ARCHIVUM MATHEMATICUM (BRNO) Tomus 38 (2002), 161 – 169

COMMUTATIVE NONSTATIONARY STOCHASTIC FIELDS

Hatamleh Ra’ed

Abstract. The present paper is devoted to further development of commutative nonstationary field themes; the first studies in this area were performed by K. Kirchev and V. Zolotarev [4, 5].

In this paper a more complicated variant of commutative field with nonstationary rank 2, carrying into more general situation for correlation function is studied. A condition of consistency (see (7) below) for commutative field is placed in the basis of the method proposed in [4, 5] and developed in this paper. The following semigroup structures of correlation theory for disturbances and semigroups are used in this case: T_t(ε) = exp(itA_ε), A_ε = A_1 + εA_2 , |ε| ≪ 1.

1. In this section we will present the main preliminary information [4, 5]. Let us consider a two-dimensional curve T_t = exp(it_1A_1 + it_2A_2) in Hilbert space H. From now on we will assume that the system of linear bounded operators {A_1, A_2} is a commutative one, [A_1, A_2] = 0, and there hold true:

(1) 1) (A_2)_I H ⊂ (A_1)_I H ; 2) (A_1)_I ≥ 0 ;

3) (A_1)_I |_{(A1)I H} is restrictedly invertible.

As it is known [7], the system {A_1, A_2} can be included in the commutative colligation

(2) Δ = (A_1, A_2, H, Φ, E, σ_1, σ_2, γ, ~γ) .

Where: E is Hilbert space; Φ : H → E; σ_1, σ_2, γ, ~γ are selfadjoint operators in E and also the next colligation relationships are valid:

(3) 1) A_k − A^∗_k = iΦ^∗σ_kΦ (k = 1, 2) ; 2) γΦ = σ_1ΦA^∗_2 − σ_2ΦA^∗_1 ; 3) ~γ = γ + i(σ_1ΦΦ^∗σ_2 − σ_2ΦΦ^∗σ_1)

2000 Mathematics Subject Classification: Primary 47D03; Secondary 47C10, 47F05. Key words and phrases: commutative nonstationary stochastic fields, correlation function, infinitesimal correlation function, contractive semigroup.

Received November 15, 1999.

From now on we will study only the case of finite-dimensional space E. From the assumptions (1) follows that we can conclude that σ_1 = I_E ; i.e., A_1 is dissipative. This means that the semigroup T_t when t_2 = 0 is contractive. It is evident that when ε is small enough then the operator A_ε = A_1 + εA_2 is also dissipative and the semigroup T_t(ε) = exp(itA_ε); (t_1 = t, t_2 = εt) is contractive. We will study CF and ICF of semigroup of contractions T_t(ε) as a function of the variables t and ε. Similarly to [2] it is easy to prove that there exists the limit (4) S · lim_{t→∞} T^∗_t (ε) T_t(ε) = K_ε and also 0 ≤ K_ε ≤ I.

Proposition 1. For every x and s from R there holds true (5) e^{isA∗x} K_εe^{isAx} = K_ε , where A_x = A_1 + xA_2 . Proof. It is evident that e^{−isA∗x} K_εe^{isAx} = s · lim_{t→∞} e^{−i(sA∗x+tA∗ε )} e^{i(tAε+sAx)} = S · lim_{t→∞} e^{i s(x−ε)t+s A∗ε} e^{−i(t+s)A∗ε} e^{i(t+s)Aε} e^{i s(x−ε)t+s A2} = K_ε because of strong continuity of semigroup e^{iδA2} which tends to I when δ → 0. □ Corollary 1. In this way for every small enough ε(|ε| << 1) we can assert that A^∗_1K_ε = K_εA_1, A^∗_2K_2 = K_εA_2. From the existence of the limit K_ε, (5), there follows that for the correlation function K_ε(t, s) = ⟨T_t(ε)Ψ, T_s(ε)Ψ⟩ the next formula is valid (6) K_ε(t, s) = V_ε(t − s) + ∫_∞ 0 W_ε(t + τ, s + τ ) dτ where, as usual, ICF is defined by the formula W_ε(t, s) = −(∂t + ∂s)K_ε(t, s) and V_ε(t − s) = ⟨K_εe^{i(t−s)Aε} Ψ, Ψ⟩ . Let us now notice the ICF, W_ε(t, s), which, obviously, has the form W_ε(t, s) = 2⟨(A_ε)_I T_t(ε)Ψ, T_s(ε)Ψ⟩ = ⟨σ_εΦΨ_ε(t, ·), ΦΨ_ε(s, ·)⟩ , here Ψ_ε(t, ·) = T_t(ε)Ψ, σ_ε = σ_1 + εσ_2, (A_ε)_I = (2i^{−1})(A_ε − A^∗_ε).

Proposition 2. The function f(ε, t) = ΦΨ_ε(t) is a solution of the equation (7):

(7) [σ_2iσ_t − it^{−1}σ^{−1}_ε σ_ε − ~γ] f(ε, t) = 0 .

Proof. As far as ~γΦ = σ_εΦA_2 − σ_2ΦA_ε, so

~γf = σ_εΦA_2Ψ − σ_2ΦA_εΨ = σ_εΦA_2e^{itAε} Ψ − σ_2ΦA_εe^{itAε} Ψ = σ_ε(it)^{−1}Φσ_εe^{itAε} Ψ − σ_2(i^{−1})Φσ_te^{itAε} Ψ = σ_2iσ_tf − it^{−1}σ_εσ_εf ,

which proves the assertion. □ Therefore, knowing the function f(t) (when ε = 0) we can compute also the function f(ε, t) as a solution of the next Cauchy problem: (8) { iσ_εf(ε, t) = tσ_ε[σ_2iσ_t − ~γ] f(ε, t) f(ε, t)|_{ε=0} = f(t) 2. Let dim E = 2 and the operators σ_1, σ_2, ~γ are of the form

(9) σ_1 = ( 1 0 0 1 ) , σ_2 = ( 0 m m σ ) , ~γ = ( α β β α )

where α, β ∈ R; m ∈ C . In the Hilbert space L^2_{(0,ℓ)}(E^2, dx), we consider a model operator system

(10)

A_1f_x = i ∫_ℓ x f_ζ dζ A_2f_x = f_x ( α β β α ) + i ∫_ℓ x f_x ( 0 m m 0 ) dζ , where f_x = (f^1(x), f^2(x)) ∈ L^2_{(0,ℓ)}(E^2, dx).

Further, we consider a contractive semigroup (11) f(t, x) = T_t(ε)f_x = e^{itAε} f_x with 1 − ε|m|^2 > 0, i.e., ε ≪ |m|^{−1}. Then f(t, x) is a solution of the Cauchy problem

(12) d dx f(t, x) = f_x(t, x)iε ( α β β α ) − ∫_ℓ x f(t, ζ) dζ ( 1 εm εm 1 )

f(0, x) = f_x We introduce in the consideration a vector-function F (t, x) such that

(13) F (t, x) = f(t, x) exp { −itε ( α β β α )}

Then the Cauchy problem (12) for F (t, x) takes the form

(14) { F_t(t, x) = − ∫_ℓ x F (t, ζ) dζb_t F (0, t) = f(x) where the matrix b_t has the form b_t = e^{itε} ( α β β α ) ( 1 εm εm 1 ) e^{−itε} ( α β β α )

= e^{itε} ( α β β α ) U ( 1 + εm 0 0 1 − εm ) U^∗e^{−itε} ( α β β α )

and the unitary matrix U has the form U = 1 √ 2 ( 1 1 1 −1 ) . We calculate the expression e^{iεt} ( α β β α ) U = e^{iεt} ( α 0 0 α ) e^{iεt} ( 0 β β 0 ) U = e^{itεα} √ 2 ( cos tεβ i sin tεβ i sin tεβ cos tεβ ) ( 1 1 1 −1 )

= e^{itεα} √ 2 ( e^{itεβ} e^{−itεβ} e^{itεβ} −e^{−itεβ} )

Therefore,

b_t = 1 2 ( e^{itεβ} e^{−itεβ} e^{itεβ} −e^{−itεβ} ) ( 1 + εβ 0 0 1 − εβ ) ( e^{−itεβ} e^{−itε} e^{itεβ} −e^{−itε} )

= ( 1 εm εm 1 )

Thus we obtain b_t is independent on t.

Finally, let us determine an explicit form of F (t, x) (13). For this purpose we represent F (t, x) in the form

(15) F (t, x) = exp { t ∫_ℓ x · dζ } · exp { −tεm ∫_ℓ x · dζ ( 0 1 1 1 )} f(x) First we calculate exp ( −t ∫_ℓ x · dζ ) f = ∞∑ 0 (−t)^n n! (∫_ℓ x · dζ )_n f(x)

= f(x) − t n! ∫_ℓ x f_ζ dζ + t^2 2! ∫_ℓ x (ζ − x)f_ζ dζ − t^3 3! ∫_ℓ x (ζ − x)^2 2! f_ζ dζ + · · · =

Assuming then that f^′ exists and belongs to L^2_{(0,ℓ)}(E^2, dx) with f_ℓ = 0, we obtain after integration by parts

(16) exp ( −t ∫_ℓ x · dζ ) = − ∫_ℓ x f^′_ζ y_0 ( 2 √ t(ζ − x) ) dζ

where J_0(z) =^∞ ∑ 0 (−1)^k(^z_2 )^{2k}

k!k! the Bessel function of zero order.

Now we calculate exp { −tεm ∫_ℓ x · dζ ( 0 1 1 0 )} f = ∞∑ 0 (−tεm)^n n! (∫_ℓ x · dζ ( 0 1 1 0 ))n f

= f(x) t^2ε^2m^2 2! ∫_ℓ x (ζ − x)f_ζ dζ + t^4ε^4m^4 4! ∫_ζ x (ζ − x)^3 3! f_ζ dζ + · · · − { tεm 1! ∫_ℓ x f_ζ dζ + t^3ε^3m^3 3! ∫_ℓ x (ζ − x)^2 2! f_ζ dζ + · · · } ( 0 1 1 0 ) .

Selecting as earlier f(x) from a dense set in L^2_{(0,ℓ)}(E^2, dx) such that f^′(x) exists and is in L^2_{(0,ℓ)}(E^2, dx) with f(ℓ) = 0, we obtain after integration by parts

exp { −tεm ∫_ℓ x · dζ ( 0 1 1 0 )} f = − ∫_ℓ x f^′_ζ ∞∑ 0 (tεm)^{2k}(ζ − x)^{2k} (2k)!(2k)! dx

+ ∫_ℓ x f_ζ ∞∑ 0 (tεm)^{2k+1}(ζ − x)^{2k+1} (2k + 1)!(2k + 1)! dζ ( 0 1 1 0 ) .

Further we make use of

J_0(2 √ x) + I_0(2 √ x) = 2 ∞∑ 0 x^{2k} 2k!2k! where I_0(x) is the modified Bessel function of zero order:

I_0(x) = J_0(ix) .

Finally, we have

exp { −tεm ∫_ℓ x · dζ ( 0 1 1 0 )} f = − 1 2 ∫_ℓ x f^′_ζ dζ (17) ( J_0(2 √ tεm(ζ −x)) +I_0(2 √ tεm(ζ − x)); J_0(2 √ tεm(ζ −x)) −I_0(2 √ tεm(ζ − x)) J_0(2 √ tεm(ζ −x)) −I_0(2 √ tεm(ζ −x)); J_0(2 √ tεm(ζ −x)) +I_0(2 √ tεm(ζ −x)) )

A last, using expressions (16) and (17), we determine the form of function F (t, x) (15).

To this end, it is necessary to calculate the following integrals:

(18)

I_1 = ∫_ℓ x J_0(2 √ t(ζ − x)) d dζ ∫_ℓ ζ f^′ηJ_0(2 √ tεm(η − ζ)) dη I_2 = ∫_ℓ x J_0(2 √ t(ζ − x)) d dζ ∫_ℓ ζ f^′_η I_0(2 √ tεm(η − ζ)) dη

To simplify the first of them (the second is calculated simplify) we make use of

integration by parts:

I_1 = ∫_ℓ x f^′_ζ J_0(2 √ tεm(ζ − x)) dζ − ∫_ℓ x dζJ_{−1}(2 √ t(ζ − x)) √ t √ ζ − x ∫_ℓ ζ f^′_ηJ_0(2 √ tεm(η − ζ)) dη = ∫_ℓ x f^′_ζ J_0(2 √ tεm(ζ − x)) dζ − √ t ∫_ℓ x f^′_η dη ∫_ℓ x J_{−1}(2 √ t(ζ − x))J_0(2 √ tεm(η − ζ)) dζ √ ζ − x Using the following formula [1] ∫_t 0 √ τ − 1J_{−1}(α √ τ )J_0(β √ t − τ ) = 2α^{−1}J_0(t √ α^2 + β^2)

we obtain ∫_η x J_{−1}(2 √ t(ζ − x)J_0(2 √ tεm)) dζ √ ζ − x = 1 √ t J_0 ( (η − x)2 √ t + tεm ) .

Thus

(19) I_1 = ∫_ℓ x f^′_ζ { J_0(2 √ tεm(ζ − x)) − J_0 ( (ζ − x)2 √ t + tεm )} dζ .

In a similar manner we obtain

I_2 = ∫_ℓ x f^′_ζ { I_0(2 √ tεm(ζ − x)) − J_0 ( (ζ − x)2 √ t − tεm )} dζ .

Taking into account the expressions (16), (17) and (19), we obtain that the components of vector-function F (t, x) = (F^1(t, x); F^2(t, x)) (13) are as follows: (20)

F^1(t, x) = 1 2 ∫_ℓ x { [∂ζf^1(ζ) + ∂ζf^2(ζ)](J_0(2 √ t(ζ − x)) − J_0((ζ − x)2 √ t + tεm)) + [∂ζf^1(ζ)− ∂ζf^2(ζ)](I_0 (2 √ tεm(ζ −x)) − J_0((ζ −x)2 √ t + tεm)) } dζ F^2(t, x) = 1 2 ∫_ℓ x { [∂ζf^1(ζ) + ∂ζf^2(ζ)](J_0(2 √ t(ζ − x)) − J_0((ζ − x)2 √ t + tεm)) +[∂ζf^1(ζ)− ∂ζf^2(ζ)](I_0(2 √ tεm(ζ −x)) − J_0((ζ −x)2 √ t− tεm)) } dζ Finally it remains to take into account (13): f(t, x) = F (t, x) exp { it ( α β β α )} = F (t, x)e^{itα} ( cos tεβ i sin tεβ i sin tεβ cos tεβ )

hence

(21) f^1(t, x) = e^{itα}[F^1(t, x) cos tεβ + F^2(t, x)i sin tεβ]

f^2(t, x) = e^{itα}[F^1(t, x)i sin tεβ + F^2(t, x) cos tεβ]

Accounting the asymptotic of Bessel function [1] J_0(z) when z → ∞(| arg z| < π) we will obtain that f(t, x) → 0 when t → ∞. So T_t(ε) is asymptotically decaying function and hence V_ε(t − s) = 0.

Theorem 1. The limit correlation function V_ε(t − s) for the stochastic field T_t(ε) = exp it(A_1 + εA_2), when A_1, A_2 have the form (10) (|ε| <^1_m ) is equal to zero V_ε(t − s) = 0. Therefore infinitesimal correlation function W_ε(t, s) has the form

(22) W_ε(t, s) = (1 + εm)Φ^1(t, ε)Φ^1(s, ε) + (1 − εm)Φ^2(t, ε)Φ^2(s, ε)

where it is obvious that

Φ^1(t, ε) = 1 2 ∫_ℓ 0 (f^1(t, x) + f^2(t, x)) dx

Φ^2(t, ε) = 1 2 ∫_ℓ 0 (f^1(t, x) − f^2(t, x)) dx

The Cauchy problem (7) for this case and the function Φ(t, ε) = (Φ^1(t, ε), Φ^2(t, ε)) has the form ∂_εΦ(t, ε) = t { m ( 1 + εm 0 0 εm − 1 ) ∂_t +2i ( (α + β)(1 + εm) 0 0 (α − β)(1 − εm) )} Φ(t, ε) Φ(t, 0) = (Φ^1(t), Φ^2(t))

(23) where Φ(t, 0) is determined by a dissipative process with a spectrum at zero and

(24)

Φ^1(t) = 1 2 ∫_ℓ 0 (f^1(ζ) + f^2(ζ))J_0(2 √ tζ) dζ Φ^2(t) = 1 2 ∫_ℓ 0 (f^1(ζ) − f^2(ζ))J_0(2 √ tζ) dζ

One can write the equation of Cauchy problem (23) in the following form:

(25)

Φ^1_ε = (1 + εm)(mtΦ^1_t + 2i(α + β)Φ^1) Φ^2_ε = (εm − 1)(mtΦ^2_t + 2i(β − α)Φ^2)

where Φ^k_ε = ∂_εΦ^k, Φ^k_t = ∂_tΦ^k, (k = 1, 2); therefore it is necessary to solve in a general form the equation

∂_εΦ = (εm + a)(mt∂_tΦ + ibΦ) ,

where a, b, m ∈ R. It is easy to see that a general solution of this equation has the form Φ(t, ε) = e^{ib4m ((a+εm)2 −2 ln t)}G(2 ln t + (εm + a)^2) where G(x) is an arbitrary differentiable function.

Taking into account the initial condition of the problem (23), it is easy to obtain

(26)

Φ^1(t, ε) = e^{i(α+β)2 ε(εm+4)}Φ^1(e^{2t+ε2 m2 +2εm2} ) Φ^2(t, ε) = e^{i(α−β)2 ε(εm−4)}Φ^2(e^{2t+ε2m2 −2εm2} )

where Φ^k(t) has the form of (24).

Thus, the following theorem is proved.

Theorem 2. The correlation function of stochastic field T_t(ε) for the commutative system of operators A_1, A_2 (10) has the form

K_ε(t, s) = ∫_∞ 0 W_ε(t + τ, s + τ ) dτ

where W_ε(t, s) has the form (22) and Φ^k(t, ε) is represented in the form (26).

References

[1] Erdelyi, A. (ed.), Higher transcendental functions, McGraw-Hill, New York 1953. [2] Kirchev, K. P., On a certain class of non-stationary random processes, Teor. Funkts., Funkts.

Anal. Prilozh., Kharkov 14 (1971), 150–160 (Russian).

[3] Kirchev, K. P., Linear representable random processes, God. Sofij. Univ., Mat. Fak. 66 (1974), 287–306 (Russian).

[4] Kirchev, K. P., Zolotarev, V. A., Nonstationary curves in Hilbert spaces and their correlation functions I, Integral Equations Operator Theory 19 (1994), 270–289.

[5] Kirchev, K. P., Zolotarev, V. A., Nonstationary curves in Hilbert spaces and their correlation functions II, Integral Equations Operator Theory 19 (1994), 447–457.

[6] Livshits, M. S., Yantsevich, A. A., Theory of operator colligation in Hilbert space, Engl. transl.

J. Wiley, N.Y. 1979.

[7] Zolotarev, V. A., On open systems and characteristic functions of commuting operator systems, VINITI 857-79, 1-37 (Russian).

Department of Mathematics, Irbid National University P.O.Box 2600, Irbid, JORDAN E-mail: raedhat@yahoo.com