ARCHIVUM MATHEMATICUM (BRNO) Tomus 44 (2008), 1–7

MULTIPLE POSITIVE SOLUTIONS FOR NONLINEAR BOUNDARY VALUE PROBLEMS WITH INTEGRAL BOUNDARY CONDITIONS

Abdelkader Belarbi, Mouffak Benchohra, and Abdelghani Ouahab

Abstract. In this paper we investigate the existence of multiple positive solutions for nonlinear boundary value problems with integral boundary conditions. We shall rely on the Leggett-Williams fixed point theorem.

1. Introduction

This paper is concerned with the existence of three nonnegative solutions for nonlinear boundary value problems with integral boundary conditions. More precisely, in Section 3, we consider the following nonlinear boundary value problem with integral boundary conditions:

− x^{′′}(t) = f ( x(t) ) , for each t ∈ [0, 1], (1) x(0) − k_1 x^′(0) =

∫_1 0 h_1 ( x(s) ) ds , (2) x(1) + k_2 x^′(1) =

∫_1 0 h_2 ( x(s) ) ds (3) where f, h_1 , h_2 : [0, ∞ ) → [0, ∞ ) are continuous and nondecreasing functions, and k_1 , k_2 are nonnegative constants.

Boundary value problems with integral boundary conditions constitute a very interesting and important class of problems. They include two, three, multipoint and nonlocal boundary value problems as special cases. For boundary value problems with integral boundary conditions and comments on their importance, we refer the reader to the papers [ 7, 9, 13] and the references therein. Moreover, boundary value problems with integral boundary conditions have been studied by a number of authors, for example [3, 5, 6, 11, 10].

Recently the existence of multiple solutions for differential, difference and integral equations has been investigated by several authors (see for instance [ 1, 2, 4] and the references cited therein). The main theorem of this note extends the particular

2000 Mathematics Subject Classification: Primary: 34B15; Secondary: 34B27. Key words and phrases: multiple solutions, Leggett-Williams fixed point theorem, nonlinear boundary value problem, integral boundary conditions.

Received September 18, 2006. Editor O. Došlý.

2 A. BELARBI, M. BENCHOHRA AND A. OUAHAB

problem (1)–(3) with h_1 = h_2 ≡ 0 considered in [ 2] and the references therein. Our approach here is based on the Leggett-Williams fixed point theorem in cones [ 12].

2. Preliminaries

In this section, we introduce notations, definitions and preliminary facts which are used throughout this paper. C([0,1], R) is the Banach space of all continuous functions from [0,1] into R with the norm

‖x‖_∞ = sup {| x(t)| : 0 ≤ t ≤ 1} .

C^2((0,1), R) is the space of functions x : (0,1) → R, whose first and second derivatives are continuous.

Let (E, ‖ · ‖) be a Banach space and C ⊂ E be a cone in E. By a concave nonnegative continuous functional ψ on C we mean a continuous mapping ψ : C → [0, ∞ ) with

ψ (λx + (1 − λ)y) ≥ λψ (x) + (1 − λ)ψ (y) for all x, y ∈ C and λ ∈ [0, 1].

For K , L, r > 0 be constants with C and ψ as above, let

C_K = { y ∈ C : ‖y‖ < K } and C(ψ, L, K ) = { y ∈ C : ψ (y) ≥ L and ‖y‖ ≤ K } .

Our consideration is based on the following fixed point theorem given by Leggett and Williams in 1979 [12] (see also Guo and Lakshmikantham [8]).

Theorem 2.1. Let E be a Banach space, C ⊂ E a cone in E and R > 0 a constant. Suppose there exists a concave nonnegative continuous functional ψ on C with ψ (y) ≤ ‖ y‖ for all y ∈ C_R and let N : C_R → C_R be a continuous compact map. Assume that there are numbers r , L and K with 0 < r < L < K ≤ R such that

(A1) { y ∈ C(ψ, L, K ) : ψ (y) > L } ≠ ∅ and ψ ( N(y) ) > L for all y ∈ C(ψ, L, K );

(A2) ‖N (y)‖ < r for all y ∈ C_r ;

(A3) ψ ( N (y) ) > L for all y ∈ C(ψ, L, R ) with ‖N (y)‖ > K .

Then N has at least three fixed points y_1 , y_2 , y_3 in C_R . Furthermore, we have

y_1 ∈ C_r , y_2 ∈ { y ∈ C(ψ, L, R ) : ψ (y) > L }

and y_3 ∈ C_R − { C(ψ, L, R ) ∪ C_r } .

BVP WITH INTEGRAL BOUNDARY CONDITIONS 3

3. Main result We start by defining what we mean by a solution of problem (1)–(3).

Definition 3.1. A function x ∈ C^2 ((0, 1), R) is said to be a solution of (1)–(3) if x satisfies − x^{′′}(t) = f ( x(t) ) for each t ∈ J and the conditions (2) and (3).

We need the following auxiliary result. Its proof uses standard argument.

Lemma 3.1. x is a solution of (1)–(3) if and only if

x(t) = P (t) −

∫_1 0 G(t, s )f ( x(s) ) ds ,

where

P (t) = 1 1 + k_1 + k_2 { (1 − t + k_2 )

∫_1 0 h_1 ( x(s) ) ds + ( k_1 + t)

∫_1 0 h_2 ( x(s) ) ds }

is the unique solution of the problem − x^{′′}(t) = 0 , for each t ∈ [0, 1],

x(0) − k_1 x^′(0) =

∫_1 0 h_1 ( x(s) ) ds ,

x(1) + k_2 x^′(1) =

∫_1 0 h_2 ( x(s) ) ds , and G(t, s ) = − 1 k_1 + k_2 + 1 { (k_1 + t)(1 − s + k_2 ) , 0 ≤ t ≤ s ≤ 1 , (k_1 + s)(1 − t + k_2 ) , 0 ≤ s ≤ t ≤ 1 is the Green function of the corresponding homogeneous problem.

We note that − G(t, s ) < − G(s, s ) on [0, 1] × [0, 1]. For ρ > 0 let

P_ρ = 1 1 + k_1 + k_2 { (1 + k_2 )

∫_1 0 h_1 (ρ) ds + (1 + k_1 )

∫_1 0 h_2 (ρ) ds } . Theorem 3.1. Assume

(H1) There exists a constant r > 0 such that

P_r + f (r ) sup

t ∈ [0,1]

( ∫ 1 0 G(t, s )ds ) < r ;

(H2) there exist L > r and an interval [a, b] ⊂ (0, 1) such that

f (L) min

t ∈ [a,b ] ( − ∫_1 0 G(t, s ) ds ) > L ;

(H3) there exist 0 < r < L < K < R , M^{− 1} L ≤ R such that

P_R − f (R) sup

t ∈ [0,1]

( ∫ 1 0 G(t, s ) ds ) ≤ R ,

4 A. BELARBI, M. BENCHOHRA AND A. OUAHAB

where

P (t) ≥ c_1 P_R , − G(t, s ) ≥ − c_2 G(s, s ) for all t, s ∈ [0, 1], c_1 , c_2 ∈ (0, 1) , and M = min { c_1 , c_2 } ,

are satisfied. Then the problem (1)–(3) has at least three positive solutions.

Proof. Transform the problem into a fixed point problem. Consider the operator,

N : C([0, 1], R) → C([0, 1], R) defined by N ( x(t) ) = P (t) −

∫_1 0 G(t, s )f ( x(s) ) ds .

We shall show that N satisfies the assumptions of the Leggett-Williams fixed point

theorem (see [12]). The proof will be given in several steps.

Step 1. N is continuous.

Let { x_n } be a sequence such that x_n → x in C([0,1], R). Then for each t ∈ [0,1] | N ( x_n (t) ) − N ( x(t) )| ≤ ∫_1 0 | G(t, s ) || f ( x_n (s) ) − f ( x(s) )| ds + 1 + k_2

1 + k_1 + k_2

∫_1 0 | |h_1 (x_n (s)) − h_1 (x(s))|ds + 1 + k_1

1 + k_1 + k_2

∫_1 0 | |h_2 (x_n (s)) − h_2 (x(s)) | |ds .

Since the functions f , h_1 and h_2 are continuous, we have ‖ ‖N (x_n ) − N (x) ‖ ‖_∞ ≤ (1 + k^1 )(1 + k^2 ) 1 + k_1 + k_2 ‖ ‖f (x_n ) − f (x) ‖ ‖_∞ + 1 + k_2

1 + k_1 + k_2 ‖ ‖h_1 (x_n ) − h_1 (x) ‖ ‖_∞ + 1 + k_1

1 + k_1 + k_2 ‖ h_2 (x_n ) − h_2 (x) ‖ ∞ → 0 as n → ∞ .

Step 2. N maps bounded sets into bounded sets in C([0, 1], R).

Indeed, it is enough to show that there exists a positive constant ℓ such that for

each x ∈ B_q = { x ∈ C([0, 1], R) : ‖x‖_∞ ≤ q } , one has ‖ ‖N (x) ‖ ‖_∞ ≤ ℓ.

Let x ∈ B_q . Then for each t ∈ [0, 1], we have

N ( x(t) ) = P (t) −

∫_1 0 G(t, s )f ( x(s) ) ds .

BVP WITH INTEGRAL BOUNDARY CONDITIONS 5

Since f , h_1 and h_2 are nondecreasing functions, we have | N ( x(t) )| ≤ | P (t) | + ∫_1 0 | G(t, s ) || f ( x(s) )| ds ≤ max(1 + k_1 , 1 + k_2 )

1 + k_1 + k_2 { h_1 (q) + h_2 (q) }

+ sup

(t,s )∈ [0,1]× [0,1] | |G(t, s ) | |f (q) .

Therefore ‖ ‖N (x) ‖ ‖_∞ ≤ max(1 + k^1 , 1 + k^2 ) 1 + k_1 + k_2 { h_1 (q) + h_2 (q) }

+ sup

(t,s )∈ [0,1]× [0,1] | |G(t, s ) | |f (q) := ℓ .

Step 3. N maps bounded sets into equicontinuous sets of C ( [0, 1], R ) . Let r_1 , r_2 ∈ [0,1], r_1 < r_2, B_q be a bounded set of C ( [0,1], R ) as in Step 2 and

x ∈ B_q . Then | |N (x(r_2 )) − N (x(r_1 )) | |≤ | |P (r_2 ) − P (r_1 ) | |+ ∫_1 0 | |G(r_2 , s) − G(r_1 , s) | | | |f (x(s)) | |ds ≤ | P (r_2 ) − P (r_1 ) | + ∫_1 0 | G(r_2 , s) − G(r_1 , s) | f (q) ds ≤ |r_2 − r_1 |

1 + k_1 + k_2

∫_1 0 h_1 ( x(s) ) ds +

|r_2 − r_1 |

1 + k_1 + k_2

∫_1 0 h_2 (x(s))ds + ∫_1 0 | |G(r_2 , s) − G(r_1 , s) | |f (q) ds ≤ |r_2 − r_1 |

1 + k_1 + k_2 [ h_1 (q) + h_2 (q) ]

+ ∫_1 0 | |G(r_2 , s) − G(r_1 , s) | |f (q) ds .

The right-hand side of the above inequality tends to zero as r_2 − r_1 → 0.

As a consequence of Steps 1 to 3 together with the Arzela-Ascoli theorem, we

can conclude that N : C ( [0, 1], R ) → C ( [0, 1], R ) is continuous and compact.

Let C = { x ∈ C([0,1], R) : x(t) ≥ 0 for each t ∈ [0,1] } be a cone in C ( [0,1], R ) . Since h_i, i = 1 ,2 and f are positive functions, then N(C) ⊂ C and N : C_R → C_R

is completely continuous. By (H1), (H2) and (H3) we can show that if x ∈ C_R then

N (x) ∈ C_R .

Let ψ : C → [0, ∞ ) defined by ψ (x) = min

t ∈ [a,b ]

x(t). It is clear that ψ is a nonnega-

tive concave continuous functional and ψ (x) ≤ ‖ x‖_∞ for x ∈ C_R . Now it remains to

show that the hypotheses of Theorem 2.1 are satisfied. First notice that condition

6 A. BELARBI, M. BENCHOHRA AND A. OUAHAB

(A2) of Theorem 2.1 holds since for x ∈ C_r we have N ( x(t) ) = P (t) −

∫_1 0 G(t, s )f ( x(s) ) ds .

Thus | |N (x(t)) | |≤ | |P (t) | |+ ∫_1 0 | |G(t, s ) | | | |f (x(s)) | |ds ≤ P_r + f (r ) sup

t ∈ [0,1]

( ∫ 1 0 G(t, s ) ds ) < r .

Let x(t) =

L + K 2 for t ∈ [0,1]. By the definition of C(ψ, L, K ), x belongs to

C(ψ, L, K ). Then x ∈ { x ∈ C(ψ, L, K ) : ψ (x) > L } . Also if x ∈ C(ψ, L, K ), then ψ ( N (x) ) = min

t ∈ [a,b ] ( P (t) −

∫_1 0 G(t, s )f ( x(s) ) ds ) . Then from (H2) we have

ψ (N (x)) = min_{t ∈ [a,b ]} ( P (t) −

∫_1 0 G(t, s )f ( x(s) ) ds )

≥ min

t ∈ [a,b ] ( − ∫_1 0 G(t, s )f ( x(s) ) ds )

≥ f (L) min

t ∈ [a,b ] ( − ∫_1 0 G(t, s ) ds ) > L .

So the condition (A1) of Theorem 2.1 is satisfied.

Finally, we will prove that (A3) of Theorem 2.1 holds. Let x ∈ C(ψ, L, R ) with

‖N (x)‖_∞ > K . Then N ( x(t) ) = P (t) −

∫_1 0 G(t, s )f ( x(s) ) ds for t ∈ [0, 1].

Thus by (H3) we have ψ ( N (x) ) = min

t ∈ [a,b ] ( P (t) −

∫_1 0 G(t, s )f ( x(s) ) ds )

≥ c_1 P_R − c_2

∫_1 0 G(s, s )f ( x(s) ) ds ≥ M ‖ ‖N (x) ‖ ‖_∞ > MK ≥ L .

Thus, the condition (A3) of Theorem 2.1 holds. Then, the Leggett-Williams fixed

point theorem implies that N has at least three fixed points x_1, x_2 and x_3 which

are solutions to the problem (1)–(3). Furthermore, we have

x_1 ∈ C_r , x_2 ∈ { x ∈ C(ψ, L, R ) : ψ (x) > L } and x_3 ∈ C_R − { C(ψ, L, R ) ∪ C_r } . □

BVP WITH INTEGRAL BOUNDARY CONDITIONS 7

References

[1] Agarwal, R. P., O’Regan, D., Existence of three solutions to integral and discrete equations via the Leggett-Williams fixed point theorem , Rocky Mountain J. Math. 31 (2001), 23–35.

[2] Agarwal, R. P., O’Regan, D., Wong, P. J. Y., Positive Solutions of Differential, Difference and Integral Equations , Kluwer Academic Publishers, Dordrecht, 1999.

[3] Ahmad, B, Khan, R. A., Sivasundaram, S., Generalized quasilinearization method for a first order differential equation with integral boundary condition , Dynam. Contin. Discrete Impuls. Systems, Ser. A Math. Anal. 12 (2005), 289–296.

[4] Anderson, D., Avery, R., Peterson, A., Three positive solutions to a discrete focal boundary value problem. Positive solutions of nonlinear problems , J. Comput. Appl. Math. 88 (1998), 103–118.

[5] Brykalov, S. A., A second order nonlinear problem with two-point and integral boundary conditions , Georgian Math. J. 1 (1994), 243–249.

[6] Denche, M., Marhoune, A. L., High-order mixed-type differential equations with weighted integral boundary conditions , Electron. J. Differential Equations 60 (2000), 1–10.

[7] Gallardo, J. M., Second-order differential operators with integral boundary conditions and generation of analytic semigroups , Rocky Mountain J. Math. 30 (2000), 265–1291.

[8] Guo, D., Lakshmikantham, V., Nonlinear Problems in Abstract Cones , Academic Press, San Diego, 1988.

[9] Karakostas, G. L., Tsamatos, P. Ch., Multiple positive solutions of some Fredholm integral equations arisen from nonlocal boundary-value problems , Electron. J. Differential Equations 30 (2002), 17.

[10] Khan, R. A., The generalized method of quasilinearization and nonlinear boundary value problems with integral boundary conditions , Electron. J. Qual. Theory Differ. Equ. 19 (2003), 15. [11] Krall, A. M., The adjoint of a differential operator with integral boundary condition , Proc.

Amer. Math. Soc. 16 (1965), 738–742. [12] Leggett, R. W., Williams, L.R., Multiple positive fixed points of nonlinear operators on ordered Banach spaces , Indiana Univ. Math. J. 28 (1979), 673–688.

[13] Lomtatidze, A., Malaguti, L., On a nonlocal boundary value problem for second order nonlinear singular differential equations , Georgian Math. J. 7 (2000), 133–154.

Corresponding author: Mouffak Benchohra Laboratoire de Mathématiques, Université de Sidi Bel Abbès BP 89, 22000, Sidi Bel Abbès, Algérie E-mail : aek_belarbi@yahoo.fr, benchohra@yahoo.com, agh_abdelghani@yahoo.fr