ARCHIVUM MATHEMATICUM (BRNO) Tomus 62 (2026), 1–18

ON GLOBAL ATTRACTIVITY OF A HIGHER ORDER DIFFERENCE EQUATION WITH ASYMPTOTIC CONSTANT COEFFICIENTS

Abdulaziz Almaslokh and Chuanxi Qian

Abstract. Consider the following higher order difference equation

x_{n +1} = a_n x_n + b_n f (x_n ) + c_n f (x_{n − k} ), n = 0 , 1, . . . , where f : [0, ∞ ) → [0, ∞ ) is a continuous function with f (x) > 0 for x > 0, { a_n } is a sequence in (0,1), { b_n } and { c_n } are sequences in [0,1) with a_n + b_n + c_n = 1 and a_n , b_n and c_n are convergent, and k is a positive integer. Our aim in this paper is to study the global attractivity of positive solutions of this equation and its applications.

1. Introduction

Recently, the global attractivity of positive solutions of the following higher order difference equation (1.1) x_{n +1} = ax_n + bf (x_n ) + cf (x_{n − k} ), n = 0 , 1, . . . , has been studied in [1, 2, 27], where a, b and c are constants with 0 < a < 1,0 ≤ b < 1,0 ≤ c < 1 and a + b+ c = 1 , f ∈ C[[0, ∞ ),[0, ∞ )] with f (x) > 0 for x > 0 and k is a positive integer. The case when the sum of the main coefficients of a higher order difference equation is equal to one is of a great interest and has been studied a lot, see for example, [1, 2, 16, 17, 20, 21, 22, 23, 24, 27] and the references cited therein. One of the reasons for this, is the fact that such difference equations frequently model some processes in nature or society. For instance, consider the following difference system

(1.2) x_{n +1} = (1 − ϵ)f (x_n ) + ϵy_n , y_{n +1} = (1 − ϵ)y_n + ϵf (x_n ), x_0 ≥ 0, y_0 ≥ 0, x_0 + y_0 > 0, n = 0 , 1, . . . ,

where 0 < ϵ < 1 is a positive constant, and f : [0, ∞ ) → [0, ∞ ) is a continuous function with f (x) > 0 for x > 0. Sys. (1.2) is a population model proposed by Newman et al. [14] which assumes symmetric dispersal between active population

2020 Mathematics Subject Classification : primary 39A10; secondary 92D25. Key words and phrases : higher order difference equation, positive equilibrium, global attractivity, population model.

Received September 4, 2025, revised January 2026. Editor R. Šimon Hilscher. DOI: 10.5817/AM2026-1-1

2 ABDULAZIZ ALMASLOKH AND CHUANXI QIAN

x_n and refuge population y_n . The chaotic behavior of positive solutions of Sys. (1.2) is studied in [14] by numerical simulations, whereas in [5] various properties of solutions of (1.2) are studied and several results on the asymptotic behavior of solutions of Sys. (1.2) are obtained. However, note that by a simple calculation, Sys. (1.2) can be converted into the second order difference equation

(1.3) x_{n +1} = (1 − ϵ)x_n + (1 − ϵ)f (x_n ) + (2 ϵ − 1)f (x_{n − 1} ).

Eq. (1.3) is in the form of (1.1) with a = b = 1 − ϵ, c= 2 ϵ− 1 and k = 1 . Hence, by studying the global attractivity of (1.3), several global attractivity results on the positive solutions of Sys. (1.2) are obtained in [1, 2, 27].

Motivated by theoretical interest and the fact that in applications there are often some unknown factors which might affect the coefficients of difference models (see, for example, the model in [24] and a related system in [25]), in the present paper we study the following more general higher order difference equation

(1.4) x_{n +1} = a_n x_n + b_n f (x_n ) + c_n f (x_{n − k} ), n = 0 , 1, . . .

where f : [0, ∞ ) → [0, ∞ ) is a continuous function with f (x) > 0 for x > 0, { a_n } is a sequence in (0,1), { b_n } and { c_n } are sequences in [0,1) with a_n + b_n + c_n = 1 and a_n , b_n and c_n are convergent, and k is a positive integer.

When b_n = 0 , then c_n = 1 − a_n and so Eq. (1.4) reduces to the difference equation

(1.5) x_{n +1} = a_n x_n + (1 − a_n )f (x_{n − k} ), n = 0 , 1, . . . , , The asymptotic behavior of positive solutions of Eq. (1.5) and applications has been studied by numerous authors, see for example, [6, 7, 8, 9, 10, 11, 12, 13, 15, 16, 17, 18, 19, 23, 24, 26] and the references cited therein. In particular, when k = 0 , Eq. (1.5) becomes

x_{n +1} = a_n x_n + (1 − a_n )f (x_n ), n = 0 , 1, . . . ,

which is often said to be a segmenting Mann interation or to be of Krasnoselskii-type [3, 4].

In the following discussion, we assume that f has a unique positive fixed point x̄, and that f satisfies the negative feedback condition

(1.6) (x − x̄)(f (x) − x) < 0, x ≠ x̄.

Clearly, x̄ is the only positive equilibrium of Eq. (1.4). In Section 2, we establish some sufficient conditions for x̄ to be a global attractor of all positive solutions of Eq. (1.4). Then, in Section 3, we will apply our results obtained in Section 3 to some equations derived from mathematical biology.

In the following discussion, for the sake of convenience, we adopt the notation ∏_n

i = m si = 1 and

∑_n

i = m si = 0 whenever { sn } is a real sequence and m > n .

2. Main Results

In this section, we establish some sufficient conditions for the global attractivity of positive solutions of Eq. (1.4). By noting the assumption (1.6) and by using an argument similar to that for Lemma 2.1 in [1], we may have the following conclusion

Lemma 2.1. Every positive solution { x_n } of Eq. (1.4) is bounded and persistent.

ON GLOBAL ATTRACTIVITY OF A HIGHER ORDER DIFFERENCE EQUATION 3

First, we deal with the case when { a_n } converges to 1 as n → ∞ .

Theorem 2.2. Assume that

(2.1) lim

n →∞

a_n = 1 and (2.2) ∞∑ n =0

(b_n + c_n ) = ∞ .

Then every positive solution { x_n } of Eq. (1.4) converges to x̄ as n → ∞ .

Proof. Let { x_n } be a positive solution of Eq. (1.4). From Lemma 2.1 we know that { x_n } is bounded and persistent. Hence, there are positive constants R and r such that lim sup_{n →∞} x_n = R and lim inf_{n →∞} x_n = r. We claim that R = r. Otherwise, R > r . Let q be any number with R > q > r. Suppose that f (q) ≠ q. Then there are two cases: f (q) > q or f (q) < q. Suppose that f (q) > q. So, we can find a constant β such that 0 < β < 1, R − r > β and f (x) > x for q − β ≤ x ≤ q+ β. Let

λ = min

q− β ≤ x ≤ q+ β ( f (x) − x ) . By continuity of f , we see that λ > 0. Noting a_n + b_n + c_n = 1 , Eq. (1.4) yields

x_{n +1} − x_n = b_n (f (x_n ) − x_n ) + c_n (f (x_{n − k} ) − x_n ).

Since (2.1) holds, b_n → 0 and c_n → 0 as n → ∞ . Hence, it follows that lim n →∞ (x n +1 − xn ) = lim n →∞ b

n (f (x_n ) − x_n ) + lim_{n →∞} c_n (f (x_{n − k} ) − x_n ) = 0 .

Let N be large enough so that

(2.3) |x_{n +1} − x_n | < βλ (k + 1)( λ + 1) for n > N − k.

We see that if x_n < q for every n > N, then R ≤ q which is a contradiction. So, there is an n̄ > N such that x_{n̄} > q. We claim that x_n > q for n ≥ n̄. In fact, if x_n > q +^{βλ}_{(k +1)( λ +1)} , then by noting (2.3) we see that

x_n − βλ (k + 1)( λ + 1)

< x_{n +1} < x_n + βλ (k + 1)( λ + 1) , and it follows that q < x_{n +1} . If q +^{βλ}_{(k +1)( λ +1)} ≥ x_n > q , then

|x_{n − k} − q| ≤

k − 1∑

m =0

|x_{n − k + m} − x_{n − k +1+ m} | + |x_n − q| ≤ k βλ (k + 1)( λ + 1) + βλ (k + 1)( λ + 1)

= ( k + 1) ( βλ (k + 1)( λ + 1) ) < β.

4 ABDULAZIZ ALMASLOKH AND CHUANXI QIAN

Since f (x) > x for |x − q| ≤ β and λ = min_{|x − q|≤ β} (f (x) − x), we see that f (x_{n − k} ) − x_{n − k} ≥ λ. Then it follows from Eq. (1.4) and (2.3) that

x_{n +1} = x_n + b_n (f (x_n ) − x_n ) + c_n (f (x_{n − k} ) − x_n )

≥ x_n + b_n λ + c_n ( f (x_{n − k} ) − x_{n − k} − k∑ m =1

(|x_{n − m} − x_{n − m +1} |) )

≥ x_n + b_n λ + c_n ( λ − k βλ (k + 1)( λ + 1) )

≥ x_n + b_n λ + c_n λ ( 1 − k (k + 1)( λ + 1) ) ≥ x_n > q.

By induction, we see that x_n > q for all n > N and thus r ≥ q. This is a contradiction. Hence, f (q) > q is not true. By a similar argument, we may show that f (q) < q can not be true either. So, we have f (q) = q. However, this contradicts the fact that f has a unique fixed point since q is any number between r and R. Hence, we must have r = R and it follows that { x_n } converges.

Since x_n converges, there is a constant p such that x_n → p as n → ∞ . We claim that f (p) = p. Otherwise, f (p) ≠ p. Then, lim n →∞

(f (x_n ) − x_n ) = lim_{n →∞} (f (x_{n − k} ) − x_n ) = f (p) − p ≠ 0 ,

and it follows that

(2.4) ∞∑ n =0

(b_n [f (x_n ) − x_n ] + c_n [f (x_{n − k} ) − x_n ]) = + ∞ (or − ∞ )

since (2.2) holds. However, from Eq. (1.4), we know that

x_{n +1} − x_n = b_n (f (x_n ) − x_n ) + c_n (f (x_{n − k} ) − x_n ), n = 0 , 1, . . . , and so x_{n +1} − x_0 = n∑ i =0

(b_i [f (x_i ) − x_i ] + c_i [f (x_{i − k} ) − x_i ]).

This together with (2.4) implies that lim_{n →∞} x_n = + ∞ or −∞ which contradicts the fact that { x_n } is bounded. So, f (p) = p, that is, p is a fixed point of f . Since f has a unique fixed point x̄, we see that p = x̄. Hence { x_n } converges to x̄ as n → ∞ . The proof is complete. □ Our next theorem deals with the case when { a_n }, { b_n } and { c_n } have limits, but the limit of { a_n } is not 1. Theorem 2.3. Assume that { a_n }, { b_n } and { c_n } have limits a, b, c, respectively, with a ≠ 1 . Suppose also that a_n x + b_n f (x) is increasing in x and that f is L-Lipschitz with

(2.5) c(1 − a^{k +1} )

c + a^k b

L < 1.

Then every positive solution { x_n } of Eq. (1.4) converges to x̄ as n → ∞ .

ON GLOBAL ATTRACTIVITY OF A HIGHER ORDER DIFFERENCE EQUATION 5

Proof. First, assume that { x_n } does not oscillate about x̄. We show that { x_n } converges to x̄ when x_n − x̄ is eventually positive. The proof for the case that x_n − x̄ is eventually negative is similar and will be omitted. By Lemma 2.1, we know that { x_n } is bounded and persistent. Let lim sup_{n →∞} x_n = R, then x̄ ≤ R < ∞ . We need to show that R = x̄. First assume that { x_n } is decreasing eventually. Then lim_{n →∞} x_n = R. If x̄ < R , it follows from Eq. (1.4) that x_{n +1} − x_n = b_n (f (x_n ) − x_n ) + c_n (f (x_{n − k} ) − x_n ), and so, by noting

∑_∞

n =0 (bn + cn ) = ∞ ,

x_{n +1} − x_0 = n∑ m =0

(b_m (f (x_m ) − x_m )) + n∑ m =0

(c_m (f (x_{m − k} ) − x_m )) → −∞ as n → ∞

which is a contradiction. Hence, R = x̄. Next, assume that { x_n } is not eventually decreasing. Then, there is a subsequence { x_{n m} } of { x_n } such that (2.6) lim

m →∞

x_{n m} = R and x_{n m} > x_{n m − 1} and so it follows from Eq. (1.4) that b_{n m − 1} (f (x_{n m − 1} ) − x_{n m} ) + c_{n m − 1} (f (x_{n m − 1− k} ) − x_{n m} ) = a_{n m − 1} (x_{n m} − x_{n m − 1} ) > 0. Hence there is a subsequence { x_{n m j} } of { x_{n m} } such that either (2.7) f (x_{n m j − 1} ) > x_{n m j} , or (2.8) f (x_{n m j − 1− k} ) > x_{n m j} . Suppose (2.7) holds for certain j. Since x_{n m j − 1} > x̄, f (x_{n m j − 1}) < x_{n m j − 1}. Then, from (2.7) we see that x_{n m j − 1} > x_{n m j} which contradicts (2.6). Hence, (2.7) can not hold for any j and so (2.8) must hold for j = 1 ,2, . . .. Since x_{n m j − 1− k} > x̄, f (x_{n m j − 1− k} ) < x_{n m j − 1− k} which yields x_{n m j − 1− k} > x_{n m j} . Hence, lim j →∞

x_{n m j − 1− k} = R and lim

j →∞

f (x_{n m j − 1− k} ) = f (R). Then by taking limit on (2.8), we see that f (R) ≥ R which yields R ≤ x̄. Hence, R = x̄ and so it follows that x_n → x̄ as n → ∞ .

Next, assume that { x_n } oscillates about x̄. We show that { x_n } converges to x̄ also. To this end, let y_n = x_n − x̄. Then { y_n } satisfies the equation (2.9) y_{n +1} = a_n y_n + b_n (f (y_n + x̄) − x̄) + c_n (f (y_{n − k} + x̄) − x̄). Since (2.5) holds, we can find a sufficiently small constant δ and a positive integer N such that (2.10)

(c + δ)(1 − (a + δ)^{k +1} ) (c − 2δ) + ( a + δ)^k (b + δ)

L < 1,

6 ABDULAZIZ ALMASLOKH AND CHUANXI QIAN and (2.11)

0 < a − δ < a_n < a + δ < 1, 0 < b − δ < b_n < b + δ < 1, 0 < c − δ < c_n < c + δ < 1, n > N

Let y_u < y_vwith v > u > N be two consecutive members of the solution { y_n } such that (2.12) y_u ≤ 0, y_{v+1} ≤ 0 and y_n > 0 for u + 1 ≤ n ≤ v. Let (2.13) y_r = max { y_{u +1} , y_{u +2} , . . . , y_v }. We claim that (2.14) r − (u + 1) ≤ k. Suppose that r − (u + 1) > k . Then, y_r ≥ y_{r − 1} > 0 and y_r ≥ y_{r − 1− k} > 0.

By noting y_{r − 1} + x̄ > x̄, y_{r − 1− k} + x̄ > x̄ and f (x) < x for x > x̄. We see that

(2.15) b_{r − 1} (f (y_{r − 1} + x̄) − y_r − x̄) + c_{r − 1} (f (y_{r − 1− k} + x̄) − y_r − x̄) < b_{r − 1} (y_{r − 1} − y_r ) + c_{r − 1} (y_{r − 1− k} − y_r ) ≤ 0.

On the other hand, (2.9) yields b_{r − 1} (f (y_{r − 1} + x̄) − y_r − x̄) + c_{r − 1} (f (y_{r − 1− k} + x̄) − y_r − x̄) = a_{r − 1} (y_r − y_{r − 1} ) > 0, which contradicts (2.15). Hence, (2.14) must hold. Now, observe that (2.9) yields

(2.16) y_{n +1} ∏_n

i =0 a i − y_n ∏_{n − 1}

i =0 a i = b_n ∏_n

i =0 a i

[f (y_n + x̄) − x̄] + c_n ∏_n

i =0 a i

[f (y_{n − k} + x̄) − x̄].

Summing up (2.16) from u to r − 1, we see that

y_r ∏_{r − 1}

i =0 a i − y_u ∏_{u − 1}

i =0 a i = r − 1∑

n = u ( b_n ∏_n

i =0 a i

[f (y_n + x̄) − x̄] )

+ r − 1∑

n = u ( c_n ∏_n

i =0 a i

[f (y_{n − k} + x̄) − x̄] ) . Then it follows that

y_r =

r − 1∏

i =0

a_i ( y_u ∏_{u − 1}

i =0 a i + r − 1∑

n = u ( b_n ∏_n

i =0 a i

[f (y_n + x̄) − x̄] )

+ r − 1∑

n = u ( c_n ∏_n

i =0 a i

[f (y_{n − k} + x̄) − x̄] ) )

ON GLOBAL ATTRACTIVITY OF A HIGHER ORDER DIFFERENCE EQUATION 7

which can be written as

y_r =

r − 1∏

i =0

a_i ( 1 ∏_u

i =0 a i

(a_u y_u + b_u (f (y_u + x̄) − x̄))

(2.17)

+ r − 1∑

n = u +1 ( b_n ∏_n

i =0 a i

[f (y_n + x̄) − x̄] ) )

+ r − 1∏

i =0

a_i

(_{r − 1} ∑ n = u ( c_n ∏_n

i =0 a i

[f (y_{n − k} + x̄) − x̄] ) ) . Since a_n x + b_n f (x) is increasing in x, y_u ≤ 0 and f (x̄) = ¯x, we see that

a_u (y_u + x̄) + b_u f (y_u + x̄) ≤ a_u x̄ + b_u f (x̄)

which yields a_u y_u + b_u f (y_u + x̄)− b_u x̄ ≤ 0. In addition, noting (2.12) and 0 < y_n ≤ y_r for u + 1 ≤ n ≤ r − 1, we see that f (y_n + x̄) ≤ y_n + x̄ ≤ y_r + x̄ for u + 1 ≤ n ≤ r − 1. Hence, it follows from (2.17) that

y_r ≤

r − 1∏

i =0

a_i ( y_r

r − 1∑

n = u +1 ( b_n ∏_n

i =0 a i ) + r − 1∑

n = u ( c_n ∏_n

i =0 a i

[f (y_{n − k} + x̄) − x̄] ) )

and so (2.18)( 1 − r − 1∏

i =0

a_i

r − 1∑

n = u +1

b_n ∏_n

i =0 a i ) y_r ≤

r − 1∏

i =0

a_i

(_{r − 1} ∑ n = u ( c_n ∏_n

i =0 a i

[f (y_{n − k} + x̄) − x̄] ) ) . Noting f (x) is L-Lipschitz, we see that

(2.19) |f (y_{n − k} + x̄) − x̄| = |f (y_{n − k} + x̄) − f (x̄)| ≤ L|y_{n − k} |, n ≥ k.

Since { x_n } is bounded, there is a positive constant T such that |y_n | = |x_n − x̄| ≤ T, n ≥ 0. Then, from (2.19), we see that

|f (y_{n − k} + x̄) − x̄| ≤ LT, n ≥ k.

Hence, it follows from (2.18) that

(2.20) y_r ≤

∑_{r − 1}

n = u

(∏_{r − 1}

i = n +1 a i ) c_n 1 − ∑_{r − 1}

n = u +1

(∏_{r − 1}

i = n +1 a i ) b_n LT. By noting (2.11), it follows from (2.20) that

(2.21) y_r ≤

∑_{r − 1}

n = u

(∏_{r − 1}

i = n +1 (a + δ) ) (c + δ) 1 − ∑_{r − 1}

n = u +1

(∏_{r − 1}

i = n +1 (a + δ) ) (b + δ) LT. and so

(2.22) y_r ≤

(c + δ)(1 − (a + δ)^{k +1} ) (c − 2δ) + ( a + δ)^k (b + δ) LT.

8 ABDULAZIZ ALMASLOKH AND CHUANXI QIAN

Since y_u and y_v are two arbitrary members of the solution with property (2.12), we see that there is a positive integer N^′_1 such that

y_n ≤

(c + δ)(1 − (a + δ)^{k +1} ) (c − 2δ) + ( a + δ)^k (b + δ)

LT n ≥ N^′_1 .

Then, by a similar argument, it can be shown that there is a positive integer N^{′′}_1 such that y_n ≥ −

(c + δ)(1 − (a + δ)^{k +1} ) (c − 2δ) + ( a + δ)^k (b + δ)

LT, n ≥ N^{′′}_1 .

Hence, there is a positive integer N_1 such that

(2.23) |y_n | ≤

(c + δ)(1 − (a + δ)^{k +1} ) (c − 2δ) + ( a + δ)^k (b + δ)

LT, n ≥ N_1 .

Now, by noting (2.23) and the Lipschitz property of f , we see that

|f (y_n + x̄) − x̄| = |f (y_n + x̄) − f (x̄)| ≤ L|y_n | ≤

(c + δ)(1 − (a + δ)^{k +1} ) (c − 2δ) + ( a + δ)^k (b + δ)

L^2 T,

n ≥ N_1 + k, and |f (y_{n − k} +x̄)− x̄| = |f (y_{n − k} +x̄)− f (x̄)| ≤ L|y_{n − k} | ≤

(c + δ)(1 − (a + δ)^{k +1} ) (c − 2δ) + ( a + δ)^k (b + δ)

L^2 T,

n ≥ N_1 + k. Let y_u and y_v be two consecutive members of the solution { y_n } with N_1 + k ≤ u < v such that (2.12) holds. Let y_r be defined by (2.13). By a similar argument, we may show that (2.14) holds and

y_r ≤ [ (c + δ)(1 − (a + δ)^{k +1} ) (c − 2δ) + ( a + δ)^k (b + δ) L ]_2 T. Then it follows that

y_r ≤ [ (c + δ)(1 − (a + δ)^{k +1} ) (c − 2δ) + ( a + δ)^k (b + δ) L ]_2 T, u ≤ n ≤ v,

and so again by noting y_u and y_v are two arbitrary members of the solution with property (2.12), there is a positive integer N^′_2 ≥ N_1 + k such tat

y_n ≤ [ (c + δ)(1 − (a + δ)^{k +1} ) (c − 2δ) + ( a + δ)^k (b + δ) L ]_2

T, n ≥ N^′_2 .

Similarly, it can be shown that there is a positive integer N^{′′}_2 ≥ N_1 + k such that

y_n ≥ − [ (c + δ)(1 − (a + δ)^{k +1} ) (c − 2δ) + ( a + δ)^k (b + δ) L ]_2

T, n ≥ N^{′′}_2 .

Hence, there is a positive integer N_2 ≥ N_1 + k such that

|y_n | ≤ [ (c + δ)(1 − (a + δ)^{k +1} ) (c − 2δ) + ( a + δ)^k (b + δ) L ]_2

T, n ≥ N_2 .

ON GLOBAL ATTRACTIVITY OF A HIGHER ORDER DIFFERENCE EQUATION 9

Finally, by induction, we find that for any positive integer m, there is a positive integer N_m with N_m → ∞ as m → ∞ such that

|y_n | ≤ [ (c + δ)(1 − (a + δ)^{k +1} ) (c − 2δ) + ( a + δ)^k (b + δ) L ]_m

T, n ≥ N_m .

Then, by noting (2.10), we see that y_n → 0 as n → ∞ , and so it follows that x_n → x̄ as n → ∞ . The proof is complete. □

3. Applications In this section, we apply our results obtained in the last section to a difference system derived from mathematical biology.

Consider the following difference system

(3.1) x_{n +1} = (1 − τ_n )f (x_n ) + τ_n y_n , y_{n +1} = (1 − ρ_n )y_n + ρ_n f (x_n ), x_0 ≥ 0, y_0 ≥ 0, x_0 + y_0 > 0, n = 0 , 1, . . . ,

where { τ_n }, { ρ_n } are arbitrary sequences in (0,1), and τ_n + ρ_n ≥ 1. When τ_n = ϵand ρ_n = ϵ are same constant, Sys. (3.1) reduces to Sys. (1.2) which is the population model mentioned in Section 1.

By a simple calculation, Sys. (3.1) can be converted into the second order difference equation

(3.2) x_{n +1} = τ_n (1 − ρ_{n − 1} )

τ_{n − 1} x_n + (1 − τ_n )f (x_n ) + τ_n (ρ_{n − 1} + τ_{n − 1} − 1) τ_{n − 1} f (x_{n − 1} ).

Clearly, Eq. (3.2) is in the form of Eq. (1.4) with a_n =^{τn (1 − ρ n − 1 )}_{τn − 1} , b_n = 1 − τ_n , c_n =

τ_n (ρ_{n − 1} + τ_{n − 1} − 1) τ_{n − 1} and k = 1 . Let us assume that f has a unique positive fixed point

x̄, and that f satisfies the negative feedback condition (1.6). It is easy to see that (x̄, x̄) is the unique positive equilibrium of Sys. (3.1). By Theorem 2.2, we have the following result

Theorem 3.1. Assume that

(3.3) lim

n →∞

τ_n (1 − ρ_{n − 1} ) τ_{n − 1} = 1 and (3.4) ∞∑ n =0 ( 1 + (ρ_{n − 1} − 1)τ_n τ_{n − 1} ) = ∞ .

Then every positive solution (x_n , y_n ) of Sys. (3.1) tends to its positive equilibrium (x̄, x̄) as n → ∞ .

Proof. Since a_n =^{τn (1 − ρ n − 1 )}_{τn − 1} → 1 as n → ∞ , and ∞∑ n =0

(b_n + c_n ) = ∞∑ n =0 ( 1 + (ρ_{n − 1} − 1)τ_n τ_{n − 1} ) = ∞ .

10 ABDULAZIZ ALMASLOKH AND CHUANXI QIAN

By Theorem 2.1, every positive solution { x_n } of Eq. (3.2) converges to x̄. Now, noting { τ_n }, { ρ_n } are arbitrary sequences in (0, 1), and τ_n + ρ_n ≥ 1, we see that

(3.5) 0 ≤

1 − ρ_{n − 1}

τ_{n − 1}

≤ 1 for all n.

Let r = lim inf_{n →∞}^{1− ρ n − 1}_{τn − 1} . We claim that r = 1 . Otherwise r < 1. Then there is a constant η > 0 such that when n is sufficiently large, 1 − ρ_{n − 1} τ_{n − 1}

≤ 1 − η

which yields τ_n (1 − ρ_{n − 1} ) τ_{n − 1}

≤ τ_n (1 − η) ≤ 1 − η.

Hence, it follows that^{τn (1 − ρ n − 1 )}_{τn − 1} ↛ 1 as n → ∞ which contradicts (3.4). By noting (3.4), (3.5) and r = 1 , we see that^{1− ρ n − 1}_{τn − 1} → 1 and τ_n → 1 as n → ∞ . Then it follows from Sys. (3.1) that

y_n = 1 τ_n

(x_{n +1} − (1 − τ_n )f (x_n )) → x̄ as n → ∞

Hence, every positive solution (x_n , y_n ) of Sys.(3.1) converges to (x̄, x̄) as n → ∞ . The proof is complete. □ Next, by applying Theorem 2.3, we have the following result on the global attractivity of Sys. (3.1). Theorem 3.2. Assume that the limits (3.6) lim

n →∞

ρ_n = ρ and lim_{n →∞} τ_n = τ

exist with ρ > 0 and τ > 0. Suppose also that^{τn (1 − ρ n − 1 )}_{τn − 1} x + (1 − τ_n )f (x) is increasing in x and that f is L-Lipschitz with

(3.7)

(ρ + τ − 1)(2 − ρ) τ L < 1.

Then every positive solution (x_n , y_n ) of Sys. (3.1) tends to (x̄, x̄) as n → ∞ . Proof. Notice that Sys. (3.1) can be converted to Eq. (3.2) which is in the form of Eq. (1.4) with k = 1 and

a_n = τ_n (1 − ρ_{n − 1} ) τ_{n − 1}

→ a = 1 − ρ < 1, b_n = 1 − τ_n → b = 1 − τ < 1, and c_n = τ_n (ρ_{n − 1} + τ_{n − 1} − 1) τ_{n − 1}

→ c = ρ + τ − 1 as n → ∞ .

We see that

(3.8) c(1 − a^{k +1} )

c + a^k b L = (ρ + τ − 1)(2 − ρ) τ L < 1.

ON GLOBAL ATTRACTIVITY OF A HIGHER ORDER DIFFERENCE EQUATION 11

In addition, noting

a_n x + b_n f (x) = τ_n (1 − ρ_{n − 1} ) τ_{n − 1} x + (1 − τ_n )f (x),

so a_n x + b_n f (x) is increasing. Hence, by Theorem 2.3, every positive solution of Eq. (3.2) converges to x̄. Then it follows from Sys. (3.1) that

y_n = 1 τ_n

(x_{n +1} − (1 − τ_n )f (x_n )) → 1 τ (x̄ − (1 − τ)f (x̄)) = ¯x.

Hence every positive solution (x_n , y_n ) of Sys. (3.1) converges to (x̄, x̄) as n → ∞ . The proof is complete. □ When τ_n = ρ_n = ξ_n , Sys. (3.1) reduces to the following difference system

(3.9) x_{n +1} = (1 − ξ_n )f (x_n ) + ξ_n y_n , y_{n +1} = (1 − ξ_n )y_n + ξ_n f (x_n ), x_0 ≥ 0, y_0 ≥ 0, x_0 + y_0 > 0, n = 0 , 1, . . . ,

where { ξ_n } is arbitrary sequence in

[_1 2 , 1 ) . In this case Sys. (3.9) is converted into the following second order difference equation

(3.10) x_{n +1} = ξ_n

1 − ξ_{n − 1} ξ_{n − 1} x_n + (1 − ξ_n )f (x_n ) + ξ_n

2ξ_{n − 1} − 1 ξ_{n − 1} f (x_{n − 1} ).

Eq. (3.10) is in the form of Eq. (1.4) with a_n = ξ_n^{1− ξn − 1}_{ξn − 1} , b_n = 1 − ξ_n , c_n = ξ_n^{2ξn − 1 − 1}

ξ_{n − 1} and k = 1 .

The following result is a direct consequence of Theorem 3.1. Corollary 3.3. Assume that

(3.11) lim

n →∞ ξ n 1 − ξ_{n − 1} ξ_{n − 1} = 1 and (3.12) ∞∑ n =0 ( 1 + ξ_n (ξ_{n − 1} − 1) ξ_{n − 1} ) = ∞ .

Then every positive solution (x_n , y_n ) of Sys. (3.9) tends to (x̄, x̄) as n → ∞ By Theorem 3.2, we have the following result immediately.

Corollary 3.4. Assume that the limit (3.13) lim

n →∞

ξ_n = ξ

exist. Suppose also that ξ_n^{1− ξn − 1}_{ξn − 1} x + (1 − ξ_n )f (x) is increasing in x and that f is L-Lipschitz with (3.14) (2 − 1/ξ)(2ξ − 1)L < 1. Then every positive solution (x_n , y_n ) of Sys. (3.9) tends to (x̄, x̄) as n → ∞ .

12 ABDULAZIZ ALMASLOKH AND CHUANXI QIAN

In the following, we apply our results obtained above to Sys. (3.1) with the following two functions

f (x) = σxe^{− γx} and f (x) = w q + x^m where σ > 1, γ > 1, w > 0, q > 0 and m ≥ 1 are constants. The chaotic behavior and global stability of positive solutions of Sys. (1.2) with the unimodal function f (x) = σxe^{− γx} have been studied in [14] and in [1, 2] respectively, whereas the global attractivity of positive solutions of Sys. (1.2) with the decreasing function f (x) =^w_{q+ x m} has been studied in [1, 25].

First, consider the function f (x) = σxe^{− γx} . Then Sys. (3.1) becomes

(3.15) x_{n +1} = (1 − τ_n )σx_n e^{− γx n} + τ_n y_n , y_{n +1} = (1 − ρ_n )y_n + ρ_n σx_n e^{− γx n} , x_0 ≥ 0, y_0 ≥ 0, x_0 + y_0 > 0, n = 0 , 1, . . . ,

and Eq. (3.2) becomes (3.16) x_{n +1} = τ_n (1 − ρ_{n − 1} ) τ_{n − 1} x_n + (1 − τ_n )σx_n e^{− γx n} + τ_n (ρ_{n − 1} + τ_{n − 1} − 1)

τ_{n − 1} σx_{n − 1} e^{− γx n − 1} .

In addition, Sys. (3.9) becomes

(3.17) x_{n +1} = (1 − ξ_n )σx_n e^{− γx n} + ξ_n y_n , y_{n +1} = (1 − ξ_n )y_n + ξ_n σx_n e^{− γx n} , x_0 ≥ 0, y_0 ≥ 0, x_0 + y_0 > 0, n = 0 , 1, . . . ,

and Eq. (3.10) becomes

(3.18) x_{n +1} = ξ_n

1 − ξ_{n − 1}

ξ_{n − 1} x(n) + (1 − ξ_n )σx_n e^{− γx n} + ξ_n

2ξ_{n − 1} − 1

ξ_{n − 1} σx_{n − 1} e^{− γx n − 1} .

It is clear that f has a unique positive fixed point x̄ =^{ln σ}_γ , and that f satisfies the negative feedback condition (1.6). Noting that ( τ_n (1 − ρ_{n − 1} )

τ_{n − 1} x + (1 − τ_n )σxe^{− γx}

)_′ = τ_n (1 − ρ_{n − 1} ) τ_{n − 1}

+ (1 − τ_n )(1 − γx)σe^{− γx} and ( τ_n (1 − ρ_{n − 1} ) τ_{n − 1} x + (1 − τ_n )σxe^{− γx}

)_{′′}

= (1 − τ_n )(γ^2 x − 2γ)σe^{− γx} ,

we see that when

(3.19) τ_n (1 − ρ_{n − 1} ) τ_{n − 1} (1 − τ_n ) e^2 ≥ σ, ( τ_n (1 − ρ_{n − 1} )

τ_{n − 1} x + (1 − τ_n )σxe^{− γx}

)_′ ≥ ( τ_n (1 − ρ_{n − 1} ) τ_{n − 1} x + (1 − τ_n )σxe^{− γx}

)_′ | | x =^2_γ = τ_n (1 − ρ_{n − 1} ) τ_{n − 1}

− (1 − τ_n )σe^{− 2} ≥ 0,

ON GLOBAL ATTRACTIVITY OF A HIGHER ORDER DIFFERENCE EQUATION 13

and so τ_n (1 − ρ_{n − 1} ) τ_{n − 1} x + (1 − τ_n )σxe^{− γx}

is increasing in x. Now, observing that f^′(x) = (1 − γx)σe^{− γx} and f^{′′}(x) = ( γ^2 x − 2γ)σe^{− γx} .

we see that sup_{x ≥ 0} {| f^′(x)|} = f^′(0) = σ. Hence, f is L-Lipschitz with L = σ. Then by Theorem 3.1 and Theorem 3.2, every positive solution (x_n , y_n ) of Sys. (3.15) tends to its positive equilibrium

(_{ln σ} γ ,^{ln σ}_γ ) as n → ∞ if one of the following is satisfied (i) (3.4) and (3.4) hold. (ii) (3.6) and (3.19) hold with

(3.20)

(ρ + τ − 1)(2 − ρ) τ σ < 1.

In addition, by Corollary 3.3 and Corollary 3.4, every positive solution (x_n , y_n ) of Sys. (3.17) tends to its positive equilibrium

(_{ln σ}

γ ,^{ln σ}_γ ) as n → ∞ if one of the following is satisfied (i) (3.11) and (3.12) hold. (ii) (3.13) holds with ξ_n (1 − ξ_{n − 1} ) ξ_{n − 1} (1 − ξ_n ) e^2 ≥ σ and (2 − 1/ξ)(2ξ − 1)σ < 1.

Next consider the function f (x) =^w_{q+ x m} . Then Sys. (3.1) becomes

(3.21) x_{n +1} = (1 − τ_n )^w_{q+ x mn} + τ_n y_n , y_{n +1} = (1 − ρ_n )y_n + ρ_n^w_{q+ x mn} , x_0 ≥ 0, y_0 ≥ 0, x_0 + y_0 > 0, n = 0 , 1, . . . ,

and Eq. (3.2) becomes

(3.22) x_{n +1} = τ_n (1 − ρ_{n − 1} ) τ_{n − 1} x_n +(1 − τ_n ) w q + x^m_n + τ_n (ρ_{n − 1} + τ_{n − 1} − 1) τ_{n − 1} w q + x^m_{n − 1} . In addition, Sys. (3.9) becomes

(3.23) x_{n +1} = (1 − ξ_n )^w_{q+ x mn} + ξ_n y_n , y_{n +1} = (1 − ξ_n )y_n + ξ_n^w_{q+ x mn} , x_0 ≥ 0, y_0 ≥ 0, x_0 + y_0 > 0, n = 0 , 1, . . . ,

and Eq. (3.10) becomes

(3.24) x_{n +1} = ξ_n

1 − ξ_{n − 1} ξ_{n − 1} x(n) + (1 − ξ_n ) w q + x^m_n + ( ξ_n

2ξ_{n − 1} − 1 ξ_{n − 1} ) w q + x^m_{n − 1} .

14 ABDULAZIZ ALMASLOKH AND CHUANXI QIAN

Clearly, f is decreasing and has a unique positive fixed point x̄, and f satisfies the negative feedback condition (1.6). In addition, we see that

f^′(x) =

− wmx^{m − 1} (q + x^m )^2 , and f^{′′}(x) =

− wmx^{m − 2} ((m − 1) − (m + 1) x^m ) (q + x^m )^3 . Hence, it is easy to see that f^′(x) has minimum at x^∗ =

(_{q(m − 1)}

m +1

)_{(1 /m )} , and

f^′(x^∗ ) = − w 4m q^{− (1+(1 /m ))} (m − 1)^{(1 − (1 /m ))} (1 + m)^{(1+(1 /m ))} .

Then, f is L-Lipschitz with L = w 4m q^{− (1+(1 /m ))} (m − 1)^{(1 − (1 /m ))} (1 + m)^{(1+(1 /m ))} .

Noting that

(a_n x + b_n f (x))^′ = ( τ_n (1 − ρ_{n − 1} )

τ_{n − 1} x + (1 − τ_n ) w q + x^m

)_′

≥ τ_n (1 − ρ_{n − 1} )

τ_{n − 1}

+ (1 − τ_n )

− wmx^{m − 1} (q + x^m )^2

|_{x = x} ∗ ,

we see that when

(3.25) τ_n (1 − ρ_{n − 1} ) τ_{n − 1} (1 − τ_n ) ≥ w 4m q^{− (1+(1 /m ))} (m − 1)^{(1 − (1 /m ))} (1 + m)^{(1+(1 /m ))} ,

τ_n (1 − ρ_{n − 1} ) τ_{n − 1}

− (1 − τ_n ) w 4m q^{− (1+(1 /m ))} (m − 1)^{(1 − (1 /m ))} (1 + m)^{(1+(1 /m ))} > 0,

and so a_n x + b_n f (x) is increasing in x. Hence, by Theorem 3.1 and Theorem 3.2 , every positive solution (x_n , y_n ) of Sys. (3.21) tends to its positive equilibrium (x̄, x̄) as n → ∞ if one of the following is satisfied (i) (3.4) and (3.4) hold. (ii) (3.6) and (3.25) hold with

(3.26) w 4m q^{− (1+(1 /m ))} (m − 1)^{(1 − (1 /m ))} (1 + m)^{(1+(1 /m ))}

(ρ + τ − 1)(2 − ρ) τ < 1 In addition, by Corollary 3.3 and Corollary 3.4, every positive solution (x_n , y_n ) of Sys. (3.23) tends to its positive equilibrium (x̄, x̄) as n → ∞ if one of the following is satisfied (i) (3.11) and (3.12) hold. (ii) (3.13) holds with

ξ_n (1 − ξ_{n − 1} ) ξ_{n − 1} (1 − ξ_n ) ≥ w 4m q^{− (1+(1 /m ))} (m − 1)^{(1 − (1 /m ))} (1 + m)^{(1+(1 /m ))} and w 4m q^{− (1+(1 /m ))} (m − 1)^{(1 − (1 /m ))} (1 + m)^{(1+(1 /m ))} (2 − 1/ξ)(2ξ − 1) < 1.

ON GLOBAL ATTRACTIVITY OF A HIGHER ORDER DIFFERENCE EQUATION 15

Example 1. Consider the following difference system

(3.27) x_{n +1} = e^{− 1n +2} f (x_n ) + ( 1 − e^{− 1n +2} ) y_n , y_{n +1} = 2^{− (n +2)} y_n + ( 1 − 2^{− (n +2)} ) f (x_n ), x_0 ≥ 0, y_0 ≥ 0, x_0 + y_0 > 0, n = 0 , 1, . . . ,

Note that Sys. (3.27) is in the form of Sys. (3.1) with τ_n = 1 − e^{− 1n +2} , and ρ_n = 1 − 2^{− (n +2)} . Thus, in this case, (3.2) reduces to

x_{n +1} =

(1 − 2^{− 2− n} )e^{− 1/(1+ n )} 1 − 2^{− 1− n} x_n + e^{− 1n +2} f (x_n ) + (1 − 2^{− 2− n} )(1 − 2^{− 1− n} − e^{− 11+ n} ) 1 − 2^{− 1− n} f (x_{n − 1} ).

(3.28)

It is clear that (1 − 2^{− 2− n} )e^{− 1/(1+ n )} 1 − 2^{− 1− n}

→ 1 as n → ∞ ,

and_∞ ∑ n =0 ( e^{− 1n +2} +

(1 − 2^{− 2− n} )(1 − 2^{− 1− n} − e^{− 11+ n} ) 1 − 2^{− 1− n} ) = ∞ .

From the above discussion, we see that when f (x) = 6 xe^{− 2x} , every positive solution (x_n , y_n ) of Sys. (3.27) tends to

(_{ln(6)}

2 ,^{ln(6)}_2 ) as n → ∞ ; when f (x) =^2_{1+ x 3} , every positive solution (x_n , y_n ) of Sys. (3.27) tends to (1, 1) as n → ∞ .

Example 2. Consider the following difference system

(3.29) x_{n +1} = ( 1 − (^3_4 + e^{− (n +2)} ) ) f (x_n ) +

(_3 4 + e^{− (n +2)} ) y_n ,

y_{n +1} = ( 1 −^{2n +1 +2}

3(2^{n +1} +1) ) y_n +^{2n +1 +2}

3(2^{n +1} +1) f (xn ),

x_0 ≥ 0, y_0 ≥ 0, x_0 + y_0 > 0, n = 0 , 1, . . . ,

Note that Sys. (3.29) is in the form of Sys. (3.1) with τ_n =^3_4 + e^{− (n +2)} , ρ_n =

2^{n +1} +2 3(2^{n +1} +1) , and

τ_n + ρ_n = 3 4 + e^{− (n +2)} +

2^{n +1} + 2 3(2^{n +1} + 1) > 3 4 + 2^{n +1} + 1 3(2^{n +1} + 1) + 1 3(2^{n +1} + 1) > 3 4 + 1 3 > 1,

Thus, in this case, (3.2) becomes

x_{n +1} =

(2^{n +1} )(3e^{n +2} + 4) 3e(2^n + 1)(3 e^{n +1} + 4) x_n + 1 4 (1 − 4e^{− (n +2)} )f (x_n ) + e^{− (n +2)} ((3)2^{n +2} + 5 e^{n +1} + 2^2 e^{n +1} + 12)((3)2^{n +2} + 4) 12(2^n + 1)(3 e^{n +1} + 4) f (x_{n − 1} ).

(3.30)

Clearly, τ_n = 3 4 + e^{− (n +2)} → τ = 3 4 as n → ∞ .

16 ABDULAZIZ ALMASLOKH AND CHUANXI QIAN and ρ_n =

2^{n +1} + 2 3(2^{n +1} + 1)

→ ρ = 1 3 Let f (x) = σxe^{− x} where σ = 5 . Observe that (ρ + τ − 1)(2 − ρ) τ σ = ( 5 27 ) (5) = 25 27 < 1.

yields (3.20). In addition, by noting that (_3 4 + e^{− (n +2)} ) ( 1 −^{2n +2}_{3(2 n +1)} ) (_3 4 + e^{− (n +1)} ) ( 1 − (_3 4 + e^{− (n +2)}

)) > 1

we see that

τ_n (1 − ρ_{n − 1} ) τ_{n − 1} (1 − τ_n ) e^2 =

(_3 4 + e^{− (n +2)} ) ( 1 −^{2n +2}_{3(2 n +1)} ) (_3 4 + e^{− (n +1)} ) ( 1 − (_3 4 + e^{− (n +2)}

))e^2 ≥ e^2 > 5.

Hence (3.19) is satisfied. From the above discussion, we see that every positive solution (x_n , y_n ) of Sys. (3.29) with f (x) = 5 xe^{− x} tends to (ln(5), ln(5)) as n → ∞ .

Next, let f (x) =^w_{q+ x m} where w = q = 1 and m = 7 . Then, by noting

τ_n (1 − ρ_{n − 1} ) τ_{n − 1} (1 − τ_n )

≥ 1 > ( 4 7 ) ( 2 3 )_{2/7}

≥ w 4m q^{− (1+(1 /m ))} (m − 1)^{(1 − (1 /m ))} (1 + m)^{(1+(1 /m ))} , and w 4m q^{− (1+(1 /m ))} (m − 1)^{(1 − (1 /m ))} (1 + m)^{(1+(1 /m ))}

(ρ + τ − 1)(2 − ρ) τ = ( 4 7 ) ( 2 3 )_{2/7} ( 5 27 ) < 1.

we see that (3.25) and (3.26) are satisfied. Hence it follows from the above discussion that every positive solution (x_n , y_n ) of Sys. (3.29) with f (x) =^1_{3+ x 7} tends to (x̄, x̄) ≈ (0.33, 0.33) as n → ∞ .

Acknowledgenment The authors are indebted to the reviewers for carefully reading the manuscript and providing helpful suggestions.

References

[1] Almaslokh, A., Qian, C., On global attractivity of a higher order difference equation and its applications , Electron. J. Qual. Theory Differ. Equ. (2022), no. 2, 1–14.

[2] Almaslokh, A., Qian, C., Global attractivity of a higher order nonlinear difference equation with unimodal terms , Opuscula Math. 43 (2023), no. 2, 131–143.

[3] Borwein, D., Borwein, J., Fixed point iterations for real function , J. Math. Anal. Appl. 157 (1991), 112–126.

ON GLOBAL ATTRACTIVITY OF A HIGHER ORDER DIFFERENCE EQUATION 17

[4] Chidume, C. E., Iterative approximation of fixed points of Lipschitzian strictly pseudo-contractive mappings , Proc. Amer. Math. Soc. 99 (1987), no. 2, 283–288.

[5] Chow, Y., Jang, S. R.-J., Yeh, N., Dynamics of a population in two patches with dispersal , J.

Difference Equ. Appl. 24 (2018), no. 5, 543–563. MR 3767030 [6] El-Morshedy, H. A., Liz, E., Convergence to equilibria in discrete population models , J.

Difference Equ. Appl. 11 (2005), no. 2, 117–131. MR 2114320 [7] Graef, J. R., Qian, C., Global stability in a nonlinear difference equation , J. Difference Equ.

Appl. 5 (1999), 251–270. MR 1697059 [8] Graef, J. R., Qian, C., Global attractivity of the equilibrium of a nonlinear difference equation , Czechoslovak Math. J. 52 (2002), no. 127, 757–769. MR 1940057 [9] Graef, J. R., Qian, C., Global attractivity in a nonlinear difference equation and its application , Dynam. Systems Appl. 15 (2006), 89–96. MR 2194095 [10] Ivanov, A. F., On global stability in a nonlinear discrete model , Nonlinear Anal. 23 (1994), no. 11, 1383–1389. MR 1306677 [11] Karakostas, G., Philos, Ch. G., Sficas, Y. G., The dynamics of some discrete population models , Nonlinear Anal. 17 (1991), no. 11, 1069–1084. MR 1136230 [12] Kocic, V. L., Ladas, G., Global Behavior of Nonlinear Difference Equations of Higher Order with Applications , Kluwer Academic Publishers, Dordrecht, 1993. MR 1247956 [13] Mackey, M. C., Glass, L., Oscillations and chaos in physiological control systems , Science 197 (1977), no. 4300, 287–289. DOI: 10.1126/science.267326 [14] Newman, T. J., Antonovics, J., Wilbur, H. W., Population dynamics with a refuge: fractal basins and the suppression of chaos , Theoret. Population Biol. 62 (2002), no. 2, 121–128. DOI: 10.1006/tpbi.2002.1584 [15] Padhi, S., Qian, C., Global attractivity in a higher order nonlinear difference equations , Dyn.

Contin. Discrete Impuls. Syst. 19 (2012), 95–106. [16] Qian, C., Global attractivity in a higher order difference equation with variable coefficients , J. Difference Equ. Appl. 18 (2012), no. 7, 1121–1132. DOI: 10.1080/10236198.2011.552501 [17] Qian, C., Global attractivity in a nonlinear difference equation and applications to discrete population models , Dynam. Systems Appl. 23 (2014), 575–590.

[18] Qian, C., Global attractivity in a higher order difference equation with applications , Int. J.

Qual. Theory Differ. Equ. Appl. 5 (2019). [19] Shioji, N., Takahashi, W., Strong convergence of approximated sequences for nonexpansive mappings in banach space , Proc. Amer. Math. Soc. 125 (1997), no. 12, 3641–3645.

[20] Stević, S., Asymptotic behavior of a sequence defined by iteration with applications , Colloq.

Math. 93 (2002), no. 2, 267–276. DOI: 10.4064/cm93-2-6 [21] Stević, S., A global convergence results with applications to periodic solutions , Indian J. Pure Appl. Math. 33 (2002), no. 1, 45–53.

[22] Stević, S., Asymptotic behavior of a nonlinear difference equation , Indian J. Pure Appl.

Math. 34 (2003), no. 12, 1681–1687. [23] Stević, S., Asymptotic behavior of a class of nonlinear difference equations , Discrete Dyn.

Nat. Soc. (2006), Article ID 47156, 10pp. MR 2261037 [24] Stević, S., A short proof of the cushing-henson conjecture , Discrete Dyn. Nat. Soc. (2006), Article ID 37264, 5pp. MR 2272408 [25] Stević, S., Diblík, J., Iričanin, B., Šmarda, Z., On a third-order system of difference equations with variable coefficients , Abstr. Appl. Anal. (2012), Article ID 508523, 22pp.

[26] Stević, S., Iričanin, B., Kosmala, W., Šmarda, Z., Existence and global attractivity of periodic solutions to some classes of difference equations , Filomat 33 (2019), no. 11, 3187–3201. MR 4038981

18 ABDULAZIZ ALMASLOKH AND CHUANXI QIAN

[27] Wang, X., Qian, C., Global attractivity of a higher order nonlinear difference equation with decreasing terms , Electron. J. Qual. Theory Differ. Equ. (2024), no. 17, 1–15.

Department of Mathematics, Prince Sattam Bin Abdulaziz University, Alkharj, Saudi Arabia E-mail : am.almaslokh@psau.edu.sa

Department of Mathematics and Statistics, Mississippi State University, Mississippi State, USA E-mail : qian@math.msstate.edu