ARCHIVUM MATHEMATICUM (BRNO) Tomus 48 (2012), 121–137

ϕ -LAPLACIAN BVPS WITH LINEAR BOUNDED OPERATOR CONDITIONS

Kamal Bachouche, Smaïl Djebali, and Toufik Moussaoui

Abstract. The aim of this paper is to present new existence results for ϕ-Laplacian boundary value problems with linear bounded operator conditions. Existence theorems are obtained using the Schauder and the Krasnosel’skii fixed point theorems. Some examples illustrate the results obtained and applications to multi-point boundary value problems are provided.

1. Introduction

This paper is concerned with the existence of positive solutions to the following boundary value problem with linear bounded operator conditions: (1) { − ( ϕ(u^′)

)_′

(x) = λf ( x, u (x), u^′(x) ) , 0 < x < 1

u(0) = L_0 (u) , u(1) = L_1 (u) ,

where λ > 0, f : [0, 1] × R^+ × R → R^+ is L^1 -Carathéodory function, i.e.

(a) the map x −→ f (x, u, v ) is measurable for all (u, v) ∈ R^+ × R, (b) the map (u, v) −→ f (x, u, v ) is continuous for a.e. x ∈ [0, 1]. (c) For every r > 0, there exists h_r ∈ L^1([0,1], R^+ ) such that 0 ≤ f (x, u, v) ≤ h_r (x), for a.e. x ∈ [0,1] and for all (u, v) ∈ R^+ × R with 0 ≤ u ≤ r and |v| ≤ r .

The nonlinear derivation operator ϕ : R → R is an odd increasing homeomorphism such that ϕ is sub-multiplicative, i.e. ∀ α, β ∈ R^+ , ϕ(α ·β) ≤ ϕ(α) ·ϕ(β), extending the p-Laplacian derivation operator ϕ(s) = |s|^{p− 2} s, p > 1. More generally, one may consider as well the class of sub-multiplicative-like functions introduced in [10] (see, also [11]), that is increasing homeomorphisms ϕ of the real line, vanished at 0, such that there exists an increasing homeomorphism Φ of [0,+ ∞ ) with ϕ(α ·β) ≤ Φ( α)·ϕ(β), for all α, β ∈ R^+ . Notice that (see [ 2]) if ϕ is sub-multiplicative, then ϕ^{− 1} is super-multiplicative, i.e. (2) ∀ α, β ∈ R^+ , ϕ^{− 1} (α ·β) ≥ ϕ^{− 1} (α ) ·ϕ^{− 1} (β) .

2010 Mathematics Subject Classification : primary 34B10; secondary 34B15, 34B18. Key words and phrases : ϕ -Laplacian, BVPs, Krasnosel’skii’s fixed point theorem, Schauder’s fixed point theorem.

Received March 8, 2011, revised September 2011. Editor O. Došlý. DOI: 10.5817/AM2012-2-121

122 K. BACHOUCHE, S. DJEBALI AND T. MOUSSAOUI

Moreover, there exists Φ^∗ ∈ (0, 1) such that

(3) ∀ α, β ∈ R^+ , ϕ^{− 1} (α ) + ϕ^{− 1} (β) ≥ Φ^∗ ϕ^{− 1} (α + β) .

Finally L_0 , L_1 are linear bounded increasing operators from E := C([0,1], R^+ ) to R^+ such that L_i(1) < 1 (i = 1 ,2). Here E denotes the Banach space of all continuous functions from [0, 1] to R^+ with the norm

‖u‖_0 = sup { |u(x)|, 0 ≤ x ≤ 1 } . E^1 := C^1([0,1], R^+ ) will refer to the space of continuously differentiable functions from [0,1]to R^+ ; equipped with the norm ‖u‖ = max ( ‖u‖_0 , ‖u^′‖_0 ) , this is a Banach space. The boundary value problem (bvp in short) (1) was studied in [ 12] where the author proved existence of positive solutions under appropriate conditions on the level of growth of the response operator F defined by F u(x) = f (x, u(x)). In this paper, new conditions including sub-linear and super-linear growth nonlinearities are assumed to prove existence of solutions lying either in balls or in positive cones of Banach spaces. In [ 3, 2, 4], the authors studied two-point Dirichlet bvps associated to the ϕ-Laplacian equation − (ϕ(u^′)^′(x) = f (x, u(x)); the Schauder fixed point theorem is used in [ 4] while existence of positive solutions is obtained via the Krasnosel’skii fixed point theorem in [ 3]; [2] is mainly concerned with multiplicity results via the Leggett-Williams fixed point theorem. Notice that multi-point bvps with the classical p-Laplacian as a nonlinear derivation operator are intensively studied in the literature; see [ 6, 9, 15, 19] and the references therein. In [ 19], existence of solution is obtained for the equation (pu^′(x))^′+ f (x, u) = 0 , 0 < x < 1. In [6], existence of positive solutions in a cone of a Banach space is obtained via the Krasnosel’skii fixed point theorem for the equation (ϕ(u^′(x)))^′ + q(x)f (x, u) = 0 , 0 < x < 1. The same equation is investigated in [ 15] where the proofs of the existence results involve computation of the fixed point index on a special cone of a Banach space. The case when f = f (x, u(x), u^′(x)) is also studied by the same authors in [ 16]. To our knowledge, only Karakostas [ 12] extends the multi-point boundary conditions to more general bounded linear conditions. Thus the main motivation of this work is to provide new existence results for (1) which extend similar results in [ 3, 2, 4, 12]. The plan of the paper is organized as follows. Section 2 is devoted to the functional setting useful to study bvp (1); this includes fixed point formulation and a compactness criterion. Some existence results are then presented in Section 3 when f = f (x, u). The first one uses the Schauder fixed point theorem while in the second one existence of positive solutions is obtained via the Krasnosel’skii fixed point theorem; then we deal with some consequences regarding the sub-linear and super-linear growth of the nonlinearity f . The case when the nonlinearity also depends on the first derivative is dealt with in Section 4; a recent variant of the Krasnosel’skii fixed point theorem is employed. Each existence result is illustrated by means of an example of application.

2. Preliminaries and auxiliary lemmas

In order to transform bvp (1) into a fixed point problem, we need some preliminary results which we collect in this section. For any fixed u ∈ E^1, and θ ∈ [0,1],

ϕ -LAPLACIAN BVPS WITH LINEAR BOUNDED OPERATOR CONDITIONS 123

define the quantity

ζ(θ, u) = aL_0

( ∫ · 0 ϕ^{− 1}

( ∫ θ s f ( τ, u(τ), u^′(τ) ) dτ ) ds )

+ ∫_1 0 ϕ^{− 1}

( ∫ θ s f ( τ, u(τ), u^′(τ) ) dτ ) ds + bL_1

( ∫ 1 · ϕ^{− 1}

( ∫ θ s f ( τ, u(τ), u^′(τ) ) dτ ) ds ) , where

(4) a = (1 − L_0 (1))^{− 1} > 0 and b = (1 − L_1 (1))^{− 1} > 0 .

Lemma 2.1 ([12, Lemma 3.2]) .

(a) ζ(·, ·) is continuous.

(b) For each u ∈ E^1 , the correspondence θ → ζ(θ, u) is strictly increasing.

(c) For any u ∈ E^1 , there is a unique θ(u) ∈ [0, 1] such that ζ(θ(u), u) = 0 .

(d) The function u → θ(u) depends continuously on u.

Lemma 2.2 ([12, Lemma 3.3]) . Let u ∈ L^1([0,1], R^+ ). Then the boundary value problem { − (ϕ(v^′))^′ = u(x) , 0 < x < 1

v(0) = L_0 (v) , v(1) = L_1 (v)

has a unique solution given by

v(x) = aL_0

( ∫_·

0 ϕ^{− 1}

( ∫_{θ(u )} s u(τ) dτ ) ds ) + ∫_x 0 ϕ^{− 1}

( ∫_{θ(u )} s u(τ) dτ ) ds , if 0 ≤ x ≤ θ(u)

bL_1

( ∫_1

· ϕ^{− 1}

( ∫_s

θ(u ) u(τ) dτ ) ds ) + ∫_1 x ϕ^{− 1}

( ∫_s

θ(u ) u(τ) dτ ) ds , if θ(u) ≤ x ≤ 1 ,

where θ(u) satisfies the implicit algebraic equation ζ(θ(u), u) = 0 . Moreover, the solution v has the following properties: (a) it is a concave function, (b) it is a nonnegative function, (c) its maximum is attained at some point of (0, 1).

Remark 2.1. We can see that the function u ∈ E^1 is a solution of the boundary value problem (1) if and only if it is a solution of the operator equation u = T u

124 K. BACHOUCHE, S. DJEBALI AND T. MOUSSAOUI

with T defined by:

(5) T u(x) = aL_0

( ∫_·

0 ϕ^{− 1} ( λ ∫_{θ(u )} s f ( τ, u(τ), u^′(τ) ) dτ ) ds ) + ∫_x 0 ϕ^{− 1} ( λ ∫_{θ(u )} s f ( τ, u(τ), u^′(τ) ) dτ ) ds ,

if 0 ≤ x ≤ θ(u)

bL_1

( ∫_1

· ϕ^{− 1} ( λ ∫_s

θ(u ) f ( τ, u(τ), u^′(τ) ) dτ ) ds ) + ∫_1 x ϕ^{− 1} ( λ ∫_s

θ(u ) f ( τ, u(τ), u^′(τ) ) dτ ) ds ,

if θ(u) ≤ x ≤ 1 ,

where θ(u) is as defined in Lemma 2.2. Hence

(6) (T u)^′(x) = ϕ^{− 1} ( λ ∫_{θ(u )} x f ( τ, u(τ), u^′(τ) ) dτ ) , if 0 ≤ x ≤ θ(u)

− ϕ^{− 1} ( λ ∫_x

θ(u ) f ( τ, u(τ), u^′(τ) ) dτ ) , if θ(u) ≤ x ≤ 1 .

Then (T u)^′(θ(u)) = 0 . This and the concavity of T u imply that T u(x) achieves its

maximum for x = θ(u). As a consequence

‖T u‖ = aL_0

( ∫ · 0 ϕ^{− 1}

( ∫ θ(u ) s λf ( τ, u(τ), u^′(τ) ) dτ ) ds )

+ ∫_{θ(u )} 0 ϕ^{− 1}

( ∫ θ(u ) s λf ( τ, u(τ), u^′(τ) ) dτ ) ds = bL_1

( ∫ 1 · ϕ^{− 1}

( ∫ s

θ(u ) λf ( τ, u(τ), u^′(τ) ) dτ ) ds )

+ ∫_1

θ(u )

ϕ^{− 1}

( ∫ s

θ(u ) λf ( τ, u(τ), u^′(τ) ) dτ ) ds . (7) Lemma 2.3. The operator T : E^1 −→ E^1 defined by (5) is completely continuous.

Since this lemma is only sketched in [ 12], we present the proof in detail, in

particular the continuity of T.

Proof.

(a) T is continuous. Let lim_{n → + ∞} ‖u_n − u_0 ‖_E 1 = 0 . Then there exists some M > 0

such that ‖u_n ‖ ≤ M, for all n ∈ N. Let v_n (·) = λf (·, u_n (·), u^′_n (·)). Since f is

Carathéodory, v_n (·) → v(·) = λf (·, u(·), u^′(·)) a.e. on [0,1] as n → + ∞ . By the

Lebesgue dominated convergence theorem, for a.e. s ∈ (0, θ_n ), we have

0 ≤ lim

n →∞

∫_{θn} s |v_n (τ) − v(τ)| dτ ≤ lim

n →∞

∫_1 0 |v_n (τ) − v(τ)| dτ = 0 ,

where θ_n = θ(u_n ) is as defined in Lemma 3.2. Since 0 < θ_n < 1, then θ_n converges,

up to a subsequence, to some limit θ_∗ ∈ [0,1]. Assume 0 < θ_∗ < 1. Again by the

Lebesgue dominated convergence theorem, the integral

∫_x 0 ϕ^{− 1}

( ∫_{θn} s v_n (τ) dτ ) ds converges to

∫_x 0 ϕ^{− 1}

( ∫_{θ∗}

s v(τ) dτ ) ds because ϕ is a homeomorphism. Also, the

integral L_0

( ∫_· 0 ϕ^{− 1}

( ∫_{θn}

s v_n (τ) dτ ) ds ) converges to L_0

( ∫_·

0 ϕ^{− 1}

( ∫_{θ∗} s v(τ) dτ ) ds ) be- cause ϕ is an homeomorphism and L_0 is continuous. The same holds for the second

ϕ -LAPLACIAN BVPS WITH LINEAR BOUNDED OPERATOR CONDITIONS 125

term in (5) with θ = θ_n . T u_n (x) converges to T u(x) uniformly on [0, 1] with

T u(x) = aL_0

( ∫_·

0 ϕ^{− 1} ( λ ∫_θ s f ( τ, u(τ), u^′(τ) ) dτ ) ds ) + ∫_x 0 ϕ^{− 1} ( λ ∫_θ s f ( τ, u(τ), u^′(τ) ) dτ ) ds , if 0 ≤ x ≤ θ < 1

bL_1

( ∫_1

· ϕ^{− 1} ( λ ∫_s θ f ( τ, u(τ), u^′(τ) ) dτ ) ds ) + ∫_1 x ϕ^{− 1} ( λ ∫_s θ f ( τ, u(τ), u^′(τ) ) dτ ) ds , if 0 < θ ≤ x ≤ 1 ,

where θ = θ(u) is uniquely defined in Lemma 2.1. Since

aL_0

( ∫ · 0 ϕ^{− 1} ( λ ∫_{θn} s f ( τ, u(τ), u^′(τ) ) dτ ) ds )

+ ∫_1 0 ϕ^{− 1} ( λ ∫_{θn} s f ( τ, u(τ), u^′(τ) ) dτ ) ds + bL_1

( ∫ 1 · ϕ^{− 1} (λ

∫_{θn} s f ( τ, u(τ), u^′(τ) ) dτ ) ds ) = 0 ,

invoking once again the Lebesgue dominated convergence theorem, and passing to

the limit as n → + ∞ , we find that

aL_0

( ∫ · 0 ϕ^{− 1} ( λ ∫_{θ∗} s f ( τ, u(τ), u^′(τ) ) dτ ) ds )

+ ∫_1 0 ϕ^{− 1} ( λ ∫_{θ∗} s f ( τ, u(τ), u^′(τ) ) dτ ) ds + bL_1

( ∫ 1 · ϕ^{− 1} ( λ ∫_{θ∗} s f ( τ, u(τ), u^′(τ) ) dτ ) ds ) = 0 .

By uniqueness of θ, we get θ_∗ = θ. Now, assume that θ_∗ = 0 . Then

aL_0

( ∫ · 0 ϕ^{− 1} ( λ ∫_s 0 f ( τ, u(τ), u^′(τ) ) dτ ) ds )

+ ∫_1 0 ϕ^{− 1} ( λ ∫_s 0 f ( τ, u(τ), u^′(τ) ) dτ ) ds + bL_1

( ∫ 1 · ϕ^{− 1} ( λ ∫_s 0 f ( τ, u(τ), u^′(τ) ) dτ ) ds ) = 0 .

Since all the terms are nonnegative, we obtain

ϕ^{− 1} ( λ ∫_t 0 f ( ·, u(·), u^′(·) ) ds ) = 0 , t ∈ [0, 1]

and f (·, u(·), u^′(·)) = 0 a.e. on [0,1], leading to a contradiction. Analogously, we can

check that θ_∗ ≠ 1 . In the same way, we prove the uniform convergence of (T u_n )^′(x)

to (T u)^′(x), proving the continuity of T and ending the proof of our claim.

126 K. BACHOUCHE, S. DJEBALI AND T. MOUSSAOUI

(b) T is totally bounded. Let B be a bounded subset in E^1 and M > 0 a constant such that ‖u‖ ≤ M for all u ∈ B . We have ∫_· 0 ϕ^{− 1} ( λ ∫_{θ(u )} s f ( τ, u(τ), u^′(τ) ) dτ ) ds ≤

∫_1 0 ϕ^{− 1} ( λ ∫_1 0 f ( τ, u(τ), u^′(τ) ) dτ ) ds ≤ ϕ^{− 1} ( λ ∫_1 0 f ( τ, u(τ), u^′(τ) ) dτ )

≤ ϕ^{− 1} (λ|h_M |_1 ) ,

where |h_M |_1 =

∫_1 0 h_M (τ)dτ. Since L_0 is increasing, we deduce that

L_0

( ∫ · 0 ϕ^{− 1} ( λ ∫_{θ(u )} s f ( τ, u(τ), u^′(τ) ) dτ ) ds )

≤ L_0 ( ϕ^{− 1} (λ|h_M |_1 ) ) = ϕ^{− 1} (λ|h_M |_1 )L_0 (1) .

From (6) and (7), we deduce that

‖T u‖_0 ≤ (aL_0 (1) + 1) ϕ^{− 1} (λ|h_M |_1 ) and ‖(T u)^′‖_0 ≤ ϕ^{− 1} (λ|h_M |_1 ) .

This implies the boundedness of T(B). To show the equicontinuity of T(B), notice that for x ∈ [0, 1] and u ∈ B , we have

|(T u)^′(x)| ≤ ϕ^{− 1}

( ∫ 1 0 λf ( x, u (x), u^′(x) ) dx ) ≤ ϕ^{− 1} ( λ|h_M |_1 ) . Therefore, if x_1 , x_2 ∈ [0,1], then |(T u)(x_1) − (T u)(x_2)| ≤ ϕ^{− 1} ( λ|h_M |_1 ) |x_1 − x_2 | and the right hand-side term tends to 0 as |x_1 − x_2 | → 0. Finally (6) gives the estimate:

|(ϕ(T u))^′(x_1 ) − (ϕ(T u))^′(x_2 )| ≤ | | ∫_{x 2}

x_1

h_M (τ)dτ | | which also tends to 0 when |x_1 − x_2 | → 0 for h_M ∈ L^1([0,1], R^+ ). Since ϕ is a homeomorphism, this shows the equicontinuity of T(B). Finally, the Arzéla-Ascoli theorem then concludes the proof. □

3. The case f = f (x, u )

The following classical theorems will be the main tools used in this section.

Theorem A (Schauder’s fixed point theorem. (See [ 5, Thm. 8.8, p. 60], [ 14, Thm. 2.3.7, p. 15], [18, Thm. 2.A, p. 57])) . Let X be a Banach space and C ⊂ X a bounded, closed, convex subset of E. If T : C → C is a completely continuous operator, then T has a fixed point in C.

Theorem B (Krasnosel’skii’s fixed point theorem. (See [ 13, 8])). Let X be a Banach space, K ⊂ X a cone and Ω_1 ,Ω_2 two bounded open subsets satisfying 0 ∈ Ω_1 ⊂ Ω_1 ⊂ Ω_2. Let T : K ∩ (Ω_2 \Ω_1) → K be a completely continuous operator such that: (a) either ‖T v‖ ≤ ‖ v‖ for v ∈ K ∩ ∂Ω_1 and ‖T v‖ ≥ ‖ v‖ for v ∈ K ∩ ∂Ω_2 ,

ϕ -LAPLACIAN BVPS WITH LINEAR BOUNDED OPERATOR CONDITIONS 127

(b) or ‖T v‖ ≥ ‖ v‖ for v ∈ K ∩ ∂Ω_1 and ‖T v‖ ≤ ‖ v‖ for v ∈ K ∩ ∂Ω_2 . Then T has at least a fixed point in K ∩ (Ω_2 \ Ω_1 ). 3.1. An existence theorem by the Schauder fixed point theorem. Our first existence result in this section is: Theorem 3.1. Assume that there exists R ≥ 1 such that (8) ∫_1 0 f (x, R ) dx ≥ R .

Then, for sufficiently small λ, bvp (1) has at least one nonnegative solution u such that ‖u‖_0 ≤ R. Proof. Let g_R (x) = max

0≤ y≤ R

f (x, y), then ∫_1 0 g_R (τ) dτ ≥

∫_1 0 f (τ, R) dτ ≥ R ≥ 1 .

Let a be given by (4) and λ^⋆ = ϕ(1/aL_0 (1) + 1) |g_R |_1 . Let u ∈ B := { u ∈ E, ‖u‖_0 ≤ R}. Arguing as in the proof of Lemma 2.3, we find that, for 0 < λ ≤ λ^⋆ , we have ‖T u‖_0 ≤ (aL_0 (1) + 1) ϕ^{− 1} (λ|g_R |_1 ) ≤ 1 ≤ R .

Therefore, the operator T maps the ball B into itself. By Theorem A and Lemma 2.3, T has a fixed point u such that ‖u‖_0 ≤ R. □ Example 3.1. Consider the boundary value problem: (9) { − (|u^′|u^′)^′ (x) = λ|(x −^1_4 )(e^u − 2)| ln(|u| + 1) , 0 < x < 1 u(0) =

∫_1 0 u(s)dμ_1 (s) , u(1) =

∫_1 0 u(s)dμ_2 (s) .

Here ϕ = ϕ_3, f (x, u) = |(x −^1_4 )(e^u − 2)| ln(|u|+1) , and μ_1, μ_2 are two nondecreasing functions on [0,1] of bounded variation V^1_0 (μ_i) < 1, (i = 0 ,1). This condition ensures that the Stieltjes integrals do exist. Then, for sufficiently small λ > 0, bvp (9) has a solution u such that ‖u‖_0 ≤ 3. Indeed, for R = 3 we have ∫_1 0 f (x, R ) dx = 5 16 (e^R − 2) ln( R + 1) ≥ R .

3.2. Existence results by the Krasnosel’skii fixed point theorem. Let the operator T be as defined in (5) and consider the positive cone (10) K = { u ∈ E and u is concave on (0, 1)} . It is clear that T maps K into itself and (T u)(0) ≥ 0, (T u)(1) ≥ 0. To prove existence of positive solutions, we need some preliminary results:

128 K. BACHOUCHE, S. DJEBALI AND T. MOUSSAOUI

Lemma 3.2 ([3, Lemma 2.3] or [12, Lemma 3.1]) . Let p(x) = min(x, 1 − x), x ∈ [0, 1]. If u ∈ K , then for all x ∈ [0, 1]

u(x) ≥ p(x)‖u‖_0 , ∀ x ∈ [0, 1].

Lemma 3.3 ([3], [2, Lemma 2.6]) . Let 0 < σ <^1_2 an arbitrary real number. Then for every u ∈ E , the operator T verifies

‖T u‖_0 ≥ σϕ^{− 1}

( ∫_{1− σ}

θ(u ) λf ( τ, u(τ) ) dτ ) , if θ(u) ≤ σ

σϕ^{− 1}

( ∫_{θ(u )}

σ λf ( τ, u(τ) ) dτ ) , if θ(u) ≥ 1 − σ σ 2 ϕ^{− 1}

( ∫_{θ(u )}

σ λf ( τ, u(τ) ) dτ ) +^σ_2 ϕ^{− 1}

( ∫_{1− σ}

θ(u ) λf ( τ, u(τ) ) dτ ) , if σ ≤ θ(u) ≤ 1 − σ ,

where θ(u) is as defined in Lemma 2.2.

3.3. The super-linear-like case.

Theorem 3.4. Suppose that the following condition holds:

lim sup

u → 0^+

f (x, u ) ϕ(u)

= 0 and lim inf

u → + ∞

f (x, u ) ϕ(u)

= + ∞ , uniformly in x ∈ [0, 1].

Then bvp (1) has at least one positive solution u ∈ E for all positive λ.

Proof. Claim 1. Let ε > 0 satisfy

(11) 0 < ε ≤ 1 λϕ (aL_0 (1) + 1) . Since lim

u → 0^+ f (x,u ) ϕ (u ) = 0 , uniformly in x ∈ [0,1], then there exists r > 0 such that

0 ≤ f (x, u) ≤ εϕ(u), for x ∈ [0,1] and 0 ≤ u ≤ r. Let Ω_1 := { u ∈ E, ‖u‖_0 < r } and u ∈ K ∩ ∂Ω_1, then ϕ(u(s)) ≤ ϕ(‖u‖_0) = ϕ(r), for all s ∈ [0,1]. So, for ε satisfying (11) and using (2), we have the estimates

‖T u‖_0 ≤ aL_0

( ∫ 1 0 ϕ^{− 1}

( ∫ 1 0 λf ( τ, u(τ) ) dτ ) ds )

+ ∫_1 0 ϕ^{− 1}

( ∫ 1 0 λf ( τ, u(τ) ) dτ ) ds ≤ (aL_0 (1) + 1)

∫_1 0 ϕ^{− 1}

( ∫ 1 0 λεϕ (r ) dτ ) ds = ( aL_0 (1) + 1 ) ϕ^{− 1} ( ελϕ (r ) ) = ϕ^{− 1} ( ϕ(aL_0 (1) + 1) ) ·ϕ^{− 1} ( ελϕ (r ) ) ≤ ϕ^{− 1} ( ϕ(aL_0 (1) + 1) ·ελϕ (r ) ) = r = ‖u‖_0 .

Claim 2. Let λ > 0, 0 < σ < 1/2 be arbitrary and let k satisfy

(12) k ≥ max( ϕ(1/σ^2 ) , ϕ(2/σ^2 Φ^∗ ))/λ(1 − 2σ) .

ϕ -LAPLACIAN BVPS WITH LINEAR BOUNDED OPERATOR CONDITIONS 129

Since lim inf

u →∞ f (x,u ) kϕ (u ) = + ∞ uniformly in x ∈ [0,1], then there exists R > 0 such

that f (x, u) ≥ kϕ(u), for x ∈ [0,1] and u ≥ R. Let ~R ≥ R/σ and define the open set Ω_2 := { u ∈ E : ‖u‖_0 < ~R } . Then u ∈ K and ‖u‖_0 = ~R imply that

u(x) ≥ p(x)‖u‖_0 ≥ σ ~R ≥ R, for all x ∈ [σ, 1 − σ]. Two distinct cases are then discussed separately.

Case (a): If θ(u) < σ or θ(u) > 1 − σ, then by Lemma 3.3 and using (2), (12), and the fact that ϕ is increasing, we get

‖T u‖_0 ≥ σϕ^{− 1}

( ∫ 1− σ σ λf ( τ, u(τ) ) dτ )

≥ σϕ^{− 1}

( ∫ 1− σ σ kλϕ ( u(τ) ) dτ )

≥ σϕ^{− 1} ( kλ(1 − 2σ)ϕ(σ ~R) ) ≥ σ^2 ~Rϕ^{− 1} ( kλ(1 − 2σ) ) ≥ ~R = ‖u‖_0 .

Case (b): If θ(u) ∈ [σ, 1 − σ], then again by Lemma 3.3 together with (3) and (12), we have the estimates:

‖T u‖_0 ≥ σ 2 ϕ^{− 1}

( ∫ θ(u ) σ λf ( τ, u(τ) ) dτ ) + σ 2 ϕ^{− 1}

( ∫ 1− σ

θ(u ) λf ( τ, u(τ) ) dτ )

≥ σ 2 Φ^∗ ϕ^{− 1}

( ∫ 1− σ σ λf ( τ, u(τ) ) dτ )

≥ σ 2 Φ^∗ ϕ^{− 1}

( ∫ 1− σ σ kλϕ ( u(τ) ) dτ )

≥ σ 2 Φ^∗ ϕ^{− 1} ( kλ(1 − 2σ)ϕ(σ ~R) )

≥ σ^2 2 ~RΦ^∗ ϕ^{− 1} (kλ(1 − 2σ)) ≥ ~R = ‖u‖_0 .

Therefore, in both cases, we have ∀ u ∈ K ∩ ∂Ω_2, ‖T u‖_0 ≥ ‖ u‖_0. By Theorem B, bvp (1) admits a positive solution u such that min(r, ~R) ≤ ‖ u‖_0 ≤ max(r, ~R). □

Corollary 3.5. Assume there exist continuous nonnegative functions φ , ψ on R^+ and ω, ρ ∈ L^1 ([0, 1], R^+ ) such that

ρ(x)φ (u) ≤ f (x, u ) ≤ ω (x)ψ (u) , on [0, 1] × R^+ and lim u → 0^+

ψ (u) ϕ(u)

= 0 , lim

u → + ∞

φ (u) ϕ(u)

= + ∞ .

Then bvp (1) has at least one positive solution for every λ > 0.

Also, we have

130 K. BACHOUCHE, S. DJEBALI AND T. MOUSSAOUI

Corollary 3.6. Let q ∈ C([0,1], R^+ ) with min

x ∈ [0,1]

q(x) > 0 and F : R^+ −→ R^+ satisfies lim sup

s → 0^+

F (s) ϕ(s)

= 0 and lim inf

s → + ∞

F (s) ϕ(s)

= + ∞ .

Then, the boundary value problem

(13) { − (ϕ(u^′))^′ = λq(x)F (u) , 0 < x < 1 , u(0) = L_0 (u) , u(1) = L_1 (u) has at least one positive solution for every λ > 0. Example 3.2. Consider the boundary value problem:

(14) { − ( ϕ_3 (u^′)

)_′

(x) = q(x) ( ϕ_4 (u) + ϕ_5 (u) ) , 0 < x < 1 u(0) =

∫_1 0 u(s) dμ_1 (s) , u(1) =

∫_1 0 u(s) dμ_2 (s) , where the function q ∈ C([0,1],(0,+ ∞ )). μ_1, μ_2 are two nondecreasing functions on [0,1] of bounded variation V^1_0 (μ_i) < 1, (i = 0 ,1). Let ψ (u) = ϕ_4(u) + ϕ_5(u) and φ (u) = ϕ_4 (u). Then, lim u → 0^+

ψ (u) ϕ(u)

= lim_{u → 0+} (u + u^2 ) = 0 and lim

u → + ∞

φ (u) ϕ(u)

= lim

u → + ∞

u = + ∞ .

By Corollary 3.5, bvp (14) has at least one positive solution.

3.4. The sub-linear-like case. Theorem 3.7. Suppose that the following condition holds:

lim inf

u → 0^+

f (x, u ) ϕ(u)

= + ∞ and lim sup

u → + ∞

f (x, u ) ϕ(u)

= 0 , uniformly in x ∈ [0, 1].

Then bvp (1) has at least one positive solution for sufficiently small λ > 0. Proof. Claim 1. Let λ > 0, 0 < σ < 1/2 be fixed constants, and pick k such that (12) is satisfied. Since lim inf

u → 0^+ f (x,u ) kϕ (u ) = + ∞ , uniformly in x ∈ [0,1], then there exists r > 0

such that λf (x, u) ≥ kϕ(u), for u ∈ [0, r]. Consider the open ball Ω_1 := B(0, r) and let u ∈ K ∩ ∂Ω_1, that is u ∈ K and ‖u‖_0 = r. Then, in one hand, we have that u(x) ≥ p(x)‖u‖_0 ≥ σ‖u‖_0 for any x ∈ [σ, 1 − σ] and in the other hand, the following discussion holds true:

Case (a): If θ(u) < σ or θ(u) > 1 − σ, then by Lemma 3.3 we get, since ϕ is increasing

‖T u‖_0 ≥ σϕ^{− 1}

( ∫ 1− σ σ λf (τ, u(τ))dτ )

≥ σϕ^{− 1}

( ∫ 1− σ σ kλϕ (u(τ))dτ )

≥ σϕ^{− 1} ( kλ(1 − 2σ)ϕ(σ‖u‖_0 ) ) .

ϕ -LAPLACIAN BVPS WITH LINEAR BOUNDED OPERATOR CONDITIONS 131

Owing to (2) and (12), we deduce that

‖T u‖_0 ≥ σ^2 ‖u‖_0 ϕ^{− 1} (kλ(1 − 2σ)) ≥ ‖ u‖_0 = r .

Case (b): If θ(u) ∈ [σ, 1 − σ], then again by Lemma 3.3 both with (3), we obtain the estimates:

‖T u‖_0 ≥ σ 2 ϕ^{− 1}

( ∫ θ σ λf (τ, u(τ))dτ ) + σ 2 ϕ^{− 1}

( ∫ 1− σ θ λf (τ, u(τ))dτ )

≥ σ 2 ϕ^{− 1}

( ∫ θ σ kλϕ (u(τ))dτ ) + σ 2 ϕ^{− 1}

( ∫ 1− σ θ kλϕ (u(τ))dτ )

≥ σ 2 ϕ^{− 1} ( kλ(θ − σ)ϕ(σ‖u‖_0 ) ) + σ 2 ϕ^{− 1} ( kλ(1 − σ − θ)ϕ(σ‖u‖_0 ) ) ≥ σ 2 Φ^∗ ϕ^{− 1} ( kλ(1 − 2σ)ϕ(σ‖u‖_0 ) ) . Hence

‖T u‖_0 ≥ σ^2 2 Φ^∗ ‖u‖_0 ϕ^{− 1} ( kλ(1 − 2σ) ) ≥ ‖ u‖_0 = r .

Therefore, in both cases, we arrive at the estimate

∀ u ∈ K ∩ ∂Ω_1 , ‖T u‖_0 ≥ ‖ u‖_0 .

Claim 2. Since lim sup

u →∞ f (x,u ) ϕ (u ) = 0 uniformly in x ∈ [0,1]. then there exists R > 0

such that 0 ≤ f (x, u) ≤ ϕ(u) for x ∈ [0,1] and u ≥ R. So, there exists C > 0 such that 0 ≤ f (x, u) ≤ ϕ(u) + C for (x, u) ∈ [0,1]× R^+ . Now let the open ball Ω_2 := B (0, R) and u ∈ K ∩ ∂Ω_2 . If v = T u, then v verifies { − (ϕ(v^′))^′(x) = λf (x, u ) , 0 < x < 1 v(0) = L_0 (u) , v(1) = L_1 (u) .

By Lemma 2.2(c), there exists x_m ∈ (0,1) such that v^′(x_m ) = 0 . Then for any s ∈ [0, 1]. We have ϕ ( v^′(s) ) = λ ∫_{x m} s f ( τ, u(τ) ) dτ .

Hence

|ϕ(v^′(s))| = ϕ(|v^′(s)|) ≤ λ

∫_1 0 f (τ, u(τ))dτ ≤ λ ∫_1 0 (ϕ(u(τ)) + C) dτ ≤ λ ( ϕ(R) + C ) . Thus |v^′(s)| ≤ ϕ^{− 1} ( λ(ϕ(R) + C) ) , ∀ s ∈ [0,1]. Since L_0 is increasing, we deduce that

v(t) = v(0) +

∫_t 0 v^′(s)ds = L_0 (u) +

∫_t 0 v^′(s) ds

≤ L_0 (R) + sup_{t ∈ [0,1]} |v^′(t)| ≤ L_0 (R) + ϕ^{− 1} ( λ ( ϕ(R) + C )) .

132 K. BACHOUCHE, S. DJEBALI AND T. MOUSSAOUI

Since 0 < L_0(R) < R, choose 0 < λ ≤ λ^⋆ := ϕ(R − L_0(R))/(ϕ(R) + C) to obtain that v(t) ≤ R = ‖u‖_0, that is ∀ u ∈ K ∩ ∂Ω_2, ‖T u‖_0 ≤ ‖ u‖_0. By Theorem B, for 0 < λ ≤ λ^⋆ , bvp (1) admits a positive solution u such that min(r, R ) ≤ ‖ u‖_0 ≤ max( r, R ). □ As a consequence, we deduce Corollary 3.8. Let q ∈ C([0,1], R^+ ) with min

x ∈ [0,1]

q(x) > 0 and F : R^+ −→ R^+ satisfies lim inf

s → 0^+

F (s) ϕ(s)

= + ∞ and lim sup

s → + ∞

F (s) ϕ(s)

= 0 .

Then, the boundary value problem

(15) { − (ϕ(u^′))^′ = λq(x)F (u) , 0 < x < 1 , u(0) = L_0 (u) , u(1) = L_1 (u) has at least one positive solution for sufficiently small λ > 0. Example 3.3. Consider the multi-point boundary value problem:

(16)

− (ϕ(u^′))^′ (x) = λq(x)g(u(x)) , 0 < x < 1 u(0) =^n ∑ i =1

a_i u(ξ_i ) , u(1) =^n ∑ i =1

b_i u(ξ_i ) ,

where q ∈ C([0,1],(0,+ ∞ )), ξ_i ∈ (0,1) with 0 < ξ_1 < ξ_2 < · · ·< ξ_n < 1, and a_i , b_i ≥ 0 are such that^n ∑ i =1

a_i < 1 and^n ∑ i =1

b_i < 1. With L_0(u) = u(0) and

L_1(u) = u(1), we have that L_0(1) =^n ∑ i =1

a_i < 1 and L_1(1) =^n ∑ i =1

b_i < 1. Let ϕ(u) = k_3 ϕ_p(u) + k_4 ϕ_q(u), g(u) = k_1 ϕ_s (u) + k_2 ϕ_t (u), for some positive constants k_i , (i = 1 , . . . , 4), and 1 < s < p < t < q . The latter condition yields that lim g(u) ϕ(u)

= lim k_1 u^s + k_2 u^t k_3 u^p + k_4 u^q

= lim k_1 u^{s − p} + k_2 u^{t − p}

k_3 + k_4 u^{q− p} = { 0 , if u → + ∞ + ∞ if u → 0 .

By Corollary 3.8, we obtain the existence of at least one positive solution for small parameter λ > 0.

4. The case f = f (x, u, v ) When the nonlinearity f also depends on the first derivative, application of the classical Krasnosel’skii fixed point theorem turns out to be difficult. Indeed, it not always so easy to perform the two inequalities ‖T u‖ ≤ ‖ u‖ and ‖T u‖ ≥ ‖ u‖ for instance when ‖T u‖ is the sup-norm in the Banach space C^1([0,1], R). An alternative way consists in employing the following recent fixed point theorem. First, we present the general framework. Let X be a linear space such that there is a norm ‖u‖_1 under which X is a normed linear space (not necessarily complete) and there is a semi-norm ‖ · ‖_2 such that under ‖u‖ = max(‖u‖_1 , ‖u‖_2), X is a

ϕ -LAPLACIAN BVPS WITH LINEAR BOUNDED OPERATOR CONDITIONS 133

Banach space. For example, equipped with ‖u‖_1 = ‖u‖_0, X = E^1 := C^1([0,1], R) is an incomplete normed linear space. If ‖u‖_2 = ‖u^′‖_0 , then ‖u‖_2 is a semi-norm of E^1 . Finally, with ‖u‖ = max( ‖u‖_1 , ‖u‖_2 ), E^1 is a Banach space.

Theorem C ([17, Theorem 2.8]) . Let Ω_1 = { u ∈ X, ‖u‖_1 < r } and Ω_2 = { u ∈ X, ‖u‖_1 < R } be two open sets in X with r < R . Let T : K ∩ (Ω̄_2 \ Ω_1) → K be a continuous map with relatively compact image T(K ∩ (Ω̄_2 \ Ω_1)). Suppose that one of the following two conditions is satisfied: (a) ‖T v‖ ≤ ‖ v‖ for v ∈ K ∩ ∂Ω_1 and ‖T v‖_1 ≥ ‖ v‖_1 for v ∈ K ∩ ∂Ω_2 , (b) ‖T v‖_1 ≥ ‖ v‖_1 for v ∈ K ∩ ∂Ω_1 and ‖T v‖ ≤ ‖ v‖ for v ∈ K ∩ ∂Ω_2 . Then T has at least a fixed point in K ∩ (Ω_2 \ Ω_1 ).

Notice that Ω_1 and Ω_2 need not be bounded. Then we can prove existence of positive solutions which are only bounded with respect to the norm ‖u‖_0. Arguing as in Theorems 3.4 and 3.7, we have the following two existence theorems: Theorem 4.1 (The super-linear-like case) . Suppose

(a) there exists a nondecreasing function ψ_1 ∈ C(R, (0, + ∞ )) with 0 < ∫_{+ ∞} 1 ψ_1 (t)

t^2 dt < + ∞ such that

lim sup

u → 0^+

f (x, u, v ) ϕ(u)ψ_1 (v)

= 0 , uniformly in x ∈ [0, 1] and v ∈ R .

(b) lim inf

u → + ∞

f (x, u, v )

ϕ(u)

= + ∞ , uniformly in x ∈ [0, 1] and v ∈ R .

Then bvp (1) has at least one positive solution in E^1 for all positive λ. Example 4.1. Consider the multi-point boundary value problem:

(17)

− (ϕ(u^′))^′ (x) = λq(x)g(u(x))h(u^′(x)) , 0 < x < 1 u(0) =^n ∑ i =1

a_i u(ξ_i ) , u(1) =^n ∑ i =1

b_i u(ξ_i ) ,

where q ∈ C([0,1],(0,+ ∞ )), ξ_i ∈ (0,1) with 0 < ξ_1 < ξ_2 < · · ·< ξ_n < 1, and a_i , b_i ≥ 0 are such that^n ∑ i =1

a_i < 1 and^n ∑ i =1

b_i < 1. With L_0(u) = u(0) and

L_1(u) = u(1), we have that L_0(1) =^n ∑ i =1

a_i < 1 and L_1(1) =^n ∑ i =1

b_i < 1. Let g(u) = c_1 ϕ_{5/2}(u) + c_2 ϕ_3(u) and ϕ(u) = c_3 ϕ_{3/2}(u) + c_4 ϕ_2(u) for some positive constants c_i , (i = 1 , 4). Let h(v) = 1 + e^v and ψ_1 (v) = √ 1 + ϑ(v) where

ϑ(s) = { s , if s ≥ 0 0 , otherwise .

Then

∫_{+ ∞} 1 √ 1+ t t^2 dt < + ∞ and the ratio

g(u)h(v) ϕ(u)ψ_1 (v) = ( c_1 u5/2 + c_2 u3 c_3 u^{3/2} + c_4 u^2

)( 1 + ev √ 1 + ϑ(v) )

134 K. BACHOUCHE, S. DJEBALI AND T. MOUSSAOUI

tends to 0 as u → 0 uniformly in v ∈ R. Also, the ratio g(u)h(v) ϕ(u)

= (1 + e^v )

( c_1 u5/2 + c_2 u3 c_3 u^{3/2} + c_4 u^2 )

tends to positive infinity if u → + ∞ uniformly in v ∈ R. By Theorem 4.1, we obtain the existence of at least one positive solution for all positive λ. Theorem 4.2 (The sub-linear-like case) . Suppose

(a) there exists a nondecreasing function ψ_1 ∈ C(R, (0, + ∞ )) with 0 < ∫_{+ ∞} 1 ψ_1 (t)

t^2 dt < + ∞ such that

lim sup

u → + ∞

f (x, u, v ) ϕ(u)ψ_1 (v)

= 0 , uniformly in x ∈ [0, 1] and v ∈ R .

(b) lim inf

u → 0

f (x, u, v )

ϕ(u)

= + ∞ , uniformly in x ∈ [0, 1] and v ∈ R .

Then bvp (1) has at least one positive solution in E^1 for every λ > 0 small enough. Sketch of the proof. Claim 1. As in the proof of Theorem 3.7, Assumption (b) yields some R_1 > 0 such that ∀ u ∈ K ∩ ∂Ω_1 , ‖T u‖_0 ≥ ‖ u‖_0 , where Ω_1 := { u ∈ E^1 : ‖u‖_0 < R_1 } and K := { u ∈ E^1 : u concave } . Claim 2. Here we first notice that since u ∈ E^1 is concave, then for any x ∈ (0,1), there exists η ∈ R, (0 < η < x ) such that u(x) ≥ xu^′(η). Hence^{u (x )}_x ≥ u^′(η) ≥ u^′(x). This with Assumption (a) and since ψ_1 is nondecreasing, there exists some C > 0 such that

0 ≤ f (t, u (t), u^′(t)) ≤ ϕ(‖u‖_0 )ψ_1

( ‖u‖_0 t ) + C ,

for u ∈ K . Moreover, there exists R_2 > 0 such that for every u ∈ K ∩ ∂Ω_2, we deduce the estimates: ‖(T u)^′‖_0 ≤ ‖ u‖_0 ≤ ‖ u‖ and for λ small enough ‖T u‖_0 ≤ ‖ u‖_0 ≤ ‖ u‖. Here Ω_2 := { u ∈ E^1 : ‖u‖_0 < R_2 } . Hence ‖T u‖ ≤ ‖ u‖_0 ≤ ‖ u‖ .

By Theorem C, we obtain the existence of at least one positive solution u for small parameter λ. In addition, min( R_1 , R_2 ) ≤ ‖ u‖_0 ≤ min( R_1 , R_2 ). □ Finally, we mention a third existence result proved in [ 1] for homogeneous Dirichlet boundary conditions. Theorem 4.3. Suppose that (a) there exist r_0 > 0, q_1 ∈ C([0,1], R^+ ), φ_1 ∈ C(R^+ , R^+ ), and ψ_1 ∈ C(R, R^+ ) where φ_1 , ψ_1 are nondecreasing with ∫_1 0 q_1 (s)ψ_1

( r_0 s ) ds ≤ 1 φ_1 (r_0 ) ϕ ( r_0 1 + a )

ϕ -LAPLACIAN BVPS WITH LINEAR BOUNDED OPERATOR CONDITIONS 135

such that

0 ≤ λf (x, u, v ) ≤ q_1 (x)φ_1 (u)ψ_1 (v), for all x ∈ [0, 1], 0 ≤ u ≤ r_0 , and v ∈ R .

(b) There exist 0 < σ < 1/2, R_0 ≠ r_0, q_2 ∈ C([0,1], R^+ ), φ_2 ∈ C(R^+ , R^+ ), and ψ_2 ∈ C(R, R^+ ) with φ_2 nondecreasing, ψ_2 nonincreasing and

0 < R_0 ≤ σD (σ) 2 and ∫_1 0 q_2 (s)ψ_2

( R_0 s ) ds < ∞

such that

λf (x, u, v ) ≥ q_2 (x)φ_2 (u)ψ_2 (v) , for all x ∈ [0, 1], σR_0 ≤ u ≤ R_0 , and v ∈ R .

Then, for every λ > 0, bvp (1) has at least one positive solution u ∈ E^1 satisfying

min( r_0 , R_0 ) ≤ ‖ u‖_0 ≤ max( r_0 , R_0 ) .

Here

(18) D (σ) := Φ^∗ ϕ^{− 1}

( ∫ 1− σ σ q_2 (s)φ_2 (σR_0 )ψ_2

( R_0 s ) ds ) . Example 4.2. Consider the boundary value problem:

(19) { − ( ϕ 7_2 (u^′)

)_′

(x) = q(x)φ (u(x))h(u^′(x)) , 0 < x < 1 u(0) =

∫_1 0 u(s) dμ_1 (s) , u(1) =

∫_1 0 u(s) dμ_2 (s) ,

where q ∈ C([0,1],(0,+ ∞ )) with ‖q‖_0 ≤ 1, h(s) = ψ (s) + ψ_2(s) with ψ_2(s) =

e^{− s} , ψ (s) = √ 1 + ϑ(s), and ϑ(s) = { s , if s ≥ 0 0 , otherwise.

The functions μ_1, μ_2 are

nondecreasing on [0,1] of bounded variation V^1_0 (μ_i) < 1, (i = 0 ,1) which ensures that the Stieltjes integrals do exist. Letting L_0(u) = u(0) and L_1(u) = u(1), we obtain that L_0(1) =

∫_1 0 dμ_1(s) = V^1_0 (μ_1) < 1 and L_1(1) =

∫_1 0 dμ_2(s) = V^1_0 (μ_2) < 1.

Since h(s) ≤ ψ (s) + 1 , put ψ_1 (s) = 1 + ψ (s), then ∫_1 0 q(s)ψ_1

( r_0 s ) ds ≤ ‖ q‖_0

∫_1 0 ψ_1

( r_0 s ) ds

≤ ∫_1 0 ψ_1

( r_0 s ) ds =

∫_1 0 1 ds +

∫_1 0 √ 1 + r_0 s ds

= 1 + r_0 2 ( 1 √ 1 + r_0 − 1 + 1 √ 1 + r_0 + 1

− ln

( √ 1 + r_0 − 1 √ 1 + r_0 + 1 )) . With φ_1(s) = φ (s) = (1+ s)^{2/3}, assumption (a) in Theorem 3.1 is fulfilled whenever there exists r > 0 such that 1 √ 1 + r_0 − 1 + 1 √ 1 + r_0 + 1

− ln

( √ 1 + r_0 − 1 √ 1 + r_0 + 1 ) ≤ 2 (1 + a)^52 r^{3/2}_0 (1 + r_0 )^{2/3} − 2 r_0

136 K. BACHOUCHE, S. DJEBALI AND T. MOUSSAOUI

which is satisfied for r_0 large enough. Moreover, with ψ_2(s) = e^{− s} , φ_2(s) = φ (s) = (1 + s)^{2/3} , and since ϕ^{− 1} (s) = s^{2/7} for s ≥ 0, we find that

D (σ) = Φ^∗ ( (1 + σR_0 )^{2/3}

∫_{1− σ} σ q(s)e^{− R 0 /s} ds

) 2/7 . Hence a sufficient condition for (b) in Theorem 4.3 be satisfied is 2R_0 Φ^∗

≤ σ(1 + σR_0 )^{4/21}

( ∫ 1− σ σ q(s)e^{− R 0 /s} ds

)_{2/7}

that is if 2R_0 Φ^∗

≤ σ(1 + σR_0 )^{4/21} q^{2/7} (1 − 2σ)^{2/7} e^{− 2R 0 /7σ} , where q := min ( q(x), σ ≤ x ≤ 1 − σ) is positive. Notice that the latter condition is satisfied for small R_0 . Therefore, all assumptions in Theorem 4.3 are met, hence Problem (19) has at least one positive solution u with R_0 ≤ ‖ u‖_0 ≤ r_0 . Acknowledgement. The authors are greatly thankful to the referee and the editor for their valuable remarks and suggestions which led to substantial improvement of the first version of the manuscript.

References

[1] Bachouche, K., Djebali, S., Moussaoui, T., One-dimensional Dirichlet ϕ − − Laplacian BVPs with first order derivative dependence , Adv. Dynam. Syst. Appl. 6 (2) (2011), 159–175.

[2] Benmezai, A., Djebali, S., Moussaoui, T., Multiple positive solutions for ϕ–Laplacian BVPs , Panamer. Math. J. 17 (3) (2007), 53–73.

[3] Benmezai, A., Djebali, S., Moussaoui, T., Positive solutions for ϕ–Laplacian Dirichlet BVPs , Fixed Point Theory 8 (2) (2007), 167–186.

[4] Benmezai, A., Djebali, S., Moussaoui, T., Existence results for one-dimensional Dirichlet ϕ –Laplacian BVPs: a fixed point approach , Dynam. Systems Appl. 17 (2008), 149–166.

[5] Deimling, K., Nonlinear Functional Analysis , Springer–Verlag, Berlin, Heidelberg, 1985. [6] Feng, H., Ge, W., Jiang, M., Multiple positive solutions for m–point boundary-value problems with one–dimensional p–Laplacian , Nonlinear Anal. 68 (8) (2008), 2269–2279.

[7] Granas, A., Dugundji, J., Fixed Point Theory , Springer-Verlag, New York, 2003. [8] Guo, D., Lakshmikantham, V., Nonlinear Problems in Abstract Cones , Academic Press, San Diego, 1988.

[9] Ji, D., Feng, M., Ge, W., Multiple positive solutions for multipoint boundary value problems with sign changing nonlinearity , Appl. Math. Comput. 196 (2008), 511–520.

[10] Karakostas, G. L., Positive solutions for the Φ –Laplacian when Φ is a sup–multiplicative–like function , Electron. J. Differential Equations 68 (2004), 1–12.

[11] Karakostas, G. L., Triple positive solutions for the Φ –Laplacian when Φ is a sup–multiplicative–like function , Electron. J. Differential Equations 69 (2004), 1–12.

[12] Karakostas, G. L., Solvability of the ϕ–Laplacian with nonlocal boundary conditions , Appl.

Math. Comput. 215 (2009), 514–523. [13] Krasnosel’skii, M. A., Positive Solutions of Operator Equations , Noordhoff, Groningen, The Netherlands, 1964.

ϕ -LAPLACIAN BVPS WITH LINEAR BOUNDED OPERATOR CONDITIONS 137

[14] Smart, D. R., Fixed Point Theorems , cambridge tracts in mathematics ed., vol. 66, Cambridge University Press, London, 1974.

[15] Wang, Y., Ge, W., Existence of multiple positive solutions for multipoint boundary value problems with a one–dimensional p–Laplacian , Nonlinear Anal. 67 (2) (2007), 476–485.

[16] Wang, Y., Ge, W., Existence of triple positive solutions for multi–point boundary value problems with a one dimensional p–Laplacian , Comput. Math. Appl. 54 (6) (2007), 793–807.

[17] Yan, B., Multiple positive solutions for singular boundary–value problems with derivative dependence on finite and infinite intervals , Electron. J. Differential Equations 74 (2006), 1–25.

[18] Zeidler, E., Nonlinear Functional Analysis and its Applications. Vol. I: Fixed Point Theorems , Springer–Verlag, New York, 1986.

[19] Zhang, Z., Wang, J., On existence and multiplicity of positive solutions to singular multi–point boundary value problems , J. Math. Anal. Appl. 295 (2004), 502–512.

National Higher School of Statistics and Applied Economics, 11, Doudou Moukhtar St. Ben-Aknoun, Algiers, Algeria E-mail : kbachouhche@gmail.com

Department of Mathematics, École Normale Supérieure, PB 92, 16050 Kouba, Algiers, Algeria E-mail : djebali@ens-kouba.dz moussaoui@ens-kouba.dz