ARCHIVUM MATHEMATICUM (BRNO) Tomus 38 (2002), 219 – 226

COMMON FIXED POINT THEOREMS FOR FUZZY MAPPINGS

R. A. RASHWAN AND M. A. AHMED

Abstract. In this paper, we prove common fixed point theorems for fuzzy mappings satisfying a new inequality initiated by Constantin [6] in complete metric spaces.

1. Introduction

In 1922, the Polish mathematician, Banach, proved a theorem which ensures, under appropriate conditions, the existence and uniqueness of a fixed point. His result is called Banach’s fixed point theorem or the Banach contraction principle. This theorem is also applied to show the existence and uniqueness of the solutions of differential equations, integral equations and many other applied mathematics. Many authors have extended, generalized and improved Banach’s fixed point theorem in different ways. Markin [11] and Nadler [12] initiated independently the extension of the Banach contraction principle to multivalued mappings. In the last few decades several results on fixed points of contractive-type multivalued mappings have appeared in Beg and Azam [2], Iseki [9], Popa [15] and Singh and Whitfield [20] and others.

The theory of fuzzy sets was introduced by Zadeh in 1965 [22]. Heilpern [7] first introduced the concept of fuzzy mappings and proved a fixed point theorem for fuzzy mappings. Since then, many fixed point theorems for fuzzy mappings have been obtained by many authors (see, e.g., [1, 3-5, 10, 13, 14, 16-19, 21]).

Motivated and inspired by the works of Arora and Sharma [1], Constantin [6] and Park and Jeong [13], the purpose of this paper is to prove some common fixed point theorems for fuzzy mappings satisfying new contractive-type condition of Constantin [6] in complete metric linear spaces. Our results are the fuzzy extensions of some theorems in [2, 9, 15, 20]. Also, our results generalize the results of Arora and Sharma [1], Heilpern [7] and Park and Jeong [13].

2000 Mathematics Subject Classification: 47H10, 54A40. Key words and phrases: fuzzy sets, fuzzy mappings, fixed point. Received December 13, 2000.

2. Preliminaries We cite briefly some definitions and terminologies from [1, 7, 10, 13, 16, 17, 19].

Let (X, d) be a metric linear space. A fuzzy set in X is a function with domain X and values in [0, 1]. If A is a fuzzy set and x ∈ X, then the function values A(x) is called the grade of membership of x in A. The α-level set of A, denoted by A_α, is defined by A_α = {x : A(x) ≥ α} if α ∈ (0, 1] , A_0 = {x : A(x) ≥ 0} ,

where B denotes the closure of the set B.

Definition 2.1. A fuzzy set A in X is said to be an approximate quantity iff A_α is compact and convex in X for each α ∈ [0, 1] and sup_{x∈X} A(x) = 1.

Let ℑ(X) be the collection of all fuzzy sets in X and W (X) be a subcollection of all approximate quantities.

Definition 2.2. Let A, B ∈ W (X), α ∈ [0, 1]. Then p_α(A, B) = inf_{x∈Aα,y∈Bα} d(x, y) , δ_α(A, B) = sup x∈A_α,y∈B_α d(x, y) , D_α(A, B) = H(A_α, B_α) , where H is the Hausdorff distance metric in the collection CP (X) of all nonempty compact subsets of X, p(A, B) = sup_α p_α(A, B) , δ(A, B) = sup_α δ_α(A, B) and D(A, B) = sup_α D_α(A, B) . It is noted that p_α is nondecreasing function of α.

Definition 2.3. Let A, B ∈ W (X). Then A is said to be more accurate than B (or B includes A), denoted by A ⊂ B, iff A(x) ≤ B(x) for each x ∈ X.

The relation ⊂ induces a partial order on W (X).

Definition 2.4. Let X be an arbitrary set and Y be any metric linear space. F is said to be a fuzzy mapping iff F is a mapping from the set X into W (Y ), i.e., F (x) ∈ W (Y ) for each x ∈ X.

A fuzzy mapping F is a fuzzy subset on X × Y with membership function F (x)(y). The function F (x)(y) is the grade of membership of y in F (x).

Lemma 2.1 [7]. Let x ∈ X, A ∈ W (X), and {x} be a fuzzy set with membership function equal to a characteristic function of the set {x}. Then {x} ⊂ A if and only if p_α(x, A) = 0 for each α ∈ [0, 1].

Lemma 2.2 [7]. p_α(x, A) ≤ d(x, y) + p_α(y, A) for any x, y ∈ X. Lemma 2.3 [7]. If {x_0} ⊂ A then p_α(x_0, B) ≤ D_α(A, B) for each B ∈ W (X). Proposition 2.1 [10]. Let (X, d) be a complete metric linear space and F : X → W (X) be a fuzzy mapping and x_0 ∈ X. Then there exists x_1 ∈ X such that {x_1} ⊂ F (x_0).

Proposition 2.2 [12]. If A, B ∈ CP (X) and a ∈ A, then there exists b ∈ B such that d(a, b) ≤ H(A, B) . 3. Fixed point theorems Following Constantin [6], we consider the set G of all continuous functions g : [0, ∞)^5 → [0, ∞) with the following properties:

(i) g is nondecreasing in the 2^{nd}, 3^{th}, 4^{th} and 5^{th} variable, (ii) if u, v ∈ [0, ∞) are such that u ≤ g(v, v, u, u + v, 0) or u ≤ g(v, u, v, 0, u + v) then u ≤ hv where 0 < h < 1 is a given constant,

(iii) if u ∈ [0, ∞) is such that u ≤ g(u, 0, 0, u, u), then u = 0. Now, we are ready to prove our main theorems.

Theorem 3.1. Let X be a complete metric linear space and let F_1 and F_2 be fuzzy mappings from X into W (X). If there is a g ∈ G such that for all x, y ∈ X D(F_1(x), F_2(y)) ≤ g(d(x, y), p(x, F_1(x)), p(y, F_2(y)), p(x, F_2(y)), p(y, F_1(x))) , then there exists z ∈ X such that {z} ⊂ F_1(z) and {z} ⊂ F_2(z).

Proof. Let x_0 ∈ X. Then by Proposition 2.1 there exists an x_1 ∈ X such that {x_1} ⊂ F_1(x_0). From Proposition 2.1, there exists x_2 ∈ (F_2(x_1))_1. Since

(F_1(x_0))_1, (F_2(x_1))_1 ∈ CP (X) ,

then by Proposition 2.2 we obtain

d(x_1, x_2) ≤ D_1(F_1(x_0), F_2(x_1)) ≤ D(F_1(x_0), F_2(x_1))

≤ g(d(x_0, x_1), p(x_0, F_1(x_0)), p(x_1, F_2(x_1)), p(x_0, F_2(x_1)), p(x_1, F_1(x_0))) ≤ g(d(x_0, x_1), d(x_0, x_1), d(x_1, x_2), d(x_0, x_1) + d(x_1, x_2), 0) ,

and hence d(x_1, x_2) ≤ hd(x_0, x_1). Again

d(x_2, x_3) ≤ hd(x_1, x_2) .

By induction, we produce a sequence (x_n) of points of X such that for k ≥ 0, {x_{2k+1}} ⊂ F_1(x_{2k}) , {x_{2k+2}} ⊂ F_2(x_{2k+1}) and d(x_n, x_{n+1}) ≤ hd(x_{n−1}, x_n) ≤ · · · ≤ h^nd(x_0, x_1) . Furthermore, for m > n,

d(x_n, x_m) ≤ d(x_n, x_{n+1}) + d(x_{n+1}, x_{n+2}) + · · · + d(x_{m−1}, x_m) ≤ {h^n + h^{n+1} + · · · + h^{m−1}}d(x_0, x_1) ≤ h^n 1 − h d(x_0, x_1) .

It follows that (x_n) is a Cauchy sequence in X. Since X is complete, there exists z ∈ X such that lim_{n→∞} x_n = z. Next, we show that {z} ⊂ F_i(z), i = 1, 2. Now by Lemma 2.2, p_0(z, F_2(z)) ≤ d(z, x_{2n+1}) + p_0(x_{2n+1}, F_2(z)) .

Then by Lemma 2.3, p(z, F_2(z)) ≤ d(z, x_{2n+1}) + D(F_1(x_{2n}), F_2(z)) ≤ d(z, x_{2n+1}) + g ( d(x_{2n}, z), p(x_{2n}, F_1(x_{2n})), p(z, F_2(z)), p(x_{2n}, F_2(z)), p(z, F_1(x_{2n})) ) ≤ d(z, x_{2n+1}) + g ( d(x_{2n}, z), d(x_{2n}, x_{2n+1}), p(z, F_2(z)), p(x_{2n}, F_2(z)), d(z, x_{2n+1}) ) ≤ d(z, x_{2n+1}) + g ( d(x_{2n}, z), d(x_{2n}, x_{2n+1}), p(z, F_2(z)), p(x_{2n}, F_2(z)), d(z, x_{2n+1}) ) . As n → ∞, we have p(z, F_2(z)) ≤ g ( 0, 0, p(z, F_2(z)), p(z, F_2(z)), 0 ) , and hence p(z, F_2(z)) = 0 by (ii). So by Lemma 2.1, we get {z} ⊂ F_2(z). Similarly, it can be shown that {z} ⊂ F_1(z). □ As corollaries of Theorem 3.1, we have the following:

Corollary 3.1 [13; Theorem 3.1]. Let X be a complete metric linear space and let F_1 and F_2 be fuzzy mappings from X into W (X). If there exists a constant α, 0 ≤ α < 1, such that for each x, y ∈ X,

D(F_1(x), F_2(y))

≤ α max { d(x, y), p(x, F_1(x)), p(y, F_2(y)), 1 2 [ p(x, F_2(y)) + p(y, F_1(x)) ]} , then there exists z ∈ X such that {z} ⊂ F_1(z) and {z} ⊂ F_2(z). Proof. We consider the function g : [0, ∞)^5 → [0, ∞) defined by g(x_1, x_2, x_3, x_4, x_5) = α max{x_1, x_2, x_3, 1 2 [x_4 + x_5]} .

Since g ∈ G we can apply Theorem 3.1 and obtain Corollary 3.1. □

Corollary 3.2 [13; Theorem 3.2]. Let X be a complete metric linear space and let F_1 and F_2 be fuzzy mappings from X into W (X) satisfying

D(F_1(x), F_2(y)) ≤ k[p(x, F_1(x))p(y, F_2(y))]^{12} , for all x, y ∈ X and 0 < k < 1. Then there exists z ∈ X such that {z} ⊂ F_1(z) and {z} ⊂ F_2(z). Proof. We consider the function g : [0, ∞)^5 → [0, ∞) defined by

g(x_1, x_2, x_3, x_4, x_5) = k[x_2x_3]^{12} .

Since g ∈ G we can apply Theorem 3.1 and obtain Corollary 3.2. □ Corollary 3.3 [13; Theorem 3.4]. Let X be a complete metric linear space and let F_1 and F_2 be fuzzy mappings from X into W (X) such that

D(F_1(x), F_2(y)) ≤ α p(y, F_1(y))[1 + p(x, F_2(x))] 1 + d(x, y) + βd(x, y) , for all x ≠ y, α, β > 0, and α + β < 1. Then there exists z ∈ X such that {z} ⊂ F_1(z) and {z} ⊂ F_2(z). Proof. We consider the function g : [0, ∞)^5 → [0, ∞) defined by

g(x_1, x_2, x_3, x_4, x_5) = αx_3[1 + x_2] 1 + x_1

+ βx_1 .

Since g ∈ G we can apply Theorem 3.1 and obtain Corollary 3.3. □ Corollary 3.4 [1; Theorem 3.2]. Let X be a complete metric linear space and let F_1 and F_2 be fuzzy mappings from X into W (X). If there exists a constant q, 0 ≤ q < 1, such that for each x, y ∈ X,

D(F_1(x), F_2(y)) ≤ q max{d(x, y), p(x, F_1(x)), p(y, F_2(y)), p(x, F_2(y)), p(y, F_1(x))} , then there exists z ∈ X such that {z} ⊂ F_1(z) and {z} ⊂ F_2(z). Proof. We consider the function g : [0, ∞)^5 → [0, ∞) defined by g(x_1, x_2, x_3, x_4, x_5) = q max{x_1, x_2, x_3, x_4, x_5} .

Since g ∈ G we can apply Theorem 3.1 and obtain Corollary 3.4. □ The following Corollary is a fuzzy version of the fixed point theorem for multivalued mappings of Iseki [9].

Corollary 3.5. Let X be a complete metric linear space and let F_1 and F_2 be fuzzy mappings from X into W (X). If for each x, y ∈ X, such that D(F_1(x), F_2(y))

≤ α[p(x, F_1(x)) + p(y, F_2(y))] + β[p(x, F_2(y)) + p(y, F_1(x))] + γd(x, y) where α, β, γ are nonnegative and 2α + 2β + γ < 1. Then there exists z ∈ X such that {z} ⊂ F_1(z) and {z} ⊂ F_2(z).

Proof. We consider the function g : [0, ∞)^5 → [0, ∞) defined by g(x_1, x_2, x_3, x_4, x_5) = α[x_2 + x_3] + β[x_4 + x_5] + γx_1 .

Since g ∈ G we can apply Theorem 3.1 and obtain Corollary 3.5. □ The following Corollary is a fuzzy version of the fixed point theorem for multivalued mappings of Singh and Whitfield [20].

Corollary 3.6. Let X be a complete metric linear space and let F_1 and F_2 be fuzzy mappings from X into W (X). If there exists a constant α, 0 ≤ α < 1, such that for each x, y ∈ X,

D(F_1(x), F_2(y)) ≤ α max{d(x, y), 1 2 [p(x, F_1(x)) + p(y, F_2(y))], 1 2 [p(x, F_2(y)) + p(y, F_1(x))]} ,

then there exists z ∈ X such that {z} ⊂ F_1(z) and {z} ⊂ F_2(z). Proof. We consider the function g : [0, ∞)^5 → [0, ∞) defined by

g(x_1, x_2, x_3, x_4, x_5) = α max{x_1, 1 2 [x_2 + x_3], 1 2 [x_4 + x_5]} .

Since g ∈ G we can apply Theorem 3.1 and obtain Corollary 3.6. □ Remark 3.1. If there is a g ∈ G such that for all x, y ∈ X

δ(F_1(x), F_2(y)) ≤ g ( d(x, y), p(x, F_1(x)), p(y, F_2(y)), p(x, F_2(y)), p(y, F_1(x)) ) , then the conclusion of Theorem 3.1 remains valid. This result is considered as a special case of Theorem 3.1 because D(F_1(x), F_2(y)) ≤ δ(F_1(x), F_2(y)) [8; page 414]. Moreover, this result generalize Theorem 3.3 of Jeong and Park [13].

The following theorem extends Theorem 3.1 to a sequence of fuzzy mappings: Theorem 3.2. Let X be a complete metric linear space and let {F_n : n ∈ Z^+} be fuzzy mappings from X into W (X). If there is a g ∈ G such that for all x, y ∈ X D(F_0(x), F_n(y)) ≤ g ( d(x, y), p(x, F_0(x)), p(y, F_n(y)), p(x, F_n(y)), p(y, F_0(x)) ) , then there exists a common fixed point of the family {F_n : n ∈ Z^+}.

Proof. From Theorem 3.1, we get a common fixed point x_i, i = 1, 2, . . ., for each pair (F_0, F_i), i = 1, 2, . . . .

Applying Lemma 2.2, one can have that

p_α(x_i, F_0x_i) = P_α(x_i, F_i(x_i) = 0 ,

for all i = 1, 2, . . .. Thus one can deduce from Lemma 2.3, for i ≠ j, that

d(x_i, x_j) = p_α(x_i, F_j(x_j) ≤ D_α(F_i(x_i), F_j(x_j)) ≤ D(F_i(x_i), F_j(x_j)) ≤ g ( d(x_i, x_j), p(x_i, F_i(x_i)), p(x_j, F_j(x_j)), p(x_i, F_j(x_j )), p(x_j, F_i(x_i)) ) = g ( d(x_i, x_j), 0, 0, d(x_i, x_j), d(x_i, x_j) ) , and hence d(x_i, x_j) = 0 by (iii), i.e., x_i = x_j for all i ≠ j. □

Corollary 3.7 [1; Theorem 3.4]. Let X be a complete metric linear space and let {F_n : n ∈ Z^+} be fuzzy mappings from X into W (X). If for each x, y ∈ X, q ∈ ( 0,^1_2 ) , n = 1, 2, . . ., such that

D(F_0(x), F_i(y)) ≤ q max{d(x, y), p(x, F_0(x)), p(y, F_i(y)), p(x, F_i(y)), p(y, F_0(x))} . Then there exists a common fixed point of the family {F_n : n ∈ Z^+}.

Acknowledgement. We wish to thank Prof. B. E. Rhoades at Indiana University (U.S.A.) for his critical reading of the manuscript and his valuable comments.

References

[1] Arora, S. C., Sharma, V., Fixed point theorems for fuzzy mappings, Fuzzy Sets and Systems 110 (2000), 127–130.

[2] Beg, I., Azam, A., Fixed points of asymptotically regular multivalued mappings, J. Austral.

Math. Soc. 53 (1992), 313–326.

[3] Bose, R. K., Sahani, D., Fuzzy mappings and fixed point theorems, Fuzzy Sets and Systems 21 (1987), 53–58.

[4] Chang, S.-S., Fixed point theorems for fuzzy mappings, Fuzzy Sets and Systems 17 (1985), 181–187.

[5] Chitra, A., A note on the fixed point theorems for fuzzy mappings, Fuzzy Sets and Systems 19 (1986), 305–308.

[6] Constantin, A., Common fixed points of weakly commuting mappings in 2-metric spaces, Math. Japonica 36, No. 3 (1991), 507–514.

[7] Heilpern, S., Fuzzy mappings and fixed point theorem, J. Math. Anal. Appl. 83 (1981), 566–569.

[8] Hicks, T. L., Multivalued mappings on probabilistic metric spaces, Math. Japon. 46, No.

3 (1997), 413–418.

[9] Iseki, K., Multi-valued contraction mappings in complete metric spaces, Rend. Sem. Mat.

Univ. Padova 53 (1975), 15–19.

[10] Lee, B. S., Cho, S. J., A fixed point theorems for contractive type fuzzy mappings, Fuzzy Sets and Systems 61 (1994), 309–312.

[11] Markin, J., A fixed point theorem for set valued mappings, Bull. Amer. Math. Soc. 74 (1968), 639–640.

[12] Nadler, S. B., Multivalued contraction mappings, Pacific J. Math. 30 (1969), 475–488. [13] Park, J. Y., Jeong, J. U., Fixed point theorems for fuzzy mappings, Fuzzy Sets and Systems 87 (1997), 111–116.

[14] Pathak, H. K., Khan, M. S., Fixed points of fuzzy mappings under Caristi-Kirk type condition, J. Fuzzy Math. 6, No. 1 (1998), 119–126.

[15] Popa, V., Common fixed points for multifunctions satisfying a rational inequality, Kobe J.

Math. 2 (1985), 23–28.

[16] Rhoades, B. E., A common fixed point theorem for a sequence of fuzzy mappings, Int. J.

Math. Math. Sci. 18, No. 3 (1995), 447–450.

[17] Rhoades, B. E., Fixed points of some fuzzy maps, Soochow J. Math. 22 (1996), 111–115. [18] Singh, B., Chauhan, M. S., Fixed points of associated multimaps of fuzzy maps, Fuzzy Sets and Systems 110 (2000), 131–134.

[19] Singh, S. L. and Talwar, R., Fixed points of fuzzy mappings, Soochow J. Math. 19 (1993), 95–102.

[20] Singh, K. L., Whitfield, J. H. M., Fixed points for contractive type multivalued mappings, Math. Japon. 27 (1982), 117–124.

[21] Som, T., Mukherjee, R. N., Some fixed point theorems for fuzzy mappings, Fuzzy sets and Systems 33 (1989), 213–219.

[22] Zadeh, L. A., Fuzzy sets, Inform. and Control 8 (1965), 338–353.

Department of Mathematics Faculty of Science, Assiut University Assiut 71516, EGYPT E-mail: mahmed68@yahoo.com