ARCHIVUM MATHEMATICUM (BRNO) Tomus 38 (2002), 273 – 284

ON THE MINIMAL DISPLACEMENT OF POINTS UNDER MAPPINGS

A. I. BAN AND S. G. GAL

Abstract. New contributions concerning the minimal displacement of points under mappings (defect of fixed point) are obtained.

1. Introduction

Given a set X in a Banach space and T : X → X that has no fixed points, it is natural to see how near T has fixed points, that is estimation of the quantity inf {‖x − T (x)‖ : x ∈ X} is required. The study of this problem called minimal displacement of points under mappings, was started in the papers [6], [7], [8], [13], [14] and in the book [9], p. 210-218. In this paper new contributions to this topic are obtained. Many examples illustrating the concepts are presented. In Section 2 we give definitions and examples concerning the concepts of defect of fixed point and of best almost-fixed point for a mapping. In Section 3 we study the concepts introduced in Section 2 for various classes of mappings. Section 4 deals with some applications to various kinds of equations that have no solutions. Also, we use the concept of fixed point to introduce and study the concept of defect of property of fixed point for topological spaces.

2. Definitions and examples

Let us introduce the following.

Definition 2.1. ([9], p. 210). Let (X, d) be a metric space and M ⊆ X. The defect of fixed point of f : M → X is defined by e_d (f; M ) = inf {d (x, f (x)) ; x ∈ M } .

If there exists x_0 ∈ M with e_d (f; M ) = d (x_0, f (x_0)), then x_0 will be called the best almost-fixed point for f on M .

Remark 2.1. 1) If f : M → X has a fixed point, i.e. ∃ x_0 ∈ M with f (x_0) = x_0 then e_d (f; M ) = 0. On the other hand, the defect can be 0 without to have

2000 Mathematics Subject Classification: 47H10, 49J40, 49J50.

Key words and phrases: fixed point, minimal displacement, defect of fixed point, best almostfixed point.

Received January 24, 2001.

f fixed point. For example, if M = X = [1, +∞) and f (x) = x + 1 x then e_d (f; [1, +∞)) = 0 (where the metric d is generated by the absolute value |·|) but f has no fixed point on M .

2) Let us suppose that e_d (f; X) = 0. Then obviously there exists a sequence (x_n)_{n∈N} in X, such that d (x_n, f (x_n))^{n→∞}−−−→ 0, sequence which is called asymptotically f-regular. Although this condition is not sufficient for the existence of fixed points for f, imposing some additional assumptions on f can be derived fixed point theorems (see e.g. [4], [10], [15]).

3) If M ⊆ X is compact and f : M → X is continuous, then introducing F : M → R_+ defined by F (x) = d (x, f (x)), it easily follows that F is continuous on M and as a consequence, there exists x_0 ∈ M with e_d (f; M ) = d (x_0, f (x_0)). Also, in this case e_d (f; M ) = 0 if and only if f has a fixed point.

4) If M is not compact or f is not continuous on M , then in general does not exist x_0 ∈ M with e_d (f; M ) = d (x_0, f (x_0)). The following two simple counterexamples show us the above statement: M = X = (0, 1) , d (x, y) = |x − y| , f : X → X, f (x) = x^2 and M = X = [0, 1] , d (x, y) = |x − y| , f : X → X, f (x) = 1 if x = 0, f (x) = 0 if x ∈ (0, 1], respectively.

5) Let (X, ‖·‖) be a normed space and M ⊆ X be nonempty compact set. In [5] it is proved that for any continuous map f : M → X, there exists a point x_0 ∈ M such that ‖x_0 − f (x_0)‖ = inf {‖f (x_0) − y‖ ; y ∈ M }. It follows that if moreover f : M → (X \ M ), then 0 < e_d (f; M ) ≤ ‖x_0 − f (x_0)‖ (where the metric d is generated by norm ‖·‖). Indeed, let us suppose that e_d (f; M ) = 0. It follows that there exist x_n ∈ M, n ∈ N, such that ‖x_n − f (x_n)‖^{n→∞}−−−→ 0. Because M is compact too, there is y_0 ∈ M such that ‖y_0 − f (y_0)‖ = 0, i.e. y_0 = f (y_0) , which is a contradiction because y_0 ∈ M and f (y_0) ∈ X \ M .

Example 2.1. Let B denote the unit ball in the space C [−1, 1] = {x : [−1, 1] → R | x is continuous on [−1, 1]}

with the uniform metric d (x, y) = sup {|x (t) − y (t)| : t ∈ [−1, 1]}, and for fixed k > 1 set α(t) = −1 , if − 1 ≤ t ≤ −^1_k kt , if −^1_k ≤ t ≤^1_k 1 , if^1_k ≤ t ≤ 1 .

If the mapping T : B → B is defined by (T x) (t) = α (max {−1, min{1, x (t) + 2t}}) then d (x, T x) ≥ 1 − 1 k for each x ∈ C [−1, 1] (see [9], p. 212). This implies

e_d (T ; B) ≥ 1 − 1 k . Example 2.2. Let X = c_0 be the Banach space of the sequences that converge to 0 endowed with the norm ‖x‖ = sup {|x_n| ; n ∈ N} , x = (x_n)_{n∈N}. If f : X → X is defined by f (x_1, x_2, ..., x_n, ...) = ( 1, |x_2|^{12} , ..., |x_n|^{12} , ... ) + ( 1, 1 2 , ..., 1 n , ... )

then f is continuous and for every k ∈ R, the equation f (x) = kx has no solutions (see [12], p. 67).

Let M_0 ⊂ X,

M_0 = {x = (x_1, x_2, ..., x_n, ...) ∈ c_0 : (|x_n|)_{n≥1} is decreasing}

and f_0 : M_0 → X, f_0 (x) = f (x) + x. Then d (f_0(x), x) = max { 2, |x_2|^{12} + 1 2 } , where d (f_0(x), x) = ‖f_0 (x) − x‖ and e_d (f_0; M_0) = inf {d (f_0(x), x) : x ∈ M_0} = 2 .

The set of the best almost-fixed points for f_0 on M_0 is given by { x = (x_1, x_2, ..., x_n, ...) ∈ M_0 : |x_2| ≤ 9 4 } . Let M_1 ⊂ X,

M_1 = { x = (x_1, x_2, ..., x_n, ...) ∈ c_0 : (x_n)_{n≥1} is increasing }

and f_1 : M_1 → X, f_1 (x) = f (x). Because x = (x_1, x_2, ..., x_n, ...) ∈ M_1 implies x_n ≤ 0, ∀n ≥ 1 we obtain that ( |x_n|^{12} − x_n ) n≥2 is a decreasing and positive sequence, therefore

d (f_1(x), x) = max { 2 − x_1, |x_2|^{12} + 1 2 − x_2 } . The defect of fixed point of f_1 on M_1 is e_d (f_1; M_1) = inf {d (f_1(x), x) : x ∈ M_1} = 2 and the unique best almost-fixed point for f_1 on M_1 is x_0 = (0, 0, ..., 0, ...). Example 2.3. Let F : C [0, 1] → C [0, 1] be defined by

(F x) (t) = (max {t, |x (t) − x (0)|})^{12} .

The function F is continuous and for every k ∈ R, the equation F x = kx has no solutions (see [12], p. 67).

Let A : C [0, 1] → C [0, 1] be defined by (Ax) (t) = (F x) (t) + (1 − k) x (t) and let x ∈ C [0, 1]. We denote m = inf_{t∈[0,1]}x (t) , M = sup_{t∈[0,1]}x (t) . We get |(Ax) (t) − x (t)| = |(F x) (t) − kx (t)| ≤ |(F x) (t)| + |kx (t)| = (max (t, |x (t) − x (0)|))^{12} + |k| |x (t)| for every t ∈ [0, 1]. Because the above inequalities become equalities if x (t) ≥ 0, ∀t ∈ [0, 1] , k ≤ 0 and 1 is the maximum point of x or if x (t) ≤ 0, ∀t ∈ [0, 1] , k ≥ 0 and 1 is the minimum point of x, denoting

C_+ [0, 1] = {x ∈ C [0, 1] : x (t) ≥ 0, ∀t ∈ [0, 1]} , C_− [0, 1] = {x ∈ C [0, 1] : x (t) ≤ 0, ∀t ∈ [0, 1]} , C^∗_+ [0, 1] = {x ∈ C_+ [0, 1] : x (1) ≥ x (t) , ∀t ∈ [0, 1]} , C^∗_− [0, 1] = {x ∈ C_− [0, 1] : x (1) ≤ x (t) , ∀t ∈ [0, 1]} ,

and considering the uniform metric d, we obtain e_d ( A; C^∗_+ [0, 1] ) = inf { (max (1, M − x (0)))^{12} − kM : x ∈ C^∗_+ [0, 1] } = 1 , ∀ k ≤ 0 and e_d ( A; C^∗_− [0, 1] ) = inf { (max (1, x (0) − m))^{12} − km : x ∈ C^∗_− [0, 1] } = 1 , ∀ k ≥ 0 . A best almost-fixed point for F on C^∗_+ [0, 1] and on C^∗_− [0, 1] is the same, namely the constant zero function (if k ≠ 0 then it is unique).

Now, let us consider the metric d : C [0, 1] → R defined by d(x, y) = ( ∫ 1 0 ( x(t) − y(t) )_2 dt ) 1_2 . We observe that x (t) ≥ 0, ∀t ∈ [0, 1] and k ≤ 0 or x (t) ≤ 0, ∀t ∈ [0, 1] and k ≥ 0 imply

(F x) (t)−kx (t) = (max (t, |x (t)−x (0)|))^{12} − kx (t) ≥ t^{12} − kx (t) ≥ t^{12} , ∀t ∈ [0, 1]

with equalities when x (t) = 0, ∀t ∈ [0, 1] . By using the above notations we have

e_d (A; C_+ [0, 1]) = inf {( ∫ 1 0 ((F x) (t) − kx (t))^2 dt

) 1_2 : x ∈ C_+ [0, 1] }

= ( ∫ 1 0 t dt ) 1_2 = 1 , ∀ k ≤ 0 and e_d (A; C_− [0, 1]) = inf {( ∫ 1 0 ((F x) (t) − kx (t))^2 dt

) 1_2 : x ∈ C_− [0, 1] }

= ( ∫ 1 0 t dt ) 1_2 = 1 , ∀ k ≥ 0 . A best almost-fixed point for A is the constant function zero.

3. Main results

Taking into account the Remark 2.1, 1), 2), 3), in this section we consider some results for mappings f that satisfy e_d (f; M ) > 0, i.e. for mappings that neither have no fixed points nor asymptotically regular sequences. The first result is the following.

Theorem 3.1. Let (X, d) be a metric space and f : X → X be a nonexpansive mapping, i.e. d (f (x) , f (y)) ≤ d (x, y), for all x, y ∈ X. Then e_d(f^n; X) ≤ ne_d(f; X) and inf { d ( f^n(x), f^{n+1}(x) ) ; x ∈ X } = e_d(f; X), ∀n ∈ {1, 2, ...}, where f^n denotes the n-th iterate of f.

Proof. Firstly, by applying iteratively the triangle inequality, we easily obtain d (x, f^n(x)) ≤ nd (x, f(x)). Secondly, by e_d(f; X) ≤ d ( f^n(x), f^{n+1}(x) ) ≤ d ( f^{n−1}(x), f^n(x) ) ≤ · · · ≤ d (x, f(x)), passing to infimum, we obtain the desired equality.

Remark 3.1. 1) If (X, d) is compact and f : X → X is contractive, i.e. d (f(x), f(y)) < d (x, y), for all x, y ∈ X, x ≠ y, then it is known that f has a fixed point x_0 = f (x_0) and in this case obviously we have e_d (f; X) = e_d (f^n; X) = 0, ∀n ∈ N. But a nonexpansive mapping even on a compact metric space (X, d) has no in general a fixed point, so the statement of Theorem 3.1 is not a trivial one.

2) If f : X → X is α-Lipschitz with α > 1, i.e. d (f(x), f(y)) ≤ αd (x, y), ∀x, y ∈ X, then reasoning as in the proof of Theorem 3.1 we obtain the inequality e_d (f; X) ≤ inf { d ( f^n(x), f^{n+1}(x) ) ; x ∈ X } ≤ α^ne_d(f; X) , ∀n ≥ 1 . Let us denote F = {g : X → X; g has fixed point in X} ,

where (X, d) is supposed to be compact. A natural question is to find the best approximation of a function f : X → X, f /∈ F, by elements in F. In this sense, we can define E_F (f) = inf {D (f, g) ; g ∈ F} , where D (f, g) = sup {d (f (x) , g (x)) ; x ∈ X} .

The following lower estimate for E_F (f) holds.

Theorem 3.2. We have e_d (f; X) ≤ E_F (f), for any f : X → X.

Proof. Let g ∈ F be with the fixed point y. We get d (y, f (y)) ≤ d (y, g (y)) + d (g (y) , f (y)) ≤ D (f, g) , i.e. e_d (f; X) ≤ D (f, g) for all g ∈ F. As a consequence, e_d (f; X) ≤ E_F (f), which proves the theorem.

Given a metric space (X, d) not necessarily compact and f : X → X, an important problem is to establish the existence of points x_0 ∈ X with e_d (f; X) = d (x_0, f (x_0)) . Notice that [6], [7], [8], [9], [13], [14], do not treat this problem.

In this sense might be useful the following results.

Theorem 3.3. Let (X, d) be a complete metric space and f : X → X be continuous on X with e_d (f; X) > 0. Let ε > 0 be arbitrary and x ∈ X with e_d (f; X) ≤ d (x, f (x)) ≤ e_d (f; X) + ε . Then there exists x_ε ∈ X such that d (x_ε, x) ≤ 1, 0 < d (x_ε, f (x_ε)) ≤ d (x, f (x)) and 0 < d (x_ε, f (x_ε)) < d (y, f (y)) + εd (x_ε, y), for all y ∈ X, y ≠ x_ε. Proof. Let us define F : X → R_+, F (x) = d (x, f (x)). By hypothesis, F is continuous on X and bounded from below. Applying the well-known Ekeland’s variational principle to F (see e.g. [2], [3] or [1], p. 33, Th. 3.1) we obtain the statement in the theorem.

By replacing d with ε^{− 12} d, in Theorem 3.3 we immediately obtain: Theorem 3.4. Let (X, d) be a complete metric space and f : X → X be continuous on X, with e_d (f; X) > 0. Let ε > 0 be arbitrary and x ∈ X be with 0 < e_d (f; X) ≤ d (x, f (x)) ≤ e_d (f; X) + ε . Then there exists x_ε ∈ X such that d (x_ε, x) ≤ √ ε, 0 < d (x_ε, f (x_ε)) ≤ d (x, f (x)) and 0 < d (x_ε, f (x_ε)) < d (y, f (y)) + √ εd (x_ε, y), for all y ∈ X, y ≠ x_ε. Deeper results can be obtained if we consider (X, ‖·‖) as a real Banach space, because in this case we can use the differential calculus too in normed spaces.

Firstly we need some well-known concepts.

Definition 3.1. Let (X, ‖·‖_1) , (Y, ‖·‖_2) be normed spaces and f : X → Y . We say that f is Gâteaux differentiable at a point x ∈ X, if there exists the limit lim t→0,t≠0 f (x + th) − f (x) t , for all h ∈ X.

We say that f is Gâteaux derivable on M ⊆ X if for each x ∈ X there exists a mappings denoted ▽f (x) ∈ L (X, Y ) = {G : X → Y ; G-linear}, such that lim t→0,t≠0 f (x + th) − f (x) t = (▽f (x)) (h) ,

for all h ∈ X. The mapping ▽f (x) is called the gradient of f at the point x.

We present Theorem 3.5. Let (X, ⟨, ⟩) be a real Hilbert space and f : X → X be Gâteaux derivable on X with e_d (f; X) > 0. Then for each ε > 0 there exists x_ε ∈ X such that 0 < e_d (f; X) ≤ ‖x_ε − f (x_ε)‖ ≤ e_d (f; X) + ε and ⟨ x_ε − f (x_ε) ‖x_ε − f (x_ε)‖ , (1_X − ▽f (x_ε)) (h) ⟩ ≤ √ ε , where 1_X (h) = h, for all h ∈ X, ‖x‖ = √ ⟨x, x⟩, x ∈ X and the metric d is generated by norm ‖·‖ .

Proof. Let us denote F (x) = ‖x − f (x)‖ > 0, x ∈ X. Obviously F : X → R_+ is bounded from below. Then lim t→0,t≠0 F (x + th) − F (x) t = lim t→0,t≠0 ( F^2 (x + th) − F^2 (x) t · 1 F (x + th) + F (x) )

= ( ▽F^2 (x) ) (h) · 1 2F (x) . But because F^2 (x) = ⟨x − f (x) , x − f (x)⟩, simple calculations show us that ( ▽F^2 (x) ) (h) = 2 ⟨x − f (x) , (1_X − ∇f (x)) (h)⟩ , ∀h ∈ X. As a consequence, ∃ (▽F (x)) (h) = ⟨ x − f (x) ‖x − f (x)‖ , (1_X − ▽f (x)) (h) ⟩ , for all x ∈ X and all h ∈ X. Then taking in the last inequality of Theorem 3.4, y = x_ε ± th, h ∈ X, t ≠ 0, and passing with t → 0 (see also e.g. [1], Theorem 3.4, p. 35), we obtain 0 < e_d (f; X) ≤ ‖x_ε − f (x_ε)‖ ≤ e_d (f; X) + ε and |(▽F (x)) (h)| ≤ √ ε , which proves the theorem.

Because the main problem is to prove the existence of minimum points for the nonlinear functional F (x) = ‖x − f (x)‖, obviously we can use well-known variational methods.

In this sense, it is immediate the following.

Theorem 3.6. Let (X, ⟨, ⟩) be a real Hilbert space, ‖x‖ = √ ⟨x, x⟩, x ∈ X, the metric generated by norm ‖·‖ denoted by d and M ⊆ X.

(i) Let f : M → X be Gâteaux derivable on x_0 ∈ M, x_0 interior point of M, with e_d (f; M ) > 0. If ‖x_0 − f (x_0)‖ = e_d (f; M ) , x_0 ∈ M , then ⟨x_0 − f (x_0) , (1_X − ∇f (x_0)) (h)⟩ = 0 , for all h ∈ X.

(ii) If F (x) = ‖x − f (x)‖ , x ∈ X is moreover Gâteaux derivable on M ⊂ X open convex, then ‖x_0 − f (x_0)‖ = e_d (f; M ) if and only if ⟨x_0 − f (x_0) , (1_X − ∇f (x_0)) (h)⟩ = 0 , ∀h ∈ X .

Remark 3.2. As a consequence, the best almost-fixed points of f on M must be among the solutions of the equation ⟨x − f (x) , (1_X − ∇f (x)) (h)⟩ = 0, ∀h ∈ X.

4. Applications Firstly, the concepts and results in the previous sections allow us to approach the study of equations that have no solutions.

Indeed, because each equation E (x) = 0_X in a normed space (X, ‖·‖) can be written as f (x) = x, where f (x) = E (x) + x, for the case when E (x) = 0_X has no solutions in X, a best almost-fixed point y of f will also be called best almostsolution of the equation E (x) = 0_X , satisfying ‖E (y)‖ = inf {‖E (x)‖ ; x ∈ X} .

We consider the case of algebraic equations.

Theorem 4.1. Let P_m (x) be an algebraic polynomial of degree m ∈ N, with real coefficients such that the equation P_m (x) = 0 has no real solutions. Then m is even, there exists at least one and at most m 2 best almost-real solutions of the equation P_m (x) = 0.

Proof. The fact that m must be even is obvious. Denote f (x) = P_m (x) + x. Let x_0 ∈ R be such that e_d (f) = |x_0 − f (x_0)| = |P_m (x_0)| > 0 (the metric d is generated by absolute value |·|). Because the scalar product on R is the usual one, (1_X − ∇f (x_0)) (h) = (1 − f^′ (x_0)) · h, by Theorem 3.6, (i), it easily follows that f^′ (x_0) = 1, i.e. P^′_m (x_0) = 0. But the degree of P^′_m (x) is odd, so the equation P^′_m (x) = 0 has at least one solution. We are interested in the maximum number of points x_k ∈ R that satisfy e_d (f; R) = inf {|P_m (x)| ; x ∈ R} = |P_m (x_k)| , k ∈ {1, ..., p}. Obviously that P^′_m (x_k) = 0, k ∈ {1, ..., p}, where x_k, k ∈ {1, ...p} are considered in increasing order.

We show that if e_d (f; R) = |P_m (x_k)|, then e_d (f; R) ≠ |P_m (x_{k+1})|, which will prove the theorem. Indeed, because P_m (x) has no real solutions, it follows that P_m (x) > 0, for all x ∈ R or P_m (x) < 0, for all x ∈ R. Let us suppose, for example, that P_m (x) > 0, ∀x ∈ R (the case P_m (x) < 0, ∀x ∈ R is similar). If e_d (f; R) = P_m (x_k) = P_m (x_{k+1}), then we get that there is ξ ∈ (x_k, x_{k+1}) with P^′_m (ξ) = 0, i.e. x_k and x_{k+1} are not consecutive, a contradiction. The theorem is proved.

Now, we will consider the following integral equation which appears in statistical mechanics

u(x) = 1 + λ

∫_1 x u (s − x) u(s) ds x ∈ [0, 1] , where λ is a real parameter, λ > −1. In [16], p. 236 − 237 it is proved that for λ >^1_2 the above equation has no solutions u ∈ C [0, 1].

Let us consider C [0, 1] endowed with the uniform metric d (f, g) = sup {|f (x) − g (x)| : x ∈ [0, 1]} . Denoting A : C [0, 1] → C [0, 1] by

(Au) (x) = 1 + λ

∫_1 x u (s − x) u(s) ds , where λ >^1_2 , it follows that A has no fixed points in C [0, 1] .

Theorem 4.2. Let A : M → C [0, 1], where λ >^1_2 , A is defined as above and

M = {u ∈ C [0, 1] : u is derivable, u^′(x) ≥ 0, ∀x ∈ [0, 1] , 0 ≤ u(0) ≤ u(1) ≤ 1} .

Then e_d (A; M ) = 4λ − 1 4λ and a best almost-fixed point for A on M is u : [0, 1] →

R, u (x) = 1 2λ , ∀x ∈ [0, 1] . Proof. We have

e_d (A; M ) = inf {sup {|(Au) (x) − u (x)| : x ∈ [0, 1]} : u ∈ M }

= inf { sup {| |λ ∫_1 x u (s − x) u(s) ds − u (x) + 1 | | | : x ∈ [0, 1] } : u ∈ M } . The function g : [0, 1] → R defined by g (x) = λ ∫_1 x u (s − x) u(s) ds − u (x) + 1 is monotone decreasing. Indeed, g^′ (x) = −λ ∫_1 x u^′ (s − x) u(s) ds − u (0) u (x) − u^′ (x) ≤ 0 for every u ∈ M . Then

sup {|g (x)| : x ∈ [0, 1]} = max {| | sup x∈[0,1] g (x) | |, | | inf_{x∈[0,1]}g (x) | | }

= max {| |λ ∫_1 0 u^2(s) ds − u (0) + 1 | | |, | |1 − u (1) | | }

and the conditions 0 ≤ u (0) ≤ u (1) ≤ 1 imply sup {|g (x)| : x ∈ [0, 1]} = λ ∫_1 0 u^2(s) ds − u (0) + 1 .

This means that the defect of fixed point of A is

e_d (A; M ) = inf { λ ∫_1 0 u^2(s) ds − u (0) + 1 : u ∈ M }

= inf { λu^2(0) − u (0) + 1 : u ∈ M, u (x) = u (0) , ∀x ∈ [0, 1] } = 4λ − 1 4λ and a best almost-fixed point for A on M is the function u : [0, 1] → R, defined by u (x) = 1 2λ . If we replace the uniform metric on C [0, 1] with the metric d : C [0, 1]×C [0, 1] →

R defined by d (u, v) = (∫_1 0 (u (x) − v (x))^2 dx

) 1_2

we obtain

Corollary 4.3. For the operator A defined above, λ > 1 2 , we have e_d (A; M ) = 1 and a best almost-fixed point for A on M is u (x) = 0, ∀x ∈ [0, 1] .

Proof. We get d (u, Au) = ( ∫ 1 0 ( λ ∫_1 x u (s − x) u(s) ds − u (x) + 1 )_2 dx ) 1_2

≥ −u (1) + 1

by using the monotony of g (as above). The inequality becomes equality if λ ∫_1 x u (s − x) u(s)ds − u (x) = −u (1), almost everywhere x ∈ [0, 1]. It follows λ ∫_1 x u (s − x) u(s)ds = u (x) − u (1), almost everywhere x ∈ [0, 1] , u ∈ M. But u (x) − u (1) ≤ 0 and λ

∫_1 x u (s − x) u(s)ds ≥ 0, which implies u (x) = u (1) , almost everywhere x ∈ [0, 1]. Replacing in the above equation, it easily follows u (x) = 0, almost everywhere x ∈ [0, 1] , which by u ∈ C [0, 1] implies u (x) = 0, ∀x ∈ [0, 1] .Therefore

e_d (A; M ) = inf {d (u, Au) : u ∈ M } = 1 ,

and a best almost-fixed point for A on M is u (x) = 0, ∀x ∈ [0, 1], which proves the corollary.

Finally, we will use the defect of fixed point to introduce a similar concept for topological spaces. Firstly, we recall the following definition, well-known in the theory of fixed point (see for example [9], [16]).

Definition 4.1. The topological space (X, T ) has the property of fixed point if any continuous function f : X → X has fixed point.

The concept of defect of fixed point introduced in Section 2 suggests the following

Definition 4.2. Let (X, d) be a metric space and T_d be the topology on X generated by d. The defect of fixed point of topological space (X, T_d) is defined by

t (X, T_d) = sup {e_d (f; X) |f : X → X is continuous } .

Remark 4.1. We can reformulate the above definition in a more general frame, considering (X, T ) a metrizable space and d the corresponding metric.

Remark 4.2. If (X, T_d) has the property of fixed point then e_d (f; X) = 0 for every continuous function f : X → X, therefore t (X, T_d) = 0.

Example 4.1. We consider the Euclidean metric δ on R^2 and we denote by T_δ the Euclidean topology on R^2. Because the defect of fixed point of the continuous function f : R^2 → R^2 defined by f (x, y) = (x + a, y + b) is e_δ ( f; R^2 ) = √ a^2 + b^2, we obtain t ( R^2, T_δ ) = +∞. Nevertheless, there is a subset X dense in the topological space ( R^2, T_δ ) such that t (X, T_δ |_X ) = 0. Indeed, if we denote C = { (x, y) ∈ R^2 : x^2 + y^2 = 1 } and {z_1, ..., z_n, ...} a dense subset of C then the set X = ⋃ n∈N^∗ X_n, where X_n =

{tnz_n : 0 ≤ t ≤ 1} , is dense in ( R^2, T_δ ) and any continuous function f : X → X has at least a fixed point (see [12], p. 145).

Example 4.2. There exist topological spaces that have as defect of fixed point real positive numbers. Indeed, let us consider a, b, c, d ∈ R, a < b < c < d, a+d = b+c, ad−bc ≠ 0 and the continuous function f_0 : [a, b]∪[c, d] → [a, b]∪[c, d]

defined by f_0 (x) = x + ad − bc a − b if x ∈ [a, b] and f_0 (x) = x + bc − ad c − d if x ∈ [c, d] . We have e_d (f_0; [a, b] ∪ [c, d]) = |ad − bc| b − a (relative to the metric d generated by

absolute value |·|), therefore t ([a, b] ∪ [c, d] , T_d) ≥ |ad − bc| b − a . On the other hand, e_d (f; [a, b] ∪ [c, d]) ≤ d − a for every function f defined on [a, b] ∪ [c, d] with values in [a, b] ∪ [c, d], which implies t ([a, b] ∪ [c, d] , T_d) ≤ d − a.

By using Remark 4.2 and Remark 2.1, 3) we obtain the following characterization of topological spaces with the property of fixed point.

Theorem 4.4. Let (X, d) be a compact metric space and T_d the topology on X generated by d. Then (X, T_d) has the property of fixed point if and only if t (X, T_d) = 0. The property of fixed point is invariant by homeomorphisms, with other words it is a topological property. An analogous result can be proved for the defect of this property.

Theorem 4.5. (i) If (X, d) and (X^′, d^′) are isometric then t (X, T_d) = t ( X^′ , T_d′ ) ; (ii) t (X, T_d) ≤ diam X;

Proof. (i) Let f : X^′ → X^′ be a continuous function and i : X → X^′ the isometry between (X, d) and (X^′, d^′), that is the function i is bijective and d (x, y) = d^′ (i (x) , i (y)), for every x, y ∈ X. Because i and i^{−1} are continuous (see [11], p. 123) the function i^{−1} ∘ f ∘ i : X → X is continuous and d (( i^{−1} ∘ f ∘ i ) (x) , x ) = d^′ (f (i (x)) , i (x)) , ∀x ∈ X . We have

e_d′ (f; X^′) = inf {d^′ (f (x^′) , x^′) : x^′ ∈ X^′} = inf {d^′ (f (i (x)) , i (x)) : x ∈ X}

= inf { d (( i^{−1} ∘ f ∘ i ) (x) , x ) : x ∈ X } = e_d ( i^{−1} ∘ f ∘ i; X ) , therefore t (X^′, T_d′ ) ≤ t (X, T_d). We analogously obtain the converse inequality and the property is proved.

(ii) By

e_d (f; X) = inf {d (f (x) , x) : x ∈ X} ≤ diam X

for any continuous function f : X → X, we obtain the inequality.

References

[1] Barbu, V., Mathematical methods in optimization of differential systems (in Romanian), Ed. Academiei, Bucharest, 1989.

[2] Ekeland, I., On the variational principle, J. Math. Anal. Appl. 47 (1974), 324–353. [3] Ekeland, I., Nonconvex minimization problems, Bull. Amer. Math. Soc. 1 (1979), 443–474. [4] Engl, H. W., Weak convergence of asymptotically regular sequences for nonexpansive mappings and connections with certain Chebyshef-centers, Nonlinear Anal. 1(5) (1977), 495–501.

[5] Ky Fan, Extensions of two fixed point theorems of F.E. Browder, Math. Z. 112 (1969), 234–240.

[6] Franchetti, C., Lipschitz maps and the geometry of the unit ball in normed spaces, Arch.

Math. 46 (1986), 76–84.

[7] Furi, M. and Martelli, M., On the minimal displacement of points under alpha-Lipschitz maps in normed spaces, Bull. Un. Mat. Ital. 9 (1974), 791–799.

[8] Goebel, K., On the minimal displacement of points under lipschitzian mappings, Pacific J.

Math. 48 (1973), 151–163.

[9] Goebel, K., Kirk, W. A., Topics in Metric Fixed Point Theory, Cambridge University Press, Cambridge, 1990.

[10] Guay, M. D. and Singh, K. L., Fixed points of asymptotically regular mappings, Math. Vesnik 35 (1983), 101–106.

[11] Kelley, J. L., General Topology, Van Nostrand, New York, 1964.

[12] Rădulescu, S. and Rădulescu, M., Theorems and Problems in Analysis (in Romanian), Ed.

Didactică şi Pedagogică, Bucharest, 1982.

[13] Reich, S., Minimal displacement of points under weakly inward pseudo-lipschitzian mappings, I, Atti. Acad. Naz. Linzei Rend. U. Sci. Fis. Mat. Natur. 59 (1975), 40–44.

[14] Reich, S., Minimal displacement of points under weakly inward pseudo-lipschitzian mappings, II, Atti. Acad. Naz. Linzei Rend. U. Sci. Fis. Mat. Natur. 60 (1976), 95–96.

[15] Rhoades, B. E., Sessa, S., Khan, M. S. and Swaleh, M., On fixed points of asymptotically regular mappings, J. Austral. Math. Soc. (Series A) 43 (1987), 328–346.

[16] Rus, I. A., Principles and Applications of Fixed Point Theory (in Romanian), Ed. Dacia, Cluj-Napoca, 1979.

Department of Mathematics, University of Oradea str. Armatei Române 5, 3700 Oradea, Romania E-mail: aiban@math.uoradea.ro, galso@math.uoradea.ro