ARCHIVUM MATHEMATICUM (BRNO) Tomus 61 (2025), 133–150

CHARACTERISTIC FORMS OF COMPLEX

CARTAN GEOMETRIES III: G -STRUCTURES

Benjamin McKay

Abstract. Characteristic class relations in Dolbeault cohomology follow from the existence of a holomorphic geometric structure (for example, holomorphic conformal structures, holomorphic Engel distributions, holomorphic projective connections, and holomorphic foliations). These relations can be calculated directly from the representation theory of the structure group, without selecting any metric or connection or having any knowledge of the Dolbeault cohomology groups of the manifold. This paper improves on its predecessor [ 17] by allowing infinite type geometric structures.

1. Introduction

We explain how to compute equations on Chern classes and Chern–Simons invariants of various holomorphic geometric structures on complex manifolds. Applied to holomorphic foliations, for example, our computational recipe trivially yields the Baum–Bott theorem.

2. Holomorphic geometric structures

We need the notation, so we will define G-structures [10].

2.1. Notation. Denote the Lie algebra of a Lie group G as g, and similarly denote the Lie algebra of any Lie group by the corresponding fraktur font expression. All Lie groups are complex analytic and finite dimensional. All G-modules are finite dimensional and holomorphic. Denote the left invariant Maurer–Cartan 1-form on G as g^{− 1} dg. Take a holomorphic right principal bundle G → E → M. For each vector v ∈ g, denote also by v the associated vector field on E : for any x ∈ E ,

v(x) = d dt | | |_{t =0} x e^{tv} .

If we wish to be more precise, we denote the vector field v on E as v_E . For any G-action on a manifold X, denote by E ×^G X the quotient of E × X by the diagonal right G-action (e, x)h = ( eh, h^{− 1} x). If V is a complex analytic G-module, denote the associated vector bundle by V := E ×^G V.

2020 Mathematics Subject Classification : primary 53B21; secondary 53C56, 53A55. Key words and phrases : complex projective manifold, G-structure. Received April 4, 2025, revised September 2025. Editor J. Slovák. DOI: 10.5817/AM2025-4-133

134 B. MCKAY

2.2. Infinitesimal theory of G-structures. Let us recall the usual representation theory associated to G-structures [ 10], [14] chapter 8, [ 21], in the complex analytic setting. Suppose that G is a complex Lie group and V a finite dimensional holomorphic G-module. For each a ⊗ ξ ∈ g ⊗ V^∗ , define ρ_{a ⊗ ξ} ∈ V^∗ ⊗ V^∗ ⊗ V by ρ_{a ⊗ ξ} : x ⊗ y ∈ V ⊗ V → ρ_{a ⊗ ξ} (x, y) := ξ(y)a(x) ∈ V and extend by complex linearity: ρ : g ⊗ V^∗ → V^∗ ⊗ V^∗ ⊗ V .

Define δ: g ⊗ V^∗ → V ⊗ Λ^2 V^∗ , by, for x, y ∈ V, a ∈ g and ξ ∈ V^∗ , δ_{ξ⊗ a} (x, y) = ξ(y)a(x) − ξ(x)a(y) .

Let g^{(1)} ⊆ g ⊗ V^∗ be the kernel of δ. So elements of g^{(1)} are precisely elements of g ⊗ V^∗ mapped by ρ to V ⊗ Sym^2 V^∗ . We get g ⊗ V^∗ to act on V_1 := V ⊕ g by (a ⊗ ξ)(x, b) = ( x, b + ξ(x)a) .

The prolongation of the G-module V is the G_1-module V_1 where G_1 := G ⋊ g^{(1)} acting on V_1 by usual action of G and by this action of g^{(1)} ⊆ g ⊗ V^∗. Define the Spencer cohomology H^{0,2} (g) by the exact sequence of G-modules

0 g^{(1)} g ⊗ V^∗ V ⊗ Λ^2 V^∗ H^{0,2} (g) 0 .

δ []

The abelian group g^{(1)} ⊂ g ⊗ V^∗ acts on V ⊕ g by Q ∈ g^{(1)} , (v, A) ∈ V ⊕ g → (v, Qv + A) .

Let g ∈ G act on Q ∈ Sym^2 V^∗ ⊗ V by (gQ)(u, v) := g(Q(g^{− 1} u, g^{− 1} v)), Form the semidirect product G ⋊ g^{(1)} by (g_1 , Q_1 )(g_2 , Q_2 ) := ( g_1 g_2 , Q_1 + g_1 Q_2 ) .

2.3. G-structures. Pick a finite dimensional complex vector space V and a complex manifold M of dimension equal to that of V. The V-valued frame bundle of M is the set F M of all pairs (m, u) of point m ∈ M and complex linear isomorphism u : T_m M → V. Let π : (m, u) ∈ F M → m ∈ M. The group GL_V acts on F M by the right action (m, u)g = ( m, g^{− 1} u), also denoted r_g(m, u). Clearly F M is a holomorphic principal right GL_V -bundle. The soldering form σ is the V-valued differential form whose value on a vector v ∈ T_{(m,u )} F M is v σ = u(π^′_{(m,u )} v), so that r^∗_g σ = Ad^{− 1}_g σ for g ∈ GL_V . Differentiating, L_v σ = − [v, σ] for v ∈ gl_V . By the Cartan formula, L_v σ = v dσ + d(v σ) = v dσ .

Suppose that G is a complex group and that V is a G-module with representation ρ_V : G → GL_V . We also denote by ρ_V the associated Lie algebra morphism g → glV. A G-structure on M is a holomorphic right principal G-bundle E → M together with a G-equivariant holomorphic bundle map E → F M . If ρ_V is an embedding, G-structures can also be described as holomorphic sections of F M/G → M .

CHARACTERISTIC FORMS 135

A connection covector at a point e_0 ∈ E is a covector γ ∈ T^∗_{e 0} E ⊗ g so that v γ = v for v ∈ g. From the above,

dσ = − γ ∧ σ + tσ^2

for some t ∈ Λ^2 V^∗ ⊗ V, the torsion of the pseudoconnection, where σ^2 means

(σ^2 )^{ij} = 1 2 σ^i ∧ σ^j .

Any two connection covectors γ, γ^′ agree up to γ^′ = γ + Aσ where A ∈ V^∗ ⊗ g. The difference in torsion is t^′ = t + δ_A . Therefore the projection T of t to Spencer cohomology, the torsion of the G-structure at e_0 ∈ E, is defined independently of the choice of connection covector. Clearly T is G-equivariant, giving a section T of the torsion bundle : the holomorphic vector bundle E ×^G H^{0,2} (g).

An anchor for the G-structure is a section of the associated vector bundle

V ⊗ Λ^2 V^∗ = E ×^G ( V ⊗ Λ^2 V^∗ ) , which lifts the intrinsic torsion, i.e. has image T in Spencer cohomology; if an anchor exists, the G-structure is anchored or prolongs. An anchor exists, for example, if that associated vector bundle has trivial first cohomology, or if the intrinsic torsion vanishes (so we can use 0 as anchor), or if G is reductive, since we can then lift every morphism of G-modules. For each anchor t, the associated prolongation E^{(1)} = E^{(1)}_t of the G-structure consists of the set of triples (m, u, γ ) of point (m, u) ∈ F M and connection covector γ at that point whose torsion agrees with the anchor t. Thinking of g^{(1)} as a complex Lie group under addition, the prolongation E^{(1)} is a principal right G ⋊ g^{(1)} -bundle over M and a principal right g^{(1)} -bundle over E; denote the bundle maps as π_E : E^{(1)} → E and π_M : E^{(1)} → M. Pullback the soldering form σ from E, and calling it by the same name. Define the prolongation 1-form γ on E by v γ_{(m 0 ,u 0 ,γ 0 )} = π^′_E (v) γ_0 .

Note that E^{(1)} → E is a g^{(1)} -structure, the prolongation of E, mapped to the frame bundle of E by (m_0 , u_0 , γ_0 ) → (u_0 ∘ π^′_E (m_0 , u_0 ), γ_0 ) .

The right action of g^{(1)} on E^{(1)} is

(m_0 , u_0 , γ_0 )Q := ( m_0 , u_0 , γ_0 − Qσ ) .

Under this action,

r^∗_Q σ = σ , r^∗_Q γ = γ − Qσ .

The group G also acts on the right on E^{(1)} , so that the bundle map E^{(1)} → E is equivariant, by

(m_0 , u_0 , γ_0 )g := ( m_0 , g^{− 1} u_0 , Ad^{− 1}_g ( γ_0 (r^{− 1}_g )^′ ) ,

136 B. MCKAY

giving an action of the semidirect product G ⋊ g^{(1)} . Under this action

r^∗_{(g,Q )} σ = g^{− 1} σ ,

r^∗_{(g,Q )} γ = Ad^{− 1}_g γ − Qg^{− 1} σ .

We can cover E^{(1)} in open sets E^{(1)}a on each of which we can pick some prolongation pseudoconnection form , a (holomorphic) (1,0)-form σa on E^{(1)}a valued in g^{(1)} , so that for (v, q) in the Lie algebra of G ⋊ g^{(1)} , (v, q) σa = q. Our forms σ, γ then satisfy Cartan’s structure equations:

dσ + γ ∧ σ = tσ^2 ,

dγ + 1 2 [γγ] + ϖ_a ∧ σ = k_a σ^2 ,

where k_a : E^{(1)}a → g ⊗ Λ^2 V^∗ is the curvature . On the overlaps E_{ab} := E_a ∩ E_b, φ_b − ϖ_a = p_{ab} σ for a unique C^∞ (holomorphic) map p_{ab} : E_{ab} → V^∗ ⊗ g^{(1)} .

2.4. Langlands decomposition. A Langlands decomposition of a complex Lie group G is a semidirect product decomposition G = G_0 ⋉ G_+ in closed complex subgroups, where G_+ is a connected and simply connected solvable complex Lie group and G_0 is a reductive complex linear algebraic group. For example:

(1) This definition generalizes the usual Langlands decomposition of any parabolic subgroups of any complex semisimple Lie group [16] p. 481.

(2) Every connected and simply connected complex Lie group G admits a Langlands decomposition in which G_0 is a maximal semisimple subgroup and G_+ is the solvradical [22] p. 244 theorem 3.18.13.

(3) Any connected complex Lie group G admits a faithful holomorphic representation just when it admits a Langlands decomposition in which G_0 is a complex linearly reductive group and G_+ is the nilradical [ 12] p. 595 theorem 16.2.7.

(4) Every complex linear algebraic group G (perhaps disconnected) admits a Langlands decomposition in which G_0 ⊂ G is a maximal reductive subgroup and G_+ ⊂ G is the unipotent radical [ 13] p. 117 theorem 4.3. In all of our examples below, G will be complex linear algebraic.

Every connected and simply connected solvable complex Lie group G_+ is biholomorphic to complex affine space [ 12] p. 543 theorem 14.3.8, and so is a contractible Stein manifold.

A Langlands decomposition of a filtered G-module V is a Langlands decomposition G ⋊ g^{(1)} = G_0 ⋊ G_+ so that G_0 ⊆ G and G_+ acts trivially on the associated graded.

2.5. Infinitesimal characteristic forms. Take a complex Lie group G and G-module V with a Langlands decomposition, and an g_0-module W, with Lie algebra action ρ_W : g_0 → gl_W . Each x = a ⊗ ξ ∈ g ⊗ V^∗ and y ∈ V has associated x(y) = ξ(y)a ∈ g, contracting on V^∗ , V. Since g^{(1)} ⊆ g ⊗ V^∗, we can take any

CHARACTERISTIC FORMS 137

x ∈ g^{(1)} and y ∈ V^∗ and this defines x(y) ∈ g. Denote by proj_{g 0} (x(y)) the projection of this element of g to g_0 by the Langlands decomposition. The Atiyah form a = a_W is the element a ∈ g^{(1) ∗} ⊗ V^∗ ⊗ gl_W given by a(x, y) = − ρ_W ∘ proj_{g 0} (x(y)) , for x ∈ g^{(1)} , y ∈ V. If W is not specified, we take W := g_0. (Note that we do not require that W be a G_0-module, so there might not be an associated vector bundle for a G-structure.) The Chern forms c_k are

c_k ∈ Sym^k g^{(1)} ⊗ V^∗ given by det ( I + ia 2π ) = 1 + c_1 + c_2 + · · ·= c .

Analogously define the Chern character forms and Todd forms. More generally, if f is an g_0-invariant complex symmetric multilinear form on g_0, say of degree k, we associate to f the element, denoted by the same name,

f ∈ Sym^k g^{(1)} ⊗ V^∗ given by f (a, . . . , a ). The Chern–Simons form of f is

T_f (u, v, w_+ , w_− ) :=

k − 1∑

j =0

a_j f ( u, v, . . . , v j , a(w_+ , w_− ), . . . , a(w_+ , w_− )

k − j − 1 )

where a_j :=

(− 1)^j (k − 1)! (k + j )!(k − 1 − j )! and u, v ∈ g_0 , w_+ ∈ g^{(1)} , w_− ∈ V .

(N.B. the expression for a_j is not the same as in the paper of Chern and Simons [9]; their A_j is A_j = a_j /2^j .) The splitting principle: if 0 → U → V → W → 0 is an exact sequence of g_0 -modules, extend a basis of U into a basis of V, so

a_V = ( a_U ∗ 0 a_W )

and compute the determinant: c(U)c(W) = c(V). The tangent bundle Atiyah form is a_T : x ∈ g^{(1)} , y, z ∈ V → a(x, y)z + a(x, z )y 2 .

138 B. MCKAY

3. Characteristic classes

3.1. The connection bundle. We review some well known material to establish notation and terminology, following the standard references [ 2, 9] . Take a holomorphic right principal bundle

G �E

π .� M Let ad_E := E ×^G g. The G-invariant exact sequence

0 −→ ker π^′ −→ T E^{π ′}−−→ π^∗ T M −→ 0

of vector bundles on E quotients by G-action to an exact sequence of vector bundles on M : 0 −→ ad_E −→ At_E −→ T M −→ 0 with middle term At_E the Atiyah bundle . A holomorphic ( C^∞ ) splitting s of this exact sequence determines and is determined by a holomorphic ( C^∞ ) (1,0)-connection ω = ω_s for the bundle E → M. The connection form is the unique (1,0)-form so that s(v) ω = 0 and w ω = w for w ∈ g, i.e. the splitting lifts each tangent vector to its horizontal lift [ 2]. Write the section as s = s_ω . The connection bundle of E is the affine subbundle A_E ⊂ T^∗ M ⊗_M At_E consisting of complex linear maps which split the sequence over some point of M. So holomorphic (C^∞ ) (1,0)-connections are precisely holomorphic (C^∞ ) sections of the connection bundle. Differences of two connections lie in T^∗ M ⊗ ad_E . So A_E → M is a holomorphic bundle of affine spaces, modelled on the vector bundle T^∗ M ⊗_M ad_E . Each element v ∈ At_{E,m} is an G-invariant section of T E |_{E m} → π^∗ T M |_{E m} . The holomorphic ( C^∞ ) sections of A_E are precisely the holomorphic ( C^∞ ) (1,0)-connections. Each fiber A_{E,m} is the set of all G-invariant sections ω of

T^∗ E ⊗ g|_{E m}

so that v ω = v for v ∈ g with G-invariance:

ω_{eg} = Ad^{− 1}_g r^{− 1∗}_g ω_e

for g ∈ G.

Denote the bundle map as δ: A_E → M , with pullback

E ×_M A_E^Δ � � E � A_E^δ �M .

Each point x ∈ E ×_M A_E has the form x = ( m_0 , ω_0 , e_0) for some m_0 ∈ M, e_0 ∈ E_m , ω_0 : T_e E → h so that w ω_0 = w for w ∈ g. There is a holomorphic connection ω on E ×_M A_E defined for a tangent vector v ∈ T_x E ×_M A_E by v ω = (Δ^′(x)v) ω_0 [5]. Given a holomorphic (C^∞ ) (1,0)-connection ω_0 on E → M, map Φ : e ∈ E → Φ( e) := ( m, γ_0 , e) ∈ E ×_M A_E and compose with

CHARACTERISTIC FORMS 139

the bundle map π : E ×_M A_E → A_E to get a section of the connection bundle. Pullback the bundle E ×_M A_E by the section to get a map φ : E → A_E , so that φ^∗ E ×_M A_E = E has pullback connection φ^∗ ω = ω_0 .

The connection bundle of a vector bundle is the connection bundle of its associated principal bundle.

3.2. Connection bundles of G-structures. Take a complex Lie group G, finite dimensional holomorphic G-module V, and a Langlands decomposition G ⋊ g^{(1)} = G_0 ⋊ G_+ . Take a holomorphic anchored G-structure G → E → M with prolongation E^{(1)} → E → M. Each point x_1 ∈ E^{(1)} has the form x_1 = ( m_1 , u_1 , γ_1) where γ_1 is a connection covector

γ_1 : T_{(m 1 ,u 1 )} E → g .

Write the associated point G_+ x_1 ∈ E := E^{(1)} /G_+ as x_1 := G_+ x_1. Take a G_0-equivariant projection q: g → g_0. The covector γ_1 : T_{(m 1 ,u 1 )} E → g gives a covector γ_{x 1} := γ_1 π^′_E (m_1 , u_1): T_{x 1} E^{(1)} → g, hence a g-valued 1-form γ on E^{(1)} . The covector qγ_{x 1} vanishes on the fibers of π_E : x_1 ∈ E^{(1)} → x_1 ∈ E := E^{(1)} /G_+ , i.e. is semibasic, so determines a unique covector γ_{x 1} : T_{x 1} E → g_0, uniquely defined by π^∗_E (γ_{x 1} ) = qγ_{x 1} π^′_E , hence a connection covector. Map

Φ: x_1 = ( m_1 , u_1 , γ_1 ) ∈ E^{(1)} → (m_1 , γ_{x 1} , x_1 ) ∈ E ×_M A_E

which we quotient by G_0 -action to get

E^{(1)} �

Φ �E ×_M A_E

�

Δ �E

� E^{(1)} /G_0^ϕ �AE^δ �M

applying the commutative diagram of 3.1 but to E instead of E .

Lemma 1. Φ^∗ ω = qγ.

Proof. For m_1 ∈ M , x_1 = ( m_1 , u_1 , γ_1 ) ∈ E^{(1)}m , v_1 ∈ T_{x 1} E^{(1)} , let

y_1 := ( m_1 , γ_{x 1} , x_1 ) = Φ( x_1 ) ∈ E ×_M A_E ,

so Δ( y_1 ) = Δ( m_1 , γ_{x 1} , x_1 ) = x_1 .

Compute

v_1 (Φ^∗ ω )_{x 1} = Φ^′(x_1 )v_1 ω_{Φ( x 1 )} , = Φ^′(x_1 )v_1 ω_{y1} ,

140 B. MCKAY

= (Δ^′(y_1 )Φ^′(x_1 )v_1 ) qγ_1 , = (ΔΦ)^′(x_1 )v_1 qγ_1 , = π^′_E (x_1 )v_1 qγ_1 , = v_1 π^∗_E qγ_1 , = v_1 qγ_1 π^′_E , = v_1 qγ_{x 1} . □ We take advantage of this and write ω to mean qγ henceforth. Since ω is a holomorphic connection on E ×_M A_E , its curvature is Ω := dω +^1_2 [ωω ], and pulls back to a form we also denote Ω , Ω := q(dγ +^1_2 [γγ] on E^{(1)} , even though γ is not a connection on E^{(1)} . The Bianchi identity dΩ = [Ω ω ] on E ×_M A_E ensures the same identity on E^{(1)} , even though γ is not a connection on E^{(1)} and Ω is not the curvature of a connection.

Similarly, for any G_0-invariant complex polynomial function f : g_0 → C, thought of as a symmetric multilinear form, the expression

f_E := f (Ω , . . . , Ω)

on E^{(1)} is the pullback of the Chern form f_E ×_M A_E for the connection ω on the bundle E ×_M A_E → A_E . In particular, f_E is a closed holomorphic differential form. From Cartan’s structure equations

Ω = q(− ϖ_a ∧ σ + kσ^2 ) .

Similarly define T_{f,E} := T_f (ω, [ωω ], ϖ, σ ) , which is the pullback of the Chern–Simons form T_{f,E} ×_M A_E , hence dT_{f,E} = f_E .

3.3. Smooth reduction of structure group. Take a complex Lie group G, finite dimensional holomorphic G-module V, and a Langlands decomposition G ⋊ g^{(1)} = G_0 ⋊ G_+ . Take a holomorphic anchored G-structure G → E → M with prolongation E^{(1)} → E → M .

Since G ⋊ g^{(1)} /G_0 is contractible, E^{(1)} /G_0 → M admits a C^∞ section s : M → E^{(1)} /G_0 i.e. a C^∞ G_0-reduction of structure group. The 1-form γ on E^{(1)} pulls back to a 1-form γ on s^∗ E^{(1)} . Let E := E^{(1)} /G_+ , a holomorphic principal right G_0-bundle G_0 → E → M. So this 1-form γ extends from s^∗ E^{(1)} to a unique 1-form on E ∼= s^∗ E^{(1)} which we also denote gamma , and which satisfies v γ = v for v ∈ g_0 .

Lemma 2. The 1-form γ on E associated to any C^∞ (or holomorphic) G_0-reduction is a C^∞ (holomorphic) (1, 0)-connection 1-form.

Proof. Pick a point (m_0 , u_0 , γ_0) ∈ s^∗ E^{(1)} , i.e. with m_0 ∈ M and u_0 ∈ E_{m 0} and (m_0 , u_0)G_0 = s(m_0). So γ at the corresponding point of E is the 1-form which pulls

CHARACTERISTIC FORMS 141

back by E^{(1)} → E to become γ at the point (m_0 , u_0 , γ_0). If we replace (m_0 , u_0 , γ_0) by some point (m_0 , u_0 , γ_0 )(g, Q), for some (g, Q) ∈ G ⋊ g^{(1)} ,

r^∗_{(g,Q )} γ = Ad^{− 1}_g γ − Qg^{− 1} σ .

In particular, for (g, Q) = ( g_+ , 0) = g_+ ∈ G_+ ,

r^∗_{g+} γ = Ad^{− 1}_{g+} γ . □ 3.4. Characteristic forms and classes. The Atiyah form , k^{th} Chern form , Chern character form , Todd form , etc. of an anchored G-structure with a Langlands decomposition is the form identified with the infinitesimal Atiyah form, k^{th} Chern form, Chern character form, Todd form, etc. of for any G_0-invariant homogeneous polynomial function f : h_0 → C when plugging in the forms γ and ϖ_a ∧ σ: f (ϖ, σ, . . . , ϖ, σ ) or, for a Chern–Simons form, T_f (γ, γ, ϖ, σ ) .

Lemma 3. The Atiyah class, k^{th} Chern class, and so on, in Dolbeault cohomology of the bundle E → M of a G-structure E → M with Langlands decomposition is the class of the (1,1)-part, (k, k)-part, and so on, of the pullback by a C^∞ section s of the Atiyah form over each open set E^{(1)}a . The total Chern class, Chern character, Todd class, and so on, in Dolbeault cohomology of the bundle E → M is the class of the pullback of the total Chern form, and so on.

Proof. Denote by w ∈ g → proj_{g 0} (w) ∈ g_0 some complex linear G_0-invariant projection, letting γ_0 := proj_{g 0} (γ). The Atiyah class [2] of E is represented by

a(M, E ) = [ ¯∂γ_0 ] = [ (dγ_0 )^{1,1} ] . Pick local c^∞ prolongation pseudoconnection 1-forms ϖ_a . The 2-form (dγ_0)^{1,1} pulls back to s^∗ E^{(1)}a to − proj_{g 0} (ϖ^{0,1}_a ∧ σ) , noting that the curvature terms kσ^2 are (2,0)-forms, so make no contribution to this (1,1)-form. Also note that when we change from ϖ_a to ϖ_b, the difference p_{ab} σ^2 is also a (2,0)-form, so makes no contribution to this (1,1)-form. The Atiyah class is represented by (dγ_0 )^{1,1} = − proj_{g 0} (ϖ^{0,1}_a ∧ σ) ∈ W^{1,1}_M where W ⊂ g_0 is the projection to g_0 of the span of g_+ V. □

Example 1. If the infinitesimal first Chern form of a G-module vanishes, then every complex manifold with a G-structure modelled on that G-module has a holomorphic connection on its canonical bundle. This happens, for instance, for holomorphic symplectic structures, as the symplectic group preserves the Liouville volume form.

142 B. MCKAY

Example 2. The Cartan geometries that arose in the two previous papers in this series [18, 17] could also be described in the language of G-structures, recovering our previous theorems for them.

For any g_0-module W, even if W is not a G_0-module, we still write a(M, W ) to mean the class in Dolbeault cohomology associated to ρ_W ∘ a, even though W does not exist. We say that W is a ghost vector bundle .

Corollary 1. For a complex manifold admitting a G-structure, the Atiyah class of the tangent bundle is the Dolbeault class of the (1,1)-part of the pullback by any C^∞ section of the form identified by a local Cartan connection with the tangent bundle Atiyah form.

The symmetry of the tangent bundle Atiyah class is a consequence of the well known symmetry of the Atiyah class of the tangent bundle.

4. Example: Engel plane fields

An Engel plane field is a holomorphic rank 2 subbundle W ⊂ T M of the tangent bundle of a complex 4-fold M so that, near each point, there are local holomorphic sections u, v of W so that u, v, [uv],[u[uv]] are linearly independent tangent vector fields. For more information, see [ 7] p. 50 Theorem II.5.1, [ 8], [20]. It is easy (essentially following the proof of [ 7] Theorem II.5.1) to see that the method of equivalence yields structure equations

d σ^1 σ^2 σ^3 σ^4 = − 2γ^3 + γ^4 0 0 0 γ^2_1 γ^3 + γ^4 0 0 γ^3_1 γ^3_2 γ^3 0 γ^4_1 γ^4_2 γ^4_3 γ^4 ∧ σ^1 σ^2 σ^3 σ^4 − σ^3 ∧ σ^2 σ^3 ∧ σ^4 0 0 . Our first step: consider just the Lie algebra. The Lie algebra g of the structure group G of a G-structure is the set of values of the matrix ( γ^i_j ) as we vary its entries. As g consists of upper triangular matrices, every Engel plane field on any complex manifold M determines a filtration of holomorphic vector subbundles

0 = W_0 ⊂ W_1 ⊂ W_2 ⊂ W_3 ⊂ W_4 = T M

forming a complete flag. Let

a = dγ^3 ,

b = dγ^4 ;

differential forms which descend to the Chern classes in Dolbeault cohomology of the quotient line bundles W_3 /W_2 and W_4 /W_3. The Atiyah class of the tangent bundle lies in the same Lie algebra g. The associated graded of the filtration is represented by the g-module:

2γ^3 + γ^4 0 0 0 0 γ^3 + γ^4 0 0 0 0 γ^3 0 0 0 0 γ^4

CHARACTERISTIC FORMS 143

which is also the Lie algebra g_0 of the obvious Langlands decomposition, i.e. the maximal reductive linear algebraic subgroup. Taking characteristic polynomial of this matrix, the Chern classes of tangent bundle (or equivalently, of the associated graded of the tangent bundle), in Dolbeault cohomology, are

c_1 = i 2 π (4 a + 3 b) ,

c_2 = ( i 2 π )_2 (5 a^2 + 9 ab + 3 b^2 ) ,

c_3 = ( i 2 π )_3 (2 a^3 + 8 a^2 b + 6 ab^2 + b^3 ) ,

c_4 = ( i 2 π )_4 ((2 a + b)(a + b)ab) .

The reader can check that

0 = c^4_1 − 11 2 c^2_1 c_2 + 4 c^2 + 21 2 c_1 c_3 − 75 2 c_4 .

Hence any complex 4-manifold M which admits an Engel plane field satisfies this equation in the Chern classes of its tangent bundle T M, in Dolbeault cohomology.

Our second step: compute the Lie algebra prolongation g^{(1)} . We do this without computing the prolongation of these structure equations, so we only arrive at structure equations modulo torsion terms. Let ∇ γ = − ϖ ∧ σ be the Atiyah form:

∇ γ =

2∇ γ^3 + ∇ γ^4 0 0 0 ∇ γ^2_1 ∇ γ^3 + ∇ γ^4 0 0 ∇ γ^3_1 ∇ γ^3_2 ∇ γ^3 0 ∇ γ^4_1 ∇ γ^4_2 ∇ γ^4_3 ∇ γ^4 .

Compute ∇ γ components, i.e. compute g^{(1)} :

∇ γ^2_1 γ^3_1 γ^3_2 γ^3 γ^4_1 γ^4_2 γ^4_3 γ^4

= ϖ^2_{11} ϖ^3_{13} + ϖ^4_{14} 0 0 ϖ^3_{11} ϖ^3_{12} ϖ^3_{13} 0 ϖ^3_{12} ϖ^3_{22} ϖ^3_{23} 0 ϖ^3_{13} ϖ^3_{23} 0 0 ϖ^4_{11} ϖ^4_{12} ϖ^4_{13} ϖ^4_{14} ϖ^4_{12} ϖ^4_{22} ϖ^4_{23} − 2ϖ^3_{23} ϖ^4_{13} ϖ^4_{23} ϖ^4_{33} 0 ϖ^4_{14} − 2ϖ^3_{23} 0 0

∧ σ^1 σ^2 σ^3 σ^4 .

Look at the last two diagonal entries to see that in the Atiyah class expression

a = dγ^3 = − ϖ^3_{13} ∧ σ^1 − ϖ^3_{23} ∧ σ^2 ,

b = dγ^4 = − ϖ^4_{14} ∧ σ^1 + 2 ϖ^3_{23} ∧ σ^2

(computing modulo torsion and curvature, as they do not affect the Atiyah class). Each only involves σ^1 , σ^2, while 2a + b only involves σ^1. Therefore 0 = (2 a + b)^2 and

144 B. MCKAY

any polynomial of degree 3 or more in a, b vanishes. The associated Chern–Simons form

T_{(2 a + b)} 2 = (2 γ^3 + γ^4 ) ∧ (2 dγ^3 + dγ^4 ) ,

= − (2γ^3 + γ^4 ) ∧ (2ϖ^3_{13} + ϖ^4_{14} ) ∧ σ^1

is closed, precisely because of the vanishing of (2a + b)^2. Note also that T_a ∧ T_b is closed, even though perhaps neither T_a nor T_b are.

Theorem 1. The tangent bundle T M of any 4-dimensional complex manifold M with a holomorphic Engel plane field satisfies 0 = a(M, T)^3 = c^3_1 = c_1 c_2 = c_3 = c^2 = c_4 in Dolbeault cohomology. The induced subbundles 0 = W_0 ⊂ W_1 ⊂ W_2 ⊂ W_3 ⊂ T M have c_1 (W_1 )^2 = 0 .

Summing up, the naive calculation using only the identification of the Lie algebra g gave only one equation, of fourth order, in the Chern classes, while identification of the prolongation g^{(1)} gives 5 equations, 3 of third order and 2 of fourth order.

Example 3. The compact non-Kähler 4-fold M = SU_3 has c^3_1 ≠ 0 in Dolbeault cohomology [11], so bears no holomorphic Engel plane field.

Example 4. A compact complex manifold with a holomorphic Engel plane field is not of general type.

But we know more, at least in some rough intuitive heuristic form: the Atiyah class of the frame bundle of a complex 4-manifold is computed as a differential form which, in coordinates, has 64 components. But the Atiyah class of an G-bundle is expressed as a differential form with 32 components. Finally, taking into account the prolongation, there are only 14 components.

5. Example: Baum–Bott

Suppose that W ⊂ T M is a holomorphic rank p subbundle of the tangent bundle of a complex manifold M. Denote the complex dimension of M by p + q. Let G ⊂ GL_{p+ q} be the subgroup preserving W := C^p ⊕ 0 ⊂ C^{p+ q}, G_0 the subgroup preserving a complement. Let G → E → M be the G-structure consisting of the pairs (m, u) where m ∈ M and u : T_m M → C^{p+ q} is a complex linear isomorphism for which u(W_m ) = W .

If we let ∇ ( σ^i σ^I ) := d ( σ^i σ^I ) + ( γ^i_j γ^i_J 0 γ^I_J ) ∧ ( σ^i σ^I ) , then, after absorption of torsion, ∇ ( σ^i σ^I ) = 1 2 ( 0 t^I_{jk} σ^j ∧ σ^k ) , so the torsion is t^I_{jk} . We leave the reader to check that the torsion is anchored if and only if it vanishes, which occurs if and only if the subbundle W ⊂ T M is

CHARACTERISTIC FORMS 145

bracket closed, i.e. a holomorphic foliation, and the only possible anchor is t = 0 . We then find that, if we set ∇ ( γ^i_j γ^i_J 0 γ^I_J ) := d ( γ^i_j γ^i_J 0 γ^I_J ) + ( γ^i_k γ^i_K 0 γ^I_K ) ∧ ( γ^k_j γ^k_J 0 γ^K_J )

+ ( ϖ^i_{jk} ∧ σ^k + ϖ^i_{jK} ∧ σ^k ϖ^i_{Jk} ∧ σ^k + ϖ^i_{JK} ∧ σ^k 0 ϖ^I_{Jk} ∧ σ^k + ϖ^I_{JK} ∧ σ^k )

then ∇ ( γ^i_j γ^i_J 0 γ^I_J ) = 0 for any local choice of prolongation pseudoconnection, which is not surprising, as all holomorphic foliations are locally isomorphic. The 1-forms γ^I_J are the holomorphic connection on the normal bundle of each leaf.

Take any GL_q-invariant polynomial P of degree ≥ q + 1 , perhaps valued in a finite dimensional holomorphic GL_q -module. Write, as above,

∇ γ^I_J = dγ^I_J + γ^I_K ∧ γ^K_J .

We find P (∇ γ^I_J ) = P (− γ^I_{JK} ∧ γ^K ) , expands out to have more than q 1-forms ω^K in each term. But there are only q such 1-forms, so P (∇ γ^I_J ) = 0 modulo torsion. The Chern–Simons form is then

T_P = P (γ^I_J , ∇ γ^I_J , . . . , ∇ γ^I_J )

which also vanishes, modulo torsion, if there are more than q 1-forms ω^K in each term, i.e. if P has degree q + 2 or more. We recover the Baum–Bott theorem [ 3] p. 287 for holomorphic folations, with results of Kamber and Tondeur [15]:

Theorem 2. All Chern classes, in Dolbeault cohomology, of the normal bundle of any holomorphic foliation, of degree more than the codimension of the foliation, vanish. All of their associated Chern–Simons classes, in Dolbeault cohomology, of degree at least two more than the codimension of the foliation, vanish.

Again, we stress that this theorem is a direct consequence of the linear algebra computation of g^{(1)} for G ⊂ GL_{p+ q} the stabilizer of a p-dimensional linear subspace.

6. Example: Baum–Bott with volume form

We want to see our theory give rise to new results similar to the Baum–Bott vanishing theorem. If F is a holomorphic foliation on a complex manifold M equipped with a holomorphic volume form, we can write the foliation and volume form together as a holomorphic G-structure where G ⊂ SL_{p+ q} is the group of unimodular complex linear transformations preserving C^p + 0 ⊂ C^{p+ q}. Calculate

146 B. MCKAY

g^{(1)} to see that, in the standard flat geometry, the expression a = − ω^i_{jk} ∧ σ^k becomes − ( ϖ^i_{jk} ∧ σ^k + ϖ^i_{jK} ∧ σ^K ϖ^i_{Jk} ∧ σ^k + ϖ^i_{JK} ∧ σ^K 0 ( ϖ^I_{JK} −^1_{q+1} (δ^I_J ϖ^i_K + δ^I_K ϖ^i_J ) ) ∧ σ^K )

where ϖ^i_j = 0 and ϖ^i_{jk} = ϖ^i_{kj} and ϖ^I_J = 0 and ϖ^I_{JK} = ϖ^I_{KJ} . Therefore if we write c_1 (T F ) = ϖ^i_K ∧ σ^K then the (1,1)-part of this form descends to Dolbeault cohomology to represent c_1 (T F ). Clearly as above

c_1 (T F )^{q+1} = 0 ,

T^{q+2}_{c1 (T F )} = 0

in addition to the results we saw previously from the Baum–Bott theorem.

7. Example: scalar conservation laws

Bryant, Griffiths and Hsu [ 6] constructed out of any scalar conservation law an equivalent G-structure. Their G-structure has structure equations (in a slight alteration of their notation) d σ^1 σ^2 σ^3 = − 2ω_1 0 0 0 ω_1 0 0 ω_2 − ω_1 ∧ σ^1 σ^2 σ^3 + Kσ^2 ∧ σ^3 σ^1 ∧ σ^3 0 . They consider a real scalar conservation law. We will consider a holomorphic scalar conservation law, for which exactly the same derivation yields a holomorphic G-structure. In our notation, σ = σ^1 σ^2 σ^3 ,

γ = 2γ_1 0 0 0 γ_1 0 0 γ_2 − γ_1 ,

γ_0 =

2γ_1 0 0 0 γ_1 0 0 0 − γ_1 , where γ_0 is the projection to the Lie algebra of the maximal reductive subgroup. Take the prolongation of the Lie algebra to get

dγ + γ ∧ γ = −

0 0 0 0 0 0 0 ϖ^3_2 ∧ σ^2 0

= − ϖ ∧ σ ,

modulo torsion. Clearly all Chern classes of the tangent bundle vanish, so a complex 3-manifold which is the phase space of a holomorphic conservation law has all Chern classes of its tangent bundle vanish in Dolbeault cohomology. It is not clear whether

CHARACTERISTIC FORMS 147

the Atiyah class of the tangent bundle vanishes, but a(M, T)^2 = 0 . There is a trivial characteristic class dω_1 = 0 in Dolbeault cohomology, so that the various invariant subbundles of the tangent bundle, forming a flag, have holomorphic connections on their associated graded line bundles. There is a possibly nontrivial characteristic class dω_2 = − ω^3_2 ∧ σ^2, vanishing on the leaves of 0 = σ^2 = σ^3, so on those leaves, the tangent bundle of the 3-fold M pulls back to split into a direct sum, with a holomorphic affine connection.

Clearly the Chern–Simons classes in Dolbeault cohomology T_{c1} , T_{c2} , T_{c3} of the tangent bundle all vanish as well. For example,

(− 2πi )^2 T_{c2} = ω^i_j ∧ ∇ ω^j_i ,

= − tr

2γ1 0 0 0 γ1 0 0 γ2 − γ1 ∧ 0 0 0 0 0 0 0 ϖ^3_2 ∧ σ^2 0 , = 0 .

8. Example: projective Baum–Bott

We modify the discussion above to consider a holomorphic foliation with transverse normal projective connection. Take a rank p holomorphic foliation on a complex manifold M of dimension p + q, with a transverse holomorphic projective connection. From the Baum–Bott theory, every polynomial in Chern classes of degree (as a differential form) exceeding q + 1 vanishes in Dolbeault cohomology. We leave the reader to justify the structure equations: ∇ ( σ^i σ^I ) = 0 and ∇ ( γ^i_j γ^i_J 0 γ^I_J ) = − ( ϖ^i_{jk} ∧ σ^k + ϖ^i_{jK} ∧ σ^K ϖ^i_{Jk} ∧ σ^k + ϖ^i_{JK} ∧ σ^K 0 (δ^I_J ϖ_K + δ^I_K ϖ_J ) ∧ σ^K )

modulo torsion.

The normal bundle of the foliation is the associated vector bundle associated the the representation ρ ( γ^i_j γ^i_J 0 γ^I_J ) = γ^I_J .

The Atiyah class of the normal bundle is therefore represented in Dolbeault cohomology by

∇ γ^I_J = dγ^I_J + γ^I_K ∧ γ^K_J ,

= − δ^I_J ϖ_K ∧ σ^K − ϖ_J ∧ σ^I

modulo torsion.

The example of M = C^p × P^q with the obvious foliation and tranverse projective connection obviously has translations and projective transformations acting transitively on the total space of every prolongation. Looking at the example, the Atiyah class of the normal bundle is just computed precisely as the Atiyah class

148 B. MCKAY

of the tangent bundle of P^q, since it only involves the 1-forms with capital letter superscripts and subscripts. In particular, besides the results from the Baum–Bott theorem, we find:

Theorem 3. Take a holomorphic foliation F of rank p on a complex manifold M of complex dimension p + q, with transverse holomorphic projective connection. If N is the normal bundle, then, in Dolbeault cohomology:

i(q + 1) a(N ) = 2 πI ⊗ c_1 (N ) + 2 πc_1 (N ) ⊗ I

and ( q + 1 k ) c^k_1 (N ) = ( q + 1)^k c_k (N ) .

These equations hold for the tangent bundle of P^q, and so we correctly predict them here; plugging in the structure equations, they pop out.

9. Example: split tangent bundle

Theorem 4. Suppose that G ⊂ GL_n is a reductive linear algebraic group. Take any polynomial which vanishes on the infinitesmal characteristic forms of G as defined in 2.5. Then that polynomial vanishes on the Chern classes in Dolbeault cohomology of any complex manifold which admits a holomorphic G-structure.

Proof. Every holomorphic G-structure is anchored, by splitting g ⊗ C^{n ∗} into irreducible G-modules. We fix one such anchoring of all G-structures and apply Lemma 3. □ We recover [4] p. 3, Lemma 3.1; our proof is longer, but only because we wish to be very explicit in computing the structure equations.

Theorem 5. Suppose that M is a complex manifold and that V ⊂ T M is a holomorphic direct summand of T M. Then the Atiyah class a_V of V lies in H^1(M, V^∗ ⊗ V^∗ ⊗ V). In particular, every class in H^r (M, Ω^r ) given by a polynomial in the Chern classes of V in Dolbeault cohomology vanishes for r exceeding the rank of V.

Proof. Suppose that T M = V ⊕ W. Let E be the set of pairs (m, u) for m ∈ M and u : T_m M → C^n a linear isomorphism taking V_m , W_m to some fixed complementary linear subspaces C^p ⊕ 0,0⊕ C^q ⊂ C^n , n = p+ q, so E is a holomorphic G-structure where G = GL_p × GL_q ⊂ GL_n is the set of linear transformations preserving those subspaces. We prove the stronger result that the Atiyah form of the associated holomorphic G-structure lies in a direct sum. (Roughly speaking, the computation of the Chern classes in Dolbeault cohomology proceeds, as in our general theory above, exactly as if there were no torsion. For a splitting of the tangent bundle, this means as if the splitting V ⊕ W were bracket closed, i.e. locally a product.)

Compute the prolongation:

g^{(1)} = gl^{(1)}_p ⊕ gl^{(1)}_q .

CHARACTERISTIC FORMS 149

The proof is then just to compute the pairing g^{(1)} ⊗ C^n → g to see the Chern form equations. To be more explicit, we work out the complete structure equations. In indices i, j, k, ℓ = 1 , 2, . . . , p , I, J, K, L = p + 1 , p + 2 , . . . , p + q = n , write the structure equations: d ( σ^i σ^I ) + ( γ^i_j 0 0 γ^I_J ) ∧ ( σ^j σ^J ) = 1 2 ( t^i_{JK} σ^J ∧ σ^K t^J_{jk} σ^j ∧ σ^k ) , with anchor being the vanishing of all other torsion components, i.e. we have absorbed torsion. Differentiating the structure equations yields relations on the 1-torsion and 2-torsion:

0 = − (dγ^i_j + γ^i_k ∧ γ^k_j + ϖ^i_{jk} ∧ σ^k ) ∧ σ^j + 1 2 (dt^i_{JK} − t^i_{LK} γ^L_J + t^i_{JL} γ^L_K ) ∧ σ^J ∧ σ^K .

The Atiyah forms of V and of W = T M/V are:

a_V = dγ^i_j + γ^i_k ∧ γ^k_j = − ϖ^i_{jk} ∧ σ^k ,

a_W = dγ^I_J + γ^I_K ∧ γ^K_J = − ϖ^I_{JK} ∧ σ^K , modulo 1-torsion and 2-torsion. There are no capital letter indices in a_V , which is the crucial observation. The Atiyah class a_V in Dolbeault cohomology is represented by differences of these − (ϖ^i_{jk} )^{0,1} ∧ σ^k across local holomophic sections of E. The σ^k on each pulls back to a local holomorphic section of V^∗, while (φ^i_{jk} )^{0,1} pulls back to a local smooth (0,1) section of V^∗ ⊗ V. If we wedge more than p of these together, we wedge together more than p σ^i 1-forms, but there are only p of these. □

10. Conclusion

The reader can construct a purely holomorphic theory of Slovák cohomology for G-structures, by imitation of the theory for Cartan geometries [17].

It remains to define G-structures on singular varieties, generalizing the theory of singular locally Hermitian symmetric varieties, on which some results about characteristic class invariants are known [ 19] which generalize Hirzebruch’s proportionality theorem.

Acknowledgement. Thanks to Francesco Russo for his invitation to carry out this work at the University of Catania.

References

[1] The Sage Developers, Sagemath, the Sage Mathematics Software System (Version 9.2.0), 2021, https: // www. sagemath. org . [2] Atiyah, M.F., Complex analytic connections in fibre bundles , Trans. Amer. Math. Soc. 85 (1957), 181–207.

[3] Baum, P., Bott, R., Singularities of holomorphic foliations , J. Differential Geom. 7 (1972), 279–342.

150 B. MCKAY

[4] Beauville, A., Complex manifolds with split tangent bundle , Complex analysis and algebraic geometry, de Gruyter, Berlin, 2000, pp. 61–70.

[5] Biswas, I., On connections on principal bundles , Arab. J. Math. Sci. 23 (1) (2017), 32–43. [6] Bryant, R., Griffiths, Ph., Hsu, L., Toward a geometry of differential equations , Geometry, topology, & physics, Conf. Proc. Lecture Notes Geom. Topology, IV, Internat. Press, Cambridge, MA, 1995.

[7] Bryant, R.L., Chern, Shiing-Shen, Gardner, R.B., Goldschmidt, H.L., Griffiths, P.A., Exterior differential systems , Springer-Verlag, New York, 1991.

[8] Bryant, R.L., Hsu, L., Rigidity of integral curves of rank 2 distributions , Invent. Math. 114 (2) (1993), 435–461.

[9] Chern, Shiing Shen, Simons, J., Characteristic forms and geometric invariants , Ann. of Math. (2) 99 (1974), 48–69.

[10] Gardner, R.B., The method of equivalence and its applications , CBMS-NSF Regional Conference Series in Applied Mathematics, vol. 58, Society for Industrial and Applied Mathematics (SIAM), Philadelphia, PA, 1989.

[11] Griffiths, Ph.A., On certain homogeneous complex manifolds , Proc. Nat. Acad. Sci. USA 48 (1962), 780–783.

[12] Hilgert, J., Nee, K.-H., Structure and geometry of Lie groups , Springer, New York, 2012. [13] Hochschild, G.P., Basic theory of algebraic groups and Lie algebras , Graduate Texts in Mathematics, Springer-Verlag, New York-Berlin, 1981.

[14] Ivey, T.A., Landsberg, J.M., Cartan for beginners , Graduate Studies in Mathematics, vol.

175, American Mathematical Society, Providence, RI, 2016. [15] Kamber, F.W., Tondeur, Ph., Foliated bundles and characteristic classes , Lecture Notes in Mathematics, vol. 493, Springer-Verlag, Berlin-New York, 1975.

[16] Knapp, A.W., Lie groups beyond an introduction , Progress in Mathematics, Birkhäuser Boston Inc., Boston, MA, 2002.

[17] McKay, B., Characteristic forms of complex cartan geometries ii , arXiv:2206.04495[math.

DG].

[18] McKay, B., Characteristic forms of complex Cartan geometries , Adv. Geom. 11 (1) (2011), 139–168.

[19] Mumford, D., Hirzebruch’s proportionality theorem in the noncompact case , Invent. Math.

42 (1977), 239–272. [20] Presas, F., Solá Conde, L.E., Holomorphic Engel structures , Rev. Mat. Comput. 27 (1) (2014), 327–344.

[21] Sternberg, S., Lectures on differential geometry , Chelsea Publishing Co., New York, 1983, second ed. With an appendix by Sternberg and Victor W. Guillemin.

[22] Varadarajan, V.S., Lie groups, Lie algebras, and their representations , Graduate Texts in Mathematics, vol. 102, Springer-Verlag, New York, 1984, Reprint of the 1974 edition.

School of Mathematical Sciences, Western Gateway Building, Western Road, University College Cork, Cork, Ireland E-mail : b.mckay@ucc.ie