ARCHIVUM MATHEMATICUM (BRNO) Tomus 45 (2009), 179–188

ON NEW SUBCLASS OF ANALYTIC FUNCTIONS WITH RESPECT TO SYMMETRIC POINTS

Firas Ghanim and Maslina Darus

Abstract. In the present paper, we obtain coefficient estimates for new subclass of analytic functions with respect to symmetric points. A sufficient condition for a function to belong to this class of function is also obtained.

1. Introduction Let A be the class of functions f normalized by

(1.1) f (z) = z + ∞∑ n =2

a_n z^n ,

which are analytic in the open unit disc D = { z ∈ C : |z| < 1} .

As usual, we denote by S the subclass of A, consisting of functions which are also univalent in D. We recall here the definitions of the well-known classes of starlike function and convex functions:

S^∗ = { f ∈ A : Re ( zf^′(z) f (z) ) > 0, z ∈ D } , C = { f ∈ A : Re ( 1 + zf^{′′}(z) f^′(z) ) > 0, z ∈ D } . Let w be a fixed point in D and A(w) = { f ∈ H (D ) : f (w) = f^′(w) − 1 = 0 }. In [8], Kanas and Ronning introduced the following classes S_w = { f ∈ A (w) : f is univalent in D }

ST_w = { f ∈ A (w) : Re ( (z − w) f^′(z) f (z) ) > 0, z ∈ D } , (1.2)

CV_w = { f ∈ A (w) : 1 + ( Re (z − w) f^{′′}(z)

f^′(z) ) > 0, z ∈ D } . (1.3)

Later Acu and Owa [1] studied the classes extensively.

2000 Mathematics Subject Classification : primary 30C45. Key words and phrases : analytic functions, starlike, convex, symmetric point. Received July 12, 2008, revised June, 2009. Editor O. Došlý.

180 F. GHANIM AND M. DARUS

The class ST_w is defined by geometric property that the image of any circular arc centered at w is starlike with respect to f (w) and the corresponding class S^c_w is defined by the property that the image of any circular arc centered at w is convex. We observe that the definitions are somewhat similar to the ones introduced by Goodman in [ 7] and [6] for uniformly starlike and convex functions, except that in this case the point w is fixed.

Let Σ_w denoted the subclass of A(w) consisting of the function of the form

(1.4) f (z) = 1 z − w + ∞∑ n =1

a_n (z − w)^n (a_n ≥ 0 , z ≠ w) .

The function f in Σ_w is said to be starlike function of order β if and only if

(1.5) Re { − (z − w)f^′(z) f (z) } > β (z ∈ D )

for some β (0 ≤ β < 1). We denote by S^∗_w (β) the class of all starlike functions of order β. Similarly , a function f in Σ_w is said to be convex of order β if and only if

(1.6) Re ( − 1 −

(z − w)f^{′′}(z) f^′(z) ) > β (z ∈ D )

for some β (0 ≤ β < 1). We denote by C_w (β) the class of all convex functions of order β. The class Σ_w studied extensively by Ghanim and Darus ([4], [5]).

Let S^∗_{ws} be the subclass of Σ_w consisting of functions given by (1.4) satisfying

(1.7) Re { (z − w)f^′(z)/(f (z) − f (− z))} > 0 ,

for z ∈ D . These functions are called starlike with respect to symmetric points and were introduced by Sakaguchi [ 10]. Recently, El-Ashwah and Thomas [ 3] have introduced two function classes, namely the class of functions starlike with respect to conjugate points and the class of functions starlike with respect to symmetric conjugate points.

In this paper, we introduce the class S^∗_{ws} (α, β ) of functions f , regular and univalent in D given by (1.7) and satisfying the condition | | (z − w)f^′(z) f (z) − f (− z) − 1 | |< β | |α (z − w)f^′(z) f (z) − f (− z) + 1 | | z ∈ D, 0 < β ≤ 1, 0 ≤ α ≤ 1 and we obtain coefficient estimates for functions in this class.We also obtain a sufficient condition for a function f to belong to the class S^∗_{ws} (α, β ).

Along with S^∗_{ws} (α, β ), we also consider the class S^∗_{wc} (α, β ) of functions f with respect to conjugate points, regular in D and satisfying | |(z − w)f^′(z) f (z) − f (z) − 1 | |< β | |α (z − w)f^′(z) f (z) − f (z) + 1 | | with z ∈ D , 0 < β ≤ 1, and 0 ≤ α ≤ 1.

ON NEW SUBCLASS OF ANALYTIC FUNCTIONS . . . 181

We analogously obtain coefficient estimates for functions in the class S^∗_{wc} (α, β ).

2. Coefficient estimates We need a lemma of Lakshminarasimhan [9].

Lemma 2.1. Let H (z) be analytic in D and satisfy the condition

(2.1) | | 1 − H (z) 1 + αH (z) | |< β

z ∈ D , 0 < β ≤ 1, 0 ≤ α ≤ 1, with H (0) = 1 . Then we have

(2.2) H (z) =

1 − zϕ(z) 1 + αzϕ (z) , where ϕ(z) is analytic in D and | |ϕ(z) | | ≤ β for z ∈ D. Conversely, any function H (z) given by (2.2) above is analytic in D and satisfies (2.1) .

Next, we shall prove a lemma, in order to obtain the coefficient estimates for functions f in the classes S^∗_{ws} (α, β ) and S^∗_{wc} (α, β ). Lemma 2.2. Let f and g belong to Σ_w and satisfy

(2.3) | | (z − w)f^′(z) g(z) − 1 | |< β | | α (z − w)f^′(z) g(z) + 1 | |, 0 < β ≤ 1, 0 ≤ α ≤ 1 and z ∈ D, with f given by (1.4), and g(z) =^1_{z − w} + ∞∑ n =1

b_n (z − w)^n . Then for n ≥ 1

(2.4) | |na n − bn | |^2 ≤ 2(αβ^2 + 1) ( 1 + n − 1∑

j =0

j |a_j | |b_j | ) . Proof. We use the method of Clunie and Keogh [ 2] and Thomas [ 11]. By Lemma 2.1 we have (z − w)f^′(z)

g(z) = 1 − (z − w)ϕ(z) 1 + α (z − w)ϕ(z) , ϕ(z) is analytic in D and |ϕ(z)| ≤ β for (z − w) ∈ D . Then

(z − w)f^′(z) = g(z)

[ 1 − (z − w)ϕ(z) 1 + α (z − w)ϕ(z) ] or [ α (z − w)(f^′(z) + g(z) ] (z − w)ϕ(z) = g(z) − (z − w)f^′(z) .

Now if

ψ (z) = ( z − w)ϕ(z) = ∞∑ n =0

t_n (z − w)^n

then

|ψ (z)| ≤ β|z − w| for (z − w) ∈ D .

182 F. GHANIM AND M. DARUS

Therefore

(2.5)

[− (α + 1)

z − w + α ∞∑ n =1

na_n (z − w)^n + ∞∑ n =1

b_n (z − w)^n

] [^∞∑

n =0

t_n (z − w)^n ]

= ∞∑ n =1

b_n (z − w)^n − ∞∑ n =1

na_n (z − w)^n .

Comparing the coefficient of (z − w)^n in (2.5), we have

(b_n − na_n ) = ( α + 1) t_{n − 1} + ( αa_1 + b_1 )t_{n − 2} + ( α 2a_2 + b_2 )t_{n − 3} + · · ·+ ( α (n − 1)a_{n − 1} + b_{n − 1} )t_1 .

Thus the coefficient combination on the right-hand side of (2.5) depends only on the coefficients combination (αa_1 + b_1), . . . ,(α(n − 1)a_{n − 1} + b_{n − 1}) on the left-hand side. Hence, for n ≥ 1, we can write

(2.6)

[− (α + 1) z − w + n − 1∑

j =0

(αja_j + b_j )(z − w)^j ] ψ (z)

= n∑ j =1

(b_j − ja_j ) (z − w)^j + ∞∑ j = n +1

c_j (z − w)^j .

Squaring the modulus of the both sides of (2.6) and integrating along |z− w| = r < 1, and using the fact that |ψ (z)| ≤ β|z − w|, we obtain n∑ j =1

|ja_j − b_j t|^2 r^{2( j +1)} + ∞∑ j = n +1

|c_j |r^{2( j +1)} < β^2 [ (α + 1)^2 +

n − 1∑

j =0

|αja_j + b_j |^2 r^{2( j +1)} ]

Letting r → 1 on the left-hand side of this inequality, we obtain n∑ j =1

|ja_j − b_j |^2 < β^2 (α + 1)^2 + β^2

n − 1∑

j =0

|αja_j + b_j |^2 .

This implies that

(2.7)

|na_n − b_n |^2 ≤ β^2 (α + 1)^2 + β^2

n − 1∑

j =0

|αja_j + b_j |^2 −

n − 1∑

j =0

|ja_j − b_j |^2

≤ β^2 (α + 1)^2 + ( α^2 β^2 − 1)

n − 1∑

j =0

j^2 |a_j |^2 + ( β^2 − 1)

n − 1∑

j =0

|b_j |^2

+ 2 αβ^2

n − 1∑

j =0

j |a_j b_j t| + 2

n − 1∑

j =0

j |a_j b_j | or |na_n − b_n |^2 ≤ 2(αβ^2 + 1) + 2 αβ^2

n − 1∑

j =0

j |a_j | |b_j | + 2

n − 1∑

j =0

j |a_j | |b_j | .

ON NEW SUBCLASS OF ANALYTIC FUNCTIONS . . . 183

Thus |na_n − b_n |^2 ≤ 2(αβ^2 + 1) ( 1 + n − 1∑

j =0

j |a_j | |b_j | ) , since 0 ≤ β < 1, 0 ≤ α ≤ 1. □ Theorem 2.1. Let f and g belong to Σ_w and be given as in Lemma 2.2. Then for n ≥ 1

|na_n − b_n |^2 ≤ 2(αβ^2 + 1) ( 1 + CA(1 − 1/n, f )^{12} A(1 − 1/n, g)^{12} ) , where A(r, f ) denotes the area enclosed by f (|z − w| = r) and where C is a constant. Proof. We have by (2.4) of Lemma 2.2

|na_n − b_n |^2 ≤ 2(αβ^2 + 1)(1 +

n − 1∑

j =0

j |a_j | |b_j |) .

The Cauchy-Schwarz inequality gives for 0 < r < 1 |na_n − b_n |^2 ≤ 2(αβ^2 + 1)

+ 2 αβ^2

(^{n − 1}∑

j =0

j |a_j |^2

) 1_2 (^{n − 1}∑

j =0

j |b_j |^2

) 1_2 + 2 (^{n − 1}∑

j =0

j |a_j |^2

) 1_2 (^{n − 1}∑

j =0

j |b_j |^2

) 1_2

≤ 2(αβ^2 ) + 1 +

2αβ^2 r^{2n}

(^{n − 1}∑

j =0

j |a_j |^2 r^{2j}

) 1_2 (^{n − 1}∑

j =0

j |b_j |^2 r^{2j}

) 1_2

+ 2 r^{2n}

(^{n − 1}∑

j =0

j |a_j |^2 r^{2j}

) 1_2 (^{n − 1}∑

j =0

j |b_j |^2 r^{2j}

) 1_2

≤ 2(αβ^2 + 1) +

2αβ^2 πr^{2n}

A(r, f )^{12} A(r, g )^{12} + 2 πr^{2n}

A(r, f )^{12} A(r, g )^{12}

Since A(r, f ) = π^∞ ∑ n =0

n|a_n |^2 r^{2n} . Choosing r = 1 −^1_n for n ≥ 1, the result follows. □ Theorem 2.2. Let f ∈ ST_{ws} (α, β ) and be given by (1.4) . Then

(1) (m + 1)^2 |a_{2m +1} |^2 ≤^1_2 (αβ^2 + 1)

(_m∑

j =0

(2j + 1) |a_{2j} |^2 ) m ≥ 0, |a_0 | = 1 ;

(2) m^2 |a_{2m} |^2 ≤^1_2 (αβ^2 + 1)

(_{m − 1}∑

j =0

(2j + 1) |a_{2j} |^2 ) , m ≥ 1. Further, if αβ < 1;

(3) (m + 1)^2 |a_{2m +1} |^2 ≤^{β 2 − 1}_4

(_m∑

j =0

|a_{2j} |^2 ) +^{β +1}_2

(_m∑

j =0

(2j + 1) |a_{2j} |^2 ) for m ≥ 0, |a_0 | = 1 and

(4) m^2 |a_{2m} |^2 ≤^{β 2 − 1}_4

(_{m − 1}∑

j =0

|a_{2j} |^2) +^{β +1}_2

(_{m − 1}∑

j =0

(2j + 1) |a_{2j} |^2 ) m ≥ 1, |a_0 | = 1 .

The inequalities (1) and (2) are sharp.

184 F. GHANIM AND M. DARUS

Proof. Since f ∈ ST_{ws} (α, β ), by Lemma 2.1 we have^{(z − w )f ′(z )}_{g(z )} = h(z), where g is an odd starlike function with g(z) =^{f (z )− f (− z )}_2 and h(z) =^{1− (z − w )ϕ (z )}_{1+ α (z − w )ϕ (z )} ϕ(z)

analytic in D and |ϕ(z)| ≤ β for z ∈ D. Thus, with g(z) =^1_{(z − w )} +^∞ ∑ n =1

a_{2n} (z − w)^{2n}

for z ∈ D, using (2.4) of Lemma 2.2 with b_n suitably chosen, the inequalities (1) and (2) in the theorem follow. Indeed, when αβ < 1 using (2.7) of Lemma 2.2

|na_n − b_n |^2 ≤ 2(β + 1) ( 1 + n − 1∑

j =0

j |a_j |^2 |b_j |^2 ) + ( β^2 − 1)

n − 1∑

j =0

|b_j |^2

and the inequalities (3) and (4) follow. □

Theorem 2.3. If f ∈ S^∗_{ws} (α, β ) with αβ < 1, then a_n = O

(_1 n ) as n → ∞ .

Proof. We observe that when αβ < 1, for f ∈ ST_{ws} (α, β ),^{(z − w )f ′(z )}_{f (z )− f (− z )} is bounded, we first prove that ( n − (1 − (− 1)^n )

)_2 |a_n |^2 ≤ 2(β + 1) ( 1 + n − 1∑

j =0

j |a_j |^2 ) . If f ∈ ST_{ws} (α, β ) is given by (1.4), we have using Lemma 2.1

(z − w)f^′(z) f (z) − f (− z) = 1 − (z − w)ϕ(z) 1 + α (z − w)ϕ(z) , ϕ(z) is analytic in D and |ϕ(z)| ≤ β for (z − w) ∈ D . Then [ α (z − w)f^′(z) + f (z) − f (− z) ] (z − w)ϕ(z) = [ f (z) − f (− z) ] − (z − w)f^′(z)

Now if

ψ (z) = ( z − w)ϕ(z) = ∞∑ n =0

t_n (z − w)^n ,

then

|f (z)| ≤ β|z − w| for (z − w) ∈ D

therefore

(2.8) [ α z − w + α ∞∑ n =1

na_n (z − w)^n + 2 z − w + ∞∑ n =1 ( 1 − (− 1)^n ) a_n (z − w)^n ]

× (^∞∑

n =0

t_n (z − w)^n ) = [ 1 z − w + ∞∑ n =1 ( (1 − (− 1)^n ) − n ) a_n (z − w)^n ] .

ON NEW SUBCLASS OF ANALYTIC FUNCTIONS . . . 185

Equating coefficients of (z − w)^n in (2.8), we have ( (1 − (− 1)^n ) − n ) = ( α + 1) t_{n − 1} + ( αa_1 + (1 − (− 1)^1 ) ) t_{n − 2} + ( α 2a_2 + (1 − (− 1)^2 ) ) t_{n − 3} + · · ·+ ( α (n − 1)a_{n − 1} + (1 − (− 1)^{n − 1} ) ) t_1 .

Thus the coefficient combination on the right side of (2.8) depends only on the

coefficient combination ( αa_1 + (1 − (− 1)^1 ) ) , . . . , ( α (n − 1)a_{n − 1} + (1 − (− 1)^{n − 1} ) ) on the left-hand side. Hence, for n ≥ 1, we can write

(2.9)

[ α + 1

z − w + n − 1∑

j =0 ( αj + (1 − (− 1)^j ) ) a_j (z − w)^j ] ψ (z)

= n∑ j =1 ( (1 − (− 1)^j ) − j ) a_j (z − w)^j + ∞∑ j = n +1

c_j (z − w)^j .

Squaring the modules of both sides of (2.9) and integrating along |z − w| = r < 1,

we obtain (using the fact that |ψ (z)| ≤ β|z − w|) n∑ j =1 ( j − (1 − (− 1)^j )

)_2

|a_j |^2 r^{2j} + ∞∑ j = n +1

|c_j |^2 r^{2j}

< β^2

[(α + 1) 2

r^2 + n − 1∑

j =0 ( αj + (1 − (− 1)^j )

)_2

|a_j |^2 r^{2j} ] . Letting r → 1 on the left-hand side of the last inequality we obtain n∑ j =1 ( j − (1 − (− 1)^j )

)_2

|a_j |^2 < β^2 [ (α + 1)^2 +

n − 1∑

0=1 ( αj + (1 − (− 1)^j )

)_2 |a_j |^2 ] . This implies

(2.10)

( n − (1 − (− 1)^n )

)_2

|a_n |^2 < β^2 (α + 1)^2 + β^2

n − 1∑

j =0 ( αj + (1 − (− 1)^j )

)_2

|a_j |^2

− n∑ j =1 ( j − (1 − (− 1)^j )

)_2

|a_j |^2 ≤ β^2 (α + 1)^2 + ( α^2 β^2 − 1)

× n − 1∑

j =0

j^2 |a_j |^2 + ( β^2 − 1)

n − 1∑

j =0

1 − (− 1)^j )^2 |a_j |^2

+ 2 αβ^2

n − 1∑

j =0

j (1 − (− 1)^j )^2 |a_j |^2 + 2

n − 1∑

j =0

j (1 − (− 1)^j )^2 |a_j |^2

186 F. GHANIM AND M. DARUS or ( n − (1 − (− 1)^n )

)_2

|a_n |^2 ≤ 2(β + 1) + 2 β

n − 1∑

j =0

j |a_j |^2 + 2

n − 1∑

j =0

j |a_j |^2

≤ 2(β + 1) ( 1 + n − 1∑

j =0

j |a_j |^2 ) (2.11)

since αβ < 1. It remains to show that a_n = O

(_1 n ) as n → ∞ . From (2.11) we have

(2.12) ( n − (1 − (− 1)^n )

)_2

|a_n |^2 ≤ 2(β + 1) ( 1 + n − 1∑

j =0

j |a_j |^2 ) . Since^{(z − w )f ′(z )}

f (z )− f (− z ) is bounded, it follows that f (z) is bounded. Now following Clunie

and Keogh [2] we conclude that △ , the area of the image of f (z), is given by

(2.13) △ = π ( 1 + ∞∑ j =1

j |a_j |^2 ) ,

and consequently,^∞ ∑ j =1

j |a_j |^2 < ∞ and hence r_n =^∞ ∑ j =1

j |a_j |^2 → 0 as n → ∞ .

Thus we have

(2.14)

n − 1∑

j =0

j |a_j |^2 =

n − 1∑

j =0

(r_j − r_{j +1} ) = r_1 − r_n = O(1) as n → ∞ .

Using (2.12) and (2.14), we have a_n = O

(_1 n ) as n → ∞ . □

3. Sufficient condition We obtain a sufficient condition for functions to belong to the class S^∗_{ws} (α, β ).

Theorem 3.1. Let f (z) =^1_{z − w} +^∞ ∑ n =1

a_n (z − w)^n be analytic in the unit disc D .

If for 0 ≤ α ≤ 1,^1_2 < β ≤ 1. ∞∑ n =1

[ (1 + αβ )n (β(α + 2) − 1) + (β(1 − (− 1)^n )) − (1 − (− 1)^n ) (β(α + 2) − 1) ] |a_n | ≤ 1

or equivalently,

(3.1)

[^∞∑

m =0

(1 + αβ )(2m + 1) |a_{2m +1} | (β(α + 2) − 1) + ∞∑ m =0

{ (1 + αβ )(2m + 2) |a_{2m +2} | + 2( β − 1)|a_{2m +2} |} (β(α + 2) − 1) ] ≤ 1 ,

then f belongs to the class ST_{ws} (α, β ).

ON NEW SUBCLASS OF ANALYTIC FUNCTIONS . . . 187

Proof. We use the method of Clunic and Keogh [ 2]. Suppose that f (z) =^1_{z − w} + ∞∑ n =1

a_n (z − w)^n , then for |z − w| < 1 | |(z − w)f^′(z) − f (z) − f (− z) | |− β | |α (z − w)f^′(z) + f (z) − f (− z) | | × | | − 1 (z − w) + ∞∑ n =1

na_n (z − w)^n − ∞∑ n =1

(1 − (− )^n )a_n (z − w)^n | |

− β | | − α (z − w) + α ∞∑ n =1

na_n (z − w)^n − 2 (z − w) + ∞∑ n =1

(1 − (− 1)^n )a_n (z − w)^n | |

= | | − 1 (z − w) + ∞∑ n =1

na_n (z − w)^n − ∞∑ n =1

(1 − (− 1)^n )a_n (z − w)^n | |

− β | | − (α + 2) (z − w) + α ∞∑ n =1

na_n (z − w)^n + ∞∑ n =1

(1 − (− 1)^n )a_n (z − w)^n | | |

= | | − 1 (z − w) + ∞∑ n =1 ( n − (1 − (− 1)^n ) ) a_n (z − w)^n | |

− β | | − (α + 2) (z − w) + ∞∑ n =1 ( nα + (1 − (− 1)^n ) ) a_n (z − w)^n | |

≤ 1 r + ∞∑ n =1 ( n − (1 − (− 1)^n ) ) |a_n |r^n

− β [α + 2 r − ∞∑ n =1 ( nα + (1 − (− 1)^n ) ) |a_n |r^n ]

< [^∞∑

m =0

(1 + αβ )(2m + 1) |a_{2m +1} | + ∞∑ m =0

{ (1 + αβ )(2m + 2) |a_{2m +2} |

+ 2( β − 1)|a_{2m +2} |} ] r − (β(α + 2) − 1) r < [^∞∑

m =0

(1 + αβ )(2m + 1) |a_{2m +1} | + ∞∑ m =0 { (1 + αβ )(2m + 2) |a_{2m +2} |

+ 2( β − 1)|a_{2m +2} | } − (β(α + 2) − 1) ] r ≤ 0

by (3.1). Hence, it follows that in |(z − w)| < 1 | | | ( (z − w)f ′(z)

f (z) − f (− z) − 1 )/( α (z − w)f ′(z)

f (z) − f (− z) + 1 )| |< β

so that f (z) ∈ ST_{ws} (α, β ). We note that

f (z) = 1 z − w + (β(α + 2) − 1) (1 + αβ )n + ( β(1 − (− 1)^n )) − (1 − (− 1)^n )

(z − w)^n

188 F. GHANIM AND M. DARUS

is an extremal function with respect to the theorem since | | ( (z − w)f ′(z)

f (z) − f (− z) − 1 )/( α (z − w)f ′(z)

f (z) − f (− z) + 1 )| |= β

for z = 1 ,^1_2 < β ≤ 1, 0 ≤ α ≤ 1, n = 1 , 2, 3, . . . . □

Acknowledgement. The work presented here was supported by eScienceFund: 04-01-02-SF0425.

References

[1] Acu, M., Owa, S., On some subclass of univalent functions , J. Inequal. Pure Appl. Math. 6 (3) (2005), 1–6.

[2] Clunie, J., Keogh, F. R., On starlike and schlicht functions , J. London Math. Soc. 35 (1960), 229–233.

[3] El-Ashwah, R. M., Thomas, D. K., Some subclasses of close-to-convex functions , J. Ramanujan Math. Soc. 2 (1987), 86–100.

[4] Ghanim, F., Darus, M., On certain class of analytic function with fixed second positive coefficient , Int. J. Math. Anal. 2 (2) (2008), 55–66.

[5] Ghanim, F., Darus, M., Sivasubramanian, S., On new subclass of analytic univalent function , Int. J. Pure Appl. Math. 40 (3) (2007), 307–319.

[6] Goodman, A. W., On uniformly convex functions , Ann. Polon. Math. 56 (1) (1991), 87–92. [7] Goodman, A. W., On uniformly starlike functions , J. Math. Anal. Appl. 155 (1991), 364–370. [8] Kanas, S., Ronning, F., Uniformly starlike and convex function and other related classes of univalent functions , Ann. Univ. Mariae Curie-Skłodowska Sect. A 53 (1991), 95–105.

[9] Lakshminarasimhan, T. V., On subclasses of functions starlike in the unit disc , J. Indian Math. Soc. 41 (1977), 233–243.

[10] Sakaguchi, K., On certain univalent mapping , J. Math. Soc. Japan 11 (1959), 72–75. [11] Thomas, D. K., On starlike and close-to-convex univalent functions , J. London Math. Soc.

42 (1967), 472–435.

School of Mathematical Sciences Faculty of Science and Technology Universiti Kebangsaan Malaysia Bangi 43600 Selangor D. Ehsan, Malaysia E-mail : Firas.Zangnaa@Gmail.com maslina@ukm.my