ARCHIVUM MATHEMATICUM (BRNO) Tomus 52 (2016), 35–48

SINGULAR ϕ -LAPLACIAN THIRD-ORDER BVPS

WITH DERIVATIVE DEPENDANCE

Smaïl Djebali and Ouiza Saifi

Abstract. This work is devoted to the existence of solutions for a class of singular third-order boundary value problem associated with a ϕ-Laplacian operator and posed on the positive half-line; the nonlinearity also depends on the first derivative. The upper and lower solution method combined with the fixed point theory guarantee the existence of positive solutions when the nonlinearity is monotonic with respect to its arguments and may have a space singularity; however no Nagumo type condition is assumed. An example of application illustrates the applicability of the existence result.

1. Introduction

In this paper, we are concerned with the existence of positive solutions to the following third-order boundary value problem for a ϕ-Laplacian operator:

(1.1) { (ϕ(− x^{′′}))^′(t) + f ( t, x (t), x^′(t) ) = 0 , t > 0 ,

x(0) = μx^′(0), x^′(+ ∞ ) = x^{′′}(+ ∞ ) = 0 ,

where μ ≥ 0 is a constant and the function f = f (t, x, y): R^+ × (0,+ ∞ )× R^+ −→ R^+ is continuous with possible space singularity at x = 0 . Here R^+ = [0,+ ∞ ). The operator of derivation ϕ : R −→ R is a continuous increasing homeomorphism such that ϕ(0) = 0 , extending the p-Laplacian φ_p (s) = |s|^{p− 1} s, for p > 1.

Many applied problems modeling various phenomena in physics, epidemiology, combustion theory, mechanics (see, e.g., [ 2] and the references therein) are governed by boundary value problems (bvps for short) posed on the half-axis [0,+ ∞ ); we quote for instance the propagation of a flame in a long tube. A large amount of research papers have been devoted to these problems, in particular for the second-order boundary value problems; we refer the reader to [ 4], [5], [6], [7], [8], [9], [12], [15], [16], [17], and the references therein. However problems with higher-order differential equations on [0,+ ∞ ) have not been so extensively investigated; we can only cite [13], [14], [18], and [19]. When f does not depend on the first derivative, problem (1.1) in investigated in [11].

2010 Mathematics Subject Classification : primary 34B15; secondary 34B18, 34B40, 47H10. Key words and phrases : third order, half-line, ϕ-Laplacian, singular problem, positive solution, derivative dependance, upper and lower solution.

Received December 1, 2014, revised November 2015. Editor O. Došlý. DOI: 10.5817/AM2016-1-35

36 S. DJEBALI AND O. SAIFI

These recent papers have motivated the present work. To study problem (1.1), we will employ an upper and lower solution technique adapted to this problem combined with the Schauder fixed point theorem. We only suppose a monotonic condition on f but no Nagumo-type restriction is assumed. This paper contains three sections. In Section 2, we present some preliminaries and basic notions needed in this paper. Problem (1.1) is rewritten as a nonlinear integral equation. In Section 3, we prove the main existence result when the nonlinearity f is monotonic with respect to x and y but may be singular at x = 0 . The case where f is not singular at x = 0 is also considered with less hypotheses. An example of application is included to illustrate the existence theorem. We say that x is a solution of problem (1.1) if it belongs to the space (1.2) X = { x | x ∈ C^2 ((0, ∞ ), R) and ϕ(− x^{′′}) ∈ C^1 ((0, ∞ ), R) } and satisfies (1.1). x is called a positive solution if further x(t) > 0, for every t ∈ (0, + ∞ ).

2. Preliminaries

The basic space to study problem (1.1) is E = { x ∈ C^1 ([0, ∞ ), R) | lim

t → + ∞

x(t) 1 + t

= lim

t → + ∞

x^′(t) = 0 } . The motivation of the space E comes from the fact that the positivity of f and x^{′′}(+ ∞ ) = 0 imply the concavity of x which in turn guarantees that x is nondecreasing for x^′(+ ∞ ) = 0 . As a consequence, x has a possibly infinite limit at positive infinity. L’Hopital’s rule then yields lim

t → + ∞ x (t ) 1+ t = lim t → + ∞ x

′(t) = 0 . Notice that (E, ‖ · ‖) is a Banach space with norm ‖x‖ = max {‖ x‖_1 , ‖x‖_2 }, where ‖x‖_1 = sup_{t ∈ R+}^{|x (t )|}_{1+ t} and ‖x‖_2 = sup_{t ∈ R+} |x^′(t)|. However since for physical considerations,

we are interested in positive solutions, the natural set for solutions is the positive cone: (2.1) S = { x ∈ E | x(t) ≥ 0, concave on [0, + ∞ ), x(0) = μx^′(0) } . This nonempty subset enjoys the following properties:

Lemma 2.1. For every x ∈ S, there exists a positive constant M_x > 0 such that 0 ≤ x^′(t) ≤ M_x , ∀ t ≥ 0 .

Proof. Since x^′ is nonincreasing, then 0 = x^′(+ ∞ ) ≤ x^′(t) ≤ x^′(0) = M_x , ∀ t ≥ 0 . □ The proof of the following lemma can be found in [11, Lemma 2.5].

Lemma 2.2. Let x ∈ S \ { 0}. Then there exists a positive constant λ_x such that (a) for all θ > 1, x(t) ≥^{λ x}_θ , ∀ t ∈ [1/θ, θ],

SINGULAR THIRD-ORDER BVPS 37

(b) Let

(2.2) ρ(t) = { t , t ∈ [0, 1] 1 , t ≥ 1 .

Then x(t) ≥ λ_x ρ(t) , ∀ t ≥ 0 .

Lemma 2.3. Let x, y ∈ S be such that x^′(t) ≥ y^′(t), for all t ≥ 0. Then x(t) ≥ y(t) , ∀ t ≥ 0 .

Proof. Since x^′(0) − y^′(0) ≥ 0, then x(0) − y(0) = μ(x^′(0) − y^′(0)) ≥ 0. Now x − y is nondecreasing implies that (x − y)(t) ≥ x(0) − y(0) ≥ 0 , ∀ t ≥ 0. □

Define the functional space

C_l ([0, ∞ ), R) = { x ∈ C([0, ∞ ), R) | lim

t → + ∞

x(t) exists } . Endowed with the norm ‖x‖_l = sup_{t ∈ R+} |x(t)|, this is a Banach space. A mapping defined on a Banach space is said to be completely continuous if it is continuous and maps bounded sets into relatively compact sets. We recall a classical compactness criterion: Lemma 2.4 ([3]). Let M ⊆ C_l(R^+ , R). Then M is relatively compact in C_l(R^+ , R) if the following three conditions hold:

(a) M is uniformly bounded in C_l (R^+ , R).

(b) The functions belonging to M are almost equicontinuous on R^+ , i.e. equicontinuous on every compact interval of R^+ .

(c) The functions from M are equiconvergent, that is, given ε > 0, there corresponds T(ε) > 0 such that |x(t) − x(+ ∞ )| < ε for any t ≥ T(ε) and x ∈ M .

We can then deduce: Lemma 2.5. Let M ⊆ E. Then M is relatively compact in E if the following conditions hold:

(a) M is bounded in E ,

(b) the functions belonging to { u | u(t) =^{x (t )}_{1+ t} , x ∈ M } and to { z | z(t) = x^′(t), x ∈ M } are almost equicontinuous on [0, + ∞ ),

(c) the functions belonging to { u | u(t) =^{x (t )}_{1+ t} , x ∈ M } and to { z | z(t) = x^′(t), x ∈ M } are equiconvergent at + ∞ .

The Green’s function of the linear problem − x^{′′}= x(0) − μx^′(0) = x^′(+ ∞ ) = 0 is G(t, s ) = μ + min( s, t ) , s, t ≥ 0 .

38 S. DJEBALI AND O. SAIFI

We have Lemma 2.6. Let δ ∈ C(R^+ , R^+ ) be such that

∫_{+ ∞} 0 δ(s) ds < + ∞ and put x(t) =

∫_{+ ∞} 0 G(t, s )δ(s) ds. Then

(2.3) x^{′′}(t) + δ(t) = 0 , t > 0 , x(0) = μx^′(0) , lim

t → + ∞

x^′(t) = 0 .

Lemma 2.7. Let δ ∈ C(R^+ , R^+ ) ∩ L^1 (r, + ∞ ) for all r > 0 and ∫_{+ ∞} 0 ϕ^{− 1}

( ∫ + ∞ s δ(τ) dτ ) ds < + ∞ .

If x(t) =

∫_{+ ∞} 0 G(t, s )ϕ^{− 1}

( ∫_{+ ∞}

s δ(τ)dτ ) ds, then x ∈ X and

(2.4) { (ϕ(− x^{′′}(t)))^′ + δ(t) = 0 , t > 0 , x(0) = μx^′(0) , x^′(+ ∞ ) = x^{′′}(+ ∞ ) = 0 .

The proofs of the lemmas are immediate and are omitted.

3. Main results We start with Definition 3.1. A function α ∈ X is called lower solution of (1.1) if (ϕ(− α^{′′}(t)))^′ + f (t, α (t), α^′(t)) ≥ 0 , t > 0 α (0) ≤ μα^′(0), lim

t → + ∞

α^′(t) ≤ 0, lim

t → + ∞

α^{′′}(t) ≥ 0 .

An upper solution of (1.1) is defined when the above inequalities are reversed. Assume that

(H_1 ) f ∈ C(R^+ × (0,+ ∞ ) × R^+ , R^+ ) and f (t, x, y) is nonincreasing with respect to the second and third arguments.

(H_2 ) For every λ > 0, ∫_{+ ∞} 0 f (τ, λρ(τ), 0) dτ < + ∞

and ∫_{+ ∞} 0 ϕ^{− 1}

( ∫ + ∞ s f ( τ, λρ(τ), 0 ) dτ ) ds < + ∞ .

(H_3 ) There exists a function a ∈ S \ { 0} such that the function b defined by

b(t) =

∫_{+ ∞} 0 G(t, s )ϕ^{− 1}

( ∫ + ∞ s f ( τ, a(τ), a^′(τ) ) dτ ) ds satisfies

b^′(t) ≥

∫_{+ ∞} t ϕ^{− 1}

( ∫ + ∞ s f ( τ, b(τ), b^′(τ) ) dτ ) ds ≥ a^′(t) , ∀ t ≥ 0 .

SINGULAR THIRD-ORDER BVPS 39

Define the fixed point operator T on E by

T x(t) =

∫_{+ ∞} 0 G(t, s )ϕ^{− 1}

( ∫ + ∞ s f ( τ, x(τ), x^′(τ) ) dτ ) ds .

Remark 3.1. (a) Since

(T x)^′(t) =

∫_{+ ∞} t ϕ^{− 1}

( ∫ + ∞ s f ( τ, x(τ), x^′(τ) ) dτ ) ds, the inequalities in ( H_3 ) read (3.1) b^′(t) ≥ (T b)^′(t) ≥ a^′(t) , ∀ t ≥ 0 or equivalently (T a)^′(t) ≥ (T^2 a)^′(t) ≥ a^′(t) , ∀ t ≥ 0 .

(b) Since a ∈ S then b ∈ S and so T b ∈ S. Using part (a) and Lemma 2.3, we get the estimates (3.2) T a(t) ≥ T^2 a(t) ≥ a(t) , ∀ t ≥ 0 . Lemma 3.1. Let (H_1)–(H_2) hold. Then the operator T maps S \ {0} into X ∩ S. Moreover

(3.3) { ( ϕ(− (T x)^{′′})

)_′ (t) + f ( t, x (t), x^′(t) ) = 0 , t > 0 ,

(T x)(0) = μ(T x)^′(0) , (T x)^′(+ ∞ ) = ( T x)^{′′}(+ ∞ ) = 0 .

Proof. (a) For λ > 0, let

F_λ (t) =

∫_{+ ∞} 0 G(t, s )ϕ^{− 1}

( ∫ + ∞ s f ( τ, λρ(τ), 0 ) dτ ) ds .

Then lim t → + ∞

F_λ (t) 1 + t

= 0 .

By the convergence of the second integral in ( H_2 ), we get lim t → + ∞

F^′_λ (t) = lim

t → + ∞

∫_{+ ∞} t ϕ^{− 1}

( ∫ + ∞ s f ( τ, λρ(τ), 0 ) dτ ) ds = 0 .

Then F_λ is monotone nondecreasing and lim t → + ∞

F_λ (t) 1 + t = 0 , if lim

t → + ∞

F_λ (t) < ∞ , lim t → + ∞

F^′_λ (t) = 0 , if lim

t → + ∞

F_λ (t) = ∞ .

(b) For x ∈ S \ {0}, Lemmas 2.1 and 2.2 guarantee the existence of λ_x > 0 such that for all positive t, x(t) ≥ λ_x ρ(t) and x^′(t) ≥ 0. (H_1) and (H_2) with Part (a) imply

T x(t) 1 + t = ∫_{+ ∞} 0 G(t, s )ϕ^{− 1}

( ∫_{+ ∞}

s f (τ, x(τ), x^′(τ))dτ ) ds 1 + t ≤ ∫_{+ ∞} 0 G(t, s )ϕ^{− 1}

( ∫_{+ ∞}

s f (τ, λ_x ρ(τ), 0)dτ ) ds 1 + t = F_{λ x} (t) 1 + t

40 S. DJEBALI AND O. SAIFI and (T x)^′(t) =

∫_{+ ∞} t ϕ^{− 1}

( ∫ + ∞ s f ( τ, x(τ), x^′(τ) ) dτ ) ds

≤ ∫_{+ ∞} t ϕ^{− 1}

( ∫ + ∞ s f ( τ, λ_x ρ(τ), 0 ) dτ ) ds .

Hence lim

t → + ∞

T x (t ) 1+ t = 0 and lim t → + ∞

(T x)^′(t) = 0 . Then T x ∈ E. In fact, we even have

that T x ∈ X ∩ S for T x(t) ≥ 0, T x(0) = μ(T x)^′(0), and

(T x)^{′′}(t) = − ϕ^{− 1}

( ∫ + ∞ t f ( τ, x(τ), x^′(τ) ) dτ ) ≤ 0 .

Thus (3.3) is satisfied. □

We are now in position to prove our main existence result:

Theorem 3.1. Assume that assumptions (H_1)–(H_3) hold. Then the boundary value problem (1.1) has at least one positive solution x ∈ X such that x(t) ≥ λ_0 ρ(t) and 0 ≤ x^′(t) ≤ M , ∀ t ≥ 0, for some positive constants λ_0 , M .

Proof. Step 1. Upper and lower solution method. Taking into account Remark 3.1, using (3.1), (3.2) and the monotonicity of f , we have for all t > 0

(3.4) ( ϕ(− (T b)^{′′})

)_′

(t) + f ( t, T b(t), (T b)^′(t) ) ≥ ( ϕ(− (T b)^{′′})

)_′ (t) + f ( t, b(t), b^′(t) ) = 0 (T b)(0) = μ(T b)^′(0) , (T b)^′(+ ∞ ) = 0 , (T b)^{′′}(+ ∞ ) = 0 and

(3.5) ( ϕ(− (T a)^{′′})

)_′

(t) + f ( t, T a (t), (T a)^′(t) ) ≤ ( ϕ(− (T a)^{′′})

)_′ (t) + f ( t, a (t), a^′(t) ) = 0 ,

(T a)(0) = μ(T a)^′(0) , (T a)^′(+ ∞ ) = 0 , (T a)^{′′}(+ ∞ ) = 0 .

Therefore the functions α = T b, β = T a are lower and upper solutions of problem (1.1), respectively with α ≤ β and α^′ ≤ β^′.

Step 2. Consider the truncated problem:

(3.6) { ( ϕ(− x^{′′})

)_′

(t) + f^∗ ( t, x (t), x^′(t) ) = 0 , t > 0 ,

x(0) = μx^′(0) , x^′(+ ∞ ) = x^{′′}(+ ∞ ) = 0 ,

where

(3.7) f^∗ (t, x, y ) =

~f (t, α, y ) , x < α (t) ,

~f (t, x, y ) , α (t) ≤ x ≤ β(t) ,

~f (t, β, y ) , x > β (t) ,

SINGULAR THIRD-ORDER BVPS 41

with

~f (t, x, y ) = f (t, x, α^′) , y < α^′(t) ,

f (t, x, y ) , α^′(t) ≤ y ≤ β^′(t) ,

f (t, x, β^′) , y > β^′(t) .

To prove that problem (3.6) has a positive solution, consider the operator A : E → E defined by

Ax(t) =

∫_{+ ∞} 0 G(t, s )ϕ^{− 1}

( ∫ + ∞ s f^∗ ( τ, x(τ), x^′(τ) ) dτ ) ds .

Then a fixed point of the operator A is a solution of the boundary value problem (3.6). Since α ∈ S \ {0}, by Lemmas 2.1 and 2.2, there exists a positive constant λ_α such that α(t) ≥ λ_α ρ(t), ∀ t ≥ 0 and α^′(t) ≥ 0, ∀ t ≥ 0. Since f (t, x, y) is nonincreasing in x and y, then

(3.8) f^∗ (t, x, y ) ≤ f ( t, α (t), α^′(t) ) ≤ f ( t, λ_α ρ(t), 0 ) , for all positive t.

(a) A(E ) ⊆ E . For x ∈ E and t ∈ R^+ , we have

Ax(t) 1 + t = ∫_{+ ∞} 0 G(t, s )ϕ^{− 1} (

∫_{+ ∞} s f^∗ (τ, x(τ), x^′(τ))dτ) ds

1 + t ≤ ∫_{+ ∞} 0 G(t, s )ϕ^{− 1} (

∫_{+ ∞} s f (τ, λ_α ρ(τ), 0)dτ)ds 1 + t = F_{λ α} (t) 1 + t and (Ax)^′(t) =

∫_{+ ∞} t ϕ^{− 1}

( ∫ + ∞ s f^∗ ( τ, x(τ), x^′(τ) ) dτ ) ds

≤ ∫_{+ ∞} t ϕ^{− 1}

( ∫ + ∞ s f ( τ, λ_α ρ(τ), 0 ) dτ ) ds .

Then lim

t → + ∞

Ax (t ) 1+ t = 0 and lim t → + ∞ (T x)

′ = 0 which implies that A(E ) ⊆ E .

(b) A is continuous. Let { x_n }_{n ≥ 1} ⊆ E be a sequence converging to some limit x_0 ∈ E . Then

‖Ax_n − Ax_0 ‖_1 = sup_{t ∈ R+}

|Ax_n (t) − Ax_0 (t)| 1 + t

= sup_{t ∈ R+}

∫_{+ ∞} 0 G(t, s ) 1 + t | |ϕ_{− 1} (

∫_{+ ∞} s f^∗ ( τ, x_n (τ), x^′_n (τ) ) dτ )

− ϕ^{− 1}

( ∫ + ∞ s f^∗ ( τ, x_0 (τ), x^′_0 (τ) ) dτ )| |ds

42 S. DJEBALI AND O. SAIFI

≤ max(1 , μ)

∫_{+ ∞} 0 ϕ^{− 1}

( ∫ + ∞ s f^∗ ( τ, x_n (τ), x^′_n (τ) ) dτ )

− ϕ^{− 1}

( ∫ + ∞ s f^∗ ( τ, x_0 (τ)x^′_0 (τ) ) dτ )| |ds and ‖Ax_n − Ax_0 ‖_2 = sup_{t ∈ R+} | |(Ax_n )^′(t) − (Ax_0 )^′(t) | |

≤ sup_{t ∈ R+}

∫_{+ ∞} t | | |ϕ^{− 1}

( ∫ + ∞ s f^∗ ( τ, x_n (τ), x^′_n (τ) ) dτ )

− ϕ^{− 1}

( ∫ + ∞ s f^∗ ( τ, x_0 (τ), x^′_0 (τ) ) dτ) | |ds ≤ ∫_{+ ∞} t ϕ^{− 1}

( ∫ + ∞ s f^∗ ( τ, x_n (τ), x^′_n (τ) ) dτ )

− ϕ^{− 1}

( ∫ + ∞ s f^∗ ( τ, x_0 (τ), x^′_0 (τ) ) dτ )| |ds .

Since | |ϕ_{− 1} (

∫_{+ ∞} s f^∗ ( τ, x_n (τ), x^′_n (τ) ) dτ ) − ϕ^{− 1}

( ∫ + ∞ s f^∗ ( τ, x_0 (τ) ) , x^′_0 (τ) dτ )| |

≤ 2ϕ^{− 1}

( ∫ + ∞ 0 f ( τ, λ_α ρ(τ) ) , 0 ) dτ ,

then the continuity of f^∗, ϕ^{− 1}, assumption ( H_2), and the Lebesgue dominated

convergence theorem guarantee that ‖Ax_n − Ax_0 ‖ −→ 0, as n −→ + ∞ .

(c) A(E ) is relatively compact. We will make use of Lemma 2.5.

(i) A(E ) is uniformly bounded. For x ∈ E , we have

‖Ax‖_1 = sup_{t ∈ R+}

|Ax(t)|

1 + t

≤ sup_{t ∈ R+}

∫_{+ ∞} 0 G(t, s )

1 + t ϕ^{− 1}

( ∫ + ∞ s f^∗ ( τ, x(τ), x^′(τ) ) dτ ) ds ≤ max(1 , μ)

∫_{+ ∞} 0 ϕ^{− 1}

( ∫ + ∞ s f^∗ ( τ, x(τ), x^′(τ) ) dτ ) ds ≤ max(1 , μ)

∫_{+ ∞} 0 ϕ^{− 1}

( ∫ + ∞ s f ( τ, λ_α ρ(τ), 0 ) dτ ) ds < + ∞ and ‖Ax‖_2 = sup_{t ∈ R+} |(Ax)^′(t)| ≤

∫_{+ ∞} 0 ϕ^{− 1}

( ∫ + ∞ s f ( τ, λ_α ρ(τ), 0 ) dτ ) ds < + ∞ .

(ii) Almost equicontinuity. For a given T > 0, x ∈ E, and t, t^′ ∈ [0, T] (t > t^′),

we have

SINGULAR THIRD-ORDER BVPS 43 | | | Ax(t) 1 + t − Ax(t^′) 1 + t^′ | | |≤ ∫_{+ ∞} 0 | | G(t, s ) 1 + t − G(t^′, s) 1 + t^′ | |ϕ^{− 1}

( ∫ + ∞ s f^∗ ( τ, x(τ), x^′(τ) ) dτ ) ds ≤ ∫_T 0 | | | G(t, s ) 1 + t − G(t^′, s) 1 + t^′ | | |ϕ^{− 1}

( ∫ + ∞ s f ( τ, λ_α ρ(τ), 0 ) dτ ) ds + | | t + μ 1 + t − t^′ + μ 1 + t^′ | | ∫_{+ ∞} T ϕ^{− 1}

( ∫ + ∞ s f ( τ, λ_α ρ(τ), 0 ) dτ ) ds .

Similarly

|((Ax)^′(t)) − ((Ax)^′(t^′))| = | | ∫_{+ ∞} t ϕ^{− 1}

( ∫ + ∞ s f^∗ ( τ, x(τ), x^′(τ) ) dτ ) ds − ∫_{+ ∞}

t^′

ϕ^{− 1}

( ∫ + ∞ s f^∗ ( τ, x(τ), x^′(τ) ) dτ ) ds | |

≤ ∫_t

t^′

ϕ^{− 1}

( ∫ + ∞ s f ( τ, λ_α ρ(τ), 0 ) dτ ) ds. Hence by ( H_2), for any ε > 0 and T > 0, there exists δ > 0 such that | |^{Ax (t )}_{1+ t} −

Ax (t^′) 1+ t^′ | |< ε and |(Ax)′(t) − (Ax)′(t′)| < ε for all t, t ′ ∈ [0, T] with |t − t′| < δ. As a

consequence {^{A (E )}_{1+ t} } and { A(E )}^′ are almost equicontiuous.

(iii)^{A (E )}_{1+ t} and (A(E))^′ are equiconvergent at + ∞ . Since lim

t → + ∞

Ax (t ) 1+ t = 0 and lim t → + ∞ (Ax)

′(t) = 0 , then ( H_2 ) yields lim t → + ∞

sup_{x ∈ E} | | | Ax(t) 1 + t

− lim

t → + ∞

Ax(t) 1 + t | | | = lim

t → + ∞ sup x ∈ E

∫_{+ ∞} 0 G(t, s )ϕ^{− 1} (

∫_{+ ∞} s f^∗ (τ, x(τ), x^′(τ))dτ) ds 1 + t

≤ lim

t → + ∞

∫_{+ ∞} 0 G(t, s )ϕ^{− 1} (

∫_{+ ∞} s f (τ, λ_α ρ(τ), 0)dτ) ds 1 + t

= lim

t → + ∞

F_{λ α} (t) 1 + t = 0 and lim t → + ∞

sup_{x ∈ E} | |(Ax)^′(t) − lim

t → + ∞

(Ax)^′(t) | | = lim

t → + ∞ sup

x ∈ E

∫_{+ ∞} t ϕ^{− 1}

( ∫ + ∞ s f^∗ ( τ, x(τ), x^′(τ) ) dτ ) ds ≤ lim

t → + ∞

∫_{+ ∞} t ϕ^{− 1}

( ∫ + ∞ s f ( τ, λ_α ρ(τ), 0 ) dτ ) ds = 0 .

By Lemma 2.5, the range A(E) is relatively compact so the Schauder fixed point theorem (see, e.g., [ 1]), guarantees that the operator A has at least one fixed point

44 S. DJEBALI AND O. SAIFI

x ∈ E which in fact lies in X by Lemma 3.1; of course x is solution of problem (3.6).

Step 3. Problem (1.1) has at least one positive solution. We only check that α(t) ≤ x(t) ≤ β(t) and α^′(t) ≤ x^′(t) ≤ β^′(t), ∀ t ∈ R^+ . Since x is a solution of (3.6), we have

(3.9) x(0) = μx^′(0) , lim

t → + ∞

x^′(t) = lim

t → + ∞

x^{′′}(t) = 0 .

The function f (t, x, y ) being nonincreasing in x and y, we have

(3.10) f ( t, β (t), β^′(t) ) ≤ f^∗ (t, x, x^′) ≤ f ( t, α (t), α^′(t) ) , ∀ t ∈ R^+ .

Then (3.1) and (3.2) yield

(3.11) f ( t, b(t), b^′(t) ) ≤ f^∗ (t, x, x^′) ≤ f ( t, a (t), a^′(t) ) , ∀ t ∈ R^+ .

Noting that a, b ∈ S \ { 0}, we get by Lemma 3.1 ( ϕ(− β^{′′}(t))

)_′ = ( ϕ(− T a)^{′′}(t))

)_′

= − f ( t, a (t), a^′(t) ) , ∀ t ∈ R^+ , ( ϕ(− α^{′′}(t))

)_′ = ( ϕ(− T b)^{′′}(t))

)_′

= − f ( t, b(t), b^′(t) ) , ∀ t ∈ R^+ .

Combining this with (3.1), (3.2), (3.9)–(3.11), and Lemma 3.1, we obtain that for all positive t ( ϕ(− β^{′′}(t))

)_′ − ( ϕ(− x^{′′}(t))

)_′

= − f ( t, a (t), a^′(t) ) + f^∗ ( t, x (t), x^′(t) ) ≤ 0 .

Then the function z defined by z(t) = ( ϕ(− β^{′′}(t))) − (ϕ(− x^{′′}(t))) is nonincreasing in R^+ . Moreover z(+ ∞ ) = 0 implies z(t) ≥ 0, ∀ t ≥ 0. Hence (β − x)^{′′}(t) ≤ 0, ∀ t ∈ R^+ which implies that (β − x)^′ is nonincreasing in R^+ . In addition (β − x)^′(+ ∞ ) = 0 , then (β − x)^′(t) ≥ 0, ∀ t ∈ R^+ and x^′(t) ≤ β^′(t), ∀ t ∈ R^+ . Finally, Lemma 2.3 implies that x(t) ≤ β(t), for all t ∈ R^+ . The estimates x^′(t) ≥ α^′(t) and x(t) ≥ α(t), for all t ∈ R^+ are proved similarly; we omit the details. Therefore, x is a solution of (1.1). Finally, since α, β ∈ S \ {0}, by Lemmas 2.1 and 2.2, there exist two positive constants λ_0 = λ_α and M = M_β such that x(t) ≥ α(t) ≥ λ_0 ρ(t) and 0 ≤ x^′(t) ≤ β^′(t) ≤ M , ∀ t ∈ R^+ , as claimed. □ When f (t, x, y) has no singularity at x = 0 , i.e. f : R^+ × R^+ × R^+ −→ R^+ is a continuous function, then for all x, y ≥ 0, f (t, x, y) ≤ f (t, 0,0). We have obtained the following

Theorem 3.2. Assume that assumption (H_1 ) holds with (H_2 )^′ 0 < ∫_{+ ∞} 0 f (τ,0, 0)dτ < + ∞ and

∫_{+ ∞} 0 ϕ^{− 1}

( ∫ + ∞ s f (τ,0, 0)dτ ) ds < + ∞ .

Then problem (1.1) has at least one positive solution x ∈ E and, by Lemma 3.1, we even have that x ∈ X. In addition, x(t) ≥ λ_0 ρ(t) and 0 ≤ x^′(t) ≤ M, for some M, λ_0 > 0.

SINGULAR THIRD-ORDER BVPS 45

The proof follows the same line as that of Theorem 3.1. We only have to check that T(S) ⊂ S ∩ X and if a(t) = 0 , t ≥ 0, then the condition (H_3) holds. Also the condition (H_2)^′ implies that the functions β = T a = b and α = T b belong to S \ { 0}.

Example 3.1. Consider the singular bvp

(3.12) ( ϕ(− x^{′′}(t))

)_′ + f ( t, x (t), x^′(t) ) = 0 ,

x(0) = μx^′(0) , lim

t → + ∞ x

′(t) = lim

t → + ∞ x

′′(t) = 0 ,

where 0 ≤ μ ≤^8_3 , ϕ(x) = x^{13} , f (t, x, y ) = e^{− t} m(t)g(x)ψ (y),

m(t) = { t^3 , t ∈ [0, 1], 1 t^2 , t ≥ 1 ,

g(x) =

{_1

x , x ∈ (0, 1],

1 , x ≥ 1 ,

ψ (y) =

{_1

2 +^1_{y+1} , y ∈ [0, 1],

1 , y ≥ 1 .

Next, we verify the assumptions in Theorem 3.1.

(H_1 ) f ∈ C(R^+ × (0,+ ∞ ) × R^+ , R^+ ) and f (t, x, y) is nonincreasing with respect to x and y, for every positive t.

(H_2 ) For all λ > 0, ∫_{+ ∞} 0 f (τ, λρ(τ), 0)dτ = 2 λ and ∫_{+ ∞} 0 ϕ^{− 1}

( ∫ + ∞ s f (τ, λρ(τ), 0)dτ ) ds < + ∞ .

(H_3 ) We set a_0 (t) = t + 1 and a = T a_0 , i.e.

a(t) =

∫_{+ ∞} 0 G(t, s )ϕ^{− 1}

( ∫ + ∞ s e^{− τ} m(τ)dτ ) ds .

Then for all positive t

a(t) ≤

∫_{+ ∞} 0 G(t, s )ϕ^{− 1}

( ∫ + ∞ s e^{− τ} dτ )

≤ ∫_{+ ∞} 0 (s + 8 /3)ϕ^{− 1} (e^{− s} ) ds ≤ 1 ≤ a_0 (t)

46 S. DJEBALI AND O. SAIFI and a^′(t) =

∫_{+ ∞} t ϕ^{− 1}

( ∫ + ∞ s e^{− τ} m(τ) dτ )

≤ ∫_{+ ∞} t ϕ^{− 1}

( ∫ + ∞ s e^{− τ} dτ )

≤ ∫_{+ ∞} t ϕ^{− 1} (e^{− s} ) ds ≤ 1 = a^′_0 (t) .

Hence

b(t) =

∫_{+ ∞} 0 G(t, s )ϕ^{− 1}

( ∫ + ∞ s e^{− τ} m(τ)g ( a(τ) ) ψ ( a^′(τ) ) dτ ) ds ≥ ∫_{+ ∞} 0 G(t, s )ϕ^{− 1}

( ∫ + ∞ s e^{− τ} m(τ)g ( a_0 (τ) ) ψ ( a^′_0 (τ) ) dτ ) ds = a(t)

and b^′(t) ≥ a^′(t). As a consequence ∫_{+ ∞} t ϕ^{− 1}

( ∫ + ∞ s f ( τ, b(τ), b^′(τ) ) dτ ) ds = ∫_{+ ∞} t ϕ^{− 1}

( ∫ + ∞ s e^{− τ} m(τ)g ( b(τ) ) ψ ( b^′(τ) ) dτ ) ds ≤ ∫_{+ ∞} t ϕ^{− 1}

( ∫ + ∞ s e^{− τ} m(τ)g ( a(τ) ) ψ ( a^′(τ) ) dτ ) ds = b^′(t) .

Then the first inequality of ( H_3) holds. Finally, since g ≥ 1 and ψ ≥ 1, we get ∫_{+ ∞} t ϕ^{− 1}

( ∫ + ∞ s f ( τ, b(τ), b^′(τ) ) dτ ) ds ≥ ∫_{+ ∞} t ϕ^{− 1}

( ∫ + ∞ s e^{− τ} m(τ) dτ ) ds = a^′(t) ,

then the second inequality of ( H_3 ) holds too.

By Theorem 3.1, problem (3.12) has at least one positive solution x lying between T^2 a and T a.

4. Concluding remarks

(a) Owing to Lemma 2.3, S is partially ordered by the relation x^′ ≤ y^′. Then the monotonic assumption on the nonlinearity f , namely Assumption ( H_1), implies that the fixed point integral operator T is monotonic nonincreasing. From (3.2) in Remark 3.1, it is easily seen that

a ≤ T^2 a ≤ T^4 a ≤ · · · ≤ T^{(2 m )} (a) ≤ · · · ≤ T^{(2 m − 1)} (a) ≤ · · · ≤ T^3 a ≤ T a .

Hence the subsequences T^{(2 m )}(a) and T^{(2 m +1)} (a) are monotonic nondecreasing and nonincreasing sequences respectively; since they are further uniformly bounded in the interval [a, T a], then they are convergent to some limits y and z, respectively, with a ≤ y ≤ z ≤ T a. In fact, we even have

SINGULAR THIRD-ORDER BVPS 47

that, for all integer m, y ≥ T^{(2 m )}(a) and z ≤ T^{(2 m +1)} (a). Therefore, we deduce that the solution set for problem (1.1) lies in the smaller interval [y, z].

(b) Problem (1.1) is considered in [ 11] when f does not depend on the first derivative. When f depends as well on the first derivative, it has also been studied in [ 10] via a topological method; the hypotheses on the nonlinearity rather involve the growth of the function f (t, (1+ t)x, y). In [14], the authors investigated problem (1.1) with a nonlinearity satisfying some local growth conditions.

(c) In this work, problem (1.1) was treated with the method of upper and lower solutions but with no Nagumo-type growth condition on the nonlinearity f , as generally assumed. We point out that the first derivative x^′ is not at all involved in (H_2) which is rather related to the half-line problem setting.

References

[1] Agarwal, R.P., Meehan, M., O’Regan, D., Fixed Point Theory and Applications , Cambridge Tracts in Mathematics, vol. 141, Cambridge University Press, 2001.

[2] Agarwal, R.P., O’Regan, D., Infinite Interval Problems for Differential, Difference, and Integral Equations , Kluwer Academic Publishers, Dordrecht, 2001.

[3] Corduneanu, C., Integral Equations and Stability of Feedback Systems , vol. 104, Academic Press, New York, 1973.

[4] Djebali, S., Mebarki, K., Multiple positive solutions for singular BVPs on the positive half-line , Comput. Math. Appl. 55 (112) (2008), 2940–2952.

[5] Djebali, S., Mebarki, K., On the singular generalized Fisher-like equation with derivative depending nonlinearity , Appl. Math. Comput. 205 (1) (2008), 336–351.

[6] Djebali, S., Mebarki, K., Multiple unbounded positive solutions for three-point bvps with sign-changing nonlinearities on the positive half-line , Acta Appl. Math. 109 (2) (2010), 361–388.

[7] Djebali, S., Saifi, O., Positive solutions for singular ϕ-Laplacian BVPs on the positive half-line , EJQTDE (56) (2009), 24pp.

[8] Djebali, S., Saifi, O., Positive solutions for singular BVPs on the positive half-line with sign changing and derivative depending nonlinearity , Acta Appl. Math. 110 (2) (2010), 639–665.

[9] Djebali, S., Saifi, O., Upper and lower solution method for singular ϕ − Laplacian BVPs with derivative depending nonlinearity on [0,+ ∞ ), Commun. Appl. Anal. 14 (4) (2010), 463–480.

[10] Djebali, S., Saifi, O., Third order BVPs with ϕ-Laplacian operators on [0,+ ∞ ), Afr. Diaspora J. Math. 16 (1) (2013), 1–17.

[11] Djebali, S., Saifi, O., Upper and lower solutions for ϕ-Laplacian third-order BVPs on the half-line , Cubo 16 (1) (2014), 105–116.

[12] Guo, Y., Yu, C., Wang, J., Existence of three positive solutions for m-point boundary value problems on infinite intervals , Nonlinear Anal. 71 (3–4) (2009), 717–722.

[13] Han, G., Li, F., Multiple solutions of some fourth-order boundary value problems , Nonlinear Anal. 66 (11) (2007), 2591–2603.

[14] Liang, S., Zhang, J., Positive solutions for singular third-order boundary-value problem with dependence on the first order derivative on the half-line , Acta Appl. Math. 111 (1) (2010), 27–43.

48 S. DJEBALI AND O. SAIFI

[15] Tian, Y., Ge, W., , Shan, W., Positive solutions for three-point boundary value problem on the half-line , Comput. Math. Appl. 53 (7) (2007), 1029–1039.

[16] Yan, B., Liu, Y., Unbounded solutions of the singular boundary value problems for second order differential equations on the half-line , Appl. Math. Comput. 147 (3) (2004), 629–644.

[17] Yan, B., O’Regan, D., Agarwal, R.P., Positive solutions for second order singular boundary value problems with derivative dependence on infinite intervals , Acta Appl. Math. 103 (1) (2008), 19–57.

[18] Yang, Y., Zhang, J., Existence of solutions for some fourth-order boundary value problems with parameters , Nonlinear Anal. 69 (4) (2008), 1364–1375.

[19] Yang, Y., Zhang, J., Nontrivial solutions for some fourth order boundary value problems with parameters , Nonlinear Anal. 70 (11) (2009), 3966–3977.

Department of Mathematics, Faculty of Sciences, Al Imam Mohammad Ibn Saud Islamic University, P.O. Box 90950, Riyadh 11623, Saudi Arabia E-mail : djebali@hotmail.com

Laboratoire “Théorie du point Fixe et Applications”, E.N.S., P.O. Box 92. Kouba, 16006 Algiers, Algeria,

Department of Economics, Faculty of Economic and Management Sciences, Algiers University 3, Algeria E-mail : saifi_kouba@yahoo.fr