ARCHIVUM MATHEMATICUM (BRNO) Tomus 61 (2025), 187–194

BLOCKWISE INTERPOLATION ON SEQUENCES OF POINTS IN THE DISK

Laia Tugores

Abstract. This note deals with the classical topic of interpolating bounded sequences of complex numbers by bounded analytic functions on sequences in the unit disk. We introduce linear, polynomial, and multiplicative interpolation over fixed-length consecutive blocks of points taken from these sequences, and examine the corresponding interpolating sequences.

1. Introduction and statement of results

Let ℓ^∞ be the space of all sequences λ = ( λ_n )_n of complex numbers such that ‖λ‖_∞ = sup_n |λ_n | < ∞ . Let Z = ( z_n )_n denote any sequence in the open unit disk D. Let H^∞ be the space of all analytic functions f on D such that ‖f ‖_∞ = sup_{z ∈ D} |f (z)| < ∞ , and we denote by B the unit ball of H^∞ , i.e., B = { f ∈ H^∞ : ‖f ‖_∞ ≤ 1}. The pseudohyperbolic distance between z and w in D is defined by ρ(z, w) =^{|w − z |}_{|1− wz |} . We recall that a sequence Z is called uniformly separated (US) if there exists a constant c > 0 such that for every m ∈ N, ∏ n ∈ N n ≠ m

ρ(z_n , z_m ) ≥ c ,

and separated (S) if inf_{m ≠ n} ρ(z_n , z_m ) ≥ δ > 0.

Clearly, US-sequences are separated. However, if Z lies in a Stolz angle, that is, if there exist τ ∈ ∂D and η ∈ [1, + ∞ ) such that |z_n − τ| ≤ η (1 − | z_n |) ∀n ∈ N , then the converse is true (see [2]).

Definition 1.1. A sequence Z is called interpolating if, given any λ ∈ ℓ^∞ , there exists f ∈ H^∞ such that f (z_n ) = λ_n for all n ∈ N.

Carleson characterized them in 1958 as follows (see [1]).

2020 Mathematics Subject Classification : primary 30E05; secondary 30H05, 30J10. Key words and phrases : interpolating sequences, bounded analytic functions, separated sequences.

Received August 13, 2025, revised December 2025. Editor M. Kolář. DOI: 10.5817/AM2025-5-187

188 L. TUGORES

Theorem 1.1. Z is interpolating if and only it is a US-sequence.

Our aim is to add an algebraic component to the topic of analytic interpolation. In this context, we are interested in extending interpolating sequences to evaluation at multiple points of Z linearly, polynomially and through products In [ 3], a linear interpolation at two points is considered. Specifically, if (a_n )_n ∈ ℓ^∞ , the interpolation is defined by { f (z_1 ) = λ_1 , f (z_{n +1} ) + a_n f (z_n ) = λ_{n +1} ∀n ∈ N .

In [4], another linear interpolation at two points is also analysed. Explicitly, let Ψ : N → N be an increasing function, different from the identity. Let L = N \ ImΨ and Z^′ = ( z_n )_{n ∈ L} . Let R_Z ′ denote the restriction operator on Z^′. Two cases arise: (i) If L = {1, . . . , k}, then given any λ and any set δ = { δ_1 , . . . , δ_k } of complex numbers, not all equal to zero, there exists f ∈ H^∞ such that f (z_{Ψ( n )})− f (z_n ) = λ_n ∀n ∈ N, and R_Z ′(f ) = δ. (ii) If L is an infinite subsequence, then given any λ and any μ ∈ ℓ^∞ , with μ ≠ (0)_n , there exists f ∈ H^∞ such that f (z_{Ψ( n )}) − f (z_n ) = λ_n ∀n ∈ N, and R_Z ′ (f ) = μ.

For our purposes, we introduce the following definitions.

Definition 1.2. Let k ∈ N. We say that a sequence Z is k-separated if there exists δ > 0 such that for all n ∈ N,

ρ(z_n , z_{n + k} ) ≥ δ .

Definition 1.3. Let k ∈ N. We say that a sequence Z is k-spread if for some δ > 0 and every n ∈ N, there exists i ∈ { 1, . . . , k} with

ρ(z_{n + i − 1} , z_{n + i} ) ≥ δ .

These notions fit into the following chain of implications:

separated =⇒ k-separated =⇒ k-spread =⇒ non-Cauchy .

The first implication is immediate from the definitions. The second follows from the triangle inequality: if ρ(z_n , z_{n + k} ) ≥ δ for all n, then

δ ≤ ρ(z_n , z_{n + k} ) ≤ k∑ i =1

ρ(z_{n + i − 1} , z_{n + i} ) ,

so at least one term in the sum satisfies ρ(z_{n + i − 1} , z_{n + i}) ≥ δ/k. For the third, note that a k-spread sequence has ρ(z_m , z_{m +1} ) ≥ δ for infinitely many m, so it cannot be Cauchy. None of the reverse implications hold, as the following examples show.

Example 1.1 (k-separated but not separated) . Define Z by

z_n = 1 2 ·(− 1)^{⌊(n − 1) /k ⌋} .

This sequence takes the value^1_2 for n = 1 , . . . , k, then −^1_2 for n = k + 1 , . . . ,2k, and continues alternating in blocks of length k. Since z_n and z_{n + k} always belong to adjacent blocks, they have opposite signs, and thus ρ(z_n , z_{n + k} ) = ρ

(_1 2 , −^1_2 ) =^4_5

BLOCKWISE INTERPOLATION 189

for all n. Hence Z is k-separated. On the other hand, consecutive terms within the same block are equal, so ρ(z_n , z_{n +1} ) = 0 whenever n ≢0 (mod k). Therefore Z is not separated. Example 1.2 (k-spread but not k-separated) . Define Z by z_n = 0 if n is odd, and z_n =^1_2 if n is even. Then ρ(z_n , z_{n +1} ) = ρ(0,^1_2 ) =^1_2 for all n, so Z is 1-spread, and hence k-spread for every k ≥ 1. However, ρ(z_n , z_{n +2} ) = 0 for all n, so Z is not k-separated for any even k. Example 1.3 (Non-Cauchy but not k-spread) . Let ζ ∈ C with |ζ| = 1 , and define Z by z_n = ( 1 −^1_n ) ζ. A direct computation shows that ρ(z_n , z_{2n} ) =^n_{3n − 1} →^1_3 as n → ∞ , so Z is not a Cauchy sequence. However, ρ(z_n , z_{n +1} ) =^1_{2n} → 0 as n → ∞ , which implies that Z is not k-spread for any k ∈ N.

Throughout, k denotes a positive integer. Our results on linear and polynomial interpolation are as follows. Proposition 1.1. Let a_1 , . . . , a_k ∈ C \ {0}. If, given any λ ∈ ℓ^∞ with ‖λ‖_∞ ≤ 1, there exists f ∈ B such that k∑ i =1

a_i f (z_{n + i − 1} ) = λ_n ∀n ∈ N

or_k ∑ i =1

a_i f (z_{n + i − 1} )^i = λ_n ∀n ∈ N ,

then Z is k-spread. Proposition 1.2. Let a_1 , . . . , a_k ∈ C \ {0} such that

∑_k

i =1 |a i | < 1. If Z is a

US-sequence, then for any λ ∈ ℓ^∞ , there exists f ∈ H^∞ such that

f (z_n ) + k∑ i =1

a_i f (z_{n + i − 1} ) = λ_n ∀n ∈ N.

Proposition 1.3. Let a_1 , . . . , a_k ∈ C \ {0} such that

∑_k

i =1 |a i |iR i − 1 < 1 for some

R > 0. If Z is a US-sequence, then for any λ ∈ ℓ^∞ with

‖λ‖_∞ + k∑ i =1

|a_i |R^i ≤ R ,

there exists f ∈ H^∞ such that

f (z_n ) + k∑ i =1

a_i f (z_{n + i − 1} )^i = λ_n ∀n ∈ N.

Remark 1.1. In Propositions 1.1, 1.2 and 1.3, the finite sums may be replaced by infinite series with coefficients a_i ∈ C \ { 0} for all i ∈ N, satisfying, respectively, ∞∑ i =1

|a_i | < ∞ , ∞∑ i =1

i |a_i | < ∞ , and ∞∑ i =1

|a_i | iR^{i − 1} < 1 .

190 L. TUGORES

The proofs follow by suitably adapting those of the corresponding propositions.

Regarding the interpolation of products of function values, we state the following results. Proposition 1.4. If for every λ ∈ ℓ^∞ with ‖λ‖_∞ ≤ 1, there exists f ∈ B such that (1) k∏ i =1

f (z_{n + i − 1} ) = λ_n ∀n ∈ N ,

then Z is k-separated. Proposition 1.5. Let Z be a US-sequence. For any λ ∈ ℓ^∞ such that λ_n ≠ 0 for all n ∈ N, and (2) sup_n

|λ_{n +1} | |λ_n |

≤ 1 ,

there exists f ∈ H^∞ satisfying (1).

Note that case k = 1 in Proposition 1.5, with no further conditions on λ, corresponds to classical Carleson interpolation. We also consider a mixed interpolation—linear and multiplicative—in the form: (3) k∏ i =1

f (z_{n + i − 1} ) · l∑ j =1

a_j f (z_{n + k + j − 1} ) = λ_n ∀n ∈ N ,

where a_j ∈ C \ {0} for all j = 1 , . . . , l. For the sake of clarity, we restrict ourselves to the simplest case of (3), that is, k = 1 and l = 2 . More precisely, we formulate the interpolation: (4) f (z_n ) [ af (z_{n +1} ) + bf (z_{n +2} ) ] = λ_n ∀n ∈ N , where a, b ∈ C \ {0}. Note that if f ∈ B satisfies (4), then it is necessary that ‖λ‖_∞ ≤ | a| + |b|. For this mixed interpolation, we have the following results. Proposition 1.6. Suppose a, b ∈ C \ { 0} and (5) |a| + |b| ≤ 1

(6) (1 − ε)|a| + |b| ≥

|a^2 − b^2 | |a| for some 0 < ε < 1. If, given any λ ∈ ℓ^∞ with ‖λ‖_∞ ≤ 1, there exists f ∈ B, not vanishing on Z , such that (4) holds, then Z is 2-separated.

For example, the values a = 0 .6, b = 0 .3 and ε = 0 .5 satisfy conditions (5) and (6). In relation to a criterion ensuring the existence of a function f ∈ H^∞ satisfying the recursion in (4), we focus on the corresponding numerical equation, namely, (7) x_n (a x_{n +1} + b x_{n +2} ) = λ_n ∀n ∈ N .

BLOCKWISE INTERPOLATION 191

If λ = (0)_n , and x_1 , x_2 ≠ 0 , the solution of (7) is given by x_{n +2} = −^a_b x_{n +1} , implying that no bounded solution (x_n )_n exists when a > b . On the other hand, we have: Proposition 1.7. If λ ∈ ℓ^∞ is such that |λ_n | ≥ δ > 0 for all n ∈ N, then (7) has no bounded solutions. 2. Proof of results Proof of Proposition 1.1. For the linear interpolation, let

f [n] := k∑ i =1

a_i f (z_{n + i − 1} ).

By the Schwarz lemma (see [2]), if f ∈ B , then (8) |f (z_n ) − f (z_m )| ≤ 2 ρ(z_n , z_m ) ∀n, m ∈ N . Thus,

(9) |f [n] − f [n + 1] | ≤ k∑ i =1

|a_i | |f (z_{n + i − 1} ) − f (z_{n + i} )|

≤ 2 k∑ i =1

|a_i | ρ(z_{n + i − 1} , z_{n + i} ) .

Assume, for contradiction, that Z is not k-spread. Let M ≥ 4 be such that M k∑ i =1

|a_i | ≥ 4 .

For ε =^1_M ∑_{ki =1 |a i |} , there exists n_0 ∈ N such that ρ(z_{n 0 + i − 1} , z_{n 0 + i}) < ε for all i ∈ { 1, . . . , k}. Define the sequence λ by λ_{n 0} = 1 and λ_n = 0 for all n ≠ n_0. If f ∈ B is such that f [n] = λ_n for all n ∈ N, then taking n = n_0 in (9), we obtain the contradiction 1 <^1_2 . Hence, Z must be k-spread.

For the polynomial interpolation, let

P f [n] := k∑ i =1

a_i f (z_{n + i − 1} )^i .

By (8), we have

|P f [n] − P f [n + 1] | ≤ k∑ i =1

|a_i | |f (z_{n + i − 1} )^i − f (z_{n + i} )^i |

≤ 2 k∑ i =1

i |a_i | ρ(z_{n + i − 1} , z_{n + i} ) ,

and the proof proceeds analogously. □

192 L. TUGORES

Lemma 2.1. Let a_1 , . . . , a_k ∈ C \ {0}. If

∑_k

i =1 |a i | < 1, then for every λ ∈ ℓ ∞ , there exists a unique sequence (x_n )_n ∈ ℓ^∞ such that x_n + k∑ i =1

a_i x_{n + i − 1} = λ_n ∀n ∈ N . Proof. Let x = ( x_n )_n ∈ ℓ^∞ . Define the bounded linear operator T : ℓ^∞ → ℓ^∞ by (T x)_n := − k∑ i =1

a_i x_{n + i − 1} . Then, ‖T x‖_∞ = sup_n |(T x)_n | ≤ k∑ i =1

|a_i | ‖x‖_∞ , so ‖T‖ ≤

∑_k

i =1 |a i | < 1. Thus, the operator I − T is invertible on ℓ

∞ , and hence surjective. □ Proof of Proposition 1.2. By Theorem 1.1, Z is interpolating. Thus, given any λ ∈ ℓ^∞ , there exists f ∈ H^∞ such that f (z_n ) = x_n for all n ∈ N, and we apply Lemma 2.1. □ Lemma 2.2. Let a_1 , . . . , a_k ∈ C \ {0} and λ ∈ ℓ^∞ . If there exists R > 0 such that k∑ i =1

|a_i | iR^{i − 1} < 1 and ‖λ‖_∞ + k∑ i =1

|a_i |R^i ≤ R , then there exists a unique sequence x = ( x_n )_n ∈ ℓ^∞ , with ‖x‖_∞ ≤ R, such that (10) x_n + k∑ i =1

a_i (x_{n + i − 1} )^i = λ_n ∀n ∈ N . Proof. For all x ∈ ℓ^∞ , define the operator V : ℓ^∞ → ℓ^∞ by (V x)_n := − k∑ i =1

a_i (x_{n + i − 1} )^i , and let T x := λ + V x. Let B_R := { x ∈ ℓ^∞ : ‖x‖_∞ ≤ R}. For any x, y ∈ B_R , we have |(V x)_n − (V y)_n | ≤ k∑ i =1

|a_i | iR^{i − 1} |x_{n + i − 1} − y_{n + i − 1} | , so ‖V x − V y‖_∞ ≤

(_k ∑ i =1

|a_i | iR^{i − 1} ) ‖x − y‖_∞ < ‖x − y‖_∞ .

Thus, T is a contraction on B_R . On the other hand, T(B_R ) ⊆ B_R , since for x ∈ B_R , ‖T x‖_∞ ≤ ‖ λ‖_∞ + ‖V x‖_∞ ≤ ‖ λ‖_∞ + k∑ i =1

|a_i |R^i ≤ R .

BLOCKWISE INTERPOLATION 193

Therefore, T maps B_R into itself. Since B_R is a complete metric space, the Banach fixed point theorem guarantees the existence of a unique fixed point x ∈ B_R satisfying (10). □

Proof of Proposition 1.3. It is the same as in Proposition 1.2 by applying Lemma 2.2. □

Proof of Proposition 1.4. Assume that Z is not k-separated. Then, for δ =^1_{16} , there exists n_0 ∈ N such that ρ(z_{n 0} , z_{n 0 + k} ) <^1_{16} . Define, for example, the sequence λ ∈ ℓ^∞ by λ_{n 0} =^1_2 and λ_n =^1_4 for n ≠ n_0. Suppose f ∈ B satisfies (1). Then, using (8), 1 4 = |λ_{n 0 +1} − λ_{n 0} | = |f (z_{n 0 + k} ) − f (z_{n 0} )|

k − 1∏

i =1

|f (z_{n 0 + i} )|

≤ 2 ρ(z_{n 0} , z_{n 0 + k} ) < 1 8 , which is a contradiction. Therefore, Z must be k-separated. □

Proof of Proposition 1.5. We seek to construct a sequence w = ( w_n )_n ∈ ℓ^∞ such that, if f ∈ H^∞ satisfies f (z_n ) = w_n for all n ∈ N, then (1) holds. To this end, set w_1 = w_2 = · · ·= w_{k − 1} := 1 , w_k := λ_1 , for j ≥ 2,

w_{kj} := λ_{k (j − 1)+1} λ_{k (j − 2)+1} . . . λ_{k +1} λ_{k (j − 1)} λ_{k (j − 2)} . . . λ_k λ_1 ,

and for j ≥ 1,

w_{kj + i} := λ_{k (j − 1)+ i +1} λ_{k (j − 2)+ i +1} . . . λ_{i +1}

λ_{k (j − 1)+ i} λ_{k (j − 2)+ i} . . . λ_i i = 1 , . . . , k − 1 .

Let M := sup_n^{|λ n +1 |}_{|λ n |} . We have |w_{kj} | ≤ M^{j − 1} |λ_1 |, and |w_{kj + i} | ≤ M^j . From (2), it follows that ‖w‖_∞ ≤ max(|λ_1 |,1). Hence, Theorem 1.1 provides the desired function f . □

Proof of Proposition 1.6. Assume that Z is not 2-separated. Then, for the ε given by (6), there exists n_0 ∈ N such that ρ(z_{n 0 +1} , z_{n 0 +3} ) <^ε_2 . Define the sequence λ ∈ ℓ^∞ by λ_{n 0} = |a|+ |b| and λ_n = 0 for n ≠ n_0. Suppose f ∈ B satisfies (4). Then, using (8), it follows that

|a| + |b| = |λ_{n 0 +1} − λ_{n 0} | = |f (z_{n 0} )| | | | a^2 f (z_{n 0 +1} ) − b^2 f (z_{n 0 +3} ) a | | | ≤ | a| |f (z_{n 0 +1} ) − f (z_{n 0 +3} )| +

|a^2 − b^2 | |a| |f (z_{n 0 +3} )| < ε |a| +

|a^2 − b^2 | |a| . This contradicts (6), and therefore Z must be 2-separated. □

194 L. TUGORES

Proof of Proposition 1.7. If (x_n )_n is a solution of (7) such that |x_n | ≤ C for all n ∈ N, we have

|x_n | =

|λ_n | |ax_{n +1} + bx_{n +2} | ≥ δ (|a| + |b|) C . Then,

|x_{n +2} | ≤

|λ_n | + |a| |x_n | |x_{n +1} | |b| |x_n | ≤ (‖λ‖_∞ + |a|C^2 ) (|a| + |b|) C |b| δ

:= K ,

but it is immediate to verify that there are no parameter values for which K ≤ C. □ Remark 2.1. Despite the results provided herein, the characterization of sequences for which these blockwise algebraic interpolations are possible remains open.

Acknowledgement. We thank the referee for their very valuable comments.

References

[1] Carleson, L., An interpolation problem for bounded analytic functions , Amer. J. Math. 80 (1958), 921–930.

[2] Garnett, J.B., Bounded analytic functions , Grad. Texts in Math., vol. 236, Springer Verlag, New York, 2006, revised 1st.

[3] Tugores, F., Recursive interpolating sequences , Open Math. 16 (2018), 461–468. [4] Tugores, F., Tugores, L., Interpolation by differences in H^∞ , Stud. Sci. Math. Hungar. 58 (2021), 157–162.

Department of Mathematics, University of Vigo, Spain E-mail : laia.francina.tugores@uvigo.gal