ARCHIVUM MATHEMATICUM (BRNO) Tomus 38 (2002), 95 – 100

RANDOM FIXED POINTS OF MULTIVALUED MAPS IN FRECHET SPACES

NASEER SHAHZAD

Abstract. In this paper we prove a general random fixed point theorem for multivalued maps in Frechet spaces. We apply our main result to obtain some common random fixed point theorems. Our main result unifies and extends the work due to Benavides, Acedo and Xu [4], Itoh [8], Lin [12], Liu [13], Tan and Yuan [20], Xu [23], etc.

1. Introduction

Random fixed point theorems are stochastic generalizations of (classical or deterministic) fixed point theorems. During the last three decades several results regarding random fixed points of various types of random maps have been given, and a number of their applications have been obtained. A great deal of the existing work in Banach space random fixed point theory has been motivated by the survey article of Bharucha-Reid [5]. In 1979, Itoh [8] derived several random fixed point theorems for nonexpansive multivalued mappings in Banach spaces. Recently, Lin [12] obtained a random fixed point theorem for 1-set-contractive single-valued self-mappings in a separable Banach space. Related (but different) problems were also studied by Beg and Shahzad [1-3], Shahzad [17], Shahzad and Latif [19], Tan and Yuan [20, 21] and Xu [23]. More recently, Benavides, Acedo and Xu [4] established some random fixed point theorems for multivalued maps in Banach spaces. The extension of random fixed point theorems to Frechet spaces [18] leads one to wonder what further analogous results can be obtained in this more general setting. The aim of this paper is to provide an answer to that question. We prove a random fixed point theorem which unifies and extends many well known random fixed point results due to Benavides, Acedo and Xu [4], Itoh [8], Lin [12], Liu [13], Tan and Yuan [20], Xu [23], etc. We apply our main result to derive some common random fixed point theorems.

2000 Mathematics Subject Classification: 47H10, 60H25.

Key words and phrases: multivalued map, random fixed point, Frechet space. Received September 5, 2000.

2. Preliminaries

Throughout this paper, (Ω, Σ) denotes a measurable space. Let S be a subset of a Frechet space X. Let 2^S be the family of all subsets of S, CB(S) all nonempty closed bounded subsets of S and K(S) all nonempty compact subsets of S, respectively. A mapping F : Ω −→ 2^S \ {ϕ} is called measurable if, for any open subset B of S, F^{−1}(B) = {ω ∈ Ω : F (ω) ∩ B ≠ ϕ} ∈ Σ. A mapping ξ : Ω −→ S is called a measurable selector of a measurable mapping F : Ω −→ 2^S \ {ϕ} if ξ is measurable and ξ(ω) ∈ F (ω) for each ω ∈ Ω. A mapping f : Ω × S −→ X (resp. F : Ω × S −→ CB(X)) is called a random operator if, for each x ∈ S, f(., x) (resp. F (., x)) is measurable. A mapping ξ : Ω −→ S is called a random fixed point of a random operator f : Ω × S −→ X (resp. F : Ω × S −→ CB(X)) if ξ is measurable and, for each ω ∈ Ω, f(ω, ξ(ω)) = ξ(ω) (resp. ξ(ω) ∈ F (ω, ξ(ω))). The mapping ξ is said to be a deterministic fixed point of f (resp. F ) if, for each ω ∈ Ω, f(ω, ξ(ω)) = ξ(ω) (resp. ξ(ω) ∈ F (ω, ξ(ω))). It is well known that a locally convex topological vector space (always assumed Hausdorff) X is metrizable if and only if X has a countable base of absolutely convex neighbourhoods of zero or, equivalently X has a countable family of seminorms {p_n} that generates the locally convex topology on X. We can always assume that p_n ≤ p_{n+1}, n ≥ 1. In this case the topology may be defined by a translation invariant metric d, that is, d(x + z, y + z) = d(x, y) for all x, y, z ∈ X. In particular, d(x, y) = d(x − y, 0). A function d : X × X −→ [0, ∞) given by d(x, y) = ∞∑ n=1 c_np_n(x − y) 1 + p_n(x − y)

for x ∈ X, where c_n > 0 and ∑_∞ n=1 c_n < ∞, defines a translation invariant metric on X.

A mapping f : S −→ S is called asymptotically regular if, for any x ∈ S, d(f^n(x), f^{n+1}(x)) −→ 0 as n −→ ∞. The mapping f is called nonexpansive if, for every x, y ∈ S, d(f(x), f(y)) ≤ d(x, y). The mapping f is said to commute with a mapping F : S −→ CB(S) if, for each x ∈ S, f(F (x)) ⊂ F (f(x)). A random operator f : Ω × S −→ X (resp. F : Ω × S −→ CB(X)) is called continuous (nonexpansive, etc.) if for each ω ∈ Ω, f(ω, ·) (resp. F (ω, ·)) is continuous (nonexpansive, etc.).

A Banach space X is said to satisfy Opial’s condition (cf. Opial [14] and Lami Dozo [11]) if the following holds; if {x_n} converges weakly to x_0 and x ≠ x_0, then

lim inf n→∞ ‖x_n − x‖ > lim inf_{n→∞} ‖x_n − x_0‖ . A mapping F : S −→ CB(X) is called demiclosed if {x_n} ⊂ S and y_n ∈ F (x_n) are sequences such that {x_n} converges weakly to x_0 and {y_n} converges to y_0 in X, then y_0 ∈ F (x_0).

3. Main Results

Theorem 3.1. Let S be a nonempty weakly compact convex subset of a separable Frechet space X, and let F : Ω × S −→ CB(X) be a continuous random operator such that I − F (ω, ·) is demiclosed at zero for each ω ∈ Ω, where I is the identity map on S. If F has a deterministic fixed point, then F has a random fixed point.

Proof. Since F has a deterministic fixed point, the set G(ω) = {x ∈ S : x ∈ F (ω, x)} is nonempty for each ω ∈ Ω. Motivated by Itoh [9], for each integer n ≥ 1, define mappings h_n : Ω × S −→ IR and G_n : Ω −→ 2^S by h_n(ω, x) = d(x, F (ω, x)) −^1_n and G_n(ω) = {x ∈ S : h_n(ω, x) < 0}. Then, by Proposition 3 of Itoh [9], each G_n is measurable. Since G(ω) ⊂ G_n(ω), G_n(ω) is nonempty for each ω ∈ Ω. Thus, for each n ≥ 1, the mapping H_n : Ω −→ CB(S) defined by H_n(ω) = cl(G_n(ω)), ω ∈ Ω, is measurable and so by the Kuratowski and Ryll- Nardzewski selection theorem [10], each H_n has a measurable selector ξ_n. Further, for this ξ_n, we have d(ξ_n(ω), F (ω, ξ_n(ω))) ≤^1_n . For each n ≥ 1, define L_n : Ω −→ W K(S) by L_n(ω) = w-cl {ξ_i(ω) : i ≥ n}, where w-cl denotes the weak closure and W K(S) represents the family of all nonempty weakly compact subsets of S. Let L : Ω −→ W K(S) be a mapping defined by L(ω) = ⋂_∞ n=1 L_n(ω). Since the weak topology on S is a metric topology (see Rudin [16, p.86]), L is w-measurable by Himmelberg [7, Theorem 4.1], that is, L is measurable with respect to the weak topology on S. Again, by the Kuratowski and Ryll-Nardzewski selection theorem [10], there is a w-measurable selector ξ of L. For any x^∗ ∈ X^∗ (the dual space of X), the numerically-valued function x^∗(ξ(·)) is measurable. Since X is separable, by Thomas [22, Theorem 1], ξ is measurable. We show that ξ is a random fixed point of F . Indeed, for any fixed ω ∈ Ω, some subsequence {ξ_m(ω)} of {ξ_n(ω)} converges weakly to ξ(ω). For each m, there is an element u_m ∈ F (ω, ξ_m(ω)) such that d(ξ_m(ω) − u_m, 0) = d(ξ_m(ω), u_m) <^2_m . Since ξ_m(ω) − u_m ∈ (I − F (ω, ·))(ξ_m(ω)), {ξ_m(ω))} converges weakly to ξ(ω) and {ξ_m(ω) − u_m} converges strongly to 0, it follows by the demiclosedness of I − F (ω, ·) at zero that ξ(ω) ∈ F (ω, ξ(ω)).

When F is single-valued, we obtain the following result.

Theorem 3.2. Let S be a nonempty weakly compact convex subset of a separable Frechet space X, and let f : Ω × S −→ X be a continuous random operator such that I − f(ω, ·) is demiclosed at zero for each ω ∈ Ω. If f has a deterministic fixed point, then f has a random fixed point.

Remark 3.1.

1. Theorem 3.1 extends Theorem 3.1-Theorem 3.4 of Liu [13] and Theorem 3.1 of Benavides, Acedo and Xu [4]. We further remark that in the Banach space setting Theorem 3.1 remains valid for the case when S is separable instead of X being separable.

2. Theorem 3.2 contains Theorem 2.1-Corollary 2.2 of Lin [12] estabished by him for the case when f(ω, S) ⊂ S for each ω ∈ Ω. Theorems 1(ii) and 4 of Xu [23] and Theorem 3.3-Corollary 3.5 of Tan and Yuan [20] follow also from our Theorem 3.2.

Corollary 3.1. Let S be a nonempty weakly compact convex subset of a separable Banach space X satisfying Opial’s condition, and let F : Ω × S −→ K(X) be a nonexpansive random operator. If F has a deterministic fixed point, then F has a random fixed point.

Proof. Since, by Lami Dozo [11], I − F (ω, ·) is demiclosed at zero for each ω ∈ Ω, the corollary follows at once from Theorem 3.1.

Corollary 3.2. Let S be a nonempty weakly compact convex subset of a separable Banach space X satisfying Opial’s condition, and let F : Ω × S −→ K(S) be a nonexpansive random operator. Then F has a random fixed point.

Proof. Since, by Lami Dozo [11], F has a deterministic fixed point, Corollary 3.1 further implies that F has a random fixed point.

Remark 3.2. It is worth mentioning that, under the hypotheses of Corollary 3.2, the fixed point set function G : Ω −→ 2^S \ {ϕ} defined by G(ω) = {x ∈ S : x ∈ F (ω, x)} is measurable and the existence of a random fixed point for F follows from the well-known selection theorem. For more details, we refer to [24].

Theorem 3.3. Let S be a nonempty weakly compact convex subset of a separable Banach space X, f : Ω × S −→ S a continuous asymptotically regular random operator, F : Ω × S −→ CB(S) a continuous random operator such that I − f(ω, ·) and I − F (ω, ·) are demiclosed at zero for each ω ∈ Ω, and f and F commute. If F has a deterministic fixed point, then there exists a common random fixed point ξ of f and F , that is, for each ω ∈ Ω, f(ω, ξ(ω)) = ξ(ω) ∈ F (ω, ξ(ω)).

Proof. Since F has a deterministic fixed point, by Theorem 3.1, F has a random fixed point ξ_1. Further the mapping ξ_2 : Ω −→ S defined by ξ_2(ω) = f(ω, ξ_1(ω)) is measurable by Himmelberg [7]. It follows from commutativity of f and F that ξ_2 is a random fixed point of F . Furthermore, the sequence {ξ_n} of mappings ξ_n : Ω −→ S defined by ξ_{n+1}(ω) = f(ω, ξ_n(ω)) (ω ∈ Ω, n = 1, 2, . . .) are random fixed points of F . For each n, define L_n : Ω −→ W K(S) by L_n(ω) = w-cl {ξ_i(ω) : i ≥ n}. Let L : Ω −→ W K(S) be defined by L(ω) = ⋂_∞ n=1 L_n(ω). Then, as in the proof of Theorem 3.1, L is w-measurable and has a measurable selector ξ. We show that ξ is a common random fixed point of f and F . Indeed, for any fixed ω ∈ Ω, some subsequence {ξ_m(ω)} of {ξ_n(ω)} converges weakly to ξ(ω). Since f(ω, ·) is asymptotically regular, {ξ_{m+1}(ω)} also converges weakly to ξ(ω). Since I − f(ω, ·) and I − F (ω, ·) are demiclosed at zero, it follows that f(ω, ξ(ω)) = ξ(ω) ∈ F (ω, ξ(ω)). Corollary 3.3. Let S be a nonempty closed bounded convex subset of a separable uniformly convex Banach space X, f : Ω × S −→ S a nonexpansive asymptotically regular random operator, F : Ω×S −→ CB(S) a continuous random operator such that I − F (ω, ·) is demiclosed at zero for each ω ∈ Ω, and f and F commute. If F has a deterministic fixed point, then there exists a common random fixed point ξ of f and F .

Proof. By Theorem 3 of Browder [6], I − f(ω, ·) is demiclosed for each ω ∈ Ω. The corollary follows immediately from Theorem 3.3.

Remark 3.3. Theorem 3.7-Corollary 3.8 of [8] can be viewed as special cases of Theorem 3.3.

Acknowledgement. The author is grateful to the referee for his valuable suggestions.

References

[1] Beg, I. and Shahzad, N., Some random approximation theorems with applications, Nonlinear Anal. 35 (1999), 609–616.

[2] Beg, I. and Shahzad, N., Random fixed points of weakly inward operators in conical shells, J. App. Math. Stochastic Anal. 8 (1995), 261–264.

[3] Beg, I. and Shahzad, N., Applications of the proximity map to random fixed point theorems in Hilbert spaces, J. Math. Anal. Appl. 196 (1995), 606–613.

[4] Benavides, T. D., Acedo, G. L. and Xu, H. K., Random fixed points of set-valued operators, Proc. Amer. Math. Soc. 124 (1996), 831–838.

[5] Bharucha-Reid, A. T., Fixed point theorems in probabilistic analysis, Bull. Amer. Math.

Soc. 82 (1976), 641–657.

[6] Browder, F. E., Semicontractive and semiaccretive nonlinear mappings in Banach spaces, Bull. Amer. Math. Soc. 74 (1968), 660–665.

[7] Himmelberg, C. J., Measurable relations, Fund. Math. 87 (1975), 53–72. [8] Itoh, S., Random fixed point theorems with an application to random differential equations in Banach spaces, J. Math. Anal. Appl. 67 (1979), 261–273.

[9] Itoh, S., A random fixed point theorem for a multivalued contraction mapping, Pacific J.

Math. 68 (1977), 85–90.

[10] Kuratowski, K. and Ryll-Nardzewski, C., A general theorem on selectors, Bull. Acad. Polon.

Sci. Ser. Sci. Math. Astronom. Phys. 13 (1965), 379–403.

[11] Lami Dozo, E., Multivalued nonexpansive mappings with Opial’s condition, Proc. Amer.

Math. Soc. 38 (1973), 286–292.

[12] Lin, T. C., Random approximations and random fixed point theorems for continuous 1-setcontractive random maps, Proc. Amer. Math. Soc. 123 (1995), 1167–1176.

[13] Liu, L. S., Some random approximations and random fixed point theorems for 1-setcontractive random operators, Proc. Amer. Math. Soc. 125 (1997), 515–521.

[14] Opial, Z., Weak convergence of the sequence of successive approximations for nonexpansive mappings, Bull. Amer. Math. Soc. 73 (1967), 595–597.

[15] Papageorgiou, N. S., Random fixed points and random differential inclusions, Int. J. Math.

Math. Sci. 11 (1988), 551–560.

[16] Rudin, W., Functional Analysis, McGraw Hill, New York, 1973.

[17] Shahzad, N., Random fixed point theorems for various classes of 1-set-contractive maps in Banach spaces, J. Math. Anal. Appl. 203 (1996), 712–718.

[18] Shahzad, N. and Khan, L. A., Random fixed points for 1-set-contractive random maps in Frechet spaces, J. Math. Anal. Appl. 231 (1999), 68–75.

[19] Shahzad, N. and Latif, S., Random fixed points for several classes of 1-ball-contractive and 1-set-contractive random maps, J. Math. Anal. Appl. 237 (1999), 83–92.

[20] Tan, K. K. and Yuan, X. Z., Random fixed point theorems and approximation, Stochastic Anal. Appl. 15 (1997), 103–123.

[21] Tan, K. K. and Yuan, X. Z., Random fixed point theorems and approximation in cones, J.

Math. Anal. Appl. 185 (1994), 378–390.

[22] Thomas, G. E. F., Integration on functions with values in locally convex Suslin spaces, Trans. Amer. Math. Soc. 212 (1975), 61–81.

[23] Xu, H. K., Some random fixed point theorems for condensing and nonexpansive operators, Proc. Amer. Math. Soc. 110 (1990), 495–500.

[24] Xu, H. K. and Beg, I., Measurability of fixed point sets of multivalued random operators, J.

Math. Anal. Appl. 225 (1998), 62–72.

Department of Mathematics, Faculty of Science King Abdul Aziz University P. O. Box 80203, Jeddah 21589 SAUDI ARABIA E-mail: naseer shahzad@hotmail.com