ARCHIVUM MATHEMATICUM (BRNO) Tomus 38 (2002), 243 – 257

PROLONGATION OF PROJECTABLE TANGENT VALUED FORMS

ANTONELLA CABRAS AND IVAN KOLÁŘ

Abstract. First we deduce some general properties of product preserving bundle functors on the category of fibered manifolds. Then we study the prolongation of projectable tangent valued forms with respect to these functors and describe the complete lift of the Frölicher-Nijenhuis bracket. We also present the coordinate formula for composition of semiholonomic jets.

Recently it has been clarified that the Weil functors represent a unified technique for studying a large class of geometric problems. A survey on the results concerning the product preserving bundle functors on the category Mf of all manifolds and all smooth maps can be found in [6]. Our starting point was a paper by W. Mikulski, [11]. He deduced that the product preserving bundle functors on the category FM of all fibered manifolds and all fibered morphisms are in bijection with the Weil algebra homomorphisms μ : A → B. Our main aim is to study the prolongation of projectable tangent valued forms, introduced by L. Mangiarotti and M. Modugno, [10], with respect to such a functor T^μ. In particular, we are interested in the Frölicher-Nijenhuis bracket, which is a powerful tool for the theory of connections, [6], and their torsions, [8]. In the manifold case, such problems were studied in [4] and [1].

In Section 1 we discuss T^μ in the case of product fibered manifolds. Our results represent a basis for coordinate descriptions of T^μ. In Section 2 we study an important special case, the functor T^{r,s,q}_{k,l} of the fibered velocities of dimension (k, l) and order (r, s, q). The coordinate formula for t he prolongation T^{r,s,q}_{k,l} f of a fibered manifold morphism f is reduced to the jet composition. That is why we present a coordinate formula for the composition of jets in the appendix. We start with the semiholonomic case, which reflects the core of the problem. For the

2000 Mathematics Subject Classification: 53C05, 58A20.

Key words and phrases: projectable tangent valued form, product preserving bundle functor, jet, Weil bundle, Frölicher-Nijenhuis bracket.

This work has been performed during the visit of I. Kolář at Dipartimento di Matematica Applicata “G. Sansone”, Università di Firenze, supported by the University of Florence. The second author was also supported by a grant of the GAČR No. 201/99/0296.

Received January 10, 2000.

holonomic case, we obtain another approach to recent results by D. R. Grigore and D. Krupka, [5], M. Kureš, [9] and M. Modugno, [12]. In Section 2 we also deduce that each functor T^μ is dominated by a fibered velocities functor analogously to the manifold case.

Then we describe the natural tensor fields of type (1, 1) on Weil bundles. In Section 4 we study the flow prolongation of projectable vector fields in connection with the natural (1, 1)-tensor fields. On one hand, the flow prolongation of projectable vector fields can be composed with the natural tensor fields determined by the elements of the algebra A. On the other hand, the flow prolongation of vertical vector fields admits an additional operation related to the algebra B. Hence we need three formulae for the bracket of the flow prolongations of vector fields. As the main result of the paper, we then deduce the corresponding three formulae for the Frölicher-Nijenhuis bracket of the complete lifts of projectable tangent valued forms in Proposition 6.

All manifolds and maps are assumed to be infinitely differentiable and all manifolds are paracompact. Unless otherwise specified, we use the terminology and notation from [6].

1. Product preserving bundle functors on FM

First we present one construction of a product preserving bundle functor on FM. Let μ : A → B be a Weil algebra homomorphism. By the classical theory, μ induces two bundle functors T^A, T^B on Mf and a natural transformation (denoted by the same symbol) μ : T^A → T^B , [6], Chapter VIII. For every fibered manifold p : Y → M , we consider T^B p : T^B Y → T^BM . Then we take into account the map μ_M : T^AM → T^BM and construct the induced bundle T^μY = μ^∗_M T^BY , which will also be denoted by

(1) T^μY = T^AM ×_T B_M T^BY .

In other words, (2) T^μY = {(x, y) ∈ T^AM × T^B Y, μ_M (x) = T^Bp(y)} . Given another fibered manifold q : Z → P and an FM-morphism f : Y → Z over f : M → P , we have T^B f : T^B Y → T^BZ and we construct the induced map T^μf := T^Af ×_T B_f T^Bf : T^μY → T^μZ, (3) T^μf(x, y) = (T^Af (x), T^Bf(y)) , (x, y) ∈ T^μY . This defines a bundle functor T^μ on FM that preserves products.

In general, if we have an FM-morphism f : Y → Z over f : M → P and we need distinguish the manifold map f : Y → Z from the FM-morphism itself, we write (f, f ) for the latter. In [11], W. Mikulski clarified that every product preserving bundle functor F on FM is of the above form. Let pt denote one element manifold and pt_M : M → pt the unique map. There are two canonical functors i_1, i_2 : Mf → FM defined by i_1M = (id_M : M → M ), i_1f = (f, f), i_2M = (pt_M : M → pt), i_2f = (f, id_{pt}) and a natural transformation t : i_1 → i_2, t_M = (id_M , pt_M ) : i_1M → i_2M . Applying F , we obtain two product preserving bundle functors F ∘ i_1, F ∘ i_2 on Mf and a natural transformation F ∘ t : F ∘ i_1 → F ∘ i_2. By the Weil theory, there exists a Weil algebra homomorphism μ : A → B such that F ∘ i_1 = T^A, F ∘ i_2 = T^B, F ∘ t = μ. Then F = T^μ, [11] (see also [2] for a simplified proof).

If we have a product fibered manifold Y = M ×N , it coincides with the product Y = i_1M × i_2N in FM. This implies directly (4) T^μ(M × N ) = T^AM × T^BN . In the form (2), we have T^μ(M × N ) = {(x, v) ∈ T^AM × T^B(M × N ), μ_M (x) = pr_1(v)} where T^B (M × N ) = T^BM × T^BN . If we write v = (u, y), we obtain (5) T^μ(M × N ) = {(x, μ_M (x), y)} ≈ T^AM × T^B N . Given another product fibered manifold Z = P × Q, every FM-morphism f : Y → Z is identified with a pair f = (f_1, f_2), f_1 : M → P , f_2 : M × N → Q, f(x, y) = (f_1(x), f_2(x, y)) .

Then T^Af_1 : T^AM → T^AP and T^B f_2 : T^B M × T^B N → T^B Q. The following assertion describes T^μ in the case of product fibered manifolds. Proposition 1. We have (6) T^μf = (T^Af_1, T^Bf_2 ∘ (μ_M × id_T B_N )) .

Proof. By (3) and (5),

T^μf(x, μ_M (x), y) = (T^Af_1(x), T^Bf_1(μ_M (x)), T^Bf_2(μ_M (x), y)) . The naturality of μ on f_1 : M → P yields T^Bf_1(μ_M (x)) = μ_P (T^Af_1(x)). □ In particular, consider a function f : Y → R. It can be interpreted as an FM-morphism Y → i_2R, so that T^μf : T^μY → B. If Y = M × N , then T^μf = T^B f ∘ (μ_M × id_T B_N ).

2. Velocities in the fibered case

Given two manifolds M, S and a smooth map f : M → S, we can construct the r-jet j^r_xf at x ∈ M . If we replace M by a fibered manifold p : Y → M , we can require a higher order contact along the fiber Y_x passing through y ∈ Y , x = p(y). Thus, for two maps f, g : Y → S and two integers s ⩾ r we define j^{r,s}_y f = j^{r,s}_y g by

(7) j^r_y f = j^r_y g and j^s_y(f|Y_x) = j^s_y(f|Y_x) .

The space of all such (r, s)-jets is denoted by J^{r,s}(Y, S).

Write R^{k,l} = (p_{k,l} : R^k × R^l → R^k) for the product fibered manifold. Analogously to the classical functor T^r_k of (k, r)-velocities, we introduce T^{r,s}_{k,l} S = J^{r,s}_{0,0}(R^{k,l}, S) , T^{r,s}_{k,l} f(j^{r,s}_{0,0}g) = j^{r,s}_{0,0}(f ∘ g) for every manifold S and every map f : S → S. Hence T^{r,s}_{k,l} is a bundle functor on Mf that preserves products.

In general, we have a natural transformation ϱ^l : T^r_h → T^r_l , h ⩾ l, defined as follows. Consider the injection R^l → R^h, (x^1, . . . , x^l) → (0, . . . , 0, x^1, . . . , x^l). Then we define ϱ^l_M (j^r_0 φ) = j^r_0 (φ|R^l) , φ : R^h → S .

On the other hand, we have the jet projection T^s_l S → T^r_l S, s ⩾ r. Clearly, (8) T^{r,s}_{k,l} S = T^r_{k+l}S ×_T r_{l S} T^s_l S and T^{r,s}_{k,l} f = T^r_{k+l}f ×_T r_{l f} T^s_l f. Write α for a multiindex of range 1, . . ., k and β for a multiindex of range k + 1, . . . , k + l. Thus, if y^p are some local coordinates on S, the induced coordinates on T^{r,s}_{k,l} S are (9) y^p_{αβ}, |α| > 0, |α| + |β| ≤ r and y^p_β , |β| ≤ s . Having two FM-morphisms f, g : Y → Z, we can require a higher order contact of the base maps in addition to (7). Hence for s ≥ r ≤ q we define j^{r,s,q}_y f = j^{r,s,q}_y g by (7) and j^q_xf = j^q_xg. We write J^{r,s,q}(Y, Z) for the space of all (r, s, q)-jets from Y to Z. Then we introduce the space of fibered velocities of dimension (k, l) and order (r, s, q) by T^{r,s,q}_{k,l} Y = J^{r,s,q}_{0,0} (R^{k,l}, Y ) . Clearly, T^{r,s,q}_{k,l} is a product preserving bundle functor on FM.

We are going to describe T^{r,s,q}_{k,l} in the product form of (1) and (6). Clearly, T^{r,s,q}_{k,l} ∘ i_1 = T^q_k . The Weil algebra of T^q_k is

(10) D^q_k = R[x_1, . . . , x_k] / m(k)^{q+1} , where m(k) = ⟨x_1, . . . , x_k⟩ is the maximal ideal in the algebra R[x_1, . . . , x_k]. On the other hand, T^{r,s,q}_{k,l} ∘ i_2 = T^{r,s}_{k,l} . By [2], the Weil algebra of T^{r,s}_{k,l} is (11) D^{r,s}_{k,l} = R[x_1, . . . , x_{k+l}] / ⟨m(k + l)^{s+1}, m(k)m(k + l)^r⟩ .

Write ν = T^{r,s,q}_{k,l} ∘ t for the natural transformation in question. An FM-morphism φ : R^{k,l} → i_1S is of the form (φ∘p_{k,l}, φ), φ : R^k → S. Then t_S ∘φ = (φ∘p_{k,l}, pt_Rk,l). This implies

(12) ν_S (j^q_0 φ) = j^{r,s}_{0,0}(φ ∘ p_{k,l}) .

Since φ ∘ p_{k,l} is constant along each fiber of R^{k,l}, this construction is independent of s ⩾ r. One verifies directly that the algebra form of ν is determined by the canonical injection R[x_1, . . . , x_k] → R[x_1, . . . , x_k, x_{k+1}, . . . , x_{k+l}] . For the product fibered manifold M × N , we have T^{r,s,q}_{k,l} (M × N ) = T^q_k M × T^{r,s}_{k,l} N . If x^i are some local coordinates on N , then the induced coordinates on T^{r,s,q}_{k,l} (M × N ) are (13) x^i_α , |α| ≤ q , y^p_{αβ} , |α| > 0 , |α| + |β| ≤ r , y^p_β , |β| ≤ s . For every FM-morphism f : Y → Z, we have T^{r,s,q}_{k,l} f = T^q_k f ×_T^{r,s}_{k,l f} T^{r,s}_{k,l} f and T^{r,s}_{k,l} f = T^r_{k+l}f ×_T r_{l f} T^s_l f. Hence T^{r,s,q}_{k,l} f is expressed in terms of the jet composition. We present a coordinate expression for the composition of jets in the appendix.

In the manifold case, every Weil bundle T^A is dominated by a velocities bundle, i.e. there exists a (k, q)-velocities bundle T^q_k and a surjective natural transformation τ : T^q_k → T^A. Indeed, let N_A be the nilpotent ideal of A. The number w(A) = dim(N_A/N^2_A) is called the width of A and the minimum ord A of the integers satisfying N^{p+1}_A = 0 is called the order of A. If we take k elements e_1, . . . , e_k ∈ N_A such that their projections into N_A/N^2_A form a basis of this vector space, then e_1, . . . , e_k determine a surjective algebra homomorphism D^q_k → A, where q is the order of A.

We are going to deduce a similar result for the fibered case. Let B be another Weil algebra with nilpotent ideal N_B , ord B = s. Every algebra homomorphism μ : A → B induces a linear map

(14) μ_1 : N_A/N^2_A → N_B /N^2_B .

Define w(μ) := w(B) + dim Ker μ_1.

Our problem requires the following general concept.

Definition 1. The smallest integer r satisfying

(15) μ(N_A)N^r_B = 0

is called the order of μ.

In other words, r = ord μ is characterized by

μ(a)b_1 . . . b_r = 0 for all a ∈ N_A, b_1, . . . , b_r ∈ N_B .

Since μ(a) ∈ N_B , we have ord μ ≤ ord B.

Proposition 2. For every product preserving bundle functor T^μ on FM there exists a velocities functor T^{r,s,q}_{k,l} and a surjective natural transformation τ : T^{r,s,q}_{k,l} → T^μ, where

(16) k = w(A), k + l = w(μ), s = ord B, r = ord μ, q = max(ord μ, ord A) .

Proof. Take e_1, . . . , e_k ∈ N_A such that their images in N_A/N^2_A form a basis. This determines a surjective homomorphism τ_1 : D^q_k → A. Further, take some elements e_{k+1}, . . . , e_{k+l} ∈ N_B with the property that their images in N_B /N^2_B together with the images of μ(e_1), . . . , μ(e_k) generate N_B /N^2_B as a vector space. The elements e_1, . . . , e_{k+l} determine a surjective homomorphism τ_2 : D^s_{k+l} → B. Since μ has order r and D^{r,s}_{k,l} is of the form (11), τ_2 factorizes through a map (denoted by the same symbol) D^{r,s}_{k,l} → B. By the construction of τ_1 and τ_2 the following diagram is commutative in the case q ⩾ ord μ

(17)

D^q_k wν

u τ_1 D^{r,s}_{k,l}

u τ_2 A w μ B By the general result of W. Mikulski, [11], the pair τ_1, τ_2 determines a surjective natural transformation τ : T^{r,s,q}_{k,l} → T^μ. □

Remark 1. We recall that a bundle functor F on FM is said to be of order (r, s, q), s ≥ r ≤ q, [7], if j^{r,s,q}_y f = j^{r,s,q}_y g implies F f|F_yY = F g|F_yY . (We do not assume the values of r, s, q are minimal.) Clearly, if G is another bundle functor on FM and τ : F → G is a surjective natural transformation, then G has also the order (r, s, q). Hence Proposition 2 characterizes the order of T^μ in an algebraic way.

3. Natural tensor fields of type (1,1) In the case of one Weil algebra A, we have a canonical isomorphism κ_M :

T^AT M → T T^AM , [6]. Every a ∈ A determines a (1, 1)-tensor field L(a)_M : T T^AM → T T^AM as follows. The multiplication of the tangent vectors by reals is a map m_M : R × T M → T M . Applying the functor T^A, we obtain T^Am_M : A × T^AT M → T^AT M . Then

(18) T^Am_M := κ_M ∘ T^Am_M ∘ (id_A ×κ^{−1}_M ) : A × T T^AM → T T^AM

and we define L(a)_M = T^Am_M (a, −). Since the multiplication in A is deduced from the multiplication of reals, we have

(19) L(a_1)_M ∘ L(a_2)_M = L(a_1a_2)_M , a_1, a_2 ∈ A .

In the case of μ : A → B, the tangent bundle of T^μY = T^AM ×_T B_M T^BY is T T^μY = T T^AM ×_{T T} B_M T T^BY . For every a ∈ A, we have a natural (1, 1)-tensor field λ(a)_Y on T^μY defined by

(20) λ(a)_Y (U_1, U_2) = (L(a)_M (U_1), L(μ(a))_Y (U_2)), (U_1, U_2) ∈ T T^μY ,

see [13]. By (19) we obtain

(21) λ(a_1a_2)_Y = λ(a_1)_Y ∘ λ(a_2)_Y , a_1, a_2 ∈ A .

(We remark that Tomáš deduced in [13] that all natural (1, 1)-tensor fields on T^μY are of the form (20).)

The vertical tangent bundle V (T^μY → T^AM ) is the space of all pairs (U_1, U_2) ∈ T T^AM ×_{T T} B_M T T^BY , where U_1 is the zero vector. Hence the elements of V (T^μY → T^AM ) are of the form (x, U ), x ∈ T^AM , U ∈ T_y T^BY , μ_M (x) = T^B p(y), T T^Bp(U ) = 0. By construction, the (1, 1)-tensor fields L(b)_Y and L(b)_M are T^B p-related for all b ∈ B. In particular, T T^B p(U ) = 0 implies T T^B p(L(b)_Y (U )) = 0. Hence the rule

(22) ~L(b)_Y (x, U ) = (x, L(b)_Y (U ))

defines a natural map ~L(b)_Y : V (T^μY → T^AM ) → V (T^μY → T^AM ) over the identity of V (T^μY → T^AM ). By (19), we obtain directly

(23) ~L(b_1)_Y ∘ ~L(b_2)_Y = ~L(b_1b_2)_Y .

4. Prolongation of vector fields

In general, let p : Y → M be a fibered manifold and φ : Q → M be a map. Then Q ×_φ Y = {q ∈ Q, y ∈ Y, p(y) = φ(q)} is a fibered manifold π : Q ×_φ Y → M , π(y, q) = p(y). We have T p : T Y → T M , T φ : T Q → T M and the tangent bundle of Q ×_φ Y is of the form T (Q ×_φ Y ) = T Q ×_{T φ} T Y . Consider a projectable vector field X on Y over X on M and a vector field U on Q that is φ-related with X. Then the product vector field U × X on Q × Y is restrictible to Q ×_φ Y . The restriction is denoted by U ×_X X and is called the fibered product of U and X. Clearly, U ×_X X is a projectable vector field on π : Q ×_φ Y → M over X.

Consider now the functor T^μ and a projectable vector field X on Y over X on M . Then the flow prolongation T^AX is a vector field on T^AM that is μ_M - related with the flow prolongation T^B X on T^B M . On the other hand, the flow prolongation T^B X is a projectable vector field on T^B Y over T^BX on T^BM . Hence we have defined the vector field T^AX ×_T B_X T^B X. By construction, this vector field coincides with the flow prolongation T^μX, i.e.

T^μX = T^AX ×_T B_X T^B X .

We recall that the flow prolongation preserves bracket of vector fields, [6].

The canonical isomorphisms κ^A_M : T^AT M → T T^AM and κ^B_Y : T^B T Y → T T^B Y induce a canonical isomorphism κ^μ_Y : T^μT Y → T T^μY . The above construction implies that the functorial prolongation T^μX : T^μY → T^μT Y of the FM-morphism X : (Y → M ) → (T Y → T M ) satisfies T^μX = κ^μ_Y ∘ T^μX . For every a ∈ A, the composition λ(a)T^μX of λ(a)_Y and T^μX is also a projectable vector field on T^μY . From the manifold case, [1], we obtain directly

Proposition 3. For every pair X_1, X_2 of projectable vector fields on Y and every a_1, a_2 ∈ A, we have

[λ(a_1)T^μX_1, λ(a_2)T^μX_2] = λ(a_1a_2)T^μ([X_1, X_2]) . □

If W : Y → V Y is a vertical field on Y , then T^μW is a vertical vector field on T^μY → T^AM and the composition ~L(b)T^μW of ~L(b)_Y and T^μW is defined. The manifold result implies directly

Proposition 4. For every pair W_1, W_2 of vertical vector fields on Y and every b_1, b_2 ∈ B, we have

[~L(b_1)T^μW_1, ~L(b_2)T^μW_2] = ~L(b_1b_2)T^μ([W_1, W_2]) . □ If X is projectable and W is vertical, the bracket [X, W ] is a vertical vector field. To deduce a result analogous to Propositions 3 and 4, we need some lemmas. By Section 1, given a function f : Y → R, T^μf : T^μY → B is a vector valued function. So its derivative with respect to any vector field on T^μY is also a B-valued function on T^μY .

Lemma 1. For every projectable vector field X on Y and every function f : Y → R, we have T^μX(T^μf) = T^μ(Xf).

Proof. Let π_R: T R = R× R → R be the second projection. The derivative Xf can be expressed as Xf = π_R∘ T f ∘ X. By functoriality, T^μ(Xf) = T^μπ_R∘ T^μT f ∘ T^μX . But T^μX = κ^μ_Y ∘T^μX and T^μT f ∘(κ^μ_Y )^{−1} = (κ^B_R)^{−1}∘T T^μf by naturality of κ. We have κ^B_R: T^BT R → T T^B Rand T^μπ_R∘κ^B_Ris the second projection of T B = B×B. □ Given b ∈ B we define bT^μf : T^μY → B by using the multiplication in B.

Lemma 2. We have T^μX(bT^μf) = bT^μ(Xf) for all b ∈ B.

Proof. Obviously, X(kf) = k(Xf) for all k ∈ i_2R. Applying T^μ and using Lemma 1, we obtain our claim. □ Lemma 3. For every vertical field W on Y , we have

(~L(b)T^μW )T^μf = T^μW (bT^μf) for all b ∈ B .

Proof. Clearly, (kW )f = W (kf) for all k ∈ i_2R. Applying T^μ and using Lemma 1, we obtain our claim. □ Lemma 4. For every projectable vector field X on Y , we have (λ(a)T^μX)T^μf = μ(a)T^μ(Xf) .

Proof. Obviously, (kX)f = k(Xf), where k ∈ i_1R on the left hand side and k ∈ i_2R on the right hand side. Then we apply T^μ and use the fact that μ = T^μt_R: A → B. □

Lemma 5. If two vertical vector fields U and U on T^μY → T^AM satisfy U (bT^μf) = U (bT^μf) for all f : Y → R and all b ∈ B, then U = U . Proof. It suffices to consider the case Y = M ×N and such functions ~f : M ×N → R that are of the form f ∘ p_2, where f : N → R and p_2 : M × N → N is the second product projection. Then T^μ ~f = T^Bf ∘π_2, where π_2 : T^AM ×T^BN → T^B N is the second product projection. Since U (T^μ ~f ) is constructed fiberwise, we can apply Lemma 2 from [1] to each fiber of the product fibered manifold T^AM × T^B N . This proves our claim. □ Proposition 5. For every projectable vector field X on Y and every vertical vector field W on Y , we have [λ(a)T^μX, ~L(b)T^μW ] = ~L(μ(a)b)T^μ([X, W ]) for all a ∈ A, b ∈ B . Proof. Take any f : Y → R and c ∈ B. Using Lemmas 2–4, we find [λ(a) T^μX, ~L(b)T^μW ](cT^μf) = λ(a)T^μX(~L(b)T^μW )(cT^μf) − ~L(b)T^μW (λ(a)T^μX)(cT^μf) = λ(a)T^μX(bcT^μ(W f)) − ~L(b)T^μW (μ(a)cT^μ(Xf)) = μ(a)bc(T^μ(XW f) − T^μ(W Xf)) =μ(a)bcT^μ([X, W ]f) = ~L(μ(a)b)T^μ([X, W ])(cT^μf) . Then our claim follows from Lemma 5. □

5. Projectable tangent valued forms A tensor field D of type (1, k) on Y can be interpreted as a map D : T Y ×_Y · · · ×_Y T Y → T Y . We say that D is projectable, if there is a tensor field D of type (1, k) on M such that the following diagram commutes

(24) T Y u T p ×_Y · · · ×_Y T Y u T p w D T Y

u T p T M×_M · · · ×_M T M w D T M A projectable D is said to be vertical valued, if the values of (24) lie in the vertical tangent bundle V Y , i.e. D is the zero tensor field.

An antisymmetric projectable (1, k)-tensor field is called a projectable tangent valued k-form on Y , [10].

To construct the induced (1, k)-tensor field on T^μY , we proceed analogously to the manifold case, [1], [4]. Applying T^μ to (24), we obtain

(25) T^μT Y u T^μT p ×_T μ_Y · · · ×_T μ_Y T^μT Y wT^μD u T^μT p T^μT Y u T^μT p T^AT M ×_T A_M · · · ×_T A_M T^AT M w T^AD T^AT M

If we add the canonical isomorphisms κ^A_M and κ^μ_Y , we obtain a projectable (1, k)- tensor field T^μD on T^μY over the (1, k)-tensor field T^AD, cf. [1], [4].

Definition 2. The (1, k)-tensor field T^μD is called the complete lift of D.

In the case k = 0, D is a vector field and T^μD coincides with its flow prolongation.

Our main aim is to describe the Frölicher-Nijenhuis bracket of two projectable tangent valued forms on Y in a way similar to the manifold case, [1]. We need some lemmas.

Lemma 6. Let C and C be two projectable (1, k)-tensor fields on T^μY . If they coincide on all vector fields of the form λ(a)T^μX and ~L(b)T^μW , where X is a projectable vector field on Y , W is a vertical vector field on Y and a ∈ A, b ∈ B, then C = C.

Proof. It suffices to consider the case Y = R^m × R^n. Then T^μY = T^AR^m × T^B R^n = A^m × B^n. Let 1, u_1, . . . , u_a or 1, v_1, . . . , v_b be a basis in A or B with nilpotent u’s or v’s and x^i, z^i_1, . . . , z^i_a or y^p, w^p_1, . . . , w^p_b be the induced coordinates on T^AR^m or T^B R^n, respectively. Consider a constant vector field W = η^{p ∂}_{∂yp} . Since its flow is formed by translations, we have T^μW = η^{p ∂}_{∂yp} + 0. Then ~L(v_d)T^μW = η^{p ∂}_{∂wpd} , d = 1, . . . , b. Similarly, if we consider a constant vector field

X = ξ^{i ∂}_{∂xi} , we have T^μX = ξ^{i ∂}_{∂xi} + 0. Then λ(u_c)T^μX = ξ^{i ∂}_{∂zic} + 0, c = 1, . . ., a. Since ξ^i and η^p are arbitrary, this implies the coordinate form of our claim. □

The manifold case, [1], [4], implies directly

Lemma 7. Let D be a projectable (1, k)-tensor field on Y . Then

T^μD(λ(a_1)T^μX_1, . . . , λ(a_k)T^μX_k) = λ(a_1 . . . a_k)T^μ(D(X_1, . . . , X_k))

for every projectable vector fields X_1, . . . , X_k on Y and every a_1, . . . , a_k ∈ A. □

If at least one of the vector fields X_1, . . .X_k is vertical, then D(X_1, . . ., X_k) is also a vertical vector field on Y .

Lemma 8. Let D be a projectable (1, k)-tensor field on Y , X_1, . . . , X_s be projectable vector fields on Y and W_{s+1}, . . ., W_k be vertical vector fields on Y , s < k. Then T^μD(λ(a_1)T^μX_1, . . . , λ(a_s)T^μX_s, ~L(b_{s+1})T^μW_{s+1}, . . . , ~L(b_k)T^μW_k) (26) = ~L(μ(a_1) . . . μ(a_s)b_{s+1} . . . b_k)T^μ(D(X_1, . . . , X_s, W_{s+1}, . . ., W_k)) . Proof. We have D(c_1X_1, . . . , c_sX_s, c_{s+1}W_{s+1}, . . . , c_kW_k) = (c_1 . . . c_k)D(X_1, . . . , X_s, W_{s+1}, . . . , W_k), where c_1, . . ., c_s ∈ i_1R and c_{s+1}, . . . , c_k, (c_1 . . . c_k) ∈ i_2R. Applying T^μ, we obtain (26) analogously to the proof of Lemma 4. □ The Frölicher-Nijenhuis bracket of a projectable tangent valued k-form P and a projectable tangent valued l-form Q is a projectable tangent valued (k + l)-form [P, Q], [10].

Proposition 6. For the Frölicher-Nijenhuis bracket of two projectable tangent valued forms P and Q on Y , we have (27) [λ(a)T^μP, λ(a^′)T^μQ] = λ(aa^′)T^μ([P, Q]) , a, a^′ ∈ A . If Q is vertical valued, then (28) [λ(a)T^μP, ~L(b)T^μQ] = ~L(μ(a)b)T^μ([P, Q]) , a ∈ A, b ∈ B . If both P and Q are vertical valued, then (29) [~L(b)T^μP, ~L(b^′)T^μQ] = ~L(bb^′)T^μ([P, Q]) , b, b^′ ∈ B . Proof. L. Mangiarotti and M. Modugno, [10], deduced the following expression of [P, Q] in terms of the bracket of projectable vector fields [P, Q](X_1, . . . , X_{k+l}) = 1 k!l! ∑ σ sign σ [P (X_{σ1}, . . . , X_{σk}), Q(X_{σ(k+1)}, . . . , X_{σ(k+l)})] + −1 k!(l − 1)! ∑ σ sign σ Q([P (X_{σ1}, . . . , X_{σk}), X_{σ(k+1)}], X_{σ(k+2)}, . . . ) + (−1)^{kl} (k − 1)!l! ∑ σ sign σP ([Q(X_{σ1}, . . . X_{σl}), X_{σ(l+1)}], X_{σ(l+2)}, . . . ) (30) + (−1)^{k−1} (k − 1)!(l − 1)!2 ∑ σ sign σ Q(P ([X_{σ1}, X_{σ2}], X_{σ3}, . . . ], X_{σ(k+2)}, . . . )

+ (−1)^{(k−1)l} (k − 1)!(l − 1)!2 ∑ σ sign σP (Q([X_{σ1}, X_{σ2}], X_{σ3}, . . . ], X_{σ(l+2)}, . . .)

In all three cases, we express the value of the right hand side on λ(a_1)T^μX_1, . . . , λ(a_s)T^μX_s, ~L(b_1)T^μW_1, . . . , ~L(b_h)T^μW_h, s + h = k + l. In the first case, if h = 0, we use Proposition 3 and Lemma 7 and deduce that each term is equal to the value of T^μ on the corresponding term of (30) multiplied by λ(aa^′a_1 . . . a_{k+l}). For h > 0, Propositions 3–5 and Lemmas 7 and 8 imply that the multiplication factor is ~L(μ(aa^′a_1 . . . a_s)b_1 . . . b_h). Using Lemma 6, we obtain (27). In the second and third cases we proceed in the same way. □

APPENDIX: Jet composition in coordinates

We realized in Section 2 that the coordinate formula for T^{r,s,q}_{k,l} f is reduced to the coordinate formula for the composition of jets. We deduce the coordinate composition formula for the semiholonomic jets and we discuss its special form in the holonomic case.

Let M and N be two manifolds. The space of non-holonomic r-jets ~J^r(M, N ) is defined by the induction ~J^1(M, N ) = J^1(M, N ) and ~J^r (M, N ) is the first jet prolongation of the fibered manifold α : ~J^{r−1}(M, N ) → M , where α is the source jet projection. In other words, the elements of ~J^r(M, N ) are of the form j^1_xσ, where σ is a local map M → ~J^{r−1}(M, N ) satisfying α∘σ = id_M . Let P be another manifold. The composition B ∘A ∈ ~J^r_x (M, P )_z of A ∈ ~J^r_x (M, N )_y, A = j^1_xσ(u) and B ∈ ~J^r_y (N, P )_z, B = j^1_y ϱ(v) is defined by the following induction. Let β denote the target jet projection. Then β ∘ σ is a local map of M into N and σ(u) and ϱ(β(σ(u))) are composable non-holonomic (r − 1)-jets. Then one defines

(31) B ∘ A = j^1_x(ϱ(β(σ(u))) ∘ σ(u))

with the composition of non-holonomic (r − 1)-jets on the right hand side, [3].

The inclusion J^r(M, N ) ⊂ ~J^r(M, N ) is defined by j^r_xf → j^1_x(j^{r−1}f) and (31) coincides with the composition of holonomic jets. The subspace of semiholonomic r-jets J^r (M, N ) ⊂ ~J^r(M, N ) is defined by the following induction. An element j^1_xσ ∈ ~J^r(M, N ) is said to be semiholonomic, if

(i) σ is a local section M → J^{r−1}(M, N ), (ii) σ satisfies σ(x) = j^1_x(π^{r−1}_{r−2} ∘ σ), where π^{r−1}_{r−2} : J^{r−1}(M, N ) → J^{r−2}(M, N ) is the canonical projection. The composition of two semiholonomic jets is semiholonomic as well. The coordinates of an element A ∈ J^r_0(R^m, R^n)_0 are (32) a^p_i , a^p_{ij}, . . . , a^p_{i1...ir} that are arbitrary in all subscripts. We have J^r (M, N ) ⊂ J^r(M, N ) and this inclusion is characterized by symmetry in all subscripts.

Consider B ∈ J^r_0(R^n, R^p)_0 with coordinates (33) b^a_p, b^a_{pq}, . . ., b^a_{p1...pr} Write C = B ∘ A, C = (c^a_i , c^a_{ij}, . . ., c^a_{i1...ir} ).

Proposition 7. For every s ≤ r, consider the set Q(r, s) of all ordered decompositions of r into s summands r = r_1 +· · ·+r_s. For every π = (r_1, . . ., r_s), consider all associated orderings ϱ ∈ π, ϱ = ((j_1, . . . j_{r1} ), . . . , (j_{r1} + · · · + j_{rh +1}, . . . , j_{r1} + · · · + j_{rh} + j_{rh+1} ), . . . , (j_{r−rs+1}, . . ., j_r)) such that the first terms satisfy j_1 < · · · < j_{r1} + · · · + j_{rh +1} < · · · < j_{r−rs +1} and each subsequence is increasing, i.e. j_{r1} + · · · + j_{rh +1} < · · · < j_{r1} + · · · + j_{rh} + j_{rh+1} for all h = 1, . . . , s. Then we have

(34) c^a_{i1...ir} = r∑ s=1 ∑ π∈Q(r,s) ∑ ϱ∈π b^a_{p1...ps} a^{p1}_{ij1 ...ijr1} . . . a^{ps}_{ijr−rs+1 ...ijr} .

Proof. We proceed by induction. The case r = 1 is trivial. If we analyze (31) with (i) and (ii), we find that the formula for c_{i1...ir ir+1} is obtained by the following procedure. Each product of s+1 elements is replaced by s+1 terms, where we grad- ually replace b^a_{p1...ps} by b^a_{p1...psps+1} a^{ps+1}_{ir+1} , a^{p1}_{ij1...ijr1} by a^{p1}_{ij1 ...ijr1 ir+1} , . . . , a^{ps}_{ijr−rs+1 ...ijr} by a^{ps}_{ijr−rs+1 ...ijr ir+1} and in each case all other terms remain unchanged. This procedure is compatible with passing from r to r + 1 in (34). □

In the holomonic case, all a’s and b’s in (34) are symmetric in all subscripts. Then (34) can be rewritten as

(35) c^a_{i1...ir} = r∑ s=1 ∑ (I_1,...,I_s) b^a_{p1...ps} a^{p1}_{I1} . . . a^{ps}_{Is} ,

where the inner sum is extended to all partitions (I_1, . . . , I_s) of the set {i_1, . . ., i_r } into s subsets. This formula was deduced by D. R. Grigore and D. Krupka, [5], see also [12].

References

[1] Cabras, A., Kolář, I., Prolongation of tangent valued forms to Weil bundles, Arch. Math.

(Brno), 31 (1995), 139–145.

[2] Doupovec, M., Kolář, I., On the jets of fibered manifold morphisms, Cahiers Topo. Géom.

Diff. Catégoriques, XL (1999), 21–30.

[3] Ehresmann, C., Extension du calcul des jets aux jets non holonomes, CRAS Paris, 239 (1954), 1762–1764.

[4] Gancarzewicz, J., Mikulski, W., Pogoda, Z., Lifts of some tensor fields and connections to product preserving functors, Nagoya Math. J. 135 (1994), 1–41.

[5] Grigore D. R., Krupka D., Invariants of velocities and higher order Grassmann bundles, J.

Geom. Phys. 24 (1998), 244–264.

[6] Kolář, I., Michor, P. W., Slovák, J., Natural Operations in Differential Geometry, Springer- -Verlag, 1993.

[7] Kolář, I., Mikulski, W., Natural lifting of connections to vertical bundles, Rendiconti del Circolo Matematico di Palermo, Ser. II, Supl. 63 (2000), 97–102.

[8] Kolář, I., Modugno, M., Torsion of connections on some natural bundles, Diff. Geom. and its Appl. 2 (1992), 1–16.

[9] Kureš, M., Torsion of connections on tangent bundles of higher order, Supplemento ai Rendiconti Palermo, Série II, No 54 (1997), 65–73.

[10] Mangiarotti, L., Modugno, M., Graded Lie algebras and connections on a fibered space, J.

Math. pures et appl. 63 (1984), 111–120.

[11] Mikulski, W., Product preserving bundle functors on fibered manifolds, Archivum Math.

(Brno) 32 (1996), 307–316.

[12] Modugno, M., Differential calculus on fibred manifolds, manuscript, 2000. [13] Tomáš, J., Natural operators transforming projectable vector fields to product preserving bundles, Supplemento ai Rendiconti Palermo, Série II, No 59 (1999), 181–187.

[14] Weil, A., Théorie des points proches sur les variétés différentielles, Colloque de topol. et géom. diff., Strasbourg (1953), 111–117.

Antonella Cabras Dipartamento di Matematica Applicata “G. Sansone” Via S. Marta 3, 50139 Firenze, Italy E-mail: cabras@dma.unifi.it

Ivan Kolář Department of Algebra and Geometry Faculty of Science, Masaryk University Janáčkovo nám. 2a, 662 95 Brno, Czech Republic E-mail: kolar@math.muni.cz