ARCHIVUM MATHEMATICUM (BRNO) Tomus 46 (2010), 157–176

GLOBAL EXISTENCE AND POLYNOMIAL DECAY FOR A PROBLEM WITH BALAKRISHNAN-TAYLOR DAMPING

Abderrahmane Zaraï and Nasser-eddine Tatar

Abstract. A viscoelastic Kirchhoff equation with Balakrishnan-Taylor damping is considered. Using integral inequalities and multiplier techniques we establish polynomial decay estimates for the energy of the problem. The results obtained in this paper extend previous results by Tatar and Zaraï [ 25].

1. Introduction

The aim of this paper is to extend a previous work by Tatar and Zaraï [ 25] where an exponential decay result and a blow up result for solutions of the wave equation of Kirchhoff type with Balakrishnan-Taylor damping have been established. Here we study the case where the kernel h decays polynomially (or more precisely, of power type). Namely, we are concerned with the following initial-boundary value problem

(1) u_{tt} − ( ξ_0 + ξ_1 ‖∇ u(t)‖^2 + σ(∇ u(t), ∇ u_t (t)) ) Δ u + ∫_t 0 h(t − s)Δ u(s) ds = |u|^p u in Ω × [0, + ∞ )

u(x, 0) = u_0 (x) and u_t (x, 0) = u_1 (x) in Ω

u(x, t ) = 0 in Γ × [0, + ∞ )

where Ω is a bounded domain in R^n with smooth boundary Γ. Here h represents the kernel of the memory term. All the parameters ξ_0, ξ_1, and σ are assumed to be positive constants. When ξ_1 = σ = h = 0 , the equation (1) reduces to a nonlinear wave equation which has been extensively studied and several results concerning existence and nonexistence have been established [ 4], [10]–[12] [15], [16], [19]. When ξ_0, ξ_1 ≠ 0 , σ = h = 0 , the equation in (1) reduces to the well-known Kirchhoff equation which has been introduced in [ 13] in order to describe the nonlinear vibrations of an elastic string. More precisely, the first (one-dimensional) Kirchhoff

2000 Mathematics Subject Classification : primary 35L20; secondary 35B40, 45K05. Key words and phrases : Balakrishnan-Taylor damping, polynomial decay, memory term, viscoelasticity.

Received September 8, 2009, revised April 2010. Editor M. Feistauer.

158 A. ZARAÏ AND N. TATAR

equation was of the form ρh ∂^2 u ∂t^2 = { p_0 + Eh 2L ∫_L 0 ( ∂u ∂x )_2 dx } ∂2 u

∂x^2

+ f ,

for 0 < x < L , t ≥ 0; where u is the lateral deflection, x the space coordinate, t the time, E the Young modulus, ρ the mass density, h the cross section area, L the length, p_0 the initial axial tension and f the external force. Kirchhoff [ 13] was the first one to study the oscillations of stretched strings and plates. The question of existence and nonexistence of solutions have been discussed by many authors (see [17], [20]–[23], [26]).

The model in hand, with Balakrishnan-Taylor damping (σ > 0) and h = 0 , was initially proposed by Balakrishnan and Taylor in 1989 [ 3] and Bass and Zes [ 5]. It is related to the panel flutter equation and to the spillover problem. So far it has been studied by Y. You [ 27], H. R. Clark [ 9] and N-e. Tatar and A. Zaraï [ 25, 26]. In case σ = 0 the equation in (1) describes the motion of a deformable solid with an hereditary effect. This phenomena occurs in many practical situations such as in viscoelasticity. Again, one can find several papers in the literature especially on exponential and polynomial stability of the system (see [ 2], [6]–[8], [18], [24] and references therein, to cite but a few). The well-posedness is by now well established and can be found in the cited references (see also [3, 27]).

An important question about the asymptotic behavior of solutions has been raised by Clark in [ 9]. It has been proved there that solutions decay exponentially to the equilibrium state provided that we have a damping of the form Δ u_t . This damping is known to be a strong damping. In [ 25], Tatar and Zaraï proved an exponential decay result of the energy provided that the kernel h decays exponentially. In this paper we improve this result by establishing sufficient conditions yielding polynomial stability of solutions under a weaker damping, namely the viscoelastic damping due to the material itself and in presence of a nonlinear source. This nonlinear source, of course, will compete with both kinds of damping. More precisely, we find a “stable” set of initial data where if we start there then the corresponding solutions will decay polynomially to the stationary state when the kernel h decays polynomially.

Our plan in this paper is as follows: in Section 2, we give some lemmas and assumptions which will be used later as well as a local existence theorem. In Section 3, we show that the energy of system (1) is global in time and decays polynomially when we start in a certain “stable” set.

2. Preliminaries

In this section, we present the following well-known lemmas which will be needed later.

Lemma 1 (See [1, 14]). Let E(t) be a non-increasing and nonnegative function defined on [0, ∞ ). Assume there are positive constants λ, C and S_0 such that ∫_∞ S E^{1+ λ} (t) dt = CE^λ (0)E (S) , ∀ S ≥ S_0 ,

ON A PROBLEM WITH BALAKRISHNAN-TAYLOR DAMPING 159

then

E (t) ≤ E (0)

( (S_0 + C)(1 + λ) λt + S_0 + C

) 1_λ

, ∀ t ≥ 0 .

Lemma 2. Let p be a non-negative number (n = 1 ,2) or 0 ≤ p ≤^4_{n − 2} (n > 2) then, there exists a constant C(p, Ω) such that ‖u‖_{p+2} ≤ C(p, Ω) ‖∇ u‖_2 , for u ∈ H^1_0 (Ω) .

Now, we state the general hypotheses (A1) h : R^+ → R^+ is a bounded C^1 -function satisfying ξ_0 −

∫_∞ 0 h(s) ds = ℓ > 0 , (A2) There exist positive constants k and ρ ∈ (2, ∞ ) such that h^′(t) ≤ − kh^{1+ 1ρ} (t) , t > 0 .

It follows from (A2) that h(t) ≤ K (1 + t)^ρ

, t ≥ 0 , for some constant K > 0. Therefore, we have h^η ∈ L^1 (0, ∞ ) for any η > 1 ρ . Now, we state the local existence theorem which can be found for instance in [ 6].

Theorem 1 (Local existence) . Let u_0 ∈ H^1_0 (Ω) , u_1 ∈ L^2(Ω) and 0 < p < p^∗. Here p^∗ =^2_{n − 2} , if n ≥ 3 (∞ , if n ≤ 2). Assume further that (A1) and (A2) hold. Then, problem (1) admits a unique weak solution u ∈ C ( [0, T];H^1_0 (Ω) ) ∩ C^1 ( [0, T] ;L^2 (Ω) ) for T small enough.

3. Global existence Our first result states that the solutions exist for all time t ≥ 0 provided that we start in a ”stable region” which we will define. We define the energy of problem (1) by E (t) = ‖u^′‖^2 + ( ξ_0 + ξ_1 2 ‖∇ u‖^2 ) ‖∇ u‖^2 + ( h□ ∇ u)(t) − ∫_t 0 h(s)‖∇ u(t)‖^2 ds − 2 p + 2

‖u‖^{p+2}_{p+2} , t > 0 (2) where

(h□ ∇ u)(t) =

∫_t 0 h(t − s) ∫ Ω |∇ u(s) − ∇ u(t)|^2 dx ds .

160 A. ZARAÏ AND N. TATAR

Lemma 3. E (t) is a non-increasing function on [0, ∞ ) and

(3) E^′(t) = − 2σ ( 1 2 d dt ‖∇ u‖^2

)_2

+ ( h^′□ ∇ u)(t) − h(t)‖∇ u‖^2 ≤ 0 , t > 0 .

Proof. Multiplying the equation in (1) by u_t and integrating over Ω , we get 1 2 d dt { ‖u^′‖^2 + ( ξ_0 + ξ_1 2 ‖∇ u‖^2 ) ‖∇ u‖^2 − 2 p + 2

‖u‖^{p+2}_{p+2} }

+ σ ( 1 2 d dt ‖∇ u‖^2

)_2 − ∫ Ω ∇ u^′

∫_t 0 h(t − s)∇ u(s) ds dx = 0 .

We remark that − ∫ Ω ∇ u^′

∫_t 0 h(t − s)∇ u(s) ds dx = 1 2 d dt [ (h□ ∇ u)(t) −

∫_t 0 h(s) ds‖∇ u(t)‖^2 ]

− 1 2 (h^′□ ∇ u)(t) + 1 2 h(t)‖∇ u‖^2

The relation (3) follows at once. □ Now let

F (t) = ( ξ_0 −

∫_t 0 h(s) ds ) ‖∇ u‖^2 + ξ_1 2 ‖∇ u‖^4

+ ( h□ ∇ u)(t) − 2 p + 2

‖u‖^{p+2}_{p+2} (4) then (5) E (t) = ‖u^′‖^2 + F (t) . We define the potential well by W = { u / I (u(t)) := ℓ‖∇ u‖^2 − ‖ u‖^{p+2}_{p+2} > 0 } ∪ { 0} .

Lemma 4. Let u be the local solution of (1). If u_0 ∈ W and

(6) α =

C(p, Ω)^{p+2}

ℓ^{p +2}2

( p + 2 p E (0)

)_{p/2}

< 1 ,

then u(t) ∈ W for each t ∈ [0, T]. Here C(p, Ω) is the Sobolev-Poincaré constant. Proof. Let u_0 ∈ W , then I(u_0) > 0. By continuity, this implies the existence of T_m ≤ T such that I(u(t)) ≥ 0 for all t ∈ [0, T_m ]. Therefore, from (4), (5) and Lemma 3 we have

ℓ‖∇ u‖^2 ≤ ( ξ_0 −

∫_t 0 h(s) ds ) ‖∇ u‖^2 ≤ p + 2 p F (t) ≤ p + 2 p E (t) ≤ p + 2 p E (0) . (7) This relation, together with Lemma 2, implies that for t ∈ [0, T_m ],

‖u‖^{p+2}_{p+2} ≤ C(p, Ω)^{p+2} ‖∇ u‖^{p+2} ≤

C(p, Ω)^{p+2} ℓ ( p + 2 pℓ E (0)

)_{p/2} ℓ‖∇ u‖^2 .

ON A PROBLEM WITH BALAKRISHNAN-TAYLOR DAMPING 161

That is, by our assumption on α

‖u‖^{p+2}_{p+2} ≤ αℓ ‖∇ u‖^2 < α ( ξ_0 −

∫_t 0 h(s) ds ) ‖∇ u‖^2

< ℓ ‖∇ u‖^2 , ∀ t ∈ [0, T_m ] . (8) Hence I (t) > 0 , ∀ t ∈ [0, T_m ] , which means that u(t) ∈ W , ∀t ∈ [0, T_m ]. By repeating the procedure, T_m extends to T. □ Now we are in position to state and prove our first main result.

Theorem 2. Suppose that u_0 ∈ H^1_0 (Ω) and u_1 ∈ L^2(Ω) satisfy (6), then the solution of problem (1) is global in time. Proof. It suffices to show that ‖u^′‖^2 + ‖∇ u‖^2 is bounded independently of t. By virtue of Lemma 3 and Lemma 4 we get

E (0) ≥ E (t) ≥ ‖ u^′‖^2 + ℓ‖∇ u‖^2 − 2 p + 2

‖u‖^{p+1}_{p+1}

≥ ‖ u^′‖^2 + pℓ p + 2

‖∇ u‖^2 + 2 p + 2

I (t) .

Therefore, as I (t) > 0, we see that ‖u_t ‖^2 + ‖∇ u‖^2 ≤ c E (0) ∀ t > 0 for some positive constant c. □

4. Polynomial decay In this section we shall prove the polynomial decay of solutions of problem (1).

Proposition 1. Suppose that u_0 ∈ H^1_0 (Ω) and u_1 ∈ L^2(Ω) satisfy (6), then we have for any T ≥ S ≥ 0

∫_T S E^{mρ} (t) {( ξ_0 −

∫_t 0 h(s) ds ) ‖∇ u(t)‖^2 + ξ_1 2 ‖∇ u‖^4 − 2 p + 2

‖u‖^{p+2}_{p+2} } dt ≤ C_1 E^{mρ} (0) E (S) for some positive constant C_1 .

162 A. ZARAÏ AND N. TATAR

Proof. Let us multiply both sides of the equation in (1) by E^{mρ} (t)u and integrate over Ω × [S, T ], we obtain ∫_T S E^{mρ} (t) {( ξ_0 −

∫_t 0 h(s) ds ) ‖∇ u‖^2 + ξ_1 ‖∇ u‖^4 − ‖ u‖^{p+2}_{p+2} } dt

= − ∫_T S ∫ Ω E^{mρ} (t)u^{′′}u dx dt − σ

∫_T S E^{mρ} (t)‖∇ u‖^2 ∫ Ω ∇ u^′ · ∇ u dx dt

+ ∫_T S ∫ Ω E^{mρ} (t)∇ u(t)

∫_t 0 h(t − s)[∇ u(s) − ∇ u(t)] ds dx dt . (9) By an integration by parts we see that − ∫_T S ∫ Ω E^{mρ} (t)u^{′′}u dx dt =

∫_T S E^{mρ} (t)‖u^′‖^2 dt − ∫ Ω E^{mρ} (t)u^′(t) u(t) | |^T_S dx + ∫_T S ( E^{mρ} (t)

)_′ ∫ Ω u^′(t) u(t) dx dt

and (9) becomes

∫_T S E^{mρ} (t) ( ξ_0 −

∫_t 0 h(s) ds ) ‖∇ u(t)‖^2 dt =

∫_T S E^{mρ} (t)‖u^′‖^2 dt

− σ ∫_T S E^{mρ} (t)‖∇ u‖^2 ∫ Ω ∇ u^′∇ u dx dt − ∫ Ω E^{mρ} (t)u^′(t)u(t)

|_T S dx

+ ∫_T S ∫ Ω E^{mρ} (t)∇ u(t)

∫_t 0 h(t − s) [ ∇ u(s) − ∇ u(t) ] ds dx dt

− ξ_1

∫_T S E^{mρ} (t)‖∇ u‖^4 dt +

∫_T S E^{mρ} (t)‖u‖^{p+2}_{p+2} dt

+ ∫_T S ( E^{mρ} (t)

)_′ ∫ Ω u^′(t)u(t) dx dt .

(10)

We start with the memory term. By using Cauchy-Schwarz inequality and the ε-Young inequality, we obtain

∫_T S ∫ Ω E^{mρ} (t)∇ u(t)

∫_t 0 h(t − s) [ ∇ u(s) − ∇ u(t) ] ds dx dt

≤ ∫_T S E^{mρ} (t)‖∇ u(t)‖ [ ∫ Ω ( ∫ t 0 h(t − s)|∇ u(s) − ∇ u(t)| ds

)_2 dx ] 1_2 dt

≤ 1 2ε_0

∫_T S E^{mρ} (t)

( ∫ t 0 h(t − s)‖∇ u(s) − ∇ u(t)‖ ds

)_2 dt

+ ε_0 2 ∫_T S E^{mρ} (t)‖∇ u(t)‖^2 dt

(11)

for some ε_0 > 0.

ON A PROBLEM WITH BALAKRISHNAN-TAYLOR DAMPING 163

Recalling that h^′(t) ≤ − kh^{1+ 1ρ} (t) and using (3) it appears that ∫_T S E^{mρ} (t) [ ∫ Ω ( ∫ t 0 h(t − s)|∇ u(s) − ∇ u(t)| ds

)_2 dx ] 1_2 dt

= ∫_T S E^{mρ} (t)

( ∫ t 0 h^{12 (1 − 1ρ )} (t − s)h^{12 (1+ 1ρ )} (t − s)‖∇ u(s) − ∇ u(t)‖ ds

)_2 dt

≤ ∫_T S E^{mρ} (t)

( ∫ t 0 h^{1− 1ρ} (s) ds

)( ∫ t 0 h^{1+ 1ρ} (t − s)‖∇ u(s) − ∇ u(t)‖^2 ds ) dt

≤ ( ∫ ∞ 0 h^{1− 1ρ} (s) ds

) ∫ T S E^{mρ} (t)

( ∫ t 0 h^{1+ 1ρ} (t − s)‖∇ u(s) − ∇ u(t)‖^2 ds ) dt

≤ − h̄_ρ k ∫_T S E^{mρ} (t)

( ∫ t 0 h^′(t − s)‖∇ u(s) − ∇ u(t)‖^2 ds ) dt

≤ − 1 k h̄_ρ

∫_T S E^{mρ} (t)E^′(t) dt ≤ h̄_ρ k E^{mρ} (0) E (S)

(12)

where ∫_∞ 0 h^{1− 1ρ} (s) ds = h̄_ρ .

Therefore, (11) and (12) yield

∫_T S E^{mρ} (t) ∫ Ω ∫_t 0 h(t − s)∇ u(t) [ ∇ u(s) − ∇ u(t) ] ds dx dt

≤ ε_0 2 ∫_T S E^{mρ} (t)‖∇ u(t)‖^2 dt + h̄_ρ 2ε_0 k

E^{mρ} (0) E (S) .

(13)

Next, we note that from (4) we have

(14) F (t) ≥ p p + 2 {( ξ_0 −

∫_t 0 h(s) ds ) ‖∇ u‖^2 + ( h□ ∇ u)(t) } + ξ_1 2 ‖∇ u‖^4

from which we entail that

(15) ‖∇ u‖^2 ≤ p + 2 p(ξ_0 −

∫_t 0 h(s) ds)

E (t) .

Hence, using Poincaré inequality

(16) ‖u‖^2 ≤ B ‖∇ u‖^2 ≤

(p + 2) B pℓ E (t)

where B is the Poincaré constant.

Applying the above inequality (16) and having in mind that F (t) ≥ 0; we find

(17) | | | ∫ Ω u^′(t)u(t) dx | | |≤ 1 2 ‖u^′‖^2 +

(p + 2) B 2pℓ E (t) ≤ 1 2 ( 1 + (p + 2) B pℓ ) E (t) .

164 A. ZARAÏ AND N. TATAR

Then, from (17) and the fact that E (t) is non-increasing we infer that

(18) − ∫ Ω E^{mρ} (t)u^′(t)u(t) | |^T_S dx ≤ ( 1 + (p + 2) B pℓ ) E^{mρ} (0) E (S) and ∫_T S ( E^{mρ} (t)

)_′ ∫ Ω u^′(t)u(t) dx dt ≤ −

∫_T S (E^{mρ} (t))^′| ∫ Ω u^′(t)u(t) dx| dt ≤ − 1 2 ( 1 + (p + 2) B pℓ ) ∫ T S ( E^{mρ} (t)

)_′

E (t) dt ≤ 1 2 ( 1 + (p + 2) B pℓ ) E^{mρ} (0) E (S) .

(19)

Now, using (8) it is easy to see that ∫_T S E^{mρ} (t)‖u‖^{p+2}_{p+2} dt ≤ α

∫_T S ℓE^{mρ} (t)‖∇ u‖^2 dt < α ∫_T S E^{mρ} (t) ( ξ_0 −

∫_t 0 h(s) ds ) ‖∇ u‖^2 dt

(20)

and for ε_1 > 0 − σ ∫_T S E^{mρ} (t)‖∇ u‖^2 ∫ Ω ∇ u^′∇ u dx dt ≤ σε_1 2 ∫_T S E^{mρ} (t)‖∇ u‖^4 dt

+ σ 2ε_1

∫_T S E^{mρ} (t)(∇ u^′, ∇ u)^2 dt .

Thanks also to formula (3) which implies that − σ ∫_T S E^{mρ} (t)‖∇ u‖^2 ∫ Ω ∇ u^′∇ u dx dt ≤ σε_1 2 ∫_T S E^{mρ} (t)‖∇ u‖^4 dt + 1 4ε_1

E^{mρ} (0) E (S) .

(21)

Taking into account the estimates (13) and (18)–(21) in relation (10), we end up with ∫_T S E^{mρ} (t) ( ξ_0 −

∫_t 0 h(s) ds ) ‖∇ u(t)‖^2 dt ≤

∫_T S E^{mρ} (t)‖u^′‖^2 dt + ε_0 2 ∫_T S E^{mρ} (t)‖∇ u(t)‖^2 dt + σε_1 2 ∫_T S E^{mρ} (t)‖∇ u‖^4 dt + α ∫_T S E^{mρ} (t) ( ξ_0 −

∫_t 0 h(s) ds ) ‖∇ u‖^2 dt + 3 2 ( 1 + (p + 2) B pℓ ) E^{mρ} (0) E (S) + 1 4ε_1

E^{mρ} (0) E (S) − ξ_1

∫_T S E^{mρ} (t)‖∇ u‖^4 dt + h̄_ρ 2ε_0 k

E^{mρ} (0) E (S) .

ON A PROBLEM WITH BALAKRISHNAN-TAYLOR DAMPING 165

If we put ε_0 = (1 − α ) ( ξ_0 −

∫_∞ 0 h(s) ds ) , then we obtain ∫_T S E^{mρ} (t) ( ξ_0 −

∫_t 0 h(s) ds ) ‖∇ u(t)‖^2 dt

≤ 2 1 − α

∫_T S E^{mρ} (t)‖u^′‖^2 dt + 2 1 − α

( σε_1 2 − ξ_1

) ∫ T S E^{mρ} (t)‖∇ u‖^4 dt

+ 2 1 − α ( 3 2 + 1 4ε_1 + 3(p + 2) B 2pℓ + h̄_ρ 2ε_0 k ) E^{mρ} (0) E (S) .

(22)

Now, multiplying both sides of the equation in (1) by the expression

E^{mρ} (t)

∫_t 0 h(t − s) [ u(s) − u(t) ] ds ,

integrating over Ω × [S, T ] and setting

(h ⋄ u)(t) =

∫_t 0 h(t − s) [ u(s) − u(t) ] ds ,

(h ⋄ ∇ u)(t) =

∫_t 0 h(t − s) [ ∇ u(s) − ∇ u(t) ] ds we find

∫_T S E^{mρ} (t) ∫ Ω u^{′′}(h ⋄ u)(t) dx dt

− ∫_T S E^{mρ} (t)(ξ_0 + ξ_1 ‖∇ u(t)‖^2 + σ ( ∇ u(t), ∇ u_t (t)) ) ∫ Ω Δ u(h ⋄ u)(t) dx dt

+ ∫_T S E^{mρ} (t) ∫ Ω ( ∫ t 0 h(t − s)Δ u(s) ds ) (h ⋄ u)(t) dx dt

= ∫_T S E^{mρ} (t) ∫ Ω |u|^p u(h ⋄ u)(t) dx dt .

(23)

An integration by parts yields

∫_T S E^{mρ} (t) ∫ Ω u^{′′}(h ⋄ u)(t) dx dt = E^{mρ} (t) ∫ Ω u^′(t)(h ⋄ u)(t) dx

|_T S − ∫_T S ( E^{mρ} (t)

)_′ ∫ Ω u^′(t)(h ⋄ u)(t) dx dt

− ∫_T S E^{mρ} (t) ∫ Ω u^′(t)(h^′ ⋄ u)(t) dx dt + ∫_T S E^{mρ} (t)

( ∫ t 0 h(s) ds ) ‖u^′(t)‖^2 dt ,

166 A. ZARAÏ AND N. TATAR

and a substitution in (23) gives

∫_T S E^{mρ} (t)

( ∫ t 0 h(s) ds ) ‖u^′(t)‖^2 dt =

∫_T S E^{mρ} (t) ∫ Ω |u|^p u(h ⋄ u)(t) dx dt

− E^{mρ} (t) ∫ Ω u^′(t)(h ⋄ u)(t) dx | |^T_S +

∫_T S E^{mρ} (t) ∫ Ω u^′(t)(h^′ ⋄ u)(t) dx dt

+ ∫_T S ( E^{mρ} (t)

)_′ ∫ Ω u^′(t)(h ⋄ u)(t) dx dt

+ ∫_T S E^{mρ} (t) ( ξ_0 + ξ_1 ‖∇ u(t)‖^2 + σ(∇ u(t), ∇ u_t (t)) ) ∫ Ω Δ u(h ⋄ u)(t) dx dt

− ∫_T S E^{mρ} (t) ∫ Ω ( ∫ t 0 h(t − s)Δ u(s) ds ) (h ⋄ u)(t) dx dt .

(24)

Moreover, in virtue of (5) and (14), we have | | ∫ Ω u^′(t)(h ⋄ u)(t) dx | |≤ ε_2 2 ‖u^′(t)‖^2 + 1 2ε_2 ∫ Ω ( (h ⋄ u)(t)

)_2 dx ≤ ε_2 2 E (t) +

B^2 2ε_2

( ∫ t 0 h(s) ds ) (h□ ∇ u)(t) ≤ 1 2 ( ε_2 +

B^2 (ξ_0 − ℓ)

ε_2 ) E (t) ≤ 1 2 ( ε_2 +

B^2 (ξ_0 − ℓ) kε_2 ) E (S)

for some ε_2 > 0 and t ≥ S. So, ∫ Ω E^{mρ} (t)u^′(t)

∫_t 0 h(t − s) [ u(s) − u(t) ] ds dx | |^T_S

≤ ( ε_2 +

B^2 (ξ_0 − ℓ) ε_2 ) E^{mρ} (0) E (S) .

(25)

On the other hand, it is clear that

∫_T S E^{mρ} (t) ∫ Ω u^′(t)(h^′ ⋄ u)(t) dx dt ≤ ε_3 2 ∫_T S E^{mρ} (t)‖u^′(t)‖^2 dt

+ 1 2ε_3

∫_T S E^{mρ} (t) ∫ Ω ( ∫ t 0 |h^′(t − s)||u(s) − u(t)| ds

)_2 dx dt

and for some ε_3 > 0 ∫_T S ( E^{mρ} (t)

)_′ ∫ Ω u^′(t)(h ⋄ u)(t) dx dt ≤ − ( ε_2 +

B^2 (ξ_0 − ℓ)

ε_2

) ∫ T S ( E^{mρ} (t)

)_′ E (t) dt ≤ − ( ε_2 +

B^2 (ξ_0 − ℓ) ε_2 ) E^{mρ} (0) E (S) .

ON A PROBLEM WITH BALAKRISHNAN-TAYLOR DAMPING 167

Since h^′(t) ≤ 0, the relation (3) implies that ∫ Ω ( ∫ t 0 |h^′(t − s)||u(s) − u(t)| ds

)_2 dx

≤ − ∫_t 0 h^′(s) ds

∫_t 0 |h^′(t − s)| ‖u(s) − u(t)‖^2 ds

≤ − h(0)B (h^′□ ∇ u)(t) ≤ − h(0)BE^′(t) .

Therefore

∫_T S E^{mρ} (t) ∫ Ω u^′(t)

∫_t 0 h^′(t − s) [ u(s) − u(t) ] ds dx dt

≤ ε_3 2 ∫_T S E^{mρ} (t)‖u^′(t)‖^2 dt + h(0)B 2ε_3

E^{mρ} (0) E (S) .

(26)

Furthermore,

∫_T S E^{mρ} (t) ( ξ_0 + ξ_1 ‖∇ u(t)‖^2 + σ(∇ u(t), ∇ u_t (t)) ) ∫ Ω Δ u(h ⋄ u)(t) dx dt

= − ξ_0

∫_T S E^{mρ} (t) ∫ Ω ∇ u(h ⋄ ∇ u)(t) dx dt − ∫_T S ξ_1 E^{mρ} (t)‖∇ u(t)‖^2 ∫ Ω ∇ u(h ⋄ ∇ u)(t) dx dt − ∫_T S σE^{mρ} (t) ( ∇ u(t), ∇ u_t (t) ) ∫ Ω ∇ u(h ⋄ ∇ u)(t) dx dt

and the application of ε-Young inequality and the relation (7) and (3) yield

∫_T S E^{mρ} (t) ( ξ_0 + ξ_1 ‖∇ u(t)‖^2 + σ(∇ u(t), ∇ u^′(t)) ) ∫ Ω Δ u(h ⋄ u)(t) dx dt

≤ − ξ_0

∫_T S E^{mρ} (t) ∫ Ω ∇ u(h ⋄ ∇ u)(t) dx dt + ε_4 2 ∫_T S E^{mρ} (t)‖∇ u(t)‖^2 dt

+ σ^2 ε_5 2 ∫_T S E^{mρ} (t)(∇ u, ∇ u^′)^2 ‖∇ u(t)‖^2 dt

+ 1 2ε_5

∫_T S E^{mρ} (t) ∫ Ω ( (h ⋄ ∇ u)(t)

)_2

dx dt

+ ξ^2_1 E (0)^2 (p + 2)^2h̄_ρ 2(pℓ)^2 ε_4 k

E^{mρ} (0) E (S)

(27)

168 A. ZARAÏ AND N. TATAR

for ε_4 , ε_5 > 0. Thus, (27) and (3) imply that ∫_T S E^{mρ} (t) ( ξ_0 + ξ_1 ‖∇ u(t)‖^2 + σ ( ∇ u(t), ∇ u^′(t)) ) ∫ Ω Δ u(h ⋄ u)(t) dx dt

≤ − ξ_0

∫_T S E^{mρ} (t) ∫ Ω ∇ u(h ⋄ ∇ u)(t) dx dt

+ ε_4 2 ∫_T S E^{mρ} (t)‖∇ u(t)‖^2 dt + ξ^2_1 E (0)^2 (p + 2)^2h̄_ρ 2(pℓ)^2 ε_4 k

E^{mρ} (0) E (S)

+ ( ε_5 σ(p + 2) E (0) 4pℓ + h̄_ρ

2ε_5 k ) E^{mρ} (0) E (S) .

(28)

Moreover, we have − ∫_T S E^{mρ} (t) ∫ Ω ( ∫ t 0 h(t − s)Δ u ds ) (h ⋄ u)(t) dx dt

= ∫_T S E^{mρ} (t) ∫ Ω ( ∫ t 0 h(t − s)∇ u ds ) (h ⋄ ∇ u)(t) dx dt

= ∫_T S E^{mρ} (t)

( ∫ t 0 h(s) ds ) ∫ Ω ∇ u(h ⋄ ∇ u)(t) dx dt

+ ∫_T S E^{mρ} (t) ∫ Ω ( (h ⋄ ∇ u)(t)

)_2

dx dt .

(29)

So, thanks to (12) we obtain − ∫_T S E^{mρ} (t) ∫ Ω ( ∫ t 0 h(t − s)Δ u ds ) (h ⋄ u)(t) dx dt

≤ ∫_T S E^{mρ} (t)

( ∫ t 0 h(s) ds ) ∫ Ω ∇ u(t)

× (h ⋄ ∇ u)(t) dx dt + h̄_ρ k E^{mρ} (0) E (S) .

(30)

The first term in the right-hand side of (30) together with the first term in the right-hand side of (28), can be estimated as follows ∫_T S E^{mρ} (t)

( ∫ t 0 h(s) ds − ξ_0 ) ∫ Ω ∇ u(t) (h ⋄ ∇ u)(t) dx dt

≤ ∫_T S E^{mρ} (t) ( ξ_0 −

∫_t 0 h(s) ds )| | ∫ Ω ∇ u(t) (h ⋄ ∇ u)(t) dx | |dt

≤ ξ_0

∫_T S E^{mρ} (t) | | ∫ Ω ∇ u(t) (h ⋄ ∇ u)(t) dx | |dt

ON A PROBLEM WITH BALAKRISHNAN-TAYLOR DAMPING 169

and by (13) we get

∫_T S E^{mρ} (t)

( ∫ t 0 h(s) ds − ξ_0 ) ∫ Ω ∇ u(t) (h ⋄ ∇ u)(t) dx dt

≤ ξ_0 ε_4 2 ∫_T S E^{mρ} (t)‖∇ u(t)‖^2 dt + ξ_0h̄_ρ 2ε_4 k

E^{mρ} (0) E (S) .

(31)

Now, the relations (28)–(31) lead to

∫_T S E^{mρ} (t) ( ξ_0 + ξ_1 ‖∇ u(t)‖^2 + σ(∇ u(t), ∇ u_t (t)) ) ∫ Ω Δ u(h ⋄ u)(t) dx dt

− ∫_T S E^{mρ} (t) ∫ Ω ( ∫ t 0 h(t − s)Δ u ds ) (h ⋄ u)(t) dx dt

≤ h̄_ρ ( 1 k + ξ^2_1 E (0)^2 (p + 2)^2 2(pℓ)^2 ε_4 k + ε_5 σ(p + 2) E (0) 4pℓh̄_ρ + 1 2ε_5 k + ξ_0 2ε_4 k )

× E^{mρ} (0) E (S) + ε_4 ( 1 2 + ξ_0 2 ) ∫ T S E^{mρ} (t)‖∇ u(t)‖^2 dt .

(32)

In addition to that, it is easy to see that the relation (12) implies that

∫_T S E^{mρ} (t) ∫ Ω |u|^p u (h ⋄ u)(t) dx dt

≤ ∫_T S ( E^{mρ} (t) ∫ Ω |u|^{2p+2} dx

) 1_2 (

E^{mρ} (t) ∫ Ω ((h ⋄ u)(t))^2 dx

) 1_2 dt

≤ ε_4 2 ∫_T S E^{mρ} (t)‖u‖^{2p+2}_{2p+2} dt + 1 2ε_4

∫_T S E^{mρ} (t) ∫ Ω ( ∫ t 0 h^{1− 1ρ} (s)ds )

× ( ∫ t 0 h^{1+ 1ρ} (t − s) [ u(s) − u(t)

]_2 ds ) dx dt

≤ ε_4 2 ∫_T S E^{mρ} (t)‖u‖^{2p+2}_{2p+2} dt +

Bh̄_ρ 2ε_4

E^{mρ} (0) E (S) .

(33)

To estimate the term

∫_T S E^{mρ} (t)‖u‖^{2p+2}_{2p+2} dt we use Sobolev-Poincaré inequality

‖u‖^{2p+2}_{2p+2} ≤ C_∗ (p, Ω)^{2p+2} ‖∇ u‖^{2p+2}_2

≤ C(p, Ω)^{p+2}

( p + 2 pℓ E (0)

)_p

‖∇ u‖^2 =: β‖∇ u‖^2 .

(34)

170 A. ZARAÏ AND N. TATAR

Here C_∗(p,Ω) is the Sobolev-Poincaré constant, with 0 ≤ p < + ∞ (n = 1 ,2) or 0 ≤ p ≤^2_{n − 2} (n > 2). Therefore,

∫_T S E^{mρ} (t) ∫ Ω |u|^p u(h ⋄ u)(t) dx dt

≤ βε_4 2 ∫_T S E^{mρ} (t)‖∇ u‖^2 dt +

Bh̄_ρ 2ε_4 k

E^{mρ} (0) E (S) .

(35)

Now, combining the relations (25), (26), (32) and (35) with (24), we obtain ∫_T S E^{mρ} (t)

( ∫ t 0 h(s) ds ) ‖u^′(t)‖^2 dt

≤ CE^{mρ} (0) E (S) + ε_3 2 ∫_T S E^{mρ} (t)‖u^′(t)‖^2 dt

+ ε_4

( 1 + ξ_0 + β 2 ) ∫ T S E^{mρ} (t)‖∇ u‖^2 dt ,

where

C = h̄_ρ [1 k + ξ^2_1 E (0)^2 (p + 2)^2 2(pℓ)^2 ε_4 k + ε_5 σ(p + 2) E (0) 4pℓh̄_ρ + ξ_0 2ε_4 k + 1 2ε_5 k + B 2ε_4 k + 2ε_2 h̄_ρ +

2B^2 (ξ_0 − ℓ)

ε_2h̄_ρ + h(0)B 2ε_3h̄_ρ ]

or ∫_T S E^{mρ} (t)

( ∫ t 0 h(s) ds − ε_3 2 ) ‖u^′(t)‖^2 dt

≤ CE^{mρ} (0 E (S) + ε_4

( 1 + ξ_0 + β 2 ) ∫ T S E^{mρ} (t)‖∇ u‖^2 dt .

(36)

It is clear that ∫_S 0 h(s) ds ≥

∫_{S 0} 0 h(s) ds > 0 , S ≥ S_0

and choosing

ε_3 <

∫_{S 0} 0 h(s) ds =: h_0 ,

we find 1 2 ( ∫ S 0 0 h(s) ds

) ∫ T S E^{mρ} (t)‖u^′(t)‖^2 dt ≤ CE^{mρ} (0)E (S)

+ (1 + ξ_0 + β) ε_4 2 ∫_T S E^{mρ} (t)‖∇ u‖^2 dt .

ON A PROBLEM WITH BALAKRISHNAN-TAYLOR DAMPING 171 So ∫_T S E^{mρ} (t)‖u^′(t)‖^2 dt ≤ 2C ∫_{S 0} 0 h(s) ds

E^{mρ} (0) E (S)

+ ε_4

( 1 + ξ_0 + β h_0

) ∫ T S E^{mρ} (t)‖∇ u‖^2 dt .

(37)

Plugging estimate (37) into (22) we obtain

∫_T S E^{mρ} (t) ( ξ_0 −

∫_t 0 h(s) ds ) ‖∇ u(t)‖^2 dt

≤ 2 1 − α ( 3 2 + 1 4ε_1 + 3(p + 2) B 2pℓ + h̄_ρ 2ε_0 k ) E^{mρ} (0) E (S)

+ 2 1 − α

( σε_1 2 − ξ_1

) ∫ T S E^{mρ} (t)‖∇ u‖^4 dt + 4C (1 − α )h_0

E^{mρ} (0) E (S)

+ 2ε_4 (1 + ξ_0 + β) (1 − α )h_0

∫_T S E^{mρ} (t)‖∇ u‖^2 dt .

(38)

The choice ε_4 =^{(1 − α )h 0 ℓ}

4(1+ ξ_0 + β ) allows us to write

∫_T S E^{mρ} (t) ( ξ_0 −

∫_t 0 h(s) ds ) ‖∇ u(t)‖^2 dt

≤ 4 1 − α

{[ 2C h_0 + 3 2 + 1 4ε_1 + 3(p + 2) B 2pℓ + h̄_ρ 2ε_0 k ]

× E^{mρ} (0) E (S) +

( σε_1 2 − ξ_1

) ∫ T S E^{mρ} (t)‖∇ u‖^4 dt }

and if we choose ε_1 =^{7+ α}_{4σ} ξ_1 , since α < 1, the last relation reduces to ∫_T S E^{mρ} (t) ( ξ_0 −

∫_t 0 h(s) ds ) ‖∇ u(t)‖^2 dt

+ ξ_1 2 ∫_T S E^{mρ} (t)‖∇ u‖^4 dt ≤ 4C̃ 1 − α

E^{mρ} (0) E (S)

(39)

where C̃ =^{2C}_{h 0} +^3_2 +^1_{4ε 1} +^{3( p+2) B}_{2pℓ} +^{h̄ ρ}_{2ε 0 k} .

Next, the relations (37) and (39) imply ∫_T S E^{mρ} (t)‖u^′(t)‖^2 dt ≤ 2C h_0

E^{mρ} (0) E (S)

+ 1 − α 4 ∫_T S E^{mρ} (t) ( ξ_0 −

∫_t 0 h(s) ds ) ‖∇ u‖^2 dt ≤ 2C̃E^{mρ} (0) E (S) .

(40)

172 A. ZARAÏ AND N. TATAR

Finally, in virtue of (8) and (39) we get 2 p + 2

∫_T S E^{mρ} (t)‖u‖^{p+2}_{p+2} dt ≤ 2α p + 2

∫_T S E^{mρ} (t) ( ξ_0 −

∫_t 0 h(s) ds ) ‖∇ u‖^2 dt

≤ 2α C̃ p + 2

E^{mρ} (0) E (S) ≤ C̃E^{mρ} (0) E (S) .

(41)

So, combining (39)–(41) we obtain

∫_T S E^{mρ} (t)‖u^′(t)‖^2 dt +

∫_T S E^{mρ} (t) ( ξ_0 −

∫_t 0 h(s) ds ) ‖∇ u(t)‖^2 dt

+ ξ_1 2 ∫_T S E^{mρ} (t)‖∇ u‖^4 dt − 2 p + 2

∫_T S E^{mρ} (t)‖u‖^{p+2}_{p+2} dt ≤ ( 3 + 4 1 − α ) C̃E^mρ (0) E (S) .

(42) □ Theorem 3. Suppose that u_0 ∈ H^1_0 (Ω) and u_1 ∈ L^2(Ω) satisfy (6), then we have the following decay estimate

E (t) ≤ E (0)

( c(1 + ρ)

t + cρ

)_ρ

, ∀ t ≥ 0

for some positive constant c.

Proof. First, applying Hölder’s inequality we see that

(h□ ∇ u)(t) =

∫_t 0 h^{m − 1ρ + m} (t − s)‖∇ u(s) − ∇ u(t)‖^{2 mρ + m}

× h^{1− m − 1ρ + m} (t − s)‖∇ u(s) − ∇ u(t)‖^{2 ρρ + m} ds ≤ ( ∫ t 0 h^{1− 1m} (t − s)‖∇ u(s) − ∇ u(t)‖^2 ds

) m_{ρ + m}

× ( ∫ t 0 h^{1+ 1ρ} (t − s)‖∇ u(s) − ∇ u(t)‖^2 ds

)^ρ_{ρ + m} . Therefore,

∫_T S E^{mρ} (t)(h□ ∇ u)(t) dt

≤ ∫_T S E^{mρ} (t)

( ∫ t 0 h^{1− 1m} (t − s)‖∇ u(s) − ∇ u(t)‖^2 ds

) m_{ρ + m}

× ( ∫ t 0 h^{1+ 1ρ} (t − s)‖∇ u(s) − ∇ u(t)‖^2 ds

)^ρ_{ρ + m}

dt .

ON A PROBLEM WITH BALAKRISHNAN-TAYLOR DAMPING 173

Applying Hölder’s inequality again it appears that ∫_T S E^{mρ} (t)(h□ ∇ u)(t) dt

≤ ( ∫ T S E^{1+ mρ} (t)

∫_t 0 h^{1− 1m} (t − s)‖∇ u(s) − ∇ u(t)‖^2 ds dt

) m_{ρ + m}

× ( ∫ T S ∫_t 0 h^{1+ 1ρ} (t − s)‖∇ u(s) − ∇ u(t)‖^2 ds dt

)^ρ_{ρ + m} . (43)

By virtue of the condition h^′(t) ≤ − kh^{1+ 1ρ} (t), we see that ∫_T S E^{mρ} (t)(h□ ∇ u)(t) dt

≤ ( ∫ T S E^{1+ mρ} (t)

∫_t 0 h^{1− 1m} (t − s)‖∇ u(s) − ∇ u(t)‖^2 ds dt

) m_{ρ + m}

× ( 1 k )^ρ_{ρ + m} ( − ∫_T S ∫_t 0 h^′(t − s)‖∇ u(s) − ∇ u(t)‖^2 ds dt

)^ρ_{ρ + m}

≤ ( ∫ T S E^{1+ mρ} (t)

∫_t 0 h^{1− 1m} (t − s)‖∇ u(s) − ∇ u(t)‖^2 ds dt

) m_{ρ + m}

× ( 1 k )^ρ_{ρ + m} ( − ∫_T S E^′(t) dt

)^ρ_{ρ + m}

≤ ( ∫ T S E^{1+ mρ} (t)

∫_t 0 h^{1− 1m} (t − s)‖∇ u(s) − ∇ u(t)‖^2 ds dt

) m_{ρ + m}

× ( 1 k )^ρ_{ρ + m}

E^{ρρ + m} (S) .

Further, by Young inequality, we have for ε_6 > 0 ∫_T S E^{mρ} (t)(h□ ∇ u)(t) dt ≤ C

( ∫ T S E^{1+ mρ} (t) dt

) m_{ρ + m}

× ‖ ‖ ∫_t 0 h^{1− 1m} (t − s)‖∇ u(s) − ∇ u(t)‖^2 ds ‖ ‖^mρ + m ∞ E^{ρρ + m} (S)

≤ C(ε_6 ) ‖ ‖ ∫_t 0 h^{1− 1m} (t − s)‖∇ u(s) − ∇ u(t)‖^2 ds ‖ ‖^mρ ∞ E (S)

+ ε_6

∫_T S E^{1+ mρ} (t) dt

(44)

for some constant C(ε_6 ) > 0.

174 A. ZARAÏ AND N. TATAR

So, combining (42) and (44) we obtain ∫_T S E^{1+ mρ} (t) dt ≤ ( 3 + 4 1 − α ) C̃E^mρ (0) E (S) + ε_6

∫_T S E^{1+ mρ} (t) dt

+ C(ε_6 )‖

∫_t 0 h^{1− 1m} (t − s)‖∇ u(s) − ∇ u(t)‖^2 ds‖^{mρ}∞ E (S)

(45) or ∫_T S E^{1+ mρ} (t) dt

≤ C_2 ( E^{mρ} (0) + ‖ ‖ ∫_t 0 h^{1− 1m} (t − s)‖∇ u(s) − ∇ u(t)‖^2 ds ‖ ‖^mρ ∞ ) E (S)

(46)

for some positive constant C_2 .

On the other hand we have when m = 2 ∫_t 0 h^{12} (t − s)‖∇ u(s) − ∇ u(t)‖^2 ds ≤

2(p + 2) pℓ ∫_t 0 h^{12} (t − s) ( E (s) + E (t) ) ds

≤ 4(p + 2) pℓ ∫_t 0 h^{12} (s) ds E (0) , ∀ t ≥ 0 .

Therefore

(47)

∫_T S E^{1+ 2ρ} (t)dt ≤ C_3 E^{2ρ} (0) E (S) , ∀ S ≥ S_0 .

Hence, applying Lemma 1 with λ =^2_ρ , we find

E (t) ≤ E (0)(

(S_0 + C_3 )(1 + λ) λt + S_0 + C_3

)^{ρ2} , ∀ t ≥ 0 .

Now if m = 1 , from

∫_t 0 ‖∇ u(s) − ∇ u(t)‖^2 ds ≤ 2 p + 2 pℓ ( ∫ t 0 E (s) ds + sup_{t ≥ 0} t E (t) )

≤ C_3 E (0) , ∀ t ≥ 0 and (46), we can write ∫_T S E^{1+ 1ρ} (t) dt ≤ C_4 E^{1ρ} (0) E (S) , ∀ S ≥ S_0 .

Hence, applying Lemma 1 with λ =^1_ρ we deduce that

E (t) ≤ E (0)

( (S_0 + C_4 )(1 + ρ) t + ρ(S_0 + C_4 )

)_ρ

, ∀ t ≥ 0 . □ Acknowledgement. The second author would like to express his gratitude to King Fahd University of Petroleum and Minerals for the financial support.

ON A PROBLEM WITH BALAKRISHNAN-TAYLOR DAMPING 175

References

[1] Alabau-Boussouira, F., Cannarsa, P., Sforza, D., Decay estimates for second order evolution equations with memory , J. Funct. Anal. 254 (5) (2008), 1342–1372.

[2] Appleby, J. A. D., Fabrizio, M., Lazzari, B., Reynolds, D. W., On exponential asymptotic stability in linear viscoelasticity , Math. Models Methods Appl. Sci. 16 (2006), 1677–1694.

[3] Balakrishnan, A. V., Taylor, L. W., Distributed parameter nonlinear damping models for flight structures , Damping 89’, Flight Dynamics Lab and Air Force Wright Aeronautical Labs, WPAFB, 1989.

[4] Ball, J., Remarks on blow up and nonexistence theorems for nonlinear evolution equations , Quart. J. Math. Oxford 28 (1977), 473–486.

[5] Bass, R. W., Zes, D., Spillover, nonlinearity and flexible structures , The Fourth NASA Workshop on Computational Control of Flexible Aerospace Systems, NASA Conference Publication 10065 (L.W.Taylor, ed.), 1991, pp. 1–14.

[6] Berrimi, S., Messaoudi, S., Existence and decay of solutions of a viscoelastic equation with a nonlinear source , Nonlinear Anal. 64 (2006), 2314–2331.

[7] Cavalcanti, M. M., Cavalcanti, V. N. Domingos, Filho, J. S. Prates, Soriano, J. A., Existence and uniform decay rates for viscoelastic problems with nonlocal boundary damping , Differential Integral Equations 14 (1) (2001), 85–116.

[8] Cavalcanti, M. M., Oquendo, H. P., Frictional versus viscoelastic damping in a semilinear wave equation , SIAM J. Control Optim. (electronic) 42 (4) (2003), 1310–1324.

[9] Clark, H. R., Elastic membrane equation in bounded and unbounded domains , Electron. J.

Qual. Theory Differ. Equ. 11 (2002), 1–21. [10] Glassey, R. T., Blow-up theorems for nonlinear wave equations , Math. Z. 132 (1973), 183–203. [11] Haraux, A., Zuazua, E., Decay estimates for some semilinear damped hyperbolic problems , Arch. Rational Mech. Anal. 100 (1988), 191–206.

[12] Kalantarov, V. K., Ladyzhenskaya, O. A., The occurrence of collapse for quasilinear equations of parabolic and hyperbolic type , J. Soviet Math. 10 (1978), 53–70.

[13] Kirchhoff, G., Vorlesungen über Mechanik , Tauber, Leipzig, 1883. [14] Komornik, V., Exact controllability and stabilization. The multiplier method , RAM: Research in Applied Mathematics, Masson, Paris; John Wiley & Sons, Ltd., Chichester, 1994.

[15] Kopackova, M., Remarks on bounded solutions of a semilinear dissipative hyperbolic equation , Comment. Math. Univ. Carolin. 30 (1989), 713–719.

[16] Li, M. R., Tsai, L. Y., Existence and nonexistence of global solutions of some systems of semilinear wave equations , Nonlinear Anal. 54 (2003), 1397–1415.

[17] Matsuyama, T., Ikehata, R., On global solutions and energy decay for the wave equation of Kirchhoff type with nonlinear damping terms , J. Math. Anal. Appl. 204 (3) (1996), 729–753.

[18] Medjden, M., Tatar, N. e., On the wave equation with a temporal nonlocal term , Dynam.

Systems Appl. 16 (2007), 665–672. [19] Nakao, M., Decay of solutions of some nonlinear evolution equation , J. Math. Anal. Appl.

60 (1977), 542–549. [20] Nishihara, K., Yamada, Y., On global solutions of some degenerate quasilinear hyperbolic equations with dissipative terms , Funkcial. Ekvac. 33 (1990), 151–159.

[21] Ono, K., Global existence, decay and blowup of solutions for some mildly degenerate nonlinear Kirchhoff strings , J. Differential Equations 137 (2) (1997), 273–301.

[22] Ono, K., On global existence, asymptotic stability and blowing up of solutions for some degenerate nonlinear wave equations of Kirchhoff type with a strong dissipation , Math. Methods Appl. Sci. 20 (1997), 151–177.

176 A. ZARAÏ AND N. TATAR

[23] Ono, K., On global solutions and blow-up solutions of nonlinear Kirchhoff strings with nonlinear dissipation , J. Math. Anal. Appl. 216 (1997), 321–342.

[24] Pata, V., Exponential stability in linear viscoelasticity , Quart. Appl. Math. 64 (3) (2006), 499–513.

[25] Tatar, N-e. and Zaraï, A., Exponential stability and blow up for a problem with Balakrishnan-Taylor damping , to appear in Demonstratio Math.

[26] Tatar, N-e. and Zaraï, A., On a Kirchhoff equation with Balakrishnan-Taylor damping and source term , to apper in DCDIS.

[27] You, Y., Inertial manifolds and stabilization of nonlinear beam equations with Balakrishnan-Taylor damping , Abstr. Appl. Anal. 1 (1) (1996), 83–102.

Cheikh El Arbi Tébessi University, 12002 Tébessa, Algeria E-mail : zaraiabdoo@yahoo.fr

King Fahd University of Petroleum and Minerals, Department of Mathematics and Statistics, Dhahran 31261, Saudi Arabia E-mail : tatarn@kfupm.edu.sa