ARCHIVUM MATHEMATICUM (BRNO) Tomus 44 (2008), 295–305

APPROXIMATION OF SOLUTIONS OF THE FORCED DUFFING EQUATION WITH NONLOCAL DISCONTINUOUS TYPE INTEGRAL BOUNDARY CONDITIONS

Ahmed Alsaedi

Abstract. A generalized quasilinearization technique is applied to obtain a sequence of approximate solutions converging monotonically and quadratically to the unique solution of the forced Duffing equation with nonlocal discontinuous type integral boundary conditions.

1. Introduction

Integral boundary conditions for evolution problems have various applications in chemical engineering, thermoelasticity, underground water flow and population dynamics, see for example [ 16, 17, 24]. In fact, boundary value problems involving integral boundary conditions have received considerable attention, see for instance, [3, 10], [12]–[15], [18, 19, 26] and the references therein. In a recent reference [ 2], Ahmad, et. al. discussed the existence and uniqueness of the solutions of a boundary value problem with discontinuous type integral boundary conditions.

The monotone iterative technique coupled with the method of upper and lower solutions [5, 8, 20, 23, 25] manifests itself as an effective and flexible mechanism that offers theoretical as well as constructive existence results in a closed set, generated by the lower and upper solutions. In general, the convergence of the sequence of approximate solutions given by the monotone iterative technique is at most linear [11, 21]. To obtain a sequence of approximate solutions converging quadratically, we use the method of quasilinearization (QSL) [ 9]. This method has been developed for a variety of problems [ 1, 4, 6, 7, 22]. In view of its diverse applications, this approach is quite an elegant and easier for application algorithms. To the best of our knowledge, the method of quasilinearization has not been developed for Duffing equation with nonlocal discontinuous type integral boundary conditions.

In this paper, we apply a quasilinearization technique to obtain the analytic approximation of the solution of the forced Duffing equation with nonlocal discontinuous type integral boundary conditions. In fact, we obtain a sequence of approximate solutions converging monotonically and quadratically to the unique solution of the problem at hand. The concept of nonlocal discontinuous integral

2000 Mathematics Subject Classification : primary 34B10; secondary 34B15. Key words and phrases : duffing equation, integral boundary conditions, quasilinearization, quadratic convergence.

Received December 12, 2007. Editor O. Došlý.

296 A. ALSAEDI

boundary conditions corresponds to a situation when some forcing term is present

at an arbitrary intermediate point of the boundary segment and thereby generates

a discontinuity in the integral boundary conditions.

2. Preliminaries

We consider the following boundary value problem

(2.1) u^{′′}(t) + σu^′(t) + f (t, u ) = 0 , t ∈ [0, 1], σ ∈ R\{ 0} ,

u(0) − μ_1 u^′(0) = g_1 (u(γ)) +

∫_{γ −} 0 q_1 ( u(s) ) ds +

∫_1 γ + q_1 ( u(s) ) ds ,

u(1) + μ_2 u^′(1) = g_2 ( u(γ) ) + ∫_{γ −} 0 q_2 ( u(s) ) ds +

∫_1 γ + q_2 ( u(s) ) ds ,

0 < γ < 1 ,

where f : [0,1] × R → R, g_i : R → R (i = 1 ,2) are continuous functions, q_i are

continuous functions on (0, γ) and (γ, 1) and μ_i are nonnegative constants.

The quasilinearization technique is applied to obtain a sequence of approximate

solutions converging monotonically and quadratically to the unique solution of the

problem (2.1).

Definition 2.1. A function α ∈ C^2 [0, 1] is a lower solution of (2.1) if

α^{′′}(t) + σα^′(t) + f ( t, α (t) ) ≥ 0 , t ∈ [0, 1],

α (0) − μ_1 α^′(0) ≤ g_1 ( α (γ) ) + ∫_{γ −} 0 q_1 ( α (s) ) ds +

∫_1 γ + q_1 ( α (s) ) ds ,

α (1) + μ_2 α^′(1) ≤ g_2 ( α (γ) ) + ∫_{γ −} 0 q_2 ( α (s) ) ds +

∫_1 γ + q_2 ( α (s) ) ds .

Similarly, β ∈ C^2[0,1] is an upper solution of (2.1) if the inequalities in the

definition of lower solution are reversed.

Since the associated homogeneous problem of (2.1) has only the trivial solution,

therefore, by Green’s function method, the solution u(t) of (2.1) can be written as

u(t) = 1 (1 + σμ_1 ) − (1 − σμ_2 )e^{− σ} [( (− 1 + σμ_2 )e^{− σ} + e^{− σt} )

× { g_1 ( u(γ) ) + ∫_{γ −} 0 q_1 ( u(s) ) ds +

∫_1 γ + q_1 ( u(s) ) ds }

+ ( (1 + σμ_1 ) − e^{− σt} ){ g_2 ( u(γ) ) + ∫_{γ −} 0 q_2 ( u(s) ) ds +

∫_1 γ + q_2 ( u(s) ) ds }]

+ ∫_1 0 G(t, s )f ( s, u (s) ) ds ,

APPROXIMATION OF SOLUTIONS OF THE FORCED DUFFING EQUATION 297

where

G(t, s ) = Λ { [ (1 − σμ_2 ) − e^{σ (1 − s )} ][ (1 + σμ_1 ) − e^{− σt} ] , 0 ≤ t ≤ s , [ (1 − σμ_2 ) − e^{σ (1 − t )} ][ (1 + σμ_1 ) − e^{− σs} ] , s ≤ t ≤ 1 , Λ = e^{σs} σ[(1 − σμ_2 ) − (1 + σμ_1 )e^σ ] . Observe that G(t, s) > 0 on (0,1) × (0,1). We state the following results which lay a foundation to establish the main result. We omit the proof as the method of proof is similar to the one employed in [2].

Theorem 2.1. Let α and β be lower and upper solutions of the boundary value problem (2.1) respectively. Let f : [0,1]× R → R be such that f_u (t, u) < 0 and q_i are continuous functions on (0, γ) and (γ,1) satisfying one sided Lipschitz condition: q_i(u) − q_i(v) ≤ L_i(u − v), 0 ≤ L_i < 1, i = 1 ,2, and g_i : R → R are continuous functions satisfying one sided Lipschitz condition: g_i(u) − g_i(v) ≤ L^∗_i (u − v), 0 ≤ L^∗_i < 1, i = 1 , 2. Then α (t) ≤ β(t).

Theorem 2.2. Assume that α and β are lower and upper solutions of the boundary value problem (2.1) respectively such that α(t) ≤ β(t). If f : [0,1] × R → R, g_i : R → R are continuous functions and q_i are continuous functions on (0, γ) and (γ,1) with g_i and q_i satisfying one sided Lipschitz condition, then there exists a solution u(t) of (2.1) such that α (t) ≤ u(t) ≤ β(t), t ∈ [0, 1].

3. Main result

Theorem 3.1. Assume that

(A_1 ) α and β ∈ C^2[0,1] are respectively lower and upper solutions of (2.1) such that α (t) ≤ β(t);

(A_2 ) f (t, u) ∈ C^2([0,1]× R) be such that f_u (t, u) < 0 and ( f_{uu} (t, u)+ ϕ_{uu} (t, u) ) ≥ 0, where ϕ_{uu} (t, u ) ≥ 0 for some continuous function ϕ(t, u ) on [0, 1] × R;

(A_3 ) q_i are continuous functions on (0, γ) and (γ,1) satisfying 0 ≤ q^′_i(u) < 1, and ( q^{′′}_i (u) + χ^{′′}_i (u) ) ≥ 0 with χ^{′′}_i ≥ 0, i = 1 , 2;

(A_4 ) g_i ∈ C^2(R) be such that 0 ≤ g^′_i(u) < 1 and ( g^{′′}_i (u) + ψ^{′′}_i (u) ) ≤ 0 with ψ^{′′}_i ≤ 0, i = 1 , 2.

Then, there exists a sequence { α_n } of approximate solutions converging monotonically and quadratically to the unique solution of the problem (2.1) .

Proof. Let F : [0,1]× R → R and G_i , K_i : R → R be defined by F (t, u) = f (t, u) + ϕ(t, u), G_i(u) = g_i(u) + ψ_i(u), K_i(u) = q_i(u) + χ_i(u) so that F_{uu} (t, u) ≥ 0, G^{′′}_i (u) ≤ 0, K^{′′}_i (u) ≥ 0. Using the generalized mean value theorem together with (A_2 ), (A_3 ) and (A_4 ), we obtain

f (t, u ) ≥ f (t, v) + F_u (t, v)(u − v) + ϕ(t, v) − ϕ(t, u ) ,

(3.1) g_i (u) ≤ g_i (v) + G^′_i (v)(u − v) + ψ_i (v) − ψ_i (u) , u, v ∈ R ,

(3.2) q_i (u) ≥ q_i (v) + K^′_i (v)(u − v) + χ_i (v) − χ_i (u) , u, v ∈ R .

(3.3)

298 A. ALSAEDI

We set

F̄ (t, u, α ) = f (t, α ) + F_u (tα )(u − α ) + ϕ(t, α ) − ϕ(t, u ) ,

Q_i (u, α ) = q_i (α ) + K^′_i (α )(u − α ) + χ_i (α ) − χ_i (u) ,

ḡ_i (u(γ), α, β ) = g_i (α (γ)) + G^′_i ( β(γ) )( u(γ) − α (γ) ) + ψ_i (α ) − ψ_i (u) ,

and note that

F̄_u (t, u, α ) < 0 , 0 ≤ (∂/∂u)Q_i (u, α ) < 1 , 0 ≤ (∂/∂u)ḡ_i (u(γ), α, β ) < 1 .

Now, we fix α = α_0 and consider the problem

(3.4) u^{′′}(t) + σu^′(t) + F̄ (t, u, α_0 ) = 0 , t ∈ [0, 1],

u(0) − μ_1 u^′(0) = ¯g_1 ( u(γ), α_0 , β ) + ∫_{γ −} 0 Q_1 ( u(s), α_0 (s) ) ds + ∫_1 γ + Q_1 ( u(s), α_0 (s) ) ds ,

u(1) + μ_2 u^′(1) = ¯g_2 ( u(γ), α_0 , β ) + ∫_{γ −} 0 Q_2 ( u(s), α_0 (s) ) ds + ∫_1 γ + Q_2 ( u(s), α_0 (s) ) ds .

As a first step, it will be shown that α_0, β are respectively lower and upper

solutions of (3.4). Using (A_1) together with the fact that F̄ (t, α_0 , α_0) = f (t, α_0),

ḡ_1 ( α (γ), α_0 , β ) = g_i ( α_0 (γ) ) and Q_i (α_0 , α_0 ) = q_i (α_0 ), we have

α^{′′}_0 (t) + σα^′_0 (t) + F̄ (t, α_0 , α_0 ) = α^{′′}_0 (t) + σα^′_0 (t) + f (t, α_0 ) ≥ 0 , t ∈ [0, 1],

α_0 (0) − μ_1 α^′_0 (0) ≤ g_1 ( α_0 (γ) ) + ∫_{γ −} 0 q_1 ( α_0 (s) ) ds +

∫_1 γ + q_1 ( α_0 (s) ) ds = ḡ_1 (α_0 (γ), α_0 , β) +

∫_{γ −} 0 Q_1 ( α_0 (s), α_0 (s) ) ds + ∫_1 γ + Q_1 ( α_0 (s), α_0 (s) ) ds ,

α_0 (1) + μ_2 α^′_0 (1) ≤ g_2 ( α_0 (γ) ) + ∫_{γ −} 0 q_2 ( α_0 (s) ) ds +

∫_1 γ + q_2 ( α_0 (s) ) ds = ḡ_2 ( α_0 (γ), α_0 , β ) + ∫_{γ −} 0 Q_2 ( α_0 (s), α_0 (s) ) ds + ∫_1 γ + Q_2 ( α_0 (s), α_0 (s) ) ds and β^{′′}(t) + σβ^′(t) + F̄ (t, β, α_0 ) ≤ β^{′′}(t) + σβ^′(t) + f (t, β ) ≤ 0 , t ∈ [0, 1].

APPROXIMATION OF SOLUTIONS OF THE FORCED DUFFING EQUATION 299

Moreover, there exists c_0 , c_1 ∈ ( α_0 (γ), β(γ) ) and c_2 , c_3 ∈ (α_0 , β) so that

g_1 ( β(γ) ) − ḡ_1 ( β(γ), α_0 , β ) = g_1 ( β(γ) ) − g_1 ( α_0 (γ) ) − G^′_1 ( β(γ) )( β(γ) − α_0 (γ) ) − ψ_1 ( α_0 (γ) ) + ψ_1 ( β(γ) ) = [ g^′_1 (c_0 ) − g^′_1 ( β(γ) )]( β(γ)− α_0 (γ) ) + [ ψ^′_1 (c_1 )− ψ^′_1 ( β(γ) )]( β(γ)− α_0 (γ) ) ≥ 0 ,

q_1 ( β(s) ) − Q_1 ( β(s), α_0 (s) ) = q_1 ( β(s) ) − q_1 ( α_0 (s) ) − K^′_1 ( α_0 (s) )( β(s) − α_0 (s) ) − χ_1 ( α_0 (s) ) + χ_1 ( β(s) ) = [ q^′_1 (c_2 ) − q^′_1 ( α_0 (s) )]( β(s)− α_0 (s) ) + [ χ^′_1 (c_3 )− χ^′_1 ( α_0 (s) )]( β(s)− α_0 (s) ) ≥ 0 and consequently, we obtain

β(0) − μ_1 β^′(0) ≥ g_1 ( β(γ) ) + ∫_{γ −} 0 q_1 ( β(s) ) ds +

∫_1 γ + q_1 ( β(s) ) ds ≥ ḡ_1 ( β(γ), α_0 , β ) + ∫_{γ −} 0 Q_1 ( β(s), α_0 (s) ) ds +

∫_1 γ + Q_1 ( β(s), α_0 (s) ) ds. Similarly, it can be shown that

β(1)+ μ_2 β^′(1) ≥ ḡ_2 ( β(γ), α_0 , β ) + ∫_{γ −} 0 Q_2 ( β(s), α_0 (s) ) ds +

∫_1 γ + Q_2 ( β(s), α_0 (s) ) ds .

Thus we conclude that α_0 and β are respectively lower and upper solutions of (3.4).

Hence, by Theorems 2.1 and 2.2, there exists the unique solution α_1 of (3.4) such

that

α_0 (t) ≤ α_1 (t) ≤ β(t) , t ∈ [0, 1].

Next, we consider

(3.5) u^{′′}(t) + σu^′(t) + F̄ (t, u, α_1 ) = 0 , t ∈ [0, 1],

u(0) − μ_1 u^′(0) = ¯g_1 ( u(γ), α_1 , β ) + ∫_{γ −} 0 Q_1 ( u(s), α_1 (s) ) ds + ∫_1 γ + Q_1 ( u(s), α_1 (s) ) ds ,

u(1) + μ_2 u^′(1) = ¯g_2 ( u(γ), α_1 , β ) + ∫_{γ −} 0 Q_2 ( u(s), α_1 (s) ) ds + ∫_1 γ + Q_2 ( u(s), α_1 (s) ) ds .

Using the earlier arguments, it can be shown that α_1 and β are lower and upper

solutions of (3.5) respectively and by Theorems 2.1 and 2.2, there exists the unique

solution α_2 of (3.5) such that

α_1 (t) ≤ α_2 (t) ≤ β(t) , t ∈ [0, 1].

Continuing this process successively yields a sequence { α_n } of solutions satisfying

α_0 (t) ≤ α_1 (t) ≤ α_2 (t) ≤ · · · ≤ α_n (t) ≤ β(t) , t ∈ [0, 1],

300 A. ALSAEDI

where the element α_n of the sequence { α_n } is a solution of the problem

u^{′′}(t) + σu^′(t) + F̄ (t, u, α_{n − 1} ) = 0 , t ∈ [0, 1],

u(0) − μ_1 u^′(0) = ¯g_1 ( u(γ), α_{n − 1} , β ) + ∫_{γ −} 0 Q_1 ( u(s), α_{n − 1} (s) ) ds + ∫_1 γ + Q_1 ( u(s), α_{n − 1} (s) ) ds ,

u(1) + μ_2 u^′(1) = ¯g_2 ( u(γ), α_{n − 1} , β ) + ∫_{γ −} 0 Q_2 ( u(s), α_{n − 1} (s) ) ds + ∫_1 γ + Q_2 ( u(s), α_{n − 1} (s) ) ds

and is given by

α_n (t) =

− (1 − σμ_2 )e^{− σ} + e^{− σt}

(1 + σμ_1 ) − (1 − σμ_2 )e^{− σ} [ ḡ_1 ( α_n (γ), α_{n − 1} , β )

+ ∫_{γ −} 0 Q_1 ( α_n (s), α_{n − 1} (s) ) ds +

∫_1 γ + Q_1 ( α_n (s), α_{n − 1} (s) ) ds ]

+ (1 + σμ_1 ) − e^{− σt}

(1 + σμ_1 ) − (1 − σμ_2 )e^{− σ} [ ḡ_2 ( α_n (γ), α_{n − 1} , β )

+ ∫_{γ −} 0 Q_2 ( α_n (s), α_{n − 1} (s) ) ds +

∫_1 γ + Q_2 ( α_n (s), α_{n − 1} (s) ) ds ]

+ ∫_1 0 G(t, s )F̄ ( s, α_n (s), α_{n − 1} (s) ) ds .

(3.6)

Using the fact that [0,1] is compact and the monotone convergence of the sequence

{ α_n } is pointwise, it follows that the convergence of the sequence is uniform. If

u(t) is the limit point of the sequence, taking the limit n → ∞ in (3.6), we obtain

u(t) =

− (1 − σμ_2 )e^{− σ} + e^{− σt}

(1 + σμ_1 ) − (1 − σμ_2 )e^{− σ} [ g_1 ( u(γ) ) + ∫_{γ −} 0 q_1 ( u(s) ) ds +

∫_1 γ + q_1 ( u(s) ) ds ]

+ (1 + σμ_1 ) − e^{− σt}

(1 + σμ_1 ) − (1 − σμ_2 )e^{− σ} [ g_2 ( u(γ) ) + ∫_{γ −} 0 q_2 ( u(s) ) ds +

∫_1 γ + q_2 ( u(s) ) ds ]

+ ∫_1 0 G(t, s )f ( s, u (s) ) ds .

Thus, u(t) is a solution of (2.1). Now, we show that the convergence of the sequence

is quadratic. For that we set ω_n (t) = ( u(t) − α_n (t) ) ≥ 0, t ∈ [0,1]. In view of (A_2),

APPROXIMATION OF SOLUTIONS OF THE FORCED DUFFING EQUATION 301

it follows by Taylor’s theorem that

ω^{′′}_n (t) + σω^′_n (t) = u^{′′}+ σu^′ − (α^{′′}_n + σα^′_n ) = − f (t, u ) + F̄ (t, α_n , α_{n − 1} )

= − f (t, u ) + f (t, α_{n − 1} ) + F_u (t, α_{n − 1} )(α_n − α_{n − 1} )

+ ϕ(t, α_{n − 1} ) − ϕ(t, α_n )

= − f_u (t, c_4 )(u − α_{n − 1} ) − F_u (t, α_{n − 1} )(u − α_n )

+ F_u (t, α_{n − 1} )(u − α_{n − 1} ) − ϕ_u (t, c_5 )(α_n − α_{n − 1} ) = [ − f_u (t, c_4 ) + F_u (t, α_{n − 1} ) − ϕ_u (t, c_5 ) ] ω_{n − 1} + [ − F_u (t, α_{n − 1} ) + ϕ_u (t, c_5 ) ] ω_n = [ − F_u (t, c_4 ) + F_u (t, α_{n − 1} ) + ϕ_u (t, c_4 ) − ϕ_u (t, c_5 ) ] ω_{n − 1} + [ − F_u (t, α_{n − 1} ) + ϕ_u (t, c_5 ) ] ω_n ≥ [ − F_u (t, u ) + F_u (t, α_{n − 1} ) + ϕ_u (t, α_{n − 1} ) − ϕ_u (t, α_n ) ] ω_{n − 1} + [ − F_u (t, α_{n − 1} ) + ϕ_u (t, α_{n − 1} ) ] ω_n ≥ [ − F_{uu} (t, c_6 ) − ϕ_{uu} (t, c_7 ) ] ω^2_{n − 1} − f_u (t, α_{n − 1} )ω_n ≥ − A_1 ‖ω_{n − 1} ‖^2 ,

(3.7)

where α_{n − 1} ≤ c_4, c_6 ≤ u, α_{n − 1} ≤ c_5, c_7 ≤ α_n , A is a bound on ‖F_{uu} ‖, B is a

bound on ‖ϕ_{uu} ‖ and A_1 = A + B . Further, we have

ω_n (0) − μ_1 ω^′_n (0) = g_1 ( u(γ) ) − ḡ_1 ( α_n (γ), α_{n − 1} , β ) + ∫_{γ −} 0 [ q_1 ( u(s) ) − Q_1 ( α_n (s), α_{n − 1} (s) )] ds + ∫_1 γ + [ q_1 ( u(s) ) − Q_1 ( α_n (s), α_{n − 1} (s) )] ds = g_1 ( u(γ) ) − g_1 ( α_{n − 1} (γ) ) − G^′_1 ( β(γ) ) (α_n − α_{n − 1} ) + ∫_{γ −} 0 [ q_1 ( u(s) ) − q_1 = ( α_{n − 1} (s) ) − K^′_1 ( α_{n − 1} (s) ) (α_n − α_{n − 1} ) − χ_1 (α_{n − 1} )

+ χ_1 (α_n ) ] ds +

∫_1 γ + [ q_1 ( u(s) ) − q_1 ( α_{n − 1} (s) ) − K^′_1 ( α_{n − 1} (s) ) (α_n − α_{n − 1} )

− χ_1 (α_{n − 1} ) + χ_1 (α_n ) ] ds ≤ [1 2 g^{′′}_1 (ξ_1 ) + ψ^{′′}_1 (η_2 ) ] ω^2_{n − 1} (γ) + [ G^′_1 ( β(γ) ) − ψ^′_1 (η_1 ) ] ω_n (γ) + ∫_{γ −} 0 [( K^′_1 ( α_{n − 1} (s) ) − χ^′_1 (η_3 ) ) ω_n (s) + ( 1 2 q^{′′}_1 (ξ_2 ) + χ^{′′}_1 (η_4 ) ) ω^2_{n − 1} (s) ] ds + ∫_1 γ + [( K^′_1 ( α_{n − 1} (s) ) − χ^′_1 (η_3 ) ) ω_n (s) + ( 1 2 q^{′′}_1 (ξ_2 ) + χ^{′′}_1 (η_4 ) ) ω^2_{n − 1} (s) ] ds

302 A. ALSAEDI and ω_n (1) + μ_2 ω^′_n (1) = g_2 (u(γ)) − ḡ_2 (α_n (γ), α_{n − 1} , β) + ∫_{γ −} 0 [ q_2 ( u(s) ) − Q_2 ( α_n (s), α_{n − 1} (s) )] ds + ∫_1 γ + [ q_2 ( u(s) ) − Q_2 ( α_n (s), α_{n − 1} (s) )] ds ≤ [1 2 g^{′′}_2 (ξ_3 ) + ψ^{′′}_2 (η_5 ) ] ω^2_{n − 1} (γ) + [ G^′_2 ( β(γ) ) − ψ^′_2 (η_6 ) ] ω_n (γ) + ∫_{γ −} 0 [( K^′_2 ( α_{n − 1} (s) ) − χ^′_2 (η_7 ) ) ω_n (s) + ( 1 2 q^{′′}_2 (ξ_4 ) + χ^{′′}_2 (η_8 ) ) ω^2_{n − 1} (s) ] ds + ∫_1 γ + [ (K^′_2 (α_{n − 1} (s)) − χ^′_2 (η_7 ))ω_n (s) + ( 1 2 q^{′′}_2 (ξ_4 ) + χ^{′′}_2 (η_8 ) ) ω^2_{n − 1} (s) ] ds ,

where α_{n − 1} ≤ ξ_j ≤ u, j = 1 , . . . ,4, α_{n − 1} ≤ η_ν ≤ α_n ≤ u, ν = 1 , . . . ,8. In view

of (A_3) and (A_4), there exists λ_i < 1, λ^∗_i < 1, M_i ≥ 0 and M^∗_i ≥ 0 such that

|G^′_i − ψ^′_i | ≤ λ^∗_i , |K^′_i − χ^′_i | ≤ λ_i, |^1_2 q^{′′}_i + χ^{′′}_i | ≤ M_i and

|_1 2 g^{′′}_i + ψ^{′′}_i | ≤ M^∗_i . Letting λ =

max { λ_1 , λ_2 }, λ^∗ = max { λ^∗_1 , λ^∗_2 }, M^∗ = max { M^∗_1 , M^∗_2 }, and M = max { M_1 , M_2 },

we get

(3.8) ω_n (0) − μ_1 ω^′_n (0) ≤ M^∗ ω^2_{n − 1} (γ) + λ^∗ ω_n (γ) + λ [ ∫ γ − 0 ω_n (s) ds +

∫_1 γ + ω_n (s) ds ]

+ M [ ∫ γ − 0 ω^2_{n − 1} (s) ds +

∫_1 γ + ω^2_{n − 1} (s) ds ] , ω_n (1) + μ_2 ω^′_n (1) ≤ M^∗ ω^2_{n − 1} (γ) + λ^∗ ω_n (γ) + λ [ ∫ γ − 0 ω_n (s) ds +

∫_1 γ + ω_n (s) ds ]

+ M [ ∫ γ − 0 ω^2_{n − 1} (s) ds +

∫_1 γ + ω^2_{n − 1} (s) ds ] . Using the estimates (3.7) and (3.8), we obtain

ω_n (t) =

− (1 − σμ_2 )e^{− σ} + e^{− σt}

(1 + σμ_1 ) − (1 − σμ_2 )e^{− σ} ( g_1 ( u(γ) ) − ḡ_1 ( α_n (γ), α_{n − 1} , β )

+ ∫_{γ −} 0 [ q_1 ( u(s) ) − Q_1 ( α_n (s), α_{n − 1} (s) )] ds + ∫_1 γ + [ q_1 ( u(s) ) − Q_1 ( α_n (s), α_{n − 1} (s) )] ds )

+ (1 + σμ_1 ) − e^{− σt}

(1 + σμ_1 ) − (1 − σμ_2 )e^{− σ} ( g_2 ( u(γ) ) − ḡ_2 ( α_n (γ), α_{n − 1} , β )

APPROXIMATION OF SOLUTIONS OF THE FORCED DUFFING EQUATION 303 + ∫_{γ −} 0 [ q_2 ( u(s) ) − Q_2 ( α_n (s), α_{n − 1} (s) )] ds + ∫_1 γ + [ q_2 ( u(s) ) − Q_2 ( α_n (s), α_{n − 1} (s) )] ds )

+ ∫_1 0 G(t, s ) [ f ( s, u (s) ) − F̄ (t, α_n , α_{n − 1} ) ] ds ≤ − (1 − σμ_2 )e^{− σ} + e^{− σt} (1 + σμ_1 ) − (1 − σμ_2 )e^{− σ} [ M^∗ ω^2_{n − 1} (γ) + λ^∗ ω_n (γ) + λ ( ∫ γ − 0 ω_n (s) ds +

∫_1 γ + ω_n (s) ds ) + M ( ∫ γ − 0 ω^2_{n − 1} (s) ds +

∫_1 γ + ω^2_{n − 1} (s) ds )]

+ (1 + σμ_1 ) − e^{− σt} (1 + σμ_1 ) − (1 − σμ_2 )e^{− σ} [ M^∗ ω^2_{n − 1} (γ) + λ^∗ ω_n (γ) + λ ( ∫ γ − 0 ω_n (s) ds +

∫_1 γ + ω_n (s) ds ) + M ( ∫ γ − 0 ω^2_{n − 1} (s) ds +

∫_1 γ + ω^2_{n − 1} (s)ds )]

− ∫_1 0 G(t, s ) [ ω^{′′}_n (s) + σω^′_n (s) ] ds ≤ M^∗ ω^2_{n − 1} (γ) + λ^∗ ω_n (γ) + λ

( ∫ γ − 0 ω_n (s) ds +

∫_1 γ + ω_n (s) ds )

+ M ( ∫ γ − 0 ω^2_{n − 1} (s) ds +

∫_1 γ + ω^2_{n − 1} (s) ds ) + A_1 ‖ω_{n − 1} ‖^2

∫_1 0 G(t, s ) ds

≤ M^∗ ‖ω_{n − 1} ‖^2 + λ^∗ ‖ω_n ‖ + λ‖ω_n ‖ + M ‖ω_{n − 1} ‖^2 + A_2 ‖ω_{n − 1} ‖^2

= λ^{∗∗} ‖ω_n ‖ + M^{∗∗} ‖ω_{n − 1} ‖^2

where A_2 provides a bound on A_1

∫_1 0 G(t, s). We choose λ^∗ and λ so that λ^{∗∗} = λ^∗ + λ < 1 and M^{∗∗} = M^∗ + M + A_2 . Taking the maximum over [0, 1], we get

‖ω_n ‖ ≤

M^{∗∗} 1 − λ^{∗∗}

‖ω_{n − 1} ‖^2 ,

where ‖u‖ = max { |u(t)|: t ∈ [0,1] } . This establishes the quadratic convergence of the sequence of iterates. □

Remark. The results obtained in [ 2] appear as a special case of our results if we take γ = 1 /2 in (2.1) and ψ_i ≡ 0 ≡ χ_i, i = 1 ,2 in the assumptions (A_3) and (A_4) of Theorem 3.1.

References

[1] Ahmad, B., A quasilinearization method for a class of integro-differential equations with mixed nonlinearities , Nonlinear Anal. Real World Appl. 7 (2006), 997–1004.

[2] Ahmad, B., Alsaedi, A., Existence of approximate solutions of the forced Duffing equation with discontinuous type integral boundary conditions , Nonlinear Anal. Real World Appl. 10 (2009), 358–367.

304 A. ALSAEDI

[3] Ahmad, B., Alsaedi, A., Alghamdi, B., Analytic approximation of solutions of the forced Duffing equation with integral boundary conditions , Nonlinear Anal. Real World Appl. 9 (2008), 1727–1740.

[4] Ahmad, B., Naz, U., Khan, R. A., A higher order monotone iterative scheme for nonlinear Neumann boundary value problems , Bull. Korean Math. Soc. 42 (2005), 17–22.

[5] Ahmad, B., Nieto, J. J., The monotone iterative technique for three-point second-order integrodifferential boundary value problems with p-Laplacian , Boundary Value Problems 2007 (2007), 9pp., Article ID 57481, doi: 10.1155/2007/57481.

[6] Ahmad, B., Nieto, J. J., Existence and approximation of solutions for a class of nonlinear impulsive functional differential equations with anti-periodic boundary conditions , Nonlinear Anal. 69 (2008), 3291–3298.

[7] Ahmad, B., Nieto, J. J., Shahzad, N., The Bellman-Kalaba-Lakshmikantham quasilinearization method for Neumann problems , J. Math. Anal. Appl. 257 (2001), 356–363.

[8] Ahmad, B., Sivasundaram, S., The monotone iterative technique for impulsive hybrid set valued integro-differential equations , Nonlinear Anal. 65 (2006), 2260–2276.

[9] Bellman, R., Kalaba, R., Quasilinearization and Nonlinear Boundary Value Problems , Amer.

Elsevier, New York, 1965. [10] Bouziani, A., Benouar, N. E., Mixed problem with integral conditions for a third order parabolic equation , Kobe J. Math. 15 (1998), 47–58.

[11] Cabada, A., Nieto, J. J., Rapid convergence of the iterative technique for first order initial value problems , Appl. Math. Comput. 87 (1997), 217–226.

[12] Cannon, J. R., Encyclopedia of Math. and its Appl. , ch. The one-dimensional heat equation, Addison-Wesley, Mento Park, CA, 1984.

[13] Cannon, J. R., Esteva, S. Perez, Hoek, J. Van Der, A Galerkin procedure for the diffusion equation subject to the specification of mass , SIAM. J. Numer. Anal. 24 (1987), 499–515.

[14] Choi, Y. S., Chan, K. Y., A parabolic equation with nonlocal boundary conditions arising from electrochemistry , Nonlinear Anal. 18 (1992), 317–331.

[15] Denche, M., Marhoune, A. L., Mixed problem with integral boundary condition for a high order mixed type partial differential equation , J. Appl. Math. Stoch. Anal. 16 (2003), 69–79.

[16] Ewing, R. E., Lin, T., A class of parameter estimation techniques for fluid flow in porous media , Adv. Water Res. 14 (1991), 89–97.

[17] Formaggia, L., Nobile, F., Quarteroni, A., Veneziani, A., Multiscale modelling of the circulatory system: a preliminary analysis , Comput. Vis. Sci. 2 (1999), 75–83.

[18] Ionkin, N. I., Solution of a boundary value problem in heat condition with a nonclassical boundary condition , Differ. Uravn. 13 (1977), 294–304.

[19] Kartynnik, A. V., Three-point boundary value problem with an integral space-variable condition for a second-order parabolic equation , Differential Equations 26 (1990), 1160–1166.

[20] Ladde, G. S., Lakshmikantham, V., Vatsala, A. S., Monotone Iterative Techniques for Nonlinear Differential Equations , Pitman, Boston, 1985.

[21] Lakshmikantham, V., Nieto, J. J., Generalized quasilinearization for nonlinear first order ordinary differential equations , Nonlinear Times & Digest 2 (1995), 1–10.

[22] Lakshmikantham, V., Vatsala, A. S., Mathematics and its Applications, 440 , ch. Generalized Quasilinearization for Nonlinear Problems, Kluwer Academic Publishers, Dordrecht, 1998.

[23] Nieto, J. J., Rodriguez-Lopez, R., Monotone method for first-order functional differential equations , Comput. Math. Appl. 52 (2006), 471–484.

[24] Shi, P., Weak solution to evolution problem with a nonlocal constraint , SIAM J. Math. Anal.

24 (1993), 46–58.

APPROXIMATION OF SOLUTIONS OF THE FORCED DUFFING EQUATION 305

[25] Vatsala, A. S., Yang, J., Monotone iterative technique for semilinear elliptic systems , Boundary Value Probl. 2 (2005), 93–106.

[26] Yurchuk, N. I., Mixed problem with an integral condition for certain parabolic equations , Differential Equations 22 (1986), 1457–1463.

Department of Mathematics, Faculty of Science King Abdulaziz University P.O. Box. 80257, Jeddah 21589, Saudi Arabia E-mail : aalsaedi@hotmail.com