ARCHIVUM MATHEMATICUM (BRNO) Tomus 38 (2002), 201 – 208

FIXED AND COINCIDENCE POINTS OF HYBRID MAPPINGS

H. K. PATHAK AND M. S. KHAN

Abstract. The purpose of this note is to provide a substantial improvement and appreciable generalizations of recent results of Beg and Azam; Pathak, Kang and Cho; Shiau, Tan and Wong; Singh and Mishra.

In [6], Pathak, Kang and Cho obtained some results improving several known results on coincidence and fixed point theorems. In this note, we wish to provide a substantial improvement of their main results ([6, Theorems 2.1, 2.8, 3.1, 3.2 and 3.3]) by totally disregarding the assumptions of continuity of mappings and replacing the completeness of the space by a set of weaker conditions. In our Theorem 2 we also dropped the weak compatibility requirement from their Theorem 2.1.

Let (X, d) be a metric space. Let (CB(X), H) and (CL(X), H) denote respectively the hyperspaces (cf. Nadler [8]) of nonempty closed bounded subsets of X, and nonempty closed subsets of X, where H is the Hausdorff metric induced by d, i.e., H(A, B) = max{sup_{x∈A} d(x, B), sup_{y∈B} d(y, A)} for all A, B ∈ CB(X) (or CL(X)), where d(x, A) = inf_{y∈A} d(x, y).

It is well known that (CB(X), H) and (CL(X), H) are complete metric spaces, whenever (X, d) is complete. Of course, (CB(X), H) and (CL(X), H) are metric spaces.

The following is the main result of Pathak et. al. [6, Theorem 2.1].

Theorem 1. Let (X, d) be a complete metric space, f : X → X, and T : X → CB(X) be a f-weak compatible continuous mappings such that T (X) ⊂ f(X) and (1) H(T x, T y) ≤ h[a · L(x, y) + (1 − a) · N (x, y)] 2000 Mathematics Subject Classification: 47H10, 54H25, 54C60.

Key words and phrases: coincidence point, fixed point, hybrid fixed points, weak compatibility, multi-valued mappings, asymptotically regular sequence.

Received October 23, 2000.

for all x, y in X, where 0 ≤ h < 1, 0 ≤ a ≤ 1, L(x, y) = max{d(fx, fy), d(fx, T x), d(fy, T y),^1_2 [d(fx, T y) + d(fy, T x)]} and N (x, y) = [max{d^2(fx, fy), d(fx, T x)d(fy, T y), d(fx, T y)d(fy, T x), 1 2 d(fx, T x)d(fy, T x),^1_2 d(fx, T y)d(fy, T y)}]^{12} . Then there exists a point t ∈ X such that ft ∈ T f.

We now improve the above theorem substantially in the following two results. Theorem 2. Let Y be an arbitrary non-empty set, (X, d) a metric space, f : Y → X and T : Y → CL(X) such that T (Y ) ⊂ f(Y ), and (1) is satisfied for all x, y in Y , 0 ≤ h < 1, 0 ≤ a ≤ 1. If one of T (Y ) or f(Y ) is a complete subspace of X, then there exists a point t ∈ Y such that ft ∈ T t.

Proof. Let x_0 ∈ Y be arbitrary. Choose a point x_1 ∈ Y such that fx_1 ∈ T x_0. This choice is permissible since T x_0 ⊂ f(Y ). If h = 0, we obtain d(fx_1, T x_1) ≤ k · H(T x_0, T x_1) = 0, i.e., fx_1 ∈ T x_1 since fx_1 is closed. This is what we required to prove. Assume that 0 < h < 1 and set k =^{1√}_h . By Nadler’s remark in [7], we may choose a point x_2 ∈ Y such that d(fx_2, fx_1) ≤ k · H(T x_1, T x_0). In general, having chosen x_n ∈ Y , we may choose x_{n+1} ∈ Y such that fx_{n+1} ∈ T x_n and d(fx_{n+1}, fx_n) ≤ kH(T x_n, T x_{n−1}), n = 1, 2, . . .. Now setting x = x_{n+1} and y = x_n in (1), it can be easily verified that {fx_n} is a Cauchy sequence in f(Y ).

If f(Y ) is a complete subspace of X, then {fx_n} has a limit in f(Y ). Call it μ. Let t ∈ f^{−1}μ. Then ft = μ. By (1), d(fx_{n+1}, T t) ≤ H(T x_n, T t) ≤ h [ a · max{d(fx_n, ft), d(fx_n, T x_n), d(ft, T t),^1_2 [d(fx_n, T t) + d(ft, T x_n)]} + (1 − a) max{d^2(fx_n, ft), d(fx_n, T x_n) · d(ft, T t), d(fx_n, T t) · d(ft, T x_n), 1 2 d(fx_n, T x_n) · d(ft, T x_n),^1_2 d(fx_n, T t) · d(ft, T t)}^{12} ] ≤ h [ a · max{d(fx_n, ft), d(fx_n, fx_{n+1}), d(ft, T t),^1_2 [d(fx_n, T t) + (ft, fx_{n+1})]} + (1 − a){max{d^2(fx_n, ft), d(fx_n, fx_{n+1}) · d(ft, T t), d(fx_n, T t) · d(ft, fx_{n+1}), 1 2 d(fx_n, fx_{n+1}) · d(ft, fx_{n+1}),^1_2 d(fx_n, T t)d(ft, T t)}^{12} ] . Passing the limits as n → ∞ we have d(ft, T t) ≤ h · [ a · d(ft, T t) + (1 − a) √ 2 · d(ft, T t) ] . Since h · [ a +^{1−a√}_2 ] < 1, it follows that ft ∈ T t. When T (Y ) is a complete subspace of X, by noting the fact that T (Y ) ⊂ f(Y ), this case essentially pertains to the previous case. This completes the proof. □ Recall that a point z ∈ X is a hybrid fixed point of f : X → X and T : X → CL(X) if fz ∈ T fz. We are now in a position to state and prove a hybrid fixed point theorem from Theorem 2.

Theorem 3. Let (X, d) be a metric space, f : X → X and T : X → CL(X) such that T (X) ⊂ f(X), and (1) is satisfied for all x, y ∈ X, 0 ≤ h < 1, 0 ≤ a ≤ 1. If T (X) or f(X) is a complete subspace of X, then there exists a point t ∈ X such that ft ∈ T t. Further, if T is a f-weakly compatible and either f(ft) = ft, or t ∈ T t, then f and T have a common fixed point, indeed, ft ∈ T ft.

Proof. By Theorem 2 (when Y = X), there exists a point t ∈ X such that ft ∈ T t. If T is f-weakly compatible, then by Lemma 2.6 [6], fT t = T ft.

Now, if f(ft) = ft, then ft ∈ T t implies f(ft) ∈ f(T t) = T ft. Thus, if f(ft) = ft, then ft is a fixed point of T .

Again, if t ∈ T t, then ft ∈ fT t = T ft; i.e., ft is a fixed point of T . Hence, in either case, t is a common fixed point of f and T . It is pertinent to say that Theorem 3 above has a big potential for applications to Pareto type of maximization problems. In fact, Corley [3, Theorem 1] has shown that a hybrid fixed point is a maximal in certain Pareto maximization problems (see, [3, p. 529]). The following is an extension of the main results of Das and Naik [4, Theorem 2.1] and Pathak [5, Theorem 4].

Theorem 4 ([6, Theorem 2.8]). Let (X, d) be a complete metric space, and let f, T : X → X be f-weak compatible mappings such that T (X) ⊂ f(X) and (2) d(T x, T y) ≤ h [ a · L(x, y) + (1 − a)N (x, y) ]

for all x, y in X, where 0 ≤ h < 1, 0 ≤ a ≤ 1, L(x, y) = max{d(fx, fy), d(fx, T x), d(fy, T y), d(fx, T y), d(fy, T x)} and N (x, y) = [ max{d^2(fx, fy), d(fx, T x) · d(fy, T y), d(fx, T y) · d(fy, T x), d(fx, T x) · d(fy, T x), d(fy, T y) · d(fx, T y)} ] 1_2 . If one of f or T is continuous, then there exists a unique common fixed point of f and T .

We improve the above theorem by removing the assumptions of continuity of either f or T and replacing the completeness of the space X by a set of weaker conditions as follows.

Theorem 5. Let (X, d) be a metric space and let f, T : X → X be such that T (X) ⊂ f(X) and (2) is satisfied for all x, y ∈ X and 0 ≤ h < 1, 0 ≤ a ≤ 1. If one of T (X) or f(X) is a complete subspace of X, then there exists a point t ∈ X such that ft = T t. Further,

(i) if there exist v, w ∈ X such that fv = T v and fw = T w, then fv = fw, (ii) if T is f-weak compatible, then f and T have a unique common fixed point.

Proof. Let x_0 ∈ X be arbitrary. Following the proof technique of [4], [5] and [6], we find a Cauchy sequence {fx_n} in f(X) where T x_n = fx_{n+1}, n = 0, 1, 2, . . .. If f(X) is complete, then {fx_n} has a limit in f(X) say u. Let t ∈ f^{−1}u so that ft = u. The construction of {T x_n} shows that it also converges to ft. Setting x = x_n and y = t in (2) and passing the limit as n → ∞, we obtain d(ft, T t) ≤ h[a · d(ft, T t) + (1 − a) d(ft, T t)]. So ft = T t. Now assume that v, w ∈ X are such that fv = T v and fw = T w, then by (2), d(fv, fw) = d(T v, T w) ≤ h · [ad(fv, fw) + (1 − a) d[fv, fw)] , and so fv = fw. This proves (i).

Finally, if T is f-weak compatible, then appealing to the Lemma 2.6 of [6], fT t = T ft. Since ft = T t, it follows that fft = fT t = T ft, and so ft is a coincidence point of f and T . Therefore by (i), we have ft = fft proving that ft is a common fixed point of f and T . By using (2), the uniqueness of the common fixed point can be easily verified.

Let Y be an arbitrary non-empty set, (X, d) a metric space, f : Y → X and T : Y → CL(X) such that T (Y ) ⊂ f(Y ) satisfying the following condition: (3) H^r(T x, T y) ≤ α_1(d(fx, T x))d^r(fx, T x) + α_2(d(fy, T y))d^r (fy, T y) for all x, y ∈ Y , where α_i : R → [0, 1) (i = 1, 2) and r is some fixed positive real number.

If there exists a sequence {x_n} in Y such that lim_{n→∞} d(fx_n, T x_n) = 0, then {x_n} is said to be asymptotically T -regular with respect to f. If Y = X and f = id_X (the identity map on X), then the sequence {x_n} ⊂ X is said to be asymptotically T -regular. □

We now state and prove the following theorem which improves the corresponding result of Pathak, Kang and Cho [6, Theorem 3.1].

Theorem 6. Let Y be an arbitrary non-empty set, (X, d) a metric space, f : Y → X and T : Y → CL(X) such that T (Y ) ⊂ f(Y ) and (3) is satisfied for all x, y in Y , where α_i : R → [0, 1) and r is some fixed positive real number. If one of T (Y ) or f(Y ) is a complete subspace of X and if there exists an asymptotically T -regular sequence {x_n} with respect to f in Y , then there exists a point x^∗ ∈ Y such that fx^∗ ∈ T x^∗. Moreover, T x_n → T x^∗ as n → ∞.

Proof. Suppose f(Y ) is a complete subspace of X. By (3), H^r(T x_n, T x_m) ≤ α_1(d(fx_n, T x_n))d^r(fx_n, T x_n) + α_2(d(fx_m, T x_m))d^r(fx_m, T x_m) . Here right hand side tends to 0 → as n, m, → ∞.

This show that {T x_n} is a Cauchy sequence in T (Y ), but T (Y ) ⊂ f(Y ) and f(Y ) is complete. It follows that {T x_n} is a Cauchy sequence in a complete metric space (T (Y ), H). Hence there exists K^∗ ∈ CL(X) such that H(T x_n, K^∗) → 0 as n → ∞. Suppose k^∗ ∈ K^∗, and let x^∗ ∈ F^{−1}(k^∗), then fx^∗ = k^∗ ∈ K^∗. Again, by (3) d(fx^∗, T x^∗) ≤ H^r(K^∗, T x^∗) ≤ lim_{n→∞} H^r (T x_n, T x^∗) ≤ lim_{n→∞}[α_1(d(fx_n, T x_n))d^r (fx_n, T x_n) + α_2(d(fx^∗, T x^∗))d^r(fx^∗, T x^∗)] = α_2(d(fx^∗, T x^∗))d^r(fx^∗, T x^∗) , which yields (1 − α_2(d(fx^∗, T x^∗)))d^r(fx^∗, T x^∗) ≤ 0, i.e., d(fx^∗, T x^∗) = 0, and so fx^∗ ∈ T x^∗. Now

H^r(K^∗, T x^∗) = lim_{n→∞} H^r(x_n, T x^∗) ≤ α_2 ( d(fx^∗, T x^∗) ) d^r(fx^∗, T x^∗) ≤ d^r(fx^∗, T x^∗) = 0 . Thus, we obtain T x^∗ = K^∗ = lim_{n→∞} T x_n. The other case, when T (Y ) is a complete subspace of X, essentially pertain to the previous case as T (Y ) ⊂ f(Y ). This completes the proof. □

Remark. If Y = X and f = id_x (the identity map of X), then we conclude from the above theorem that T has a fixed point x^∗ in X. Moreover, T x_n → T x^∗ as n → ∞. Hence our result is a substantial generalization of the corresponding Theorem 3.1 of Pathak, Kang and Cho [6].

Our next result improves Theorem 3.2 of Pathak, Kang and Cho [6].

Theorem 7. Let Y be an arbitrary non-empty set, (X, d) a metric space, f : Y → X, T : Y → CL(X) such that T (Y ) ⊂ f(Y ) and (3) is satisfied for all x, y in Y , where α_i : R → [0, 1) and r is some fixed positive real number. If one of T (Y ) or f(Y ) is a complete subspace of X and there exists an asymptotically T -regular sequence {x_n} in Y with respect to f and T x_n is compact, for all n ∈ N , then there exists a point t ∈ Y such that ft ∈ T t.

Proof. Let y_n ∈ T x_n be such that d(fx_n, y_n) = d(fx_n, T x_n). Since this sequence {x_n} in Y is asymptotically T -regular with respect to f, it follows that a cluster point of {fx_n} is cluster point of {fx_n} and {y_n}. Suppose that y^∗ is such a cluster point of {fx_n} and {y_n}. Then as in Theorem 6, there exists a point x^∗ ∈ Y such that fx^∗ ∈ T x^∗. Now by (3)

d^r(y^∗, T x^∗) ≤ lim_{n→∞} H^r (T x_n, T x^∗) ≤ lim_{n→∞} [ α_1(d(fx_n, T x_n))d^r(fx_n, T x_n) + α_2(d(fx^∗, T x^∗))d^r(fx^∗, T x^∗) ] = lim_{n→∞} [ α_1(d(fx_n, T x_n))d^r(fx_n, T x_n) ] , which implies that y^∗ ∈ T x^∗. Let t ∈ f^{−1}y^∗. Then ft = y^∗. By (3) again, we have d^r(y^∗, T t^∗) ≤ H^r(T x^∗, T t) ≤ α_1(d(fx^∗, T x^∗))d^r(fx^∗, T x^∗) + α_2(d(ft, T t))d^r (ft, T t) , which implies that (1 − α_2(d(ft, T t)))d^r(ft, T t) ≤ 0 . We, therefore, have ft ∈ T t. This completes the proof. □

Remark 2. If Y = X and f = id_x (the identity map of X), then we conclude from the above theorem that each cluster point of {x_n} is a fixed point of T , indeed, y^∗ ∈ T y^∗. Thus, our Theorem 7 is a legitimate and appreciable generalization of corresponding Theorem 3.2 of Pathak, Kang and Cho [6].

Theorem 8. Let Y be an arbitrary non-empty set, (X, d) a metric space, f : Y → Xand T : Y → CL(X) such that T (Y ) ⊂ f(Y ) and (3) is satisfied for all x, y in Y with α_1(d(fx, T x)) + α_2(d(fy, T y)) ≤ 1. If inf{d(fx, T x) : x ∈ Y } = 0, then there exists a point t ∈ Y such that ft ∈ T t.

Proof. By virtue of Theorem 7, it suffices to show that there exists an asymptotically T -regular sequence {x_n} in Y with respect to f.

Pick x_0 ∈ X and consider a sequence {x_n} ⊂ Y such that fx_n ∈ T x_{n−1} for all n ∈ N . By (3), d^r(fx_n, T x_n) ≤ H^r (T x_{n−1}, T x_n) ≤ α_1(d(fx_{n−1}, T x_{n−1}))d^r (fx_{n−1}, T x_{n−1}) + α_2(d(fx_n, T x_n))d^r (fx_n, T x_n)

i.e. d^r(fx_n, T x_n) ≤ α_1(d(fx_{n−1}, T x_{n−1})) 1 − α_2(d(fx_n, T x_n)) d^r(fx_{n−1}, T x_{n−1}) ≤ d^r(fx_{n−1}, T x_{n−1}) . It follows from the above inequality that the sequence {d(fx_n, T x_n)} is decreasing. Therefore, d(fx_n, T x_n) → inf{d(fx_n, T x_n) : n ∈ N }, and so d(fx_n, T x_n) → 0. Hence {x_n} is asymptotically T -regular with respect to f. This completes the proof. □

Remark 3. If Y = X and f = id_x (the identity map of (X)), then we conclude from the above theorem that T has a fixed point in X. Thus, our Theorem 8 is a proper generalization of corresponding Theorem 3.3 of Pathak, Kang and Cho [6].

Finally, we conclude that our Theorems 6, 7 and 8 also generalize the main results of Shiau, Tan and Wong [9], and Beg and Azam [1, 2]. In these theorems, we have dropped the hypothesis of compactness of T x (cf. Theorem 1 in [9]). Moreover, we have consider the domain of our mappings an arbitrary set rather than a metric space. This shows the very general nature of our results in contrast to other known results in the literature.

Moreover, the following example give an insight view of our results and applicable superiority over those of [6]. We call the sequence {fx_n} (resp. {T x_n}) constructed in the proof of Theorem 5 as orbit of f with respect to T (resp. the orbit of T with respect to f) (see also, [10] for the motivation of the following examples).

Example 1. Let Y = X = {x : 0 ≤ x ≤ 1, x ∈ Q} be endowed with the usual metric. Let T x = {0, 1}, fx = 1 − x, x ∈ X, then T (X) = {0, 1} ⊂ f(X) = X. It is easy to see that all the hypothesis of Theorem 2 are satisfied and ft ∈ T t, t = 0, 1. However, Theorem 1 can not be applied as X is not complete. Note that T (X) = {0, 1} is complete.

The multiple functions play significant role in several branches of mathematics. In particular, the doubling function D (cf. below) finds significance in chaotic dynamical theory (see, e.g. Devaney [11, p. 24]). We now introduce an auxillary function T to make the orbit of D with respect to T behave nicely (refer to Theorem 5).

Example 2. Let X = [0, 1] be endowed with the usual metric. Let D, T : X → X be defined by

Dx = 2x mod 1 and T x = {_{x4} if 0 ≤ x ≤^1_2 x 4 −^1_8 if^1_2 ≤ x ≤ 1 .

Then T (X) = [ 0,^1_8 ] ⊂ D(X) = X, and |T x−T y| = (_1 8 ) |Dx−Dy| for all x, y ∈ X. Clearly, Theorem 5 applies and 0 is the unique common fixed point of T and D. Moreover, the orbit of D with respect to T for any x_0 ∈ X; i.e., the sequence {Dx_n : Dx_n = T x_{n−1}, n = 1, 2, . . .} converges to 0. In particular, if 0 ≤ x_0 <^1_2 , then Dx_n =^{2x0}_{8n} , n = 1, 2, . . .. However, it is interesting to note that Theorem 4 cannot be applied to T and f = D, since both the mappings are discontinuous.

References

[1] Beg, I. and Azam, A., Fixed point theorems for Kannan mappings, Indian J. Pure and Appl.

Math. 17 (11) (1986), 1270–1275.

[2] Beg, I. and Azam, A., Fixed points of asymptotically regular multivalued mappings, J. Austral. Math. Soc. (Series A) 50 (1992), 313–326.

[3] Conley, H. W., Some hybrid fixed point theorems related to optimization, J. Math. Anal.

Appl. 120 (2) (1986), 528–532.

[4] Das, K. M. and Naik, K. V., Common fixed point theorems for commuting maps on a metric space, Proc. Amer. Math. Soc. 77 (1979), 369–373.

[5] Pathak, H. K., Fixed point theorem for weak compatible multi-valued and single-valued mappings, Acta Math. Hungar. 67 (1-2) (1995), 69–78.

[6] Pathak, H. K., Kang, S. M. and Cho, Y. J., Coincidence and fixed point theorems for nonlinear hybrid generalized contractions, Czechoslovak Math. J. 48 (123) (1998), 341–357.

[7] Nadler, S. B., Jr., Multi-valued contraction mappings, Pacific J. Math. 20 (1989), 475–488. [8] Nadler, S. B., Jr., Hyperspaces of sets, Marcel Dekker, NY, 1978.

[9] Shiau, C., Tan, K. K. and Wong, C. S., A class of quasi-nonexpansive multi-valued maps, Canad. Math. Bull. 18 (1975), 707–714.

[10] Singh, S. L. and Mishra, S. N., Some remarks on concidencees and fixed points, C. R. Math.

Rep. Acad. Sci. Canad. 18 (2-3) (1996), 66–70.

[11] Devaney, R. L., A first course in chaotic dynamical systems: Theory and experiment, Addison-Wesley 1992.

H. K. Pathak Department of Mathematics Kalyan Mahavidyalaya Bhilai Nagar – 490006 (C. G.), INDIA

M. S. Khan Department of Mathematics and Statistics College of Science, Sultan Qaboos University P.O.Box 36, Al-Khoud 123 Muscat, OMAN E-mail: mohammad@squ.edu.om