ARCHIVUM MATHEMATICUM (BRNO) Tomus 52 (2016), 91–111

PROLONGATION OF POISSON 2-FORM ON WEIL BUNDLES

Norbert Mahoungou Moukala and Basile Guy Richard Bossoto

Abstract. In this paper, M denotes a smooth manifold of dimension n, A a Weil algebra and M^A the associated Weil bundle. When (M, ω_M ) is a Poisson manifold with 2-form ω_M , we construct the 2-Poisson form ω^A_{M A} , prolongation on M^A of the 2-Poisson form ω_M . We give a necessary and sufficient condition for that M^A be an A-Poisson manifold.

1. Introduction

1.1. Weil algebra and Weil bundle. In what follows, all structures are assumed to be of class C^∞ . We denote by M a smooth differential manifold, C^∞ (M) the algebra of differentiable functions on M and by X(M), the C^∞ (M)-module of vectors field on M .

A Weil algebra is a real, unitary, commutative algebra of finite dimension with a unique maximal ideal of codimension 1 on R, [15]. Let A be a Weil algebra and m be its maximal ideal. We have A = R ⊕ m and the first projection A = R ⊕ m → R is a homomorphism of algebras which is surjective, called augmentation and the unique non zero integer h ∈ N such that m^h ≠ (0) and m^{h +1} = (0) is the height of A, [15].

If M is a smooth manifold, and A a Weil algebra of maximal ideal m, an infinitely near point to x ∈ M of kind A is a homomorphism of algebras

ξ: C^∞ (M ) → A

such that [ξ(f ) − f (x)] ∈ m for any f ∈ C^∞ (M). i.e. the real part of ξ(f ) is exactly f (x), [15].

We denote by M^A_x the set of all infinitely near points to x ∈ M of kind A and M^A = ⋃ x ∈ M

M^A_x the manifold of infinitely near points of kind A. We have

dim M^A = dim M × dim A, [6].

2010 Mathematics Subject Classification : primary 58A20; secondary 58A32, 17D63, 53D17, 53D05.

Key words and phrases : Weil bundle, Weil algebra, Poisson manifold, Lie derivative, Poisson 2-form.

Received September 24, 2015. Editor I. Kolář. DOI: 10.5817/AM2016-2-91

92 N.M. MOUKALA AND B.G.R. BOSSOTO

When both M and N are smooth manifolds and when h : M → N is a differentiable application, then the map h^A : M^A → N^A , ξ → h^A (ξ) , such that, for any g ∈ C^∞ (N ), [ h^A (ξ) ] (g) = ξ(g ∘ h)

is also differentiable. When h is a diffeomorphism, it is the same for h^A , [1].

Moreover, if φ : A → B is a homomorphism of Weil algebras, for any smooth manifold M , the map φ_M : M^A → M^B , ξ → φ ∘ ξ is differentiable. In particular, the augmentation A → R defines for any smooth manifold M , the projection π_M : M^A → M , which assigns every infinitely near point to x ∈ M to its origin x. Thus ( M^A , π_M , M) defines the bundle of infinitely near points or simply Weil bundle (see [ 3], [6], [15], [9]).

If (U, φ ) is a local chart of M with coordinate functions (x_1 , x_2 , . . . , x_n ), the application U^A → A^n , ξ → ( ξ(x_1 ), ξ(x_2 ), . . . , ξ(x_n ) ) , is a bijection from U^A into an open of A^n . The manifold M^A is a smooth manifold modeled over A^n , that is to say an A-manifold of dimension n, [2], [13].

The set, C^∞ (M^A , A) of differentiable functions on M^A with values in A is a commutative, unitary algebra over A. When one identitifies R^A with A, for f ∈ C^∞ (M ), the map f^A : M^A → A , ξ → ξ(f ) is differentiable and the map C^∞ (M ) → C^∞ (M^A , A) , f → f^A , is an injective homomorphism of algebras and we have:

(f + g)^A = f^A + g^A ; (λ ·f )^A = λ ·f^A ; (f ·g)^A = f^A ·g^A for λ ∈ R, f , g ∈ C^∞ (M ).

We denote X(M^A ), the set of all vector fields on M^A . According to [ 2], [8] we have the following equivalent assertions:

Theorem 1. The following assertions are equivalent:

(1) A vector field on M^A is a differentiable section of the tangent bundle (T M^A , π_M A , M^A ).

(2) A vector field on M^A is a derivation of C^∞ (M^A ). (3) A vector field on M^A is a derivation of C^∞ (M^A , A) which is A-linear.

PROLONGATION OF POISSON 2-FORM ON WEIL BUNDLES 93

(4) A vector field on M^A is a linear map X : C^∞ (M) → C^∞ (M^A , A) such that

X (f ·g) = X (f ) ·g^A + f^A ·X (g) , for any f, g ∈ C^∞ (M ) . Consequently [8], Theorem 2. The map

X(M^A ) × X(M^A ) −→ X(M^A ), (X, Y ) −→ [X, Y ] = X ∘ Y − Y ∘ X is skew-symmetric A-bilinear and defines a structure of A-Lie algebra over X(M^A ).

Thus, if Der_A [C^∞ (M^A , A)] denotes the C^∞ (M^A , A)-module of derivations of C^∞ (M^A , A) which are A-linear, a vector field on M^A is a derivation of C^∞ (M^A , A) which is A-linear i.e. a A-linear map X : C^∞ (M^A , A) → C^∞ (M^A , A) such that

X (φ ·ψ ) = X (φ ) ·ψ + φ ·X (ψ ), for any φ, ψ ∈ C^∞ (M^A , A) . Thus, we have X(M^A ) = Der_A [ C^∞ (M^A , A) ] . Proposition 1 ([2], [8]). If θ: C^∞ (M) → C^∞ (M) is a vector field on M, then there exists one and only one A-linear derivation θ^A : C^∞ (M^A , A) → C^∞ (M^A , A) such that θ^A (f^A ) = [ θ(f )]^A for any f ∈ C^∞ (M ). Proposition 2 ([2], [8]). If θ, θ_1 and θ_2 are vector fields on M and if f ∈ C^∞ (M), then we have:

(1) (θ_1 + θ_2 )^A = θ^A_1 + θ^A_2 ; (2) (f ·θ)^A = f^A ·θ^A ; (3) [θ_1 , θ_2 ]^A = [ θ^A_1 , θ^A_2 ].

Corollary 1. The map X(M ) → Der_A [ C^∞ (M^A , A) ] , θ → θ^A is an injective homomorphism of R-Lie algebras. If μ : A → A, is a R-endomorphism, and θ: C^∞ (M ) → C^∞ (M ) a vector field on M , then θ^A (μ ∘ f^A ) = μ ∘ [ θ(f )

]_A

for any f ∈ C^∞ (M ) .

94 N.M. MOUKALA AND B.G.R. BOSSOTO

1.2. Poisson manifold. We recall that a Poisson structure on a smooth manifold M is due to the existence of a bracket { , }_M on C^∞ (M) such that the pair (C^∞ (M ), { , }_M ) is a real Lie algebra such that, for any f ∈ C^∞ (M ) the map

ad( f ): C^∞ (M ) → C^∞ (M ) , g → { f, g }_M

is a derivation of commutative algebra i.e.

{ f, g ·h}_M = { f, g }_M ·h + g · {f, h }_M

for f , g, h ∈ C^∞ (M). In this case we say that C^∞ (M) is a Poisson algebra and M is a Poisson manifold ([5], [14], [11]).

Let Ω_R [C^∞ (M )] be the C^∞ (M )-module of Kähler differentials of C^∞ (M ) and

δ_M : C^∞ (M ) → Ω_R [C^∞ (M )] , f → f ⊗ 1_C ∞_{(M )} − 1_C ∞_{(M )} ⊗ f

the canonical derivation which the image of δ_M generates the C^∞ (M)-module Ω_R [C^∞ (M )] i.e. for x ∈ Ω_R [C^∞ (M )], x = ∑ i ∈ I : finite

f_i ·δ_M (g_i ) ,

with f_i , g_i ∈ C^∞ (M ) for any i ∈ I ([4], [11], [10]).

The manifold M is a Poisson manifold if and only if there exists a skew-symmetric 2-form ω_M : Ω_R [ C^∞ (M ) ] × Ω_R [ C^∞ (M ) ] → C^∞ (M ) such that for any f and g in C^∞ (M ),

{ f, g }_M = − ω_M [ δ_M (f ), δ_M (g) ] defines a structure of Lie algebra over C^∞ (M), [11], [10]. In this case, we say that ω_M is the Poisson 2-form of the Poisson manifold M and we denote (M, ω_M ) the Poisson manifold of Poisson 2-form ω_M .

The main goal of this paper is to study the prolongation of the Poisson 2-form ω_M of Poisson manifold on Weil bundles.

2. The algebra of Kähler forms on C^∞ (M^A , A) Definition 1. The C^∞ (M^A )-module of Kähler differentials of C^∞ (M^A ) is the set

Ω_R [ C^∞ (M^A ) ] = J J^2 where J is the C^∞ (M^A )-submodule of C^∞ (M^A ) ⨂ R C^∞ (M^A ) generated by the

elements of the form F ⊗ 1_C ∞_{(M} A_) − 1_C ∞_{(M} A_) ⊗ F with F ∈ C^∞ (M^A ). Thus, the map d_M A : C^∞ (M^A ) → Ω_R [C^∞ (M^A )], F → F ⊗ 1_C ∞_{(M} A_) − 1_C ∞_{(M} A_) ⊗ F

is a derivation and the image of d_M A generates Ω_R [C^∞ (M^A )].

PROLONGATION OF POISSON 2-FORM ON WEIL BUNDLES 95

The A-algebra C^∞ (M^A , A) ⨂ A C^∞ (M^A , A) admits a structure of C^∞ (M^A , A)- -module defined by the homomorphism of A-algebras

C^∞ (M^A , A) → C^∞ (M^A , A) ⊗_A C^∞ (M^A , A), φ → φ ⊗ 1_C ∞_{(M} A_{,A )} . In this case, we say that C^∞ (M^A , A) ⨂ A C^∞ (M^A , A) admits a structure of C^∞ (M^A , A)-module defined by the first factor. The second factor is defined by C^∞ (M^A , A) → C^∞ (M^A , A) ⊗_A C^∞ (M^A , A) , φ → 1_C ∞_{(M} A_{,A )} ⊗ φ .

The map

C^∞ (M^A , A) × C^∞ (M^A , A) → C^∞ (M^A , A) , (φ, ψ ) → φ ·ψ being A-bilinear, then there exists a unique A-linear map m : C^∞ (M^A , A) ⊗_A C^∞ (M^A , A) → C^∞ (M^A , A) such that m(φ ⊗ ψ ) = φ ·ψ .

The kernel of m is the C^∞ (M^A , A)-submodule of C^∞ (M^A , A) ⊗ C^∞ (M^A , A) generated by the elements of the form φ ⊗ 1_C ∞_{(M} A_{,A )} − 1_C ∞_{(M} A_{,A )} ⊗ φ with φ ∈ C^∞ (M^A , A).

We denote Ω_A [C^∞ (M^A , A)], the C^∞ (M^A , A)-module of Kähler differentials of C^∞ (M^A , A) which are A-linears. In this case, for φ ∈ C^∞ (M^A , A), we denote φ ⊗ 1_C ∞_{(M} A_{,A )} − 1_C ∞_{(M} A_{,A )} ⊗ φ , the class of φ ⊗ 1_C ∞_{(M} A_{,A )} − 1_C ∞_{(M} A_{,A )} ⊗ φ in C^∞ (M^A , A).

The map C^∞ (M ) → Ω_A [ C^∞ (M^A , A) ] , f → f^A ⊗ 1_C ∞_{(M} A_{,A )} − 1_C ∞_{(M} A_{,A )} ⊗ f^A is a derivation. Thus, Proposition 3. There exists a unique A-linear derivation δ^A_M A : C^∞ (M^A , A) → Ω_A [ C^∞ (M^A , A) ] such that δ^A_M A (f^A ) = [ δ_M (f )

]_A

for any f ∈ C^∞ (M ). Proof. Let

δ^A_M A : C^∞ (M^A , A)^{σ − 1}−−→ A ⊗ C^∞ (M^A )^{id A ⊗ d M A}

−−−−−−→ A ⊗ Ω_R [ C^∞ (M^A )

]_ϖ −→ Ω_A [ C^∞ (M^A , A) ] be that map, where

σ^{− 1} : φ =

dim A ∑ α =1

(a^∗_α ∘ φ ) ·a_α −→

dim A ∑ α =1

a_α ⊗ (a^∗_α ∘ φ )

96 N.M. MOUKALA AND B.G.R. BOSSOTO

with (a_α )_{α =1 ,..., dim A} a basis of A and (a^∗_α )_{α =1 ,..., dim A} the dual basis of the basis

(a_α )_{α =1 ,..., dim A} ,

id_A ⊗ d_M A :

dim A ∑ α =1

a_α ⊗ (a^∗_α ∘ φ ) →

dim A ∑ α =1

a_α ⊗ d_M A (a^∗_α ∘ φ )

= dim A ∑ α =1

a_α ⊗ [ (a^∗_α ∘ φ ) ⊗ 1_C ∞_{(M} A_) − 1_C ∞_{(M} A_) ⊗ (a^∗_α ∘ φ ) ] ,

ϖ : dim A ∑ α =1

a_α ⊗ d_M A (a^∗_α ∘ φ )

−→ dim A ∑ α =1 [ (a^∗_α ∘ φ )a_α ⊗ 1_C ∞_{(M} A_{,A )} − 1_C ∞_{(M} A_{,A )} ⊗ (a^∗_α ∘ φ )a_α ] . Thus,

δ^A_M A (φ ) = [ ϖ ∘ (id_A ⊗ d_M A ) ∘ σ^{− 1} ](φ ) = dim A ∑ α =1 [ (a^∗_α ∘ φ )a_α ⊗ 1_C ∞_{(M} A_{,A )} − 1_C ∞_{(M} A_{,A )} ⊗ (a^∗_α ∘ φ )a_α ] .

For any φ , ψ ∈ C^∞ (M^A , A), we have

δ^A_M A (φ + ψ ) = [ ϖ ∘ (id_A ⊗ d_M A ) ∘ σ^{− 1} ] (φ + ψ ) = [ ϖ ∘ (id_A ⊗ d_M A ) ]( σ^{− 1} (φ ) + σ^{− 1} (ψ ) ) = [ ϖ ∘ (id_A ⊗ d_M A ) ]( σ^{− 1} (φ ) ) + [ ϖ ∘ (id_A ⊗ d_M A ) ]( σ^{− 1} (ψ ) ) = [ ϖ ∘ (id_A ⊗ d_M A ) ∘ σ^{− 1} ] (φ ) + [ ϖ ∘ (id_A ⊗ d_M A ) ∘ σ^{− 1} ] (ψ )

= δ^A_M A (φ ) + δ^A_M A (ψ ) .

For any φ ∈ C^∞ (M^A , A) and a ∈ A, we have

δ^A_M A (a ·φ ) = [ ϖ ∘ (id_A ⊗ d_M A ) ∘ σ^{− 1} ] (a ·φ ) = [ ϖ ∘ (id_A ⊗ d_M A ) ]( σ^{− 1} (a ·φ ) ) = [ ϖ ∘ (id_A ⊗ d_M A ) ]( a ·σ^{− 1} (φ ) ) = a · [ ϖ ∘ (id_A ⊗ d_M A ) ]( σ^{− 1} (φ ) ) = a ·δ^A_M A (φ ) .

PROLONGATION OF POISSON 2-FORM ON WEIL BUNDLES 97

For any φ , ψ ∈ C^∞ (M^A , A), we have

δ^A_M A (φ ·ψ ) = [ ϖ ∘ (id_A ⊗ d_M A ) ∘ σ^{− 1} ] (φ ·ψ ) = [ ϖ ∘ (id_A ⊗ d_M A ) ]( σ^{− 1} (φ ·ψ ) ) = [ ϖ ∘ (id_A ⊗ d_M A ) ]( σ^{− 1} (φ ) ·σ^{− 1} (ψ ) ) = [ ϖ ∘ (id_A ⊗ d_M A ) ]( σ^{− 1} (φ ) ) ·ψ + φ · [ ϖ ∘ (id_A ⊗ d_M A ) ]( σ^{− 1} (ψ ) ) = [ ϖ ∘ (id_A ⊗ d_M A ) ∘ σ^{− 1} ] (φ ) ·ψ + φ · [ ϖ ∘ (id_A ⊗ d_M A ) ∘ σ^{− 1} ] (ψ )

= [ ϖ ∘ (id_A ⊗ d_M A ) ∘ σ^{− 1} ](φ ) + [ ϖ ∘ (id_A ⊗ d_M A ) ∘ σ^{− 1} ](ψ )

= δ^A_M A (φ ) ·ψ + φ ·δ^A_M A (ψ ) . As δ_M : C^∞ (M ) → Ω_R [ C^∞ (M ) ] is a derivation, then the map

C^∞ (M ) → Ω_A [ C^∞ (M^A , A) ] , f → [ δ_M (f )

]_A

is a derivation. Thus, for any f ∈ C^∞ (M )

δ^A_M A (f^A ) = ϖ ∘ (id_A ⊗ d_M A ) ∘ σ^{− 1} (f^A ) = dim A ∑ α =1 [ (a^∗_α ∘ f^A )a_α ⊗ 1_C ∞_{(M} A_{,A )} − 1_C ∞_{(M} A_{,A )} ⊗ (a^∗_α ∘ f^A )a_α ]

= dim A ∑ α =1

(a^∗_α ∘ f^A )a_α ⊗ 1_C ∞_{(M} A_{,A )} − 1_C ∞_{(M} A_{,A )} ⊗

dim A ∑ α =1

(a^∗_α ∘ f^A )a_α

= f^A ⊗ 1_C ∞_{(M} A_{,A )} − 1_C ∞_{(M} A_{,A )} ⊗ f^A = [ f ⊗ 1_C ∞_{(M )} − 1_C ∞_{(M )} ⊗ f

]_A

i.e.

δ^A_M A (f^A ) = [ δ_M (f )

]_A . □ Proposition 4. The map

Ω_R [ C^∞ (M ) ] → Ω_A [C^∞ (M^A , A)] , x → x^A

is an injective homomorphism of R-modules.

Proof. Let

Ψ: Ω_R [ C^∞ (M ) ] → Ω_A [ C^∞ (M^A , A) ] , x → x^A

be that map. □

98 N.M. MOUKALA AND B.G.R. BOSSOTO

For any x, y ∈ Ω_R [C^∞ (M )], Ψ( x + y) = ( x + y)^A = ( ∑ i ∈ I : finite

f_i ·δ_M (f^′_i ) + ∑ j ∈ I : finite

g_j ·δ_M (g^′_j )

)_A

= ( ∑ i ∈ I : finite

f_i ·δ_M (f^′_i )

)_A + ( ∑ j ∈ I : finite

g_j ·δ_M (g^′_j )

)_A

= x^A + y^A . For any x ∈ Ω_R [C^∞ (M )] and for λ ∈ R, Ψ( λ ·x) = ( λ ·x)^A = ( λ · ∑ i ∈ I : finite

f_i ·δ_M (f^′_i )

)_A

= λ · ( ∑ i ∈ I : finite

f_i ·δ_M (f^′_i )

)_A

= λ ·x^A . The pair (Ω_A [C^∞ (M^A , A)], δ^A_{M A} ) satisfies the following universal property: for every C^∞ (M^A , A)-module E and every A-derivation Φ: C^∞ (M^A , A) → E , there exists a unique C^∞ (M^A , A)-linear map ~Φ: Ω_A [C^∞ (M^A , A)] → E such that ~Φ ∘ δ^A_{M A} = Φ .

In other words, there exists a unique ~Φ which makes the following diagram commutative Ω_A [C^∞ (M^A , A)] ~Φ � � � � �

C^∞ (M^A , A)

δ^A_{M A} �

Φ �E .

This fact implies the existence of a natural isomorphism of C^∞ (M^A , A)-modules Hom_C ∞_{(M} A_{,A )} ( Ω_A [C^∞ (M^A , A)], E ) → Der_A [C^∞ (M^A , A)], E ), ψ −→ ψ ∘ δ^A_M A .

In particular, if E = C^∞ (M^A , A), we have Ω_A [C^∞ (M^A , A)]^∗ ≃ Der_A [C^∞ (M^A , A)] = X(M^A ) .

PROLONGATION OF POISSON 2-FORM ON WEIL BUNDLES 99

For any p ∈ N, Λ^p(Ω_A [C^∞ (M^A , A)]) = L^p_{sks} (Ω_A [C^∞ (M^A , A)], C^∞ (M^A , A)) denotes the C^∞ (M^A , A)-module of skew-symmetric multilinear forms of degree p from Ω_A [C^∞ (M^A , A)] into C^∞ (M^A , A) and Λ ( Ω_A [C^∞ (M^A , A)] ) = ⨁ p∈ N

Λ^p ( Ω_A [C^∞ (M^A , A)] )

the exterior C^∞ (M^A , A)-algebra of Ω_A [C^∞ (M^A , A)]. Λ^0 ( Ω_A [C^∞ (M^A , A)] ) = C^∞ (M^A , A) , Λ^1 ( Ω_A [C^∞ (M^A , A)] ) = Ω_A [ C^∞ (M^A , A)

]_∗ . We denote, δ^A_M A = δ_M A : Λ ( Ω_A [C^∞ (M^A , A)] ) → Λ ( Ω_A [C^∞ (M^A , A)] ) a unique derivation, of degree +1 , which extends the canonical derivation δ^0_M A : C^∞ (M^A , A) → Ω_A [C^∞ (M^A , A)] .

For any φ , ψ , ψ_1 , ψ_2 , . . . , ψ_p ∈ C^∞ (M^A , A) and ω ∈ Ω_A [C^∞ (M^A , A)]^∗ , we get

1. δ_M A (φ ·δ_M A (ψ_1 ) ∧ · · · ∧δ_M A (ψ_p ) = δ_M A (φ ) ∧ δ_M A (ψ_1 ) ∧ · · · ∧δ_M A (ψ_p ).

2. δ^1_{M A} [ψ ·δ^0_{M A} (φ )] = δ^0_{M A} (ψ ) ∧ δ^0_{M A} (φ ).

3. δ^1_{M A} (φ ·ω ) = δ^0_{M A} (φ ) ∧ ω + φ ·δ^1_{M A} (ω ). Proposition 5. If η ∈ Λ^p (Ω_R [C^∞ (M )]), then η^A ∈ Λ^p (Ω_A [C^∞ (M^A , A)]). Proof. Indeed, for any η ∈ Λ^p(Ω_R[C^∞ (M)]), η is of the form δ_M (f_1)∧ · · · ∧δ_M (f_p) with f_1 , f_2 , . . . , f_p ∈ C^∞ (M ). η^A = [ δ_M (f_1 ) ∧ · · · ∧δ_M (f_p )]^A = [ δ_M (f_1 )]^A ∧ · · · ∧[δ_M (f_p )]^A = δ^0_M A (f^A_1 ) ∧ · · · ∧δ^0_M A (f^A_p ) .

Thus, the C^∞ (M^A , A)-module Λ^p(Ω_A [C^∞ (M^A , A)]) is generated by elements of the form η^A = δ^0_M A (φ_1 ) ∧ · · · ∧δ^0_M A (φ_p ) with φ_1 = f^A_1 , . . . , φ_p = f^A_p ∈ C^∞ (M^A , A). □ The algebra Λ ( Ω_A [C^∞ (M^A , A)] ) = ⨁ p∈ N

Λ^p ( Ω_A [C^∞ (M^A , A)] )

is the algebra of Kähler forms on C^∞ (M^A , A).

The pair (Λ(Ω_A [C^∞ (M^A , A)], δ^A_{M A} )) is a differential complex and the map A × Ω_R [C^∞ (M )] −→ Ω_A [C^∞ (M^A , A)], (a, x ) −→ a ·x^A

100 N.M. MOUKALA AND B.G.R. BOSSOTO

induces the morphism of the differential complex (A ⨂ Λ(Ω_R[C^∞ (M)]), id_A ⊗ δ_M )) into the differential complex (Λ(Ω_A [C^∞ (M^A , A)]), δ^A_{M A} ).

3. Lie derivative with respect to a derivation on M^A Let θ: C^∞ (M ) → C^∞ (M ) be a derivation and σ_θ : [ Ω_R [C^∞ (M )]

]_p −→ Λ^p ( Ω_R [C^∞ (M )] ) , be the C^∞ (M)-skew-symmetric multilinear map such that for any x_1 , x_2 , . . . , x_p ∈ Ω_R [C^∞ (M )],

σ_θ (x_1 , x_2 , . . . , x_p ) = p∑ i =1

(− 1)^{i − 1} ~θ(x_i ) ·x_1 ∧ · · · ∧ ^x_i ∧ · · · ∧x_p ,

where ~θ: Ω_R [C^∞ (M )] → C^∞ (M ) is a unique C^∞ (M )-linear map such that ~θ ∘ δ_M = θ. Then, σ^A_θA : [ Ω_A [C^∞ (M^A , A)]

]_p → Λ^p ( Ω_A [C^∞ (M^A , A)] ) is a unique C^∞ (M^A , A)-skew-symmetric multilinear map such that σ^A_θA (x^A_1 , x^A_2 , . . . , x^A_p ) = [ σ_θ (x_1 , x_2 , . . . , x_p )]^A .

We denote ~σ A_{θA} : Λ p (Ω_A [C ∞ (M A , A)] → Λ p− 1 (Ω_A [C ∞ (M A , A)]) , the unique C^∞ (M^A , A)-skew-symmetric multilinear map such that ~σ A_{θA} (xA_1 ∧ xA_2 ∧ · · · ∧xA_p ) = σ A_{θA} (xA_1 , xA_2 , . . . , xA_p ) i.e. σ^A_{θA} induces a derivation i_θA = ~σ^A_{θA} : Λ(Ω_A [C^∞ (M^A , A)]) → Λ ( Ω_A [C^∞ (M^A , A)] ) of degree − 1. Proposition 6. For any θ ∈ Der_R[C^∞ (M)] and for any η ∈ Λ^p(Ω_R[C^∞ (M)]), we have i_θA (η^A ) = [ i_θ (η)]^A .

Proof. If η ∈ Λ^p(Ω_R[C^∞ (M)]), then there exists f_1 , f_2 , . . . , f_p ∈ C^∞ (M), such that η = δ_M (f_1 ) ∧ · · · ∧δ_M (f_p ). Thus,

i_θA (η^A ) = i_θA ( [δ_M (f_1 ) ∧ · · · ∧δ_M (f_p )]^A ) = i_θA ([δ_M (f_1 )]^A ∧ · · · ∧[δ_M (f_p )]^A ) = σ^A_θA ( [δ_M (f_1 )]^A , . . . , [δ_M (f_p )]^A )

PROLONGATION OF POISSON 2-FORM ON WEIL BUNDLES 101

= [ σ_θ (δ_M (f_1 ), . . . , δ_M (f_p ))

]_A = [ i_θ (δ_M (f_1 ) ∧ · · · ∧δ_M (f_p )

]_A ) = [ i_θ (η)

]_A . For p = 1 , we have

i_θA = ~σ^A_{θA} : Λ^1 ( Ω_A [C^∞ (M^A , A)] ) = Ω_A [C^∞ (M^A , A)]^∗ → Λ^0 (Ω_A [C^∞ (M^A , A)]) = C^∞ (M^A , A) , and for any y ∈ Ω_R [C^∞ (M )], i_θA (y^A ) = ~θ^A (y^A ) .

For p = 2 , we have σ^A_θA : Ω_A [ C^∞ (M^A , A) ] × Ω_A [ C^∞ (M^A , A) ] → C^∞ (M^A , A) and for any x, y ∈ Ω_R [C^∞ (M )], σ^A_θA (x^A , y^A ) = ~θ^A (x^A ) ·y^A − ~θ^A (y^A ) ·x^A .

Thus, the map i_θA : Λ^2 ( Ω_A [C^∞ (M^A , A)] ) → Ω_A [ C^∞ (M^A , A)

]_∗

is the unique C^∞ (M^A , A)-linear map such that i_θA (x^A ∧ y^A ) = σ^A_θA (x^A , y^A ) = ~θ^A (x^A ) ·y^A − ~θ^A (y^A ) ·x^A . □ Definition 2. The Lie derivative with respect to D ∈ Der_A [C^∞ (M^A , A)] is the derivation of degree 0

L_D = i_D ∘ δ^A_M A + δ^A_M A ∘ i_D : Λ ( Ω_A [C^∞ (M^A , A)] ) → Λ ( Ω_A [C^∞ (M^A , A)] ) . Proposition 7. For any θ ∈ X(M ), the map L_θA : Λ ( Ω_A [C^∞ (M^A , A)] ) → Λ ( Ω_A [C^∞ (M^A , A)] ) is a unique A-linear derivation such that L_θA (η^A ) = [ L_θ (η)]^A , for any η ∈ Λ(Ω_R [C^∞ (M )]).

102 N.M. MOUKALA AND B.G.R. BOSSOTO

Proof. For any η ∈ Λ(Ω_R [C^∞ (M )]), we have

L_θA (η^A ) = i_θA [ δ^A_M A (η^A ) ] + δ^A_M A [ i_θA (η^A ) ] = i_θA ( [δ_M (η)]^A ) + δ^A_M A ( [i_θ (η)]^A ) = ( i_θ [δ_M (η)]

)_A + ( δ_M [i_θ (η)]

)_A = ( i_θ [δ_M (η)] + δ_M [i_θ (η)]

)_A = [ L_θ (η)

]_A . □ Proposition 8. For any θ ∈ X(M), for any x ∈ Ω_R[C^∞ (M)] and for any f ∈

C^∞ (M ), we have

(1) L_f A_{·θ}A (x^A ) = [ L_{f ·θ} (x)]^A .

(2) L_θA (f^A ·x^A ) = [ L_θ (f ·x)]^A .

(3) L_θA [ δ^A_{M A} (f^A ) ] = [ L_θ (δ_M (f ))

]_A .

Proof. For any θ ∈ X(M), for any x ∈ Ω_R[C^∞ (M)] and for any f ∈ C^∞ (M), we

have

1. L_f A_{·θ}A (x^A ) = i_f A_{·θ}A [ δ^A_M A (x^A ) ] + δ^A_M A [ i_f A_{·θ}A (x^A ) ] = f^A ·i_θA [ δ^A_M A (x^A ) ] + δ^A_M A [ f^A ·i_θA (x^A ) ] = f^A ·i_θA ( [δ_M (x)]^A ) + δ^A_M A (f^A ·[i_θ (x)]^A )

= f^A ·i_θA ([δ_M (x)]^A ) + i_θA (x^A ) ·δ^A_M A (f^A ) + f^A ·δ^A_M A [ i_θA (x^A ) ] = f^A ·(i_θ [δ_M (x)])^A + [ i_θ (x)]^A ·[δ_M (f )]^A + f^A ·(δ_M [i_θ (x)])^A

= ( f ·i_θ [δ_M (x)] + i_θ (x) ·δ_M (f ) + f ·δ_M [i_θ (x)])^A

= ( f ·i_θ [δ_M (x)] + δ_M (f ·[i_θ (x)])^A

= ( i_{f ·θ} [δ_M (x)] + δ_M [i_{f ·θ} (x)])^A

= [ L_{f ·θ} (x)]^A .

Thus, L_{f A ·θA} (x^A ) = [ L_{f ·θ} (x)]^A .

2. L_θA (f^A ·x^A ) = i_θA [ δ^A_M A (f^A ·x^A ) ] + δ^A_M A [ i_θA (f^A ·x^A ) ] = i_θA [ δ^A_M A (f^A )Λ x^A + f^A ·δ^A_M A (x^A ) ] + δ^A_M A [ f^A ·i_θA (x^A ) ] = θ^A (f^A ) ·x^A − δ^A_M A (f^A ) ·~θ^A (x^A ) + f^A ·θ^A (x^A )

+ δ^A_M A (f^A ) ·~θ^A (x^A ) + f^A ·δ^A_M A [ i_θA (x^A ) ]

PROLONGATION OF POISSON 2-FORM ON WEIL BUNDLES 103

= ( θ(f ) ·x − δ_M (f ) ·~θ(x) + f ·θ(x)

+ δ_M (f ) ·~θ(x) + f ·δ_M [ i_θ (x)

])_A = ( i_θ [ δ_M (f )Λ x + f ·δ_M (x) ] + δ_M [ f ·i_θ (x)

])_A = ( i_θ [ δ_M (f ·x) ] + δ_M [ i_θ (f ·x)

])_A = [ L_θ (f ·x)

]_A .

3. L_θA [ δ^A_M A (f^A ) ] = i_θA [ δ^A_M A (δ^A_M A (f^A )) ] + δ^A_M A [ i_θA (δ^A_M A (f^A )) ] = 0 + δ^A_M A [ θ^A (f^A ) ] = δ^A_M A ([θ(f )]^A ) = ( δ_M [θ(f )]

)_A

= (0 + δ_M [θ(f )])^A = ( i_θ [δ_M (δ_M (f ))] + δ_M [i_θ (δ_M (f ))]

)_A = [ L_θ (δ_M (f ))

]_A . □ Proposition 9. For any D ∈ Der_A [C^∞ (M^A , A)], X ∈ Ω_A [C^∞ (M^A , A)], and

φ ∈ C^∞ (M^A , A), we have

(1) L_{φ ·D} (X ) = φ ·L_D (X ) + ~D (X ) ·δ^A_{M A} (φ ) ;

(2) L_D (φ ·X ) = D (φ ) ·X + φ ·L_D (X );

(3) L_D [ δ^A_{M A} (φ ) ] = δ^A_{M A} [ D (φ ) ] . Proof. For any D ∈ Der_A [C^∞ (M^A , A)], X ∈ Ω_A [C^∞ (M^A , A)], and φ ∈ C^∞ (M^A , A),

we have

1. L_{φ ·D} (X ) = i_{φ ·D} [δ^A_M A (X )] + δ^A_M A [i_{φ ·D} (X )]

= φ ·i_D [ δ^A_M A (X ) ] + δ^A_M A [ φ ·i_D (X ) ] = φ ·i_D [ δ^A_M A (X ) ] + i_D (X ) ·δ^A_M A (φ ) + φ ·δ^A_M A [ i_D (X ) ] = φ ·L_D (X ) + ~D (X ) ·δ^A_M A (φ ) .

104 N.M. MOUKALA AND B.G.R. BOSSOTO

2. L_D (φ ·X ) = i_D [ δ^A_M A (φ ·X ) ] + δ^A_M A [ i_D (φ ·X ) ] = i_D [ δ^A_M A (φ )Λ X + φ ·δ^A_M A (X ) ] + δ^A_M A [ φ ·i_D (X ) ] = ~D [δ^A_M A (φ )] ·X − δ^A_M A (φ ) · ~D (X ) + φ ·i_D [δ^A_M A (X )] + δ^A_M A (φ ) · ~D (X ) + φ ·δ^A_M A [i_D (X )] = D (φ ) ·X + φ ·i_D [δ^A_M A (X )] + φ ·δ^A_M A [i_D (X )] = D (φ ) ·X + φ ·(i_D [δ^A_M A (X )] + δ^A_M A [i_D (X )]) = D (φ ) ·X + φ ·L_D (X ) .

3. L_D [δ^A_M A (φ )] = i_D [ δ^A_M A ( δ^A_M A (φ ) )] + δ^A_M A [ i_D ( δ^A_M A (φ ) )] = 0 + δ^A_M A [ ~ D ∘ δ^A_M A (φ ) ] = δ^A_M A [ D (φ ) ] . □ 4. The Poisson 2-form on Weil bundles We recall that, when M is a smooth manifold, A a Weil algebra and M^A the associated Weil bundle, the A-algebra C^∞ (M^A , A) is a Poisson algebra over A if there exists a bracket { , } on C^∞ (M^A , A) such that the pair (C^∞ (M^A , A), { , }) is a Lie algebra over A satisfying { φ, ψ_1 ·ψ_2 } = { φ, ψ_1 } ·ψ_2 + ψ_1 · {φ, ψ_2 } for any φ , ψ_1, ψ_2 ∈ C^∞ (M^A , A). When C^∞ (M^A , A) is a Poisson A-algebra, we will say that the manifold M^A is a A-Poisson manifold [1],[7].

When (M, { , }) is a Poisson manifold, the map ad: C^∞ (M ) → Der_R [C^∞ (M )] , f → ad( f ) such that [ad(f )] (g) = { f, g } for any g ∈ C^∞ (M ), is a derivation. Thus: Proposition 10. There exists a derivation ad^A : C^∞ (M^A , A) → Der_A [C^∞ (M^A , A)] such that ad^A (f^A ) = [ad( f )]^A .

Let’s consider the following diagram commutative:

C^∞ (M^A , A) ~^τ �Der_A [C^∞ (M^A , A)]

C^∞ (M )

γ_M � ad �Der_R [C ∞ (M )] Φ �

i.e. ~τ ∘ γ_M = Φ ∘ ad ,

PROLONGATION OF POISSON 2-FORM ON WEIL BUNDLES 105

where γ_M : C^∞ (M ) → C^∞ (M^A , A), f −→ f^A and Φ: Der_R [C^∞ (M )] → Der_A [C^∞ (M^A , A)], θ → θ^A .

For any f ∈ C^∞ (M ), we have ~τ ∘ γ_M (f ) = ~τ(f^A ) and Φ ∘ ad( f ) = Φ[ad( f )] = [ad( f )]^A .

Thus, there exists ad^A = ~τ such that ad^A (f^A ) = [ad( f )]^A . As ad^A : C^∞ (M^A , A) → Der_A [C^∞ (M^A , A)] is a derivation, then there exists a unique C^∞ (M^A , A)-linear map ~ad A : Ω_A [C ∞ (M A , A)] → Der_A [C ∞ (M A , A)] such that ~ad A ∘ δA_{M A} = ad A .

Let’s consider the canonical isomorphism

σ_M A : Ω_A [C^∞ (M^A , A)]^∗ −→ Der_A [C^∞ (M^A , A)], Ψ −→ Ψ ∘ δ^A_M A and let

σ^{− 1}_{M A} ∘ ~ad^A : Ω_A [C^∞ (M^A , A)]

~_{ad} A −−→ Der_A [C^∞ (M^A , A)]^σ − 1 M A −−−→ Ω_A [C^∞ (M^A , A)]^∗ be the map. Proposition 11. If (M, ω_M ) is a Poisson manifold, then the map, ω^A_M A : Ω_A [C^∞ (M^A , A)] × Ω_A [ C^∞ (M^A , A) ] → C^∞ (M^A , A) such that for any X , Y ∈ Ω_A [C^∞ (M^A , A)] ω^A_M A (X, Y ) = − [ σ^{− 1}_{M A} ∘ ~ad^A (X ) ] (Y) is a skew-symmetric 2-form on Ω_A [C^∞ (M^A , A)] such that ω^A_M A (x^A , y^A ) = [ ω_M (x, y)

]_A , for any x and y in Ω_R [C^∞ (M )].

106 N.M. MOUKALA AND B.G.R. BOSSOTO

Proof. For any X ∈ Ω_A [C^∞ (M^A , A)], we have X = ∑ i ∈ I : fini

φ_i ·δ^A_{M A} (ψ_i), with

φ_i ∈ C^∞ (M^A , A), ψ_i ∈ C^∞ (M^A , A).

ω_M A (X, X ) = − [ σ^{− 1}_{M A} ∘ ~ad^A (X ) ] (X ) = − ∑ j ∈ I : finite

φ_j · [ σ^{− 1}_{M A} ∘ ~ad^A (X ) ] δ^A_M A (ψ_j ) = − ∑ j ∈ I : finite

φ_j · [~ ad^A (X ) ] (ψ_j ) = − ∑ j,k ∈ I : finite

φ_j ·φ_k · [~ ad^A (δ^A_M A (ψ_k )) ] (ψ_j ) = − ∑ j,k ∈ I : finite

φ_j ·φ_k · [ ad^A (ψ_k ) ] (ψ_j ) = − ∑ j,k ∈ I : finite

φ_j ·φ_k · {ψ_k , ψ_j }

= 0 .

For any X_1, X_2 and Y ∈ Ω_A [C^∞ (M^A , A)] and for any φ ∈ C^∞ (M^A , A), we

have

ω_M A [(φ ·X_1 + X_2 ), Y] = − [ σ^{− 1}_{M A} ∘ ~ad^A (φ ·X_1 + X_2 ) ] (Y) = − ( σ^{− 1}_{M A} [φ · ~ad^A (X_1 ) + ~ad^A (X_2 )] ) (Y) = − φ ·(σ^{− 1}_{M A} [~ad^A (X_1 )](Y) + ( σ^{− 1}_{M A} [~ad^A (X_2 )] ) (Y) = φ ·ω_M A (X_1 , Y) + ω_M A (X_2 , Y) .

For any x and y in Ω_R [C^∞ (M )],

x^A = ∑ i ∈ I : fini

f^A_i ·δ^A_M A (f^{′A}_i ) and y^A = ∑ j ∈ I : fini

g^A_j ·δ^A_M A (g^{′A}_j ) .

Thus,

ω^A_M A (x^A , y^A ) = − [σ^{− 1}_{M A} ∘ ~ad^A (x^A )](y^A ) = − [ σ^{− 1}_{M A} ∘ ~ad^A ( ∑ i ∈ I : finite

f^A_i ·δ^A_M A (f^{′A}_i )

)]( ∑

j ∈ I : finite

g^A_j ·δ^A_M A (g^{′A}_j ) )

= − ∑ i,j ∈ I : finite

f^A_i ·g^A_j · [ σ^{− 1}_{M A} ∘ ~ad^A (δ^A_M A (f^{′A}_i )) ]( δ^A_M A (g^{′A}_j ) )

PROLONGATION OF POISSON 2-FORM ON WEIL BUNDLES 107

= − ∑ i,j ∈ I : finite

f^A_i ·g^A_j · [ σ^{− 1}_{M A} ∘ ~ad^A (δ^A_M A (f^{′A}_i )) ]( δ^A_M A (g^{′A}_j ) )

= − ∑ i,j ∈ I : finite

f^A_i ·g^A_j · [ σ^{− 1}_{M A} ( ~ad^A ∘ δ^A_M A (f^{′A}_i )) ]( δ^A_M A (g^{′A}_j ) )

= − ∑ i,j ∈ I : finite

f^A_i ·g^A_j · [ σ^{− 1}_{M A} (ad^A (f^{′A}_i )) ]( δ^A_M A (g^{′A}_j ) )

= − ∑ i,j ∈ I : finite

f^A_i ·g^A_j · [ σ^{− 1}_{M A} (ad( f^′_i )^A ) ]( δ_M (g^′_j )

)_A

= − [ ∑ i,j ∈ I : finite

f_i ·g_j · [ σ^{− 1}_M (ad( f^′_i )) ]( δ_M (g^′_j )

)] A

= − [ ∑ i,j ∈ I : finite

f_i ·g_j · [ σ^{− 1}_M (~ad ∘ δ_M (f^′_i )) ]( δ_M (g^′_j )

)] A

= − [ σ^{− 1}_M ∘ ~ad ( ∑ i ∈ I : finite

f_i ·δ_M (f^′_i )

)( ∑

j ∈ I : finite

g_j ·δ_M (g^′_j )

)]_A

= [ ω_M (x, y)]^A . □ Proposition 12. When (M, ω_M ) is a Poisson manifold of Poisson 2-form ω_M ,

then (M^A , ω^A_{M A} ) is a Poisson manifold.

Proof. For any f and g in C^∞ (M ),

ω^A_M A ( δ^A_M A (f^A ), δ^A_M A (g^A ) ) = ω^A_M A ( [δ_M (f )]^A , [δ_M (g)]^A ) = [ ω_M (δ_M A (f ), δ_M (g))

]_A

= −{ f, g }^A_M , and ω^A_M A (x^A , y^A ) = [ ω_M (x, y)

]_A , for any x, y ∈ Ω_R[C^∞ (M)]. We deduce that (M^A , ω^A_{M A} ) is a Poisson manifold. □

Theorem 3. The manifold M^A is a Poisson manifold if and only if there exists a

skew-symmetric 2-form

ω^A_M A : Ω_A [ C^∞ (M^A , A) ] × Ω_A [ C^∞ (M^A , A) ] → C^∞ (M^A , A)

such that for any φ and ψ in C^∞ (M^A , A),

{ φ, ψ }_M A = − ω^A_M A ( δ^A_M A (φ ), δ^A_M A (ψ ) )

108 N.M. MOUKALA AND B.G.R. BOSSOTO

defines a structure of A-Lie algebra over C^∞ (M^A , A). Moreover, for any f and g in C^∞ (M ),

{ f^A , g^A }_M A = { f, g }^A_M .

Proof. Indeed, according to the previous proposition, the bracket

{ φ, ψ }_M A = − ω^A_M A ( δ^A_M A (φ ), δ^A_M A (ψ ) )

defines a structure of A-Lie algebra over C^∞ (M^A , A). For any f and g in C^∞ (M),

{ f^A , g^A }_M A = − ω^A_M A ( δ^A_M A (f^A ), δ^A_M A (g^A ) ) = { f, g }^A_M .

In this case, we will say that ω^A_{M A} is the Poisson 2-form of the A-Poisson manifold M^A and we denote (M^A , ω^A_{M A} ) the A-Poisson manifold of Poisson 2-form ω^A_{M A} . □

Proposition 13. When (M, ω_M ) is a Poisson manifold of Poisson 2-form ω_M , then for any x, y ∈ Ω_R [C^∞ (M )] and for any f , g ∈ C^∞ (M ), we get (1) [~ad^A (x^A )](f^A ) = ([ ~ad( x)](f ))^A .

(2) [ ~~ ad^A (x^A )](y^A ) = ([ ~ad( x)](y))^A .

(3) L ~_{ad A [δAM A (f A )]} (g^A ) = ( L ~_{ad[ δM (f )]} (g))^A .

Proof. 1. For any x ∈ Ω_R[C^∞ (M)], x^A = g^A ·δ^A_{M A} (h^A ) with g and h in C^∞ (M), and for any f , g ∈ C^∞ (M ), we have

[~ad^A (x^A )](f^A ) = [ ~ad^A (g^A ·δ^A_M A (h^A ))](f^A ) = [ g^A · ~ad^A ∘ δ^A_M A (h^A ))](f^A ) = [ g^A ·ad^A (h^A )](f^A ) = g^A ·[ad(h)]^A (f^A ) = ( g ·[ad(h)](f ))^A = ( g ·~ad[δ_M (h)](f ))^A = ( ~ad[g ·δ_M (h)](f ))^A = ( ~ad[g ·δ_M (h)](f ))^A = ([ ~ad( x)](f ))^A .

PROLONGATION OF POISSON 2-FORM ON WEIL BUNDLES 109

2. When y ∈ Ω_R [C^∞ (M )], y^A = g^A ·δ^A_{M A} (h^A ) with g and h in C^∞ (M ) [ ~~ ad^A (x^A )](y^A ) = [ ~~ ad^A (x^A )](g^A ·δ^A_M A (h^A )) = g^A ·([ ~~ ad^A (x^A )] ∘ δ^A_M A )(h^A ) = g^A ·[~ad^A (x^A )](h^A ) = g^A ·[~ad^A (x^A )](h^A ) = ( g ·[~ad( x)](h))^A = ( g ·[~ad( x)] ∘ δ_M )(h))^A = ([ ~ad( x)](g ·δ_M (h)))^A = ([ ~ad( x)](y))^A . □ Proposition 14. When (M, ω_M ) is a Poisson manifold of Poisson 2-form ω_M , then for any X , Y ∈ Ω_A [C^∞ (M^A , A)] and for any φ , ψ ∈ C^∞ (M^A , A), we get (1) [~ad^A (X )](φ ) = − ω^A_{M A} (X, δ^A_{M A} (φ )); (2) [ ~~ ad^A (X )](Y) = − ω^A_{M A} (X, Y );

(3) L ~_{ad A [δAM A (φ )]} δ^A_{M A} (ψ ) = δ^A_{M A} ({ φ, ψ }_M A ). Proof. When X and Y ∈ Ω_A [C^∞ (M^A , A)], X = ∑ i ∈ I : fini

φ_i ·δ^A_{M A} (φ^′_i), Y = ∑ j ∈ J : fini

ψ_j ·δ^A_{M A} (ψ^′_i ) with φ_i , φ^′_i , ψ_j , ψ^′_j ∈ C^∞ (M^A , A) 1. [~ad^A (X )](φ ) = [ ~ad A ( ∑ i ∈ I : fini

φ_i ·δ^A_M A (φ^′_i ) )] (φ ) = ∑ i ∈ I : fini

φ_i ·( ~ad^A [δ^A_M A (φ^′_i )])(φ ) = ∑ i ∈ I : fini

φ_i ·[ad^A (φ^′_i )](φ ) = ∑ i ∈ I : fini

φ_i · {φ^′_i , φ }_M A = − ∑ i ∈ I : fini

φ_i ·ω^A_M A (δ^A_M A (φ^′_i ), δ^A_M A (φ ))

= − ω^A_M A ( ∑ i ∈ I : fini

φ_i ·δ^A_M A (φ^′_i ), δ^A_M A (φ ) )

= − ω^A_M A (X, δ^A_M A (φ )) .

110 N.M. MOUKALA AND B.G.R. BOSSOTO

2. [ ~~ad^A (X )](Y) = [ ~~ad^A (X )]( ∑ j ∈ J : fini

ψ_j ·δ^A_M A (ψ^′_j ))

= ∑ j ∈ J : fini

ψ_j ·[ ~~ ad^A (X )](δ^A_M A (ψ^′_j ))

= ∑ j ∈ J : fini

ψ_j ·([ ~~ ad^A (X )] ∘ δ^A_M A )(ψ^′_j )) = ∑ j ∈ J : fini

ψ_j ·[~ad^A (X )](ψ^′_j ) = − ∑ j ∈ J : fini

ψ_j ·ω^A_M A (X, δ^A_M A (ψ^′_j ))

= − ω^A_M A ( X, ∑ j ∈ J : fini

ψ_j ·δ^A_M A (ψ^′_j ) )

= − ω^A_M A (X, Y ) ;

3. L ~_{ad A [δAM A (φ )]} δ^A_M A (ψ ) = L_{ad} A_{(φ )} δ^A_M A (ψ )

= δ^A_M A [ad^A (φ )(ψ )] = δ^A_M A ({ φ, ψ }_M A ) . □ References

[1] Bossoto, B.G.R., Okassa, E., Champs de vecteurs et formes différentielles sur une variété des points proches , Arch. Math. (Brno) 44 (2008), 159–171.

[2] Bossoto, B.G.R., Okassa, E., A-poisson structures on Weil bundles , Int. J. Contemp. Math.

Sci. 7 (16) (2012), 785–803. [3] Kolář, I., Michor, P.W., Slovák, J., Natural Operations in Differential Geometry , Springer, Berlin, 1993.

[4] Laurent-Gengoux, C., Pichereau, A., Vanhaecke, P., Poisson Structures , Grundlehren Math.

Wiss. 347 (2013), www.springer.com/series/138 . [5] Lichnerowicz, A., Les variétés de Poisson et leurs algèbres de Lie associées , J. Differential Geom. 12 (1977), 253–300.

[6] Morimoto, A., Prolongation of connections to bundles of infinitely near points , J. Differential Geom. 11 (1976), 479–498.

[7] Moukala, N.M., Bossoto, B.G.R., Hamiltonian vector fields on Weil bundles , Journal of Mathematics Research 7 (3) (2015), 141–148.

[8] Nkou, V.B., Bossoto, B.G.R., Okassa, E., New characterization of vector field on Weil bundles , Theoretical Mathematics & Applications 5 (2) (2015), 1–17, arXiv:1504.04483[math.DG] . [9] Okassa, E., Prolongement des champs de vecteurs à des variétés des points proches , Ann.

Fac. Sci. Toulouse Math. (5) 8 (3) (1986-1987), 346–366. [10] Okassa, E., Algèbres de Jacobi et algèbres de Lie-Rinehart-Jacobi , J. Pure Appl. Algebra 208 (3) (2007), 1071–1089.

PROLONGATION OF POISSON 2-FORM ON WEIL BUNDLES 111

[11] Okassa, E., On Lie-Rinehart-Jacobi algebras , J. Algebra Appl. 7 (2008), 749–772. [12] Okassa, E., Symplectic Lie-Rinehart-Jacobi algebras and contact manifolds , Canad. Math.

Bull. 54 (4) (2011), 716–725. [13] Shurygin, V.V., Some aspects of the theory of manifolds over algebras and of Weil bundles , J. Math. Sci. (New York) 169 (3) (2010), 315–341.

[14] Vaisman, I., Lectures on the Geometry of Poisson Manifolds , Progress in Math., vol. 118, Birkhäuser Verlag, Basel, 1994.

[15] Weil, A., Théorie des points proches sur les variétés différentiables , Colloques Internationaux du Centre National de la Recherche Scientifique, Strasbourg (1953), 111–117.

Marien Ngouabi University, BP:69, Brazzaville, Congo And Institut de Recherche en Sciences Exactes et Naturelles (IRSEN), Brazzaville, Congo E-mail : bossotob@yahoo.fr nmahomouk@yahoo.fr