as { X_k }^4_{k =3} is a normal frame on M. It follows that 0 = dω_k = ⟨ ∇ dψ, X_k ⟩ + ⟨ dψ, ∇ X_k ⟩ , k = 3 , 4.

Therefore

(3.3) ⟨II (dψ, dψ ), X_k ⟩ = ⟨ ∇ dψ, X_k ⟩ = − ⟨ dψ, ∇ X_k ⟩ , k = 3 , 4.

50 MAHDI KHAJEH SALEHANI

On the other hand, by (3.1) and the fact that ω_{kj} = − ω_{jk} (for j = 1 ,2 and k = 3 ,4), we have − ⟨ dψ, ∇ X_k ⟩ = − ⟨ (⟨dψ, X_1 ⟩ X_1 + ⟨dψ, X_2 ⟩ X_2 ) ,∇ X_k ⟩ = − ( ω_1 ⟨ X_1 ,∇ X_k ⟩ + ω_2 ⟨ X_2 ,∇ X_k ⟩) = ω_1 ω_{1k} + ω_2 ω_{2k} = ω_1 (e_{X k} ω_1 + f_{X k} ω_2 ) + ω_2 (f_{X k} ω_1 + g_{X k} ω_2 ) .

Thus

(3.4) − ⟨ dψ, ∇ X_k ⟩ = e_{X k} ω^2_1 + 2 f_{X k} ω_1 ω_2 + g_{X k} ω^2 , k = 3 , 4.

Combining (3.3) and (3.4) establishes the formula (3.2).

3.1. The curvature ellipse. We shall now consider a local invariant associated with an embedded surface M in R^4 which will be referred to as the curvature ellipse.

The local invariants associated with surfaces embedded in R^4 have been rather thoroughly studied in the classical works [ 10, 20, 27, 28]. In fact, it was found (in [20]) that the invariants are those of a simple configuration; namely, a point and an ellipse in the normal plane. To describe the configuration, we need the following definitions.

By (3.1), the connection 1-forms { ω_{jk} ; j = 1 , 2, k = 3 , 4} on a surface M in R^4 read ω_{jk} = A_{kj 1} ω_1 + A_{kj 2} ω_2, where A_{k 11} = e_{X k} , A_{k 22} = g_{X k} , and A_{k 12} = A_{k 21} = f_{X k} . Put this way, the mean curvature vector field H ∈ X^⊥ (M ) is defined as

(3.5) H = 1 2 4∑ k =3

(A_{k 11} + A_{k 22} ) X_k = 1 2 4∑ k =3

(e_{X k} + g_{X k} ) X_k .

Let M be a surface embedded by ψ in R^4 as above. Given p ∈ M, consider the unit circle in the tangent vector space T_p M, centered at the origin 0_{Tp M} , and being parametrized by θ → cos(θ)X_1 + sin(θ)X_2 for the angle θ ∈ [0,2π]. Then the normal section of ψ (M) in the direction θ is defined as the curve γ_θ obtained by intersecting M ⊂ R^4 with the hyperplane at the point p ∈ M composed by the direct sum of the normal plane N_p M and the straight line in the tangent direction span_R { cos(θ)X_1 + sin( θ)X_2 } ⊂ T_p M represented by θ.

We begin by analyzing the curvature vector of γ_θ at p, which is a vector in the normal plane N_p M .

Proposition 3.1. Given any point p ∈ M, if we denote by η(θ) the curvature vector of the curve γ_θ at p (as above) then

η(θ) = H + 4∑ k =3 ( (e_{X k} − g_{X k} ) 2 cos(2θ) + f_{X k} sin(2θ) ) X_k ,

where H is the mean curvature vector field, as in (3.5). In addition, varying θ on the interval [0, 2π], the locus of vectors η(θ) is an ellipse in the normal vector space N_p M which will be referred to as the curvature ellipse of M at the point p.

CHARACTERIZATION OF HYPERBOLIC POINTS ON SURFACES M ⊂ R^4 51

Proof of Proposition 3.1. For any given point p ∈ M, parametrize the curve γ_θ of the normal section of ψ (M) at p in the direction θ by the arc length s so that γ_θ (0) = p. Then the curvature vector of γ_θ at p ∈ M is, by definition, equals

η(θ) = d^2 γ_θ ds^2

|_{s =0} .

Setting γ̇_θ(0) := dγ_θ /ds(0), we simply get η(θ) = γ̈_θ(0). Since any arc-length parametrized curve (like γ_θ) is of constant (unit) speed, it is a simple matter to see that ⟨η(θ), γ̇_θ (0)⟩ = 0 . By the definition of a normal section, as above, this amounts to saying that η(θ) has no component in the tangent vector space T_p M, and hence η(θ) = ¨γ_θ (0) ∈ N_p M .

On the other hand, by [ 21, Ch. 4: Corollary 9], γ_θ as a curve in M ⊂ M̄ = R^4 reads γ̈_θ = γ^{′′}_θ + II (γ̇_θ , γ̇_θ ), where γ̈_θ is the acceleration of γ_θ in M̄, and γ^{′′}_θ its acceleration in M. Thus γ^{′′}_θ (0) = 0 , and

(3.6) η(θ) = II (γ̇_θ (0), γ̇_θ (0)) .

We may write γ_θ(0) = cos(θ)X_1 + sin(θ)X_2, since γ_θ is an arc-length parametrized curve; on substituting it into (3.6) and applying the formula (3.2), we deduce that

η(θ) = 4∑ k =3 ( e_{X k} cos^2 (θ) + 2 f_{X k} sin(θ) cos(θ) + g_{X k} sin^2 (θ) ) X_k .

Using (3.5) and the trigonometric identities for double angles, we derive the desired formula for the curvature vector η(θ) of the curve γ_θ at p.

Moreover, it should now be clear that (η − H) is in fact a linear transformation in θ from the unit circle in the tangent vector space T_p M into the normal vector space N_p M, whose 2 × 2 matrix with respect to { X_1 , X_2 } and { X_3 , X_4 }, respectively, as the tangent and normal frames on M is

(e X_3 − gX_3 )

2 f_{X 3} (e X_4 − gX_4 )

2 f_{X 4} , and hence η can be considered as an affine transformation in θ. Thus, due to the fact that the image of a circle under an affine transformation is an ellipse, we see that the normal curvature vector η(θ) moves on an ellipse in the normal plane N_p M about the mean curvature vector H. This finishes the proof (see also [ 17, Section 2]). □ On account of the Jordan-Brouwer theorem, since an ellipse (in the non-degenerate case, i.e., when its area is not zero) is a simple closed curve in the plane, the points on M can be classified as follows. A point p ∈ M, being thought of as the origin 0_{N p M} of the normal vector space N_p M, is said to be a hyperbolic, a parabolic , or else an elliptic point if it lies, respectively, outside, on, or inside the curvature ellipse of M at p.

52 MAHDI KHAJEH SALEHANI

Furthermore, p ∈ M is called a semi-umbilic point if the curvature ellipse of M at p degenerates to a line segment in the normal plane N_p M .

One of the fundamental concepts in this paper is that of an asymptotic direction on a surface M embedded by an embedding ψ in R^4 .

Definition 3.2. We call a θ-direction in T_{ψ (p)} ψ (M) an asymptotic direction on M at p if the position vector of the point η(θ) and the tangent vector^{dη}_{dθ} at the same point η(θ) of the curvature ellipse of M at p are collinear.

Accordingly, at any hyperbolic or parabolic point on the surface M, the number of asymptotic directions on M, respectively, equals two or one. But there exists no asymptotic direction on M at any of its elliptic points.

3.2. The normal connection and extrinsic geometry of the surface M ⊂ R^4 . To systematically compare the geometries of M and its ambient space M = R^4, and to provide an infinitesimal description of the shape of M in R^4, we would need the following definitions.

The normal connection of the surface M ⊂ M = R^4 is, by definition, the function ∇^⊥ : X(M ) × X^⊥ (M ) → X^⊥ (M ) given by

∇^⊥_V Z = nor ( ∇_V Z ) , where the term “ nor” stands for the normal component on M of vectors, and the mapping ∇ : X(M) × X(M) → X(M) is the induced connection on M ⊂ R^4 such that

X(M ) = { X : M → TM ; X (p) ∈ T_pM, for every p ∈ M } consists of what are known as the M-vector fields X on M. It is worth noting that, since the induced connection on M ⊂ R^4 is very closely related to the Levi-Civita connection of M = R^4 and shares most of the Levi-Civita properties, we have used the same notation ∇ for both. An M-vector field X on M is smooth if f ∈ F(M) implies Xf ∈ F(M ).

Furthermore, the function R^⊥ : X(M ) × X(M ) × X^⊥ (M ) → X^⊥ (M ) given by

R^⊥ (X, Y )Z = ∇^⊥_{[X,Y ]}Z − [ ∇^⊥_X , ∇^⊥_Y ] Z is the curvature tensor of the normal connection ∇^⊥ , and is referred to as the normal curvature tensor of M ⊂ R^4 .

In fact, for submanifolds of codimension greater than one the normal connection ∇^⊥ becomes more important. Just as the shape tensor of M ⊂ R^4 measures the difference between ∇ and ∇ , it can also be used to measure the difference between ∇^⊥ and ∇ but in a different formulation, as follows.

For any given vector fields X ∈ X(M) and Z ∈ X^⊥ (M), we define the tensor ~II : X(M ) × X⊥ (M ) → X(M ) as ~II (X, Z ) = tan (∇_X Z ). Thus

∇_X Z = ~II (X, Z ) + ∇^⊥_X Z.

tangent to M normal to M

CHARACTERIZATION OF HYPERBOLIC POINTS ON SURFACES M ⊂ R^4 53

Since for any vector fields X, Y ∈ X(M) and Z ∈ X^⊥ (M) by differentiating ⟨Z, Y ⟩ = 0 we get ⟨ ∇_X Z, Y ⟩ = − ⟨ Z, ∇_X Y ⟩ , the shape tensors ~II and II read ⟨ ~II (X, Z ), Y ⟩ = − ⟨ II (X, Y ), Z ⟩ ;

in addition, as the identity ⟨II (X, Y ), Z ⟩ = ⟨S_Z (X ), Y⟩ always holds for the shape operator S_Z , we conclude that

(3.7) ~II (X, Z ) = − S_Z (X ),

the last equality (3.7) being due to the fact that the metric ⟨ , ⟩ is non-degenerate.

Using the curvature form of the normal bundle of the surface M, the normal curvature N of M is given by dω_{34} = − Nω_1 ∧ ω_2. Now we would like to derive a formula to compute the normal curvature N of M .

Lemma 3.3. Let R^⊥ be, as above, the normal curvature tensor of M ⊂ R^4. Then the normal curvature N of the surface M reads N = ⟨ R^⊥_{X 1 X 2} X_3 , X_4 ⟩ = ( e_{X 3} − g_{X 3} ) f_{X 4} − (e_{X 4} − g_{X 4} ) f_{X 3} .

Proof of Lemma 3.3. Since M = R^4 is a flat manifold, the Ricci equation of M ⊂ R^4 takes the form

(3.8) ⟨ R^⊥_{XY} V, W ⟩ = ⟨ ~II (X, V ), ~II (Y, W) ⟩ − ⟨ ~II (X, W ), ~II (Y, V) ⟩ , for any vector fields X, Y ∈ X(M ) and V, W ∈ X^⊥ (M ).

From (3.7) and (3.8) we obtain ⟨ R^⊥_{XY} V, W ⟩ = ⟨S_V X, S_W Y⟩ − ⟨ S_W X, S_V Y⟩ = ⟨II (Y, S_V X ) , W ⟩ − ⟨ II (X, S_V Y) , W ⟩ = ⟨II (Y, S_V X ) − II (X, S_V Y) , W ⟩ ,

which, by the non-degeneracy of the metric, yields

(3.9) R^⊥_{XY} V = II (Y, S_V X ) − II (X, S_V Y) .

Now, for any two objects a, b, define an endomorphism a ⋄ b on the same set of objects by a ⋄ b(c) := ⟨a, c⟩ b − ⟨ b, c⟩ a.

Then, setting II_{ij} := II (X_i , X_j ) for i, j = 1 ,2, and using (3.9), we see at once that for any vector fields V, W ∈ X^⊥ (M ),

⟨(II_{11} − II_{22} ) ⋄ II_{12} (V), W ⟩ = ⟨ R^⊥_{X 1 X 2} V, W ⟩ which gives

(3.10) R^⊥_{X 1 X 2} = ( II_{11} − II_{22} ) ⋄ II_{12} .

Applying (3.10) and the definition of the endomorphism a ⋄ b (as above), we deduce that if R^⊥ ≠ 0 then (for any point p ∈ M) the vectors (II_{11} − II_{22} )(p) and II_{12} (p) are linearly independent vectors in the 2-dimensional normal vector space N_p M; moreover, we conclude that

(3.11) ⟨ R^⊥_{X 1 X 2} X_3 , X_4 ⟩ = ( e_{X 3} − g_{X 3} ) f_{X 4} − (e_{X 4} − g_{X 4} ) f_{X 3} .

54 MAHDI KHAJEH SALEHANI

On the other hand, using the connection 1-forms, the Ricci equation for M ⊂ R^4 reads as dω_{34} = ω_{31} ∧ ω_{14} + ω_{32} ∧ ω_{24} (see for instance [ 22, p. 28]). By (3.1) and the fact that ω_{ki} = − ω_{ik} , it follows easily that dω_{34} = − ((e_{X 3} − g_{X 3} ) f_{X 4} − (e_{X 4} − g_{X 4} ) f_{X 3} ) ω_1 ∧ ω_2 , which establishes an interesting formula for the normal curvature N of the surface M as (3.12) N = ( e_{X 3} − g_{X 3} ) f_{X 4} − (e_{X 4} − g_{X 4} ) f_{X 3} . Combining (3.11) and (3.12), we derive the assertion of Lemma 3.3. □ The following lemma establishes a geometric relation between the normal curvature and the curvature ellipse at any point on the surface M .

Lemma 3.4. Given any p ∈ M. The area of the curvature ellipse of the surface M ⊂ R^4 at the point p equals^1_2 π|N (p)|.

Proof of Lemma 3.4. As in the proof of Lemma 3.3, equation (3.10) guarantees that in the non-trivial case of non-vanishing R^⊥ ≠ 0 the normal vectors ~u := 1 /2(II_{11} − II_{22} )(p) and ~v := II_{12} (p) are always linearly independent in N_p M (for any p ∈ M). So, given any normal frame { X_3 , X_4 } on the surface M, we may choose the tangent frame { X_1 , X_2 } on M in such a way that makes ~u, ~v a pair of orthogonal vectors. By (3.2), we have

(3.13) ~u = 1 2 4∑ k =3

(e_{X k} − g_{X k} ) X_k , ~v = 4∑ k =3

f_{X k} X_k ,

and Proposition 3.1 then shows that ~u, ~v are coincided with the semimajor and semiminor axes of the curvature ellipse of M at p.

Without loss of generality, we may set X_3 := ~u/‖~u‖ and X_4 := ~v/‖~v‖. Then (3.10) shows, by Lemma 3.3, that R^⊥_{X 1 X 2} = 2 ~u ⋄ ~v and 1 2 π|N | = 1 2 π| ⟨ R^⊥_{X 1 X 2} X_3 , X_4 ⟩ | = π| ⟨~u, X_3 ⟩ ⟨~v, X_4 ⟩ − ⟨ ~v, X_3 ⟩ ⟨~u, X_4 ⟩ |

= π|‖~u‖‖~v‖ −

⟨~v, ~u⟩ ‖~u‖

⟨~u, ~v⟩ ‖~v‖

| = π‖~u‖‖~v‖,

which is the desired conclusion (see also [17, Section 2]). □ As a corollary of Lemmas 3.3 and 3.4, we can state the following result.

Corollary 3.5. The surface M ⊂ R^4 is totally made of semi-umbilic points if and only if its normal curvature N is identically zero, or equivalently, the normal bundle of M is globally flat.

Proof of Corollary 3.5. As was shown in the proof of Lemma 3.4, with respect to a suitable frame on M, we may consider ~u and ~v as the vectors being coincided with the semimajor and semiminor axes of the curvature ellipse. Therefore, since the area of the curvature ellipse equals π‖~u‖‖~v‖ =^1_2 π|N |, the surface M is totally

CHARACTERIZATION OF HYPERBOLIC POINTS ON SURFACES M ⊂ R^4 55

semi-umbilic if and only if N ≡ 0. On the other hand, analysis similar to that in the proof of Lemma 3.3 shows that M is totally semi-umbilic if and only if the vectors ~u and ~v are always linearly dependent ; by (3.10), the latter statement just amounts to saying that R^⊥ ≡ 0, or equivalently, the normal bundle of M is globally flat. □ The following lemma gives a necessary and sufficient condition under which the curvature ellipse at some point p ∈ M degenerates into a line segment.

Lemma 3.6. A point p ∈ M ⊂ R^4 is ν-umbilic with respect to some normal vector field ν ∈ X^⊥ (M ) \ { 0} if and only if it is a semi-umbilic point.

Proof of Lemma 3.6. From (2.4) it follows that a point p ∈ M is ν-umbilic with respect to some normal vector field ν ∈ X^⊥ (M)\ { 0} if and only if e_ν − g_ν = 0 = f_ν , or equivalently, the linear shape operator on the tangent plane T_p M reads S_ν =

e_ν

E id_{Tp M} .

In addition, we may consider ~u and ~v as the vectors being coincided with the semimajor and semiminor axes of the curvature ellipse of M at p, by just taking a suitable orthonormal frame { X_i }^4_{i =1} on the surface M ⊂ R^4, as discussed in the proof of Lemma 3.4. Then

⟨ν, ~u⟩ = 1 2 (⟨II (X_1 , X_1 ), ν⟩ − ⟨ II (X_2 , X_2 ), ν⟩) = 1 2 (⟨S_ν X_1 , X_1 ⟩ − ⟨ S_ν X_2 , X_2 ⟩) = e_ν 2E (1 − 1) = 0 ,

and also

⟨ν, ~v⟩ = ⟨II (X_1 , X_2 ), ν⟩ = ⟨S_ν X_1 , X_2 ⟩ = e_ν E ⟨X_1 , X_2 ⟩ = 0 .

Therefore ν(p) ∈ N_p M is a non-zero vector perpendicular to a pair of orthogonal normal vectors ~u(p) and ~v(p) in the same normal plane N_p M. Since N_p M is in fact a 2-dimensional vector space, this implies that either of the normal vector fields ~u or ~v (or both) vanishes at p ∈ M; or equivalently, the curvature ellipse of M at p degenerates into a line segment (considering a single point as a segment of length zero), which amounts to saying that p ∈ M is a semi-umbilic point, and the lemma follows. □

Remark 3.7. The result of Lemma 3.6 can be extended, by a similar argument, to surfaces or submanifolds M with codimensions bigger than two, sitting in some Euclidean space of higher dimension, as follows: p ∈ M is a semi-umbilic point if and only if p is umbilic with respect to n = codim(M) − 1 linearly independent normal vector fields on the surface M .

Recalling the parametrization of the unit circle in the tangent vector space T_p M by the angle θ ∈ [0, 2π], from the above and [ 18, Lemma 4], we have the following result on asymptotic directions.

Proposition 3.8. Given p ∈ M ⊂ R^4, the tangent direction θ is an asymptotic direction at p if and only if

∃ξ ∈ N_p M span_R { cos(θ)X_1 + sin( θ)X_2 } ⊆ ker (S_ξ (p)) .

56 MAHDI KHAJEH SALEHANI

Given any real-valued smooth functions u, v ∈ F(M), it is a simple matter to check that the wedge product of the 1-forms ⟨ ∇ e, X_3 ⟩ and ⟨ ∇ e, X_4 ⟩ for the tangent vector field e := uX_1 + vX_2 ∈ X(M ) is equal to ⟨ ∇ e, X_3 ⟩ ∧ ⟨ ∇ e, X_4 ⟩ = δ(u, v) ω_1 ∧ ω_2 ,

where δ(u, v) equals

(3.14) (e_{X 3} f_{X 4} − f_{X 3} e_{X 4} ) u^2 + ( e_{X 3} g_{x 4} − g_{X 3} e_{X 4} ) uv + ( f_{X 3} g_{X 4} − g_{X 3} f_{X 4} ) v^2 .

In fact, from ∇ e = duX_1 + u∇ X_1 + dvX_2 + v∇ X_2 it follows easily that the 1-form ⟨ ∇ e, X_k ⟩ = uω_{1k} + vω_{2k} , for k = 3 ,4. Then, by (3.1), we derive the desired relation as above.

We are now in a position to define a geometric quantity which expresses how the curvature ellipse is oriented with respect to the direction given by the mean curvature vector H. To do this, using (3.14), we consider a 2 × 2 matrix δ that

reads δ(u, v) = [ u v ] δ [ u v ] . Then,

(3.15) δ = ( e_{X 3} f_{X 4} − f_{X 3} e_{X 4}^1_2 (e_{X 3} g_{X 4} − g_{X 3} e_{X 4} ) 1 2 (e_{X 3} g_{x 4} − g_{X 3} e_{X 4} ) f_{X 3} g_{X 4} − g_{X 3} f_{X 4} ) . Now we define a real-valued smooth function Δ : M → R by Δ = det δ. So,

(3.16) Δ = ( e_{X 3} f_{X 4} − f_{X 3} e_{X 4} ) (f_{X 3} g_{X 4} − g_{X 3} f_{X 4} ) − 1 4 (e_{X 3} g_{X 4} − g_{X 3} e_{X 4} )^2 .

The following lemma shows that Δ ∈ F(M) is our desired geometric quantity as claimed above.

Lemma 3.9. A point p ∈ M ⊂ R^4 is of elliptic, parabolic, or hyperbolic type if and only if we have Δ( p) > 0, Δ( p) = 0 , or Δ( p) < 0 respectively.

Proof of Lemma 3.9. By Definition 3.2, we show equivalently that the number of asymptotic direction(s) on the surface M at the point p equals zero, one, or two if and only if Δ( p) > 0, Δ( p) = 0 , or Δ( p) < 0 respectively. As before, we may suppose that { X_1 , X_2 } and { X_3 , X_4 } are respectively a tangent and a normal frame on M, and choose the frame’s vector fields so that { X_i }^4_{i =1} gives an isothermic coordinate system on M. Since the shape operator is bilinear, it follows from Proposition 3.8 that the tangent direction given by θ is an asymptotic direction at p ∈ M if and only if

∃ξ ∈ N_p M (cos(θ), sin(θ)) ∈ ker (S_ξ ) . It is evident that for the normal vector ξ = aX_3 + bX_4, for some a, b ∈ R, we get S_ξ = aS_{X 3} + bS_{X 4} . Since the linear shape operator S_ξ on T_p M, in terms of the

above-mentioned isothermic coordinate system, can be given by S_ξ =^1_E [ e_ξ f_ξ f_ξ g_ξ ] , the tangent direction θ is an asymptotic direction at p ∈ M if and only if a E [(e_{X 3} cos(θ) + f_{X 3} sin(θ)) X_1 + ( f_{X 3} cos(θ) + g_{X 3} sin(θ)) X_2 ] + b E [(e_{X 4} cos(θ) + f_{X 4} sin(θ)) X_1 + ( f_{X 4} cos(θ) + g_{X 4} sin(θ)) X_2 ] = 0 ,

CHARACTERIZATION OF HYPERBOLIC POINTS ON SURFACES M ⊂ R^4 57

or equivalently, | | | e_{X 3} cos(θ) + f_{X 3} sin(θ) f_{X 3} cos(θ) + g_{X 3} sin(θ) e_{X 4} cos(θ) + f_{X 4} sin(θ) f_{X 4} cos(θ) + g_{X 4} sin(θ) | | |= 0 ,

i.e.,

(e_{X 3} f_{X 4} − f_{X 3} e_{X 4} ) cos^2 (θ) + ( e_{X 3} g_{X 4} − g_{X 3} e_{X 4} ) sin( θ) cos(θ)

+ ( f_{X 3} g_{X 4} − g_{X 3} f_{X 4} ) sin^2 (θ) = 0 . Therefore θ is an asymptotic direction if and only if it satisfies the equation (f_{X 3} g_{X 4} − g_{X 3} f_{X 4} ) tan^2 (θ) + ( e_{X 3} g_{X 4} − g_{X 3} e_{X 4} ) tan( θ) + ( e_{X 3} f_{X 4} − f_{X 3} e_{X 4} ) = 0 .

(3.17)

But, by (3.16), the discriminant of the polynomial (3.17) in the variable tan (θ) is − 4Δ . Hence, the desired conclusion is obtained due to the fact that π is a period for the trigonometric function tan( θ); see also [17]. □ Lemma 3.10. Let θ_1 , θ_2 be two asymptotic directions on M . Then

tan^2 (θ_1 − θ_2 ) = − 4Δ N^2 . Proof of Lemma 3.10. By assumption, tan (θ_1) and tan (θ_2) are two different real roots of the quadratic polynomial (3.17) in the variable tan (θ). Thus, the discriminant of the polynomial (3.17) must be strictly positive: − 4Δ > 0, the function Δ being as in (3.16).

Using the formula (3.12) and some straightforward calculations, we get

tan^2 (θ_1 − θ_2 ) = ( √ − 4Δ /A N/A ) 2 , for A = ( f_{X 3} g_{X 4} − g_{X 3} f_{X 4} ) ,

which precisely gives the assertion of the lemma. □ From what has just been proved, we can derive the following result.

Corollary 3.11. Let M be an isometrically immersed surface in R^4. Then the normal curvature N of the surface M is identically zero, or equivalently, the normal bundle of M is globally flat if and only if there exist two orthogonal global vector fields of asymptotic lines on M . Proof of Corollary 3.11. By a similar argument as in the proof of Lemma 3.9, it is seen that the existence of two orthogonal globally defined fields of asymptotic directions θ_1 , θ_2 on M amounts to having − 4Δ > 0, and θ_1 − θ_2 = π/2, which, due to Lemma 3.10, hold if and only if N is identically zero. On the other hand, the existence of two globally defined vector fields of asymptotic lines on M is guaranteed when N ≡ 0. In fact, by (3.12) and (3.15), we have N = trace δ. So, having N ≡ 0, we derive

Δ = det δ = − ( (e_{X 3} f_{X 4} − f_{X 3} e_{X 4} )^2 + ( e_{X 3} g_{X 4} − g_{X 3} e_{X 4} )^2 /4 ) < 0,

and hence − 4Δ > 0 (cf. Lemma 3.9). □

58 MAHDI KHAJEH SALEHANI

3.3. A Wintgen type inequality, and the isoptic curves of the curvature ellipse. One of the remarkable families of Euclidean surfaces that are invariant under M öbius transformations consists of the so-called Wintgen ideal surfaces . They arise in connection with the following pointwise inequality relating intrinsic and extrinsic invariants of a given surface M isometrically immersed in R^4; in fact, at any point p ∈ M, letting G(p) denote the Gaussian curvature of M at p, we have

(3.18) G(p) + |N (p)| ≤ ‖ H (p)‖^2 . This inequality was proved by Wintgen [ 26], and is referred to as the Wintgen inequality ; in fact, the isometrically immersed surfaces M ⊂ R^4 for which the equality in this inequality is attained at any point are known as Wintgen ideal surfaces . It was also shown in [ 26] that “Wintgen ideal surfaces M ⊂ R^4 are precisely those surfaces sitting in R^4 whose curvature ellipses are circular at all points p ∈ M.” Thus, we can make the following definition of a Wintgen ideal surface.

Definition 3.12. We call an isometrically immersed surface M ⊂ R^4 a Wintgen ideal surface if one of the following equivalent conditions is satisfied:

(1) The equality in the Wintgen inequality (3.18) is attained everywhere on M ; i.e., at any point p ∈ M we have G(p) + |N (p)| = ‖H (p)‖^2 ; or, (2) The curvature ellipse of M at any point p ∈ M is circular.

For instance, the Whitney 2-sphere is a Wintgen ideal surface. It can also be seen that the rotation surface of Vr ănceanu, which is defined by the immersion f : R × (0, 2π) → R^4 with

f (u, v) = r (u) (cos u cos v, cos u sin v, sin u cos v, sin u sin v) for some smooth real-valued function r, is a Wintgen ideal surface if and only if r (u) reads either of the following expressions:

r (u) = A √ |cos (2u + a)|

, or r (u) = B √ |cos (2u + b)|,

where A > 0, B > 0 and a, b ∈ R. With the former expression for r, the rotation surface of Vr ănceanu is the tensor product of an equilateral hyperbola and a unit circle; and with the latter one, the surface is the tensor product of a lemniscate of Bernoulli and a unit circle. For a through treatment on Wintgen ideal surfaces, we refer the reader to [5].

In order to formulate the main result of this paper, we need to make the following definition as well.

Definition 3.13. Given an angle α ∈ (0, π), the α-isoptic curve of a given ellipse is, by definition, the geometric locus of intersection of tangents to the ellipse making the angle α (i.e., the locus of points on the plane of our ellipse from which the ellipse is seen under the angle α ). Accordingly, we call a point p ∈ M an α-isoptic point of M if p lies on the α-isoptic curve of the curvature ellipse of the surface M at p.

CHARACTERIZATION OF HYPERBOLIC POINTS ON SURFACES M ⊂ R^4 59

It is worth noting here that the word isoptic has been coined from two Greek words: Isos meaning “equal”, and optikos doing “relative to sight”.

We have exhibited the α-isoptic curves of a given ellipse for some values of the angle α in Fig. 1 below.

In fact, we have derived the general form of the equation of an α-isoptic curve of a given ellipse in Proposition A.1 (see Appendix A for the proof). In particular, Proposition A.1 shows that the^π_2 -isoptic curve of a given ellipse is actually a circle centered at the center of the ellipse, with radius √ a^2 + b^2, where a and b are the lengths of the semimajor and semiminor axes of the ellipse. This circle is called the director circle (also known as the orthoptic circle or the Fermat-Apollonius circle ) of the given ellipse. For another independent proof in the case of α =^π_2 we refer the reader to [1, Th. 1.5].

We can now formulate our main result, which yields a Wintgen type inequality (3.19); cf. the Wintgen’s original inequality (3.18).

Theorem 3.14. A point p ∈ M is an α-isoptic point (i.e., it lies on the α-isoptic curve of the curvature ellipse of the surface M at p), for a given angle α ∈ (0, π), if and only if

(3.19) |N (p)| ≤ (− Δ( p))^{12} E_α + ‖H (p)‖^2 ,

with E_α = ( α^2_∘ − 1

) 1_2 ( cot^2 (α/2) − 1 ) for a unique real number α_∘ > 1 corresponding to α, where the equality holds when and only when either p is an umbilic point or the curvature ellipse of M at p degenerates to a circle of radius^{‖H (p)‖√}_{2C α} , in which C_α = 1 − (α^2_∘ − 1)^{1/2} cot α .

Before starting our proof of the above theorem, we would like to make some important remarks on and indicate some applications of our main result.

Remark 3.15. In fact, the constant parameter α_∘ in Theorem 3.14 reads

α^2_∘ = ( c_1 cos ζ + c_2 sin ζ)^2 /‖~u‖^2 + ( c_1 sin ζ − c_2 cos ζ)^2 /‖~v‖^2 ,

(please refer to the proof of our theorem) where c_i = ( e_{X i +2} + g_{X i +2} ) /2 for i = 1 ,2 are the components of the mean curvature vector H, as in (3.5), with respect to the orthogonal frame { X_3 , X_4 } on the normal plane N_p M, the normal vectors ~u and ~v being coincided with the semimajor and semiminor axes of the curvature ellipse (cf. Proposition 3.1) are as in (3.13), and the angle ζ measures the smallest amount of rotation one has to make at the origin 0_{N p M} of the normal plane so that the orthogonal directions given by the pair of vectors of the frames { ~u, ~v} and { X_3 , X_4 } are coincided.

It follows immediately from Theorem 3.14 that for any point p ∈ M lying on the director circle (i.e., the^π_2 -isoptic curve) of the curvature ellipse of the surface M at p we have |N(p)| ≤ ‖ H(p)‖^2; the equality being occurred exactly when either p is an umbilic point, or else the curvature ellipse of M at p degenerates to a circle of radius^{‖H (p)‖√}_2 concentric with the director circle, because E π_2 = 0 and C π_2 = 1 .

It is evident that, for any α ∈

(_π 2 , π ) , the term ( cot^2 (α/2) − 1 ) is strictly negative (cf. Fig. 2 below) and so is the expression E_α at any non-umbilic point

60 MAHDI KHAJEH SALEHANI

Fig. 1: The α-isoptic curves of a given ellipse for some values of the angle α ∈ (0, π). The innermost curve (in black) is an ellipse, and the circle (in green) is its director circle (i.e. the^π_2 -isoptic curve). The other curves are the α-isoptic curves for α <^π_2 (in red) and α >^π_2 (in blue); taking a smaller value for α, yields the α -isoptic curve with a bigger diameter

p ∈ M, as defined in the statement of Theorem 3.14. Hence, as a consequence of Theorem 3.14, an important necessary condition geometrically characterizing the non-umbilic points p ∈ M which are α-isoptic with some wide isoptic angle α ∈ (_π 2 , π ) can be given as follows.

Corollary 3.16. If a non-umbilic point p ∈ M lies on the α-isoptic curve of the curvature ellipse of the surface M at p for some obtuse angle α ∈

(_π 2 , π ) , then the normal and mean curvatures of M at p read

|N (p)| < ‖H (p)‖^2 .

On the other hand, as is shown in the proof of Proposition A.1, any point outside of a given ellipse lies on some α -isoptic curve of the ellipse, hence

Remark 3.17. The set of isoptic points on M and that of the hyperbolic points coincide.

Therefore, Theorem 3.14 provides a geometric characterization of the hyperbolic points on M as well.

Moreover, due to the fact that the term ( cot^2 (α/2) − 1 ) ≥ 0 is non-negative, for any α ∈ ( 0,^π_2 ] (cf. Fig. 2), and so is the expression E_α in the statement of Theorem 3.14, we can make the following nice and interesting remark which is in fact the contra-positive of Corollary 3.16.

Remark 3.18. If |N(p)| ≥ ‖ H(p)‖^2 for some point p ∈ M, then either p is an umbilic point or it is α -isoptic for some angle α ∈ ( 0,^π_2 ] .

CHARACTERIZATION OF HYPERBOLIC POINTS ON SURFACES M ⊂ R^4 61

Fig. 2: The graph of the mapping α → ( cot^2 (α/2) − 1 ) illustrates the argument supporting Remark 3.18 and Corollaries 3.16 and 3.19

As another consequence of our Wintgen type inequality (3.19), given by Theorem 3.14, we can now state the following corollary for a family of Wintgen ideal surfaces that are free of umbilic points; in fact, the following result shows how the Gaussian curvatures of our surfaces at isoptic points can be related to the isoptic angles, and hence yields a clearer geometric interpretation of the term (− Δ( p))^{12} E_α in the inequality (3.19).

Corollary 3.19. Let M ⊂ R^4 be a Wintgen ideal surface with no umbilic points. A point p ∈ M is an α-isoptic point, for some angle α ∈ (0, π), if and only if the Gaussian curvature G of M at p reads

G(p) = − (− Δ( p))^{12} E_α .

Accordingly, the Gaussian curvature G(p) of M at an α-isoptic point p is negative (respectively, positive, or else zero) when and only when α ∈ (0,^π_2 ) (respectively, α ∈ (^π_2 , π), or else α =^π_2 ).

Proof of Corollary 3.19. Let M ⊂ R^4 be a Wintgen ideal surface. By Definition 3.12, at any point p ∈ M , we then have

(3.20) G(p) + |N (p)| = ‖H (p)‖^2 ,

and that the curvature ellipses are all circular.

The proof falls naturally into two parts, respectively, concerning the values (Part A) and the signs (Part B) of the Gaussian curvatures of a given surface at its isoptic points.

Part A. Let p ∈ M be an α-isoptic point for some angle α ∈ (0, π). Employing Theorem 3.14, we deduce that

(3.21) |N (p)| = ( − Δ( p))^{12} E_α + ‖H (p)‖^2

62 MAHDI KHAJEH SALEHANI

since, by the assumptions, M is free of umbilic points and its curvature ellipse at p is circular. Comparison of (3.20) and (3.21) shows that the Gaussian curvature G of M at p must then read

G(p) = − (− Δ( p))^{12} E_α .

Now, suppose that for a point p ∈ M and some angle α ∈ (0, π) we have the Gaussian curvature G(p) = − (− Δ( p))^{12} E_α . Hence, as M is a Wintgen ideal surface, by Definition 3.12, we know that

G(p) + |N (p)| = ‖H (p)‖^2 = |N (p)| − (− Δ( p))^{12} E_α ;

but the latter equality is just the equality case in our Wintgen type inequality (3.19). Thus, by Theorem 3.14, we conclude that p is an α -isoptic point.

Part B. Taking into account the fact that the expression − E_α is negative (respectively, positive, or else zero) when and only when α ∈ (0,^π_2 ) (respectively, α ∈ (^π_2 , π), or else α =^π_2 ), cf. Fig. 2, proves our assertion concerning the sign of the Gaussian curvature G(p) of M at an α -isoptic point p. □ The remainder of this section will be devoted to the proof of our main result, Theorem 3.14.

We begin with establishing an elegant formula which shows how α-isoptic curves of the curvature ellipses of our surface M are related to the asymptotic directions on M (cf. Definitions 3.2 and 3.13).

Lemma 3.20. If p ∈ M lies on the α-isoptic curve of the curvature ellipse of M at p, for a given angle α ∈ (0, π), then there exist asymptotic directions θ_1 and θ_2 on M at p that read |θ_2 − θ_1 | = α/2.

Proof of Lemma 3.20. By Definitions 3.2 and 3.13, the fact that p ∈ M lies on the α-isoptic curve of the curvature ellipse of the surface M at p amounts to saying that there exist two asymptotic directions θ_1 and θ_2 on M at p so that the vectors η(θ_1) and η(θ_2) on the normal plane N_p M make an angle α. Since { η(θ_i ),^{∂η}_{∂θ}(θ_i ) } is a set of two collinear vectors (for i = 1 ,2), the angle between the tangent vectors ∂η ∂θ(θ_1) and^{∂η}_{∂θ}(θ_2) to the curvature ellipse is also equal to α; in what follows, we adopt the convention that the angle α ∈ (0, π) measures the smallest amount of rotation one has to make at the origin 0_{N p M} of the normal plane by which the direction of^{∂η}_{∂θ}(θ_1 ) is coincided with that of^{∂η}_{∂θ}(θ_2 ).

Hence,

(3.22) R_α ∂η ∂θ (θ_1 ) = ∂η ∂θ (θ_2 ),

where R_α is the rotation matrix by the angle α in the normal plane N_p M, and by Proposition 3.1, ∂η ∂θ (θ_i ) = 4∑ k =3

(− (e_{X k} − g_{X k} ) sin(2 θ_i ) + 2 f_{X k} cos(2θ_i )) X_k , for i = 1 , 2.

CHARACTERIZATION OF HYPERBOLIC POINTS ON SURFACES M ⊂ R^4 63

Setting β := ± (θ_2 − θ_1) in accordance with our above-mentioned convention for determining the angle α so that β ∈ ( 0,^π_2 ) , and then substituting θ_2 (in terms of θ_1 and β) into (3.22), we obtain

[cos(2β) − cos α ] ((e_{X 3} − g_{X 3} ) sin(2 θ_1 ) − 2f_{X 3} cos(2θ_1 )) + sin α ((e_{X 4} − g_{X 4} ) sin(2 θ_1 ) − 2f_{X 4} cos(2θ_1 )) + sin(2 β) (( e_{X 3} − g_{X 3} ) cos(2θ_1 ) + 2 f_{X 3} sin(2θ_1 )) = 0 , and [cos(2β) − cos α ] ((e_{X 4} − g_{X 4} ) sin(2 θ_1 ) − 2f_{X 4} cos(2θ_1 )) + sin α (− (e_{X 3} − g_{X 3} ) sin(2 θ_1 ) + 2 f_{X 3} cos(2θ_1 )) + sin(2 β) (( e_{X 4} − g_{X 4} ) cos(2θ_1 ) + 2 f_{X 4} sin(2θ_1 )) = 0 .

Summing the above two equations, yields

(3.23) [cos(2β) − cos α ]A + B_1 + B_2 = 0 ,

where

A = ([( e_{X 3} − g_{X 3} ) + ( e_{X 4} − g_{X 4} )] sin(2θ_1 ) − 2 (f_{X 3} + f_{X 4} ) cos(2θ_1 )),

B_1 = 4∑ k =3

(e_{X k} − g_{X k} ) ( cos(2θ_1 ) sin(2 β) + ( − 1)^k sin(2θ_1 ) sin( α ) ) , and

B_2 = 2 4∑ k =3

f_{X k} ( sin(2θ_1 ) sin(2 β) + ( − 1)^{k − 1} cos(2θ_1 ) sin( α ) ) . In fact, (3.23) shows how the angle α can be related to the asymptotic directions on M at p if p ∈ M lies on the α -isoptic curve of our curvature ellipse.

Since it is immaterial which indexes we choose for θ_i’s from the beginning, replacing θ_1 by θ_2, and accordingly changing α to (− α) and β to (− β) in (3.23), must give us exactly the same equation in terms of the parameters α, β, and θ_2 (instead of θ_1). In fact, under the simultaneous changes of θ_1 ⇝ θ_2, α ⇝ (− α) and β ⇝ (− β) in (3.23), either all or none of the terms on the left-hand side of (3.23) must change sign; but after making these changes, evidently, only the first term remains unchanged, contrary to the other terms in (3.23). Thus, the first term must be identically zero, and hence cos(2β) = cos(α) or equivalently β = α/2. □ We are now in a position to proceed to the proof of Theorem 3.14.

Proof of Theorem 3.14. Lemmas 3.10 and 3.20 now show that

(3.24) |N (p)| = 2 cot( α/2) (− Δ( p))^{12} .

In addition, as was shown in the proof of Lemma 3.4, the lengths ‖~u‖ and ‖~v‖ of the semimajor and semiminor axes of the curvature ellipse of the surface M at p read

(3.25) ‖~u‖^2 ‖~v‖^2 = |N (p)|^2 /4.

On the other hand, by the classical geometry of conics in the plane, it is obvious that to any given ellipse and any point outside of the ellipse, there corresponds a

64 MAHDI KHAJEH SALEHANI

unique real number (strictly bigger than 1) as the scale factor of a uniform scaling transformation in the plane under which the given ellipse transforms into a bigger ellipse passing through the given point and being concentric with our given ellipse. Therefore, by Proposition A.1, p ∈ M (as the origin of the normal vector space N_p M) lies on the α-isoptic curve of the curvature ellipse of M at p when and only when there exists a real number α_∘ > 1 that reads

(3.26) tan α =

2‖~u‖‖~v‖(α^2_∘ − 1)^{12} (‖~u‖^2 + ‖~v‖^2 ) − ‖ H ‖^2 . In fact, the unique real number α_∘ is the scale factor of a uniform scaling transformation that transforms the curvature ellipse to another concentric ellipse with α_∘ ‖~u‖ and α_∘ ‖~v‖ as the lengths of its semimajor and semiminor axes. Hence, it is clear that the real factor α_∘ can be uniquely determined by the explicit formula as in Remark 3.15 above. It is worth noting that the norm ‖H ‖ of the mean curvature vector appears in the denominator of the fraction in (3.26) just because H is the vector which connects the point p (as the origin of the normal plane N_p M) to the center of the curvature ellipse of M at p.

From (3.24), (3.25) and (3.26), it follows that

(3.27) ‖~u‖^2 + ‖~v‖^2 = ( α^2_∘ − 1)^{12} (cot^2 (α/2) − 1) (− Δ( p))^{12} + ‖H ‖^2 ,

using the trigonometric identity cot α cot( α/2) = (cot^2 (α/2) − 1)/2.

By (3.25) and (3.27), which serve completely to determine the shape of the curvature ellipse, one may in fact consider the real numbers ‖~u‖^2 and ‖~v‖^2 as the roots of a quadratic polynomial in an auxiliary variable X as

X^2 − ( (α^2_∘ − 1)^{12} (cot^2 (α/2) − 1) (− Δ( p))^{12} + ‖H ‖^2 ) X + N^2 /4 = 0 .

Since the above polynomial has at least one iterated real root, its discriminant must be non-negative; or equivalently

|N (p)| ≤ (α^2_∘ − 1)^{12} (cot^2 (α/2) − 1) (− Δ( p))^{12} + ‖H ‖^2 ,

with equality when and only when the curvature ellipse degenerates to a circle of radius ‖~u‖ = ‖~v‖. Thus, for the case of equality, it follows from (3.26) that the radius of the circle is

‖~u‖ = ‖H ‖/ ( √ 2 ( 1 − (α^2_∘ − 1)^{12} cot α

) 1_2 ) . This finishes the proof. □

Annexe A. The equation of isoptic curves of an ellipse

Here, we shall derive the equation of the α-isoptic curve of a given ellipse for any given α .

Given an angle α ∈ (0, π) and an ellipse, we shall derive in this section the equation of the α-isoptic curve of the ellipse. For the convenience of the reader, we first remind some basic facts from the geometry of conics.

CHARACTERIZATION OF HYPERBOLIC POINTS ON SURFACES M ⊂ R^4 65

In fact, the standard ellipse in the (x, y)-plane centered at the origin whose axes (of lengths a and b) lie along the coordinate axes is, by definition, represented by the canonical equation x^2 /a^2 + y^2 /b^2 = 1 . Employing a suitable affine transformation on the coordinates (x, y), one can easily see that the equation of an ellipse centered at c : (c_1 , c_2) whose axes (of lengths a and b) make some angle ζ with the coordinate axes is

(A.1)

((x − c_1 ) cos ζ + ( y − c_2 ) sin ζ)^2 a^2 + ((x − c_1 ) sin ζ − (y − c_2 ) cos ζ)^2 b^2

= 1 .

Proposition A.1. Under the above assumptions, the α-isoptic curve of the given ellipse, as in (A.1), is represented by

tan α = 2ab ( P^2 /a^2 + Q^2 /b^2 − 1

)_{1/2}

(a^2 + b^2 ) − ((X − c_1 )^2 + ( Y − c_2 )^2 ) , where (X, Y) gives the coordinates of an arbitrary point on our α-isoptic curve, and (A.2)

P = P (X, Y ) := ( X − c_1 ) cos ζ + ( Y − c_2 ) sin ζ, Q = Q(X, Y ) := ( X − c_1 ) sin ζ − (Y − c_2 ) cos ζ.

Proof of Proposition A.1. Take an arbitrary point (X, Y) outside of the ellipse (A.1), and consider the line y = m(x − X) + Y passing through (X, Y) with some slope m. Substituting the equation y = m(x − X) + Y of our line into (A.1), gives a univariate quadratic polynomial in terms of (x − c_1) whose discriminant must be zero in order to have the line y = m(x − X) + Y as a tangent line to our ellipse (this is, in fact, due to Bezout’s theorem which states simply that a necessary and sufficient condition for a line to be tangent to an ellipse is to intersect the ellipse exactly at one point – please see [ 2, Ch. 16.4] for more details); after some lengthy but straightforward calculations, we can express this discriminant in the form of a univariate quadratic polynomial in terms of the slope m as (A.3) ( a^2 − P^2 ) m^2 + 2 mP Q + ( b^2 − Q^2 ) , the polynomials P and Q being as in (A.2).

It is evident, by Definition 3.13, that our arbitrary chosen point (X, Y ) can lie on some isoptic curve of our ellipse (A.1) when and only when the polynomial (A.3) has two distinct real roots m_{1,2} , which must be given by

(A.4) m_{1,2} = 1 a^2 − P^2 ( − P Q ± ( b^2 P^2 + a^2 Q^2 − a^2 b^2

)_{1/2} ) . It is worth pointing out here that the polynomial (A.3) has indeed two distinct real roots m_{1,2} as in (A.4), because we have assumed our arbitrary point (X, Y) to be outside of our ellipse (A.1) and therefore ( b^2 P^2 + a^2 Q^2 − a^2 b^2 ) � 0. Consequently, any point outside of a given ellipse lies on some α -isoptic curve of the ellipse .

But in order to have the point (X, Y) precisely on the α-isoptic curve of our ellipse (A.1) for a given angle α, the slopes m_{1,2} of our tangent lines to our ellipse must also read

(A.5) tan α = m_1 − m_2 1 + m_1 m_2 ,

66 MAHDI KHAJEH SALEHANI

(cf. Definition 3.13).

On substituting (A.4) into (A.5) we establish our desired formula. □

References

[1] Akopyan, Arseniy, Zaslavsky, Alexander, Geometry of conics , Mathematical World, vol. 26, American Mathematical Society, 2007, Translated from the Russian by Alex Martsinkovsky.

[2] Berger, Marcel, Geometry II , Universitext, Springer, Berlin, 1987, Translated from the French by M. Cole and S. Levy.

[3] Cayley, Arthur, On differential equations and umbilici , Philos. Mag. 26 (1863), 373–379, 441–452.

[4] Cayley, Arthur, Note on Mr. Frost’s paper on the direction of lines of curvature in the neighbourhood of an umbilicus , Q. J. of Math. 10 (1870), 111–113.

[5] Chen, Bang-Yen, On Wintgen ideal surfaces , Riemannian Geometry and Applications, Proceedings RIGA 2011, Ed. Univ. Bucuresti, Bucharest, 2011, pp. 59–74.

[6] Dajczer, Marcos, Tojeiro, Ruy, Submanifold theory beyond an introduction , Universitext, Springer, New York, NY, 2019. DOI: 10.1007/978-1-4939-9644-5 [7] Darboux, Gaston, Leçons sur la théorie générale des surfaces , vol. 4, Gauthier-Villars, Paris, 1896.

[8] De Lellis, Camillo, John Forbes Nash Jr. , Notices Amer. Math. Soc. 63 (2016), no. 5, 492–504, Coordinating editor.

[9] Diacu, Florin, The curved n-body problem: risks and rewards , Math. Intelligencer 35 (2013), 24–33. DOI: 10.1007/s00283-013-9397-1 [10] Eisenhart, Luther P., Minimal surfaces in Euclidean four-space , Amer. J. Math. 34 (1912), no. 3, 215–236.

[11] Frost, Percival, On the directions of lines of curvature in the neighbourhood of an umbilicus , Q. J. Math. 10 (1870), 78–86.

[12] Gullstrand, Allvar, Allgemeine theorie der monochromatischen aberrationen und ihre nächsten ergebnisse für die ophthalmologie , Nova Acta Soc. Sci. Upsaliensis (1900).

[13] Izumiya, Shyuichi, Romero Fuster, María C., Ruas, Maria A. S., Tari, Farid, Differential geometry from a singularity theory viewpoint , World Scientific, Hackensack, NJ, 2016.

[14] Khajeh Salehani, Mahdi, Global geometry of non-planar 3-body motions , Celest. Mech. Dyn.

Astron. 111 (2011), 465–479. DOI: 10.1007/s10569-011-9381-z [15] Khajeh Salehani, Mahdi, Existence and differential geometric properties of continuous families of periodic three-body motions with non-uniform mass distributions , J. Differential Equations 252 (2012), no. 11, 5923–5950. DOI: 10.1016/j.jde.2012.03.005 [16] Kronheimer, Peter B., Mrowka, Tomasz S., The genus of embedded surfaces in the projective plane , Math. Res. Lett. 1 (1994), no. 6, 797–808.

[17] Little, John A., On singularities of submanifolds of higher dimensional Euclidean spaces , Ann. Mat. Pura Appl. 83 (1969), 261–335.

[18] Mochida, Daniel K. H., Romero-Fuster, María C., Ruas, Maria A. S., Osculating hyperplanes and asymptotic directions of codimension two submanifolds of euclidean spaces , Geom. Dedicata 77 (1999), no. 3, 305–315.

[19] Montaldi, James A., Contact with applications to submanifolds , Ph.D. thesis, University of Liverpool, 1983.

[20] Moore, Clarence L. E., Wilson, Edwin B., Differential geometry of two-dimensional surfaces in hyperspace , Proc. Amer. Acad. Arts Sci. 52 (1916), 267–368.

CHARACTERIZATION OF HYPERBOLIC POINTS ON SURFACES M ⊂ R^4 67

[21] O’Neill, Barrett, Semi-Riemannian geometry. With applications to relativity , Pure and Applied Mathematics, vol. 103, Academic Press, New York, 1983.

[22] Palais, Richard S., Terng, Chuu-Lian, Critical point theory and submanifold geometry , Lecture Notes in Mathematics, vol. 1353, Springer, Berlin, 1988.

[23] Porteous, Ian R., The normal singularities of submanifolds , J. Differential Geom. 5 (1971), 543–564.

[24] Ramírez-Galarza, Arturo, Sánchez-Bringas, Francisco, Lines of curvature near umbilical points on surfaces immersed in R^4 , Ann. Global Anal. Geom. 13 (1995), 129–140.

[25] Taubes, Clifford Henry, Gauge theory on asymptotically periodic 4-manifolds , J. Differential Geom. 25 (1987), no. 3, 363–430.

[26] Wintgen, Peter, Sur l’inegalité de Chen-Willmore , C. R. Acad. Sci. Paris 288 (1979), 993–995. [27] Wong, Yung-Chow, Contributions to the theory of surfaces in a 4-space of constant curvature , Trans. Amer. Math. Soc. 59 (1946), 467–507.

[28] Wong, Yung-Chow, A new curvature theory for surfaces in a Euclidean 4-space , Comment.

Math. Helv. 26 (1952), 152–170.

School of Mathematics, Statistics and Computer Science, College of Science, University of Tehran, P.O. Box: 14155-6455, Tehran, Iran E-mail : salehani@ut.ac.ir