ARCHIVUM MATHEMATICUM (BRNO) Tomus 37 (2001), 245 – 256

INFINITE ALGEBRAS WITH 3–TRANSITIVE GROUPS OF WEAK AUTOMORPHISMS

LÁSZLÓ SZABÓ

Abstract. The infinite algebras with 3-transitive groups of weak automorphisms are investigated. Among others it is shown that if an infinite algebra with 3- transitive group of weak automorphisms has a nontrivial idempotent polynomial operation then either it is locally functionally complete or it is polynomially equivalent to a vector space over the two element field or it is a simple algebra that is semi-affine with respect to an elementary 2-group. In the second and third cases the group of weak automorphisms cannot be 4-transitive.

Introduction

A. Salomaa in [9] proved that if an at least five element finite algebra with the full symmetric group in its clone has a surjective term operation depending on at least two variables then it is primal. Salomaa’s theorem was extended to algebras with 3-transitive permutation groups in their clones in [13]. For finite algebras the most general results in this direction are in [16], where the structure of finite simple surjective algebras with transitive permutation groups in their clones were described. For infinite algebras the most general result in this direction given in [8] is the following: If an infinite algebra with a 3-transitive group in its clone has a nontrivial idempotent polynomial operation then it is either locally complete or semi-affine with respect to an elementary 2-group. This result was slightly improved in [12].

B. Csákány in [1] proved that every nontrivial at least five element finite algebra whose automorphism group is the full symmetric group is functionally complete. Csákány’s result was extended to finite algebras with 3-transitive automorphism groups [10], to algebras with 2-transitive automorphism groups [6] and to algebras with primitive automorphism group [7]. The finite simple algebras with transitive automorphism groups were described in [14] and [15]. For finite algebras the most general results in this direction are in [17], where the finite characteristically simple algebras (i.e., algebras that have no nontrivial congruence relation preserved by

2000 Mathematics Subject Classification: 08A40.

Key words and phrases: locally functionally complete algebra, weak automorphism. Research partially supported by OTKA grant no. T17005 and MKM KF grant no. 402/96. Received March 19, 1997.

all automorphisms) were classified. For infinite algebras the most general result in this direction proved by H. K. Kaiser and L. Marki in [4] is the following: Every nontrivial infinite algebra with 3-transitive automorphism group is either locally functionally complete or term equivalent to an affine space over the two element field. This result was slightly improved in [11].

Following A. Goetz [3] and E. Marczewski [5], by a weak automorphism of an algebra A we mean a permutation π on its base set such that for every term operation f of A we have that f^π and f^{π−1} are also term operations of A, where f^π is defined by f^π (x_1, . . . , x_n) = f(x_1π^{−1}, . . . , x_nπ^{−1})π. It is easy to see that all automorphisms and if A is finite then all unary bijective term operations of A are weak automorphisms. Thus the common property of the algebras mentioned above is that they have ”large” sets of weak automorphisms. In [18] we classified the finite algebras that have no nontrivial congruence relations preserved by all weak automorphisms and among others we described the finite algebras with 2-transitive group of weak automorphisms. The aim of the present paper is to investigate and classify the infinite algebras whose groups of weak automorphisms are 3-transitive (Theorem 3.2). As a corollary we have that if an infinite algebra with 3-transitive group of weak automorphisms has a nontrivial idempotent polynomial operation then either it is locally functionally complete or it is polynomially equivalent to a vector space over the two element field or it is an algebra having no nontrivial compatible binary reflexive relations that is semi-affine with respect to an elementary 2-group. In the second and third cases the group of weak automorphisms cannot be 4-transitive.

1. Notions and notations

Let A be a nonempty set. For any positive integer n let O^{(n)}_A denote the set of all n-ary operations on A and put O_A = ⋃_∞ n=1 O^{(n)}_A . The full symmetric group and the set of all unary constant operations will be denoted by S_A and C_A, respectively. If m ≥ 1 then we put m = {1, . . . , m}, and we write S_m instead of S_m. A permutation group G ≤ S_A is said to be k-transitive (k ≥ 1) if for any pairwise distinct elements x_1 . . . , x_k ∈ A and for any pairwise distinct elements y_1 . . . , y_k ∈ A there exists a permutation π ∈ G such that x_iπ = y_i, i = 1, . . . , k; G is termed highly transitive if G is k-transitive for any k ≥ 1. G is said to be primitive if (A; G) is simple and |G| > 1 if |A| = 2. Clearly, primitivity implies transitivity. The stabilizer subgroup of the elements a_1, . . . , a_n ∈ A in a permutation group G ≤ S_A is denoted by G_{a1,... ,an} , i.e., G_{a1,... ,an} = {π ∈ G: a_1π = a_1, . . . , a_nπ = a_n} (n ≥ 1).

An operation f ∈ O_A is nontrivial if it is not a projection. By a clone we mean a subset of O_A which is closed under superpositions and contains all projections. A subset F ⊆ O_A is locally closed if it contains every operation f ∈ O^{(n)}_A (n = 1, 2, . . .) with the following property: for every finite subset B ⊆ A^n there is a g ∈ F ∩ O^{(n)}_A such that f|_B = g|_B . The local closure Loc F of F is the least locally closed clone containing F .

The clone of all term operations and the clone of all polynomial operations of an algebra A are denoted by Clo A and Pol A, respectively. For every n ≥ 1 we put Clo_n A = Clo A ∩ O^{(n)}_A and Pol_n A = Pol A ∩ O^{(n)}_A . Two algebras A and B with a common base set are called term equivalent (polynomially equivalent) if Clo A = Clo B (Pol A = Pol B). Two algebras A and B are also called term equivalent (polynomially equivalent) if A is term equivalent (polynomially equivalent) to an algebra isomorphic to B. An algebra A is locally primal or locally complete if Loc F (= Loc Clo A) = O_A. We say that A is locally functionally complete or has the interpolation property if Loc(F ∪ C_A)(= Loc Pol A) = O_A.

The automorphism group of an algebra A = (A; F ) is denoted by Aut A. We say that an h-ary relation ρ on a set A is reflexive if (a, . . . , a) ∈ ρ for any a ∈ A. For a set of operation F the set of (reflexive) relations preserved by all operations in F will be denoted by Inv F (Inv_r F ). We say that a relation ρ is a compatible relation of the algebra (A; F ) if ρ ∈ Inv F . The binary identity relation on A is denoted by ω_A or simply by ω. The converse of a binary relation ρ is the relation ρ^{−1} = {(y, x): (x, y) ∈ ρ}.

For an equivalence relation Θ on the set h (h ≥ 1) put

Δ_Θ = {(x_1, . . . , x_h) ∈ A^h: x_i = x_j for any (i, j) ∈ Θ .}

The relation Δ_Θ is termed a diagonal relation or a trivial relation. A relation Θ on h will be often given by the list ε_1, . . . , ε_l of its nonsingleton blocks and so Δ^h_{12} or simply Δ_{12} is the set of h-tuples (x_1, . . . , x_h) with x_1 = x_2, Δ^h_{12,34} or simply Δ_{12,34} is the set of h-tuples (x_1, . . . , x_h) with x_1 = x_2 and x_3 = x_4. It is well-known that a nonempty relation is trivial if and only if it is preserved by all operations in O_A.

An h-ary relation ρ on A is called totally symmetric if (a_1, . . . , a_h) ∈ ρ implies (a_{1π}, . . . , a_{hπ}) ∈ ρ for every π ∈ S_h, and ρ is called totally reflexive if (a_1. . . . , a_h) ∈ ρ whenever a_i = a_j for some i ≠ j (1 ≤ i, j ≤ h).

An algebra A is semi-affine with respect to an Abelian group Ā, if A and Ā have a common base set A and the quaternary relation {(x, y, z, t) ∈ A^4: x − y + z = t} is a compatible relation of A; if, in addition, x − y + z is a term operation of A then A is said to be affine with respect to Ā.

2. Weak automorphisms and compatible relations

Let A be a nonempty set. For an n-ary operation f, a set of operations F , a set of relations R, an h-ary relation ρ and a permutation π on A put

f^π (x_1, . . . , x_n) = f(x_1π^{−1}, . . . , x_nπ^{−1})π, for x_1, . . . , x_n ∈ A , ρ^π = {(x_1π, . . . , x_hπ): (x_1, . . . , x_h) ∈ ρ} and F^π = {f^π : f ∈ F }, R^π = {σ^π : σ ∈ R} . If B ⊆ A, i.e., B is a unary relation of A then we often write Bπ instead of B^π .

In the next lemma we summarize some useful facts which are immediate consequences of the definitions and therefore the proofs are left to the reader.

Lemma 2.1. If f is an operation, ρ is a relation, R is a set of relations, F is a set of operations, π, τ are permutations on A and A = (A; F ) is an algebra then the following statements hold:

(2.1.1) (f^π )^τ = f^{πτ} , (F^π)^τ = F^{πτ} , (ρ^π )^τ = ρ^{πτ} and (R^π )^τ = R^{πτ} . (2.1.2) R^π = R if and only if R^π, R^{π−1} ⊆ R. (2.1.3) F^π = F if and only if F^π, F^{π−1} ⊆ F . (2.1.4) (Inv F )^π = Inv F^π and (Inv_r F )^π = Inv_r F^π.

Following A. Goetz [3] and E. Marczewski [5], by a weak automorphism (pseudoweak automorphism) of an algebra A = (A; F ) we mean a permutation π ∈ S_A such that for every f ∈ Clo A (f ∈ Pol A) we have that f^π , f^{π−1} ∈ Clo A (f^π , f^{π−1} ∈ Pol A). The set of all weak automorphisms and the set of all pseudo-weak automorphisms of A will be denoted by WAut A and WAut^* A, respectively. Clearly, they form groups under composition such that Aut A ◁ WAut A ≤ WAut^* A. If A is finite then Clo A ∩ S_A and Pol A ∩ S_A form groups under composition such that Clo A ∩ S_A ◁ WAut A and Pol A ∩ S_A ◁ WAut^* A.

The next lemma is an immediate consequence of the definition of (pseudo-)weak automorphisms and of (2.1.4). We shall often use it in our arguments without quoting the lemma.

Lemma 2.2. If A = (A; F ) is an arbitrary algebra, ρ ∈ Inv F (ρ ∈ Inv_r F ) and π ∈ WAut A (π ∈ WAut^* A) then ρ^π ∈ Inv F (ρ^π ∈ Inv_r F ).

Lemma 2.3. Let A = (A; F ) be an algebra and let G be an arbitrary subgroup of WAut A (WAut^* A). If ρ ∈ Inv F (ρ ∈ Inv_r F ) then ⋂ {ρ^π : π ∈ G} belongs to Inv(F ∪ G).

Proof. It is straightforward and is left to the reader. □

Lemma 2.4. For an algebra A = (A; F ) the following statements hold:

(a) If WAut A is transitive then either C_A ⊆ Clo_1 A or C_A ∩ Clo_1 A = ∅. (b) If WAut A is 2-transitive then A is either idempotent or has no proper subalgebra.

Proof. Let A = (A; F ) be an algebra. In order to prove (a) suppose that WAut A is transitive. If C_A ∩ Clo_1 A = ∅ then we are done. Assume that for some a ∈ A the unary constant operation c_a: A → {a} is a term operation of A and let b ∈ A be an arbitrary element. Since WAut A is transitive, there is a π ∈ WAut A such that aπ = b. Then, clearly, c^π_a = c_{aπ} = c_b: A → {b} is again a unary term operation. Hence we have C_A ⊆ Clo_1 A completing the proof of (a).

Now in order to prove (b) suppose that WAut A is 2-transitive. For an element a ∈ A let us denote by [a] the subalgebra generated by the singleton {a}. Since [a]π is a subalgebra and aπ ∈ [a]π therefore [aπ] ⊆ [a]π. Replacing a with aπ and π with π^{−1} we obtain that [a] ⊆ [aπ]π^{−1} and [a]π ⊆ [aπ]. Hence [a]π = [aπ] for any π ∈ WAut A. It follows that the binary relation ρ = {(a, b): [a] ⊆ [b]} is preserved by all weak automorphisms. Since G is 2-transitive we have that ρ ∈ {ω, A^2}. If A has no proper subalgebras then we are done. If A has a proper subalgebra then [a] ≠ A for some a ∈ A and (a, b) ∉ ρ for every b ∈ A \ [a]. It follows that ρ ≠ A^2 and ρ = ω. If A is not idempotent then |[c]| > 1 for some c ∈ A, and if d ∈ [c] with c ≠ d then [d] ⊆ [c]. Thus (d, c) ∈ ρ and ρ ≠ ω, a contradiction. Hence A is idenpotent which completes the proof of (b) and the lemma. □

Lemma 2.5. If A = (A; F ) is a non-simple algebra such that WAut^* A is 3- transitive then A is polynomially equivalent either to (A; id_A) or to (A; x + y) or to (A; {x + a: a ∈ A}) where (A; +) is an elementary 2-group. In the second and third case WAut^* A = {xr + a: r ∈ Aut(A; +) and a ∈ A}.

Proof. Let A = (A; F ) be a non-simple algebra and suppose that WAut^* A is 3-transitive. Put G = WAut^* A. For arbitrary distinct elements a, b ∈ A, as usual, Θ(a, b) denotes the principal congruence generated by a and b.

Claim 1. Θ(aπ, bπ) = Θ(a, b)^π and Θ(a, b) ≠ A^2 for any a, b ∈ A with a ≠ b and π ∈ WAut^* A.

In order to prove Claim 1 let us choose two distinct elements a, b ∈ A and let π ∈ WAut^* A. Consider the principal congruences Θ(a, b) and Θ(aπ, bπ). Then (aπ, bπ) ∈ Θ(a, b)^π implies that Θ(aπ, bπ) ⊆ Θ(a, b)^π . Replacing (a, b) with (aπ, bπ) and π with π^{−1} we obtain Θ(a, b) ⊆ (Θ(aπ, bπ))^{π−1} and (Θ(a, b))^π ⊆ Θ(aπ, bπ). Hence Θ(aπ, bπ) = Θ(a, b)^π. Since A is non-simple, for some distinct elements x, y ∈ A we have that Θ(x, y) ≠ A^2. Since WAut^* A is 3-transitive there is a π ∈ WAut^* A such that xπ = a and yπ = b. Then Θ(a, b) = Θ(xπ, yπ) = Θ(x, y)^π implies that Θ(a, b) ≠ A^2 which completes the proof of Claim 1.

Claim 2. For the congruence lattice of A we have one of the following two possibilities:

(i) All equivalence relations on A are congruence relations of A. (ii) Each block of any principal congruence relation of A has two elements.

In order to prove Claim 2 let a, b ∈ A be two distinct elements. If π ∈ G_{a,b} then Θ(a, b)^π = Θ(aπ, bπ) = Θ(a, b). Hence π preserves Θ(a, b). Since WAut^* A is 3-transitive G_{a,b} is transitive on A \ {a, b}. It follows that a/Θ(a, b) = {a, b} and each block of Θ(a, b) distinct from {a, b} has the same cardinality. Indeed, if c ∈ a/Θ(a, b) with c ≠ a, b then for any d ≠ a, b we have d = cπ for some π ∈ G_{a,b} and (a, d) = (aπ, cπ) ∈ Θ(a, b) implying that Θ(a, b) = A^2, a contradiction. Hence a/Θ(a, b) = {a, b}. If c, d ∉ Θ(a, b) then choose a π ∈ G_{a,b} such that cπ = d. Then, since π and π^{−1} preserves Θ(a, b) we have (c/Θ(a, b))π ⊆ cπ/Θ(a, b) = d/Θ(a, b), (d/Θ(a, b))π^{−1} ⊆ dπ^{−1}/Θ(a, b) = c/Θ(a, b), (d/Θ(a, b)) ⊆ (c/Θ(a, b))π and (c/Θ(a, b))π = d/Θ(a, b). It follows that each block of Θ(a, b) distinct from

{a, b} has the same cardinality, say κ. If x, y ∈ A with x ≠ y then for some π ∈ WAut^* A we have (x, y) = (aπ, bπ) and Θ(x, y) = (Θ(a, b))^π . It follows that for any x, y ∈ A with x ≠ y, x/Θ(x, y) = {x, y} and each block of Θ(x, y) distinct from {x, y} has the same cardinality κ.

If κ = 1 then for any x, y ∈ A with x ≠ y, Θ(x, y) = ω ∪ {(x, y), (y, x)}, and if Θ is an arbitrary equivalence relation on A then Θ = ⋁ {Θ(x, y): (x, y) ∈ Θ}. Hence Θ is a congruence relation of A and we have (i).

Now suppose that κ ≥ 2. Let a, b, c, d ∈ A be pairwise distinct elements such that (c, d) ∈ Θ(a, b). Then, since Θ(c, d) ⊆ Θ(a, b), we have that 2 ≤ κ = |a/Θ(c, d)| ≤ |a/Θ(a, b)| = 2 and κ = 2. Hence we have (ii). This completes the proof of Claim 2.

It is well-known that if an operation on an at least three element set A preserves all equivalence relations on A then it is either a projection or a constant. Therefore in case (i) A is polynomially equivalent to (A; id_A).

Finally in case (ii), taking into consideration the main result of [2] we have that A is polynomially equivalent to either (A; x + y) or (A; {x + a: a ∈ A}) where (A : +) is an elementary 2-group. Put N = {x + a: a ∈ A} and H = {xr + a: r ∈ Aut(A; +) and a ∈ A} . In both cases it is easy to check that H ⊆ G. Moreover, Pol_1 A ∩ S_A = N which implies that N ◁ G. Since G is a primitive permutation group, by [19; Theorem 8.2], G_0 is a maximal subgroup of G and thus G_0 ∪ N generates G. Therefore we have to show only that G_0 ⊆ H. Let π ∈ G_0 and let a, b ∈ A be two arbitrary elements. Then x + b ∈ N implies that (xπ^{−1} + b)π ∈ N , i.e., (xπ^{−1} + b)π = x + c for some c ∈ A. Then c = 0 + c = (0π^{−1} + b)π = (0 + b)π = bπ. In case x = aπ we have aπ + bπ = ((aπ)π^{−1} + b)π = (a + b)π. Hence π ∈ Aut(A; +) and G_0 ⊆ H. This completes the proof. □

Lemma 2.6. If A is an algebra such that WAut^* A is k-transitive for some k ≥ 3, then the following statements hold:

(a) If A is simple then A has no nontrivial compatible binary reflexive relations.

(b) If A has a compatible h-ary (3 ≤ h ≤ k) totally reflexive and totally symmetric relation distinct from the full relation then every polynomial operation of A depending on at least two variables takes on at most h − 1 values.

Proof. Let A = (A; F ) be a simple algebra such that WAut^* A is k-transitive (k ≥ 3). To show (a) suppose that ρ is a nontrivial compatible binary reflexive relation of A. First we show that ρ cannot be symmetric. In orther to show this suppose that ρ is symmetric. If ρ is a central relation, i.e., there is an a ∈ A such that ρ_a ⊆ ρ where

ρ_a = {(x, y) ∈ A^2: x = y or x = a or y = a} , then, consider the relation σ = ⋂ {ρ^π : π ∈ G_a} which, by Lemma 2.3, is a compatible relation of (A; F ∪ G_a). Clearly, ρ_a ⊆ σ. If ρ_a ≠ σ then there are two distinct elements b, c ∈ A \ {a} such that (b, c) ∈ σ. Since G is 3-transitive therefore G_a is 2-transitive on A \ {a}. Thus for any x, y ∈ A \ {a} with x ≠ y there is a π ∈ G_a such that bπ = x and cπ = y. Then (x, y) = (bπ, cπ) ∈ σ shows that σ = A^2 which is impossible since σ ⊆ ρ. Hence σ = ρ_a. If b ∈ A with a ≠ b and π ∈ WAut^* A with aπ = b then ρ^π_a = ρ_{aπ} = ρ_b. Thus ρ_b is a compatible relation of A and ρ_a ∩ ρ_b = {(a, b)} ∪ {(b, a)} ∪ ω is congruence relation of A, a contradiction.

If ρ is not a central relation and (a, b) ∈ ρ with a ≠ b then consider the relation σ = ⋂ {ρ^π: π ∈ G_{a,b}}. Again, by Lemma 2.3, σ is a compatible relation of (A; F ∪ G_{a,b}). Then for any x ∈ A, (a, x) ∈ σ if and only if x = a or x = b, and (b, x) ∈ σ if and only if x = b or x = a. (Indeed, if (a, x) ∈ σ for some x ≠ a, b then, since G_{a,b} is transitive on A \ {a, b}, for any y ∈ A \ {a, b} there is a π ∈ G_{a,b} such that xπ = y. Therefore (a, y) = (aπ, xπ) ∈ σ and ρ_a ⊆ σ ⊆ ρ which is a contradiction since ρ is not a central relation.) Therefore the transitive hull of σ is a nontrivial congruence of A, contrary to our assumption on A. Hence A have no nontrivial compatible binary reflexive and symmetric relations.

If ρ is not symmetric then ρ is antisymmetric since the compatible reflexive and symmetric relation ρ ∩ ρ^{−1} is trivial. If ρ is bounded from below, i.e., there is an a ∈ A such that (a, x) ∈ ρ for any x ∈ A then, repeating the corresponding argument for the relation σ = ⋂ {ρ^π : π ∈ G_a} we used in case of central ρ, we have that σ = {(a, x): x ∈ A} ∪ ω. It follows that ρρ^{−1} = ρ_a is a compatible relation of A, a contradiction. If ρ^{−1} is bounded from below then repeating the above argument for ρ^{−1} we obtain again a contradiction.

Finally if neither ρ nor ρ^{−1} is bounded from below and (a, b) ∈ ρ with a ≠ b then consider the relation σ = ⋂ {ρ^π : π ∈ G_{a,b}}. Repeating the corresponding argument for σ we used in case of non-central and symmetric ρ, we have that for any x ∈ A, (a, x) ∈ σ if and only if x = a or x = b, and (x, b) ∈ σ if and only if x = b or x = a. It follows that ρρ^{−1} is again a nontrivial compatible binary reflexive and symmetric relation of A. This contradiction completes the proof of (a).

In order to show (b) suppose that ρ is a compatible h-ary (3 ≤ h ≤ k) totally reflexive and totally symmetric relation of A distinct from the full relation. Then, by Lemma 2.3, σ = ⋂ {ρ^π : π ∈ WAut^* A} is a compatible h-ary totally reflexive and totally symmetric relation of (A; F ∪ C_A ∪ WAut^* A) distinct from A^h. Since WAut^* A is h-transitive, it follows that τ = {(x_1 . . . , x_h) ∈ A^h: |{x_1, . . . , x_h}| ≤ h}. It is well-known that every operation depending on at most two variables and preserving τ takes on at most h − 1 values, which completes the proof of (b). □

3. Main results

In [8] we gave a local completeness criterion by means of compatible relations. The next theorem is a direct consequence of this criterion:

Theorem 3.1 ([8]). An algebra A = (A; F ) is locally functionally complete if A has no compatible relation of one of the following types:

(3.1.1) nontrivial binary and reflexive relations, (3.1.2) ternary relations ρ = σ ∪ Δ_{12} where σ(≠ ∅) consists of triples of pairwise distinct elements and for all x, y, z, t ∈ A, (x, y, z) ∈ ρ implies (y, x, z) ∈ ρ, (x, t, z) ∈ ρ and (y, t, z) ∈ ρ implies (x, y, z) ∈ ρ, and for every finite B ⊆ A we have B^2 × {u} ⊆ ρ for some u ∈ A, (3.1.3) quaternary relations of the form {(x, y, z, t) ∈ A^4: x − y + z = t} where (A; +) is an Abelian group which is either an elementary p-group (p prime) or a torsionfree divisible group.

(3.1.4) at least ternary totally reflexive and totally symmetric relations distinct from the full relation.

Now we formulate our main theorem.

Theorem 3.2. Let A = (A; F ) be a nontrivial infinite algebra. If WAut^* A is k-transitive for some k ≥ 3 then one of the following conditions holds:

(3.2.1) A is locally functionally complete.

(3.2.2) k=3 and A is polynomially equivalent to either (A; {x + a: a ∈ A}) or (A; x + y) where (A : +) is an elementary 2-group. Furthermore WAut^* A = {xr + a: a ∈ A, r ∈ Aut(A; +)}.

(3.2.3) A has neither a nontrivial compatible binary reflexive relation nor a nontrivial idempotent polynomial operation and has a compatible ternary relation ρ of the form ρ = σ ∪ Δ_{12} where σ(≠ ∅) consists of triples with pairwise distinct elements and for all x, y, z, t ∈ A, (x, y, z) ∈ ρ implies (y, x, z) ∈ ρ, (x, t, z) ∈ ρ and (y, t, z) ∈ ρ implies (x, y, z) ∈ ρ, and for every finite B ⊆ A we have B^2 × {u} ⊆ ρ for some u ∈ A. Moreover, if k ≥ 6 then σ contains all triples of pairwise distinct elements.

(3.2.4) k = 3, A has no nontrivial compatible binary reflexive relation and (A; F ∪ WAut^* A) is semi-affine with respect to an elementary 2-group.

(3.2.5) A has neither a nontrivial compatible binary reflexive relation, nor a surjective polynomial operation depending on at least two variables and (A; F ∪ WAut^* A) has an h-ary (h ≥ 3) totally reflexive and totally symmetric relation distinct from the full relation. Moreover, if h ≤ k then every polynomial operation of A depending on at least two variables takes on at most h − 1 values.

Proof. Let A = (A; F ) be an infinite algebra such that WAut^* A is k-transitive for some k ≥ 3. If A is nonsimple then, by Lemma 2.5, we have (3.2.2). □

From now on in the proof suppose that A is simple. Then, by Lemma 2.6(a), A has no nontrivial compatible binary reflexive relations. Apply Theorem 3.1 for A. Then (3.1.1) cannot occur. If A is locally complete then we have (3.2.1). Suppose that A has a compatible h-ary totally reflexive and totally symmetric relation ρ distinct from A^h with h ≥ 3. If h ≤ k then, by Lemma 2.6(b), we have that every polynomial operation of A depending on at least two variables takes on at most h − 1 values.

Consider the algebra ^A = (A; ^F ) where ^F is the set of all surjective polynomial operations of A. Then, clearly, WAut^* A ⊆ WAut^* ^A and ρ is a compatible relation of ^A. It is known and easy to check that if a surjective operation preserves ρ then it also preserves

σ = {(x_1, x_2, x_3): (x_1, . . . , x_h) ∈ ρ for all x_4, . . . , x_h ∈ A} .

Thus σ is a ternary totally reflexive and totally symmetric relation of ^A. Then, by Lemma 2.6(b), every operation in ^F depending on at most two of its variables takes on at most two values. Hence every operation in ^F depends on one variable and we have (3.2.5).

From now on in the proof suppose that A has no nontrivial compatible at least ternary totally reflexive and totally symmetric relations.

Now suppose that ρ = σ ∪ Δ_{12} is a ternary compatible relation of A with the properties given in (3.1.2). We show that A has no nontrivial idempotent polynomial operations. In order to do this consider the algebra (A; I) where I is the set of all idempotent polynomial operations of A. Then, clearly, WAut^* A ⊆ WAut^*(A; I) and thus WAut^*(A; I) is 3-transitive. Let a, b, c ∈ A be pairwise distinct elements such that (a, b, c) ∈ ρ and consider the binary relation ρ_c = {(x, y) ∈ A^2: (x, y, c) ∈ ρ}. Then it is easy to check that ρ_c is a compatible relation of (A; I). Taking into consideration the properties of ρ, we have that ρ_c is an equivalence relation with c/ρ_c = {c}. Therefore, by Lemma 2.5, every operation in I is trivial.

In order to obtain (3.2.3) we have to show that if k ≥ 6 then σ contains all triples of pairwise distinct elements. Now suppose that k ≥ 6 and let u, v, w ∈ A be pairwise distinct elements such that (u, v, w) ∉ σ. Let a, b ∈ A \ {u, v, w} be two distinct elements and put B = {u, v, w, a, b}. Then there is a c ∈ A such that B^2 × {c} ⊆ ρ. It follows that (a, b, c) ∈ ρ. Observe that c ∉ B. Indeed, if e.g. c = u then we have that (u, v, u) ∈ ρ which is impossible since ρ = σ ∪ Δ_{12}. Put G = WAut^* A and consider the relation τ = ⋂ {ρ^π : π ∈ G_{a,b,c}}. Then, by Lemma 2.3, τ is a compatible relation of (A; F ∪ G_{a,b,c}). Clearly, (a, b, c) ∈ τ and τ = σ^′ ∪ Δ_{12} where σ^′ consists of triples of pairwise distinct elements.

For any integer h with h ≥ 2 consider the compatible h-ary relation

α_h = {(x_1, . . . , x_h) ∈ A^h: (x_i, x_j, t) ∈ τ for all 1 ≤ i, j ≤ h for some t ∈ A}

of (A; F ∪ G_{a,b,c}). We show by induction that α_h = A^h for all h. Then Δ_{12} ⊆ τ and (a, b, c) ∈ τ imply that α_2 is a relfexive relation containing (a, b). Since A and thus (A; F ∪ G_{a,b,c}) have no nontrivial compatible binary reflexive relations, we have that α_2 = A^2. Now let h ≥ 3 and assumme that α_{h−1} = A^{h−1}. Then, clearly, α_h is a totally symmetric relation and α_{h−1} = A^{h−1} implies that α_h is totally reflexive. Since, by our assumption, A has no nontrivial compatible totally reflexive and totally symmetric relations therefore α_h = A^h. Hence α_h = A^h for all h which implies that for every finite B ⊆ A we have B^2 × {t} ⊆ ρ for some t ∈ A. Now put B = {a, b, c, u, v}. Then there is a t ∈ A such that B^2 × {t} ⊆ τ . It follows that (u, v, t) ∈ τ . Observe again that t ∉ B. Indeed, if e.g. t = a then we have that (a, b, a) ∈ τ which is impossible since τ = σ^′ ∪ Δ_{12}. Since G is

6-transitive, G_{a,b,c} is 3-transitive on A\{a, b, c} therefore there is a π ∈ G_{a,b,c} such that uπ = u, vπ = v and tπ = w. It follows that (u, v, w) = (uπ, vπ, tπ) ∈ τ ⊆ ρ, which is a contradiction. This contradiction proves that σ contains all triples of pairwise distinct elements. Hence we have (3.2.3).

Finally suppose that A has no relations of type (3.1.1), (3.1.2) or (3.1.4) and has a quaternary relation τ = {(x, y, z, t) ∈ A^4: x − y + z = t} where (A; +) is an Abelian group which is either an elementary p-group (p prime) or a torsionfree divisible group. Consider the relation τ̂ = ⋂ {ρ^π: π ∈ WAut^* A} and the algebra ^A = (A; F ∪ WAut* A). Then, by Lemma 2.3, τ̂ is a compatible relation on ^A. It is easy to check that Δ_{12,34}, Δ_{14,23} ⊆ τ̂. It follows that τ̂ cannot be a trivial relation and ^A is not locally functionally complete. Apply Theorem 2.1 for ^A. By our assumptions on A, the algebra ^A has no relations of type (3.1.1), (3.1.2) or (3.1.4) and therefore ^A has a quaternary relation ρ = {(x, y, z, t) ∈ A^4: x − y + z = t} where (A; +) is an Abelian group which is either an elementary p-group (p prime) or a torsionfree divisible group. Since every permutation in WAut^* A preserves ρ therefore WAut^* A cannot be 4-transitive, i.e., k = 3. To complete the proof of the theorem we have to show only that (A; +) is an elementary 2-group. If π ∈ WAut^* A then for a given a ∈ A, a ≠ 0 (0 is the neutral element of (A; +)), we have (2a)π = (a − 0 + a)π = aπ − 0π + aπ = 2(aπ) − 0π. Since WAut^* A is 3-transitive it follows that 2a = 0, i.e., (A; +) is elementary 2-group.

Corollary 3.3. Let A = (A; F ) be an infinite algebra with a nontrivial idempotent polynomial operation. If WAut^* A is k-transitive for some k ≥ 3 then one of the following conditions holds:

(3.3.1) A is locally functionally complete;

(3.3.2) k=3 and A is polynomially equivalent to (A; x + y) where (A; +) is an elementary 2-group. Furthermore WAut^* A = {xr + a: a ∈ A, r ∈ Aut(A; +)};

(3.3.3) k = 3, A has no nontrivial compatible binary reflexive relations and (A; F ∪ WAut^* A) is semi-affine with respect to an elementary 2-group.

Corollary 3.4. Let A = (A; F ) be an infinite algebra with a nontrivial idempotent polynomial operation. If WAut^* A is 4-transitive then A is locally functionally complete.

Corollary 3.5. Let A = (A; F ) be an infinite algebra such that for any k there is a polynomial operation of A depending on two variables an taking on at least k values. If WAut^* A is highly transitive then one of the following two conditions holds:

(3.5.1) A is locally functionally complete;

(3.5.2) A has neither a proper subalgebra nor a nontrivial compatible binary reflexive relation nor a nontrivial idempotent polynomial operation and the ternary relation σ_3 ∪Δ_{12} where σ_3 consists of all triples with pairwise distinct elements, is a compatible relation of A.

Corollary 3.6. Let A = (A; F ) be a nontrivial infinite algebra with a proper subalgebra. If WAut A is 3-transitive then A is idempotent and one of the following conditions holds:

(3.6.1) A is locally functionally complete;

(3.6.2) A is term equivalent to (A; x + y + z) where (A; +) is an elementary 2-group, and WAut A = WAut^* A = {xr + a: a ∈ A, r ∈ Aut(A; +)};

(3.6.3) A has no nontrivial compatible binary reflexive relations and (A; F ∪ WAut^* A) is semi-affine with respect to an elementary 2-group.

Proof. Let A = (A; F ) be a nontrivial infinite algebra with a proper subalgebra and suppose that WAut A is 3-transitive. Then, by Lemma 2.4(b), A is idempotent. Since WAut A ⊆ WAut^* A therefore WAut^* A is also 3-transitive and our statement follows from Corollary 3.3. □

References

[1] Csákány, B., Homogeneous algebras are functionally complete, Algebra Universalis 11 (1980), 149–158.

[2] Fried, E., Szabó, L. and Szendrei, Á., Algebras with p-uniform principal congruences, Studia Sci. Math. Hungar. 16 (1981), 229–235.

[3] Goetz, A., On weak isomorphisms and weak homomorphisms of abstract algebras, Colloq.

Math. 14 (1966), 163–167.

[4] Kaiser, H. K. and Márki, L., Remarks on a paper of L. Szabó and Szendrei, Á., Acta Sci.

Math. (Szeged) 42 (1980), 95–98.

[5] E. Marczewski, E., Independence in abstract algebras, Colloq. Math. 14 (1966), 169–188.

[6] Pálfy, P. P., Szabó, L. and Szendrei, Á., Algebras with doubly transitive automorphism groups, in: Finite Algebra and Multiple-Valued Logic (Proc. Conf. Szeged, 1979), Colloq. Math. Soc. J. Bolyai, vol. 28, North-Holland, Amsterdam, 1981; 521–535.

[7] Pálfy, P. P., Szabó, L. and Szendrei, Á., Automorphism groups and functional completeness, Algebra Universalis 15 (1982), 385–400.

[8] Rosenberg, I. G., and Szabó, L., Local completeness I, Algebra Universalis 18 (1984), 308–326.

[9] Salomaa, A., A theorem concerning the composition of functions of several variables ranging over a finite set, J. Symbolic Logic 25 (1960), 203–208.

[10] Szabó, L. and Szendrei, Á., Almost all algebras with triply transitive automorphism groups are functionally complete, Acta Sci. Math. (Szeged) 41 (1979), 391–402.

[11] Szabó, L., Interpolation in algebras with doubly primitive automorphism groups, Elektron.

Informationsverarbeit. Kybernetik 19 (1983), 603–610.

[12] Szabó, L., Basic permutation groups on infinite sets, Acta Sci. Math. (Szeged) 47 (1984), 61–70.

[13] Szabó, L., Triply transitive algebras, Acta Sci. Math. (Szeged) 51 (1987), 221–227.

[14] Szabó, L., Algebras with transitive automorphism groups, Algebra Universalis 31 (1994), 589–598.

[15] Szabó, L., On simple surjective algebras, Acta Sci. Math. (Szeged) 59 (1994), 17–23.

[16] Szabó, L., Simple, surjective, transitive algebras, in: General Algebra and Ordered Sets (Proc. of the Summer School, 1994), Dept. of Algebra and Geometry, Palacký University Olomouc, Olomouc, Czech Republic; 138-143.

[17] Szabó, L., Characteristically simple algebras, Acta Sci. Math. (Szeged) 63 (1997), 51–70. [18] Szabó, L., Algebras that are simple with weak automorphisms, Algebra Universalis 42 (1999), 205–233.

[19] Wielandt, H., Finite permutation group, Academic Press, New York and London, 1964.

Bolyai Institute Aradi vértanúk tere 1 6720 Szeged, HUNGARY E-mail: szabol@math.u-szeged.hu