ARCHIVUM MATHEMATICUM (BRNO) Tomus 37 (2001), 333 – 347

PROLONGATION OF SECOND ORDER CONNECTIONS TO VERTICAL WEIL BUNDLES

ANTONELLA CABRAS AND IVAN KOLÁŘ

Abstract. We study systematically the prolongation of second order connections in the sense of C. Ehresmann from a fibered manifold into its vertical bundle determined by a Weil algebra A. In certain situations we deduce new properties of the prolongation of first order connections. Our original tool is a general concept of a B-field for another Weil algebra B and of its A-prolongation.

The simpliest example of a Weil functor is the jet functor T^r_k of k-dimensional velocities of order r. Recently it has been clarified that the theory of Weil bundles represents a unified technique for studying many geometric problems related with product preserving functors, see [11] for a survey. Our starting point is a paper by W. M. Mikulski and the second author, who studied the prolongation of a first order connection on an arbitrary fibered manifold Y → M with respect to a vertical functor on the category FM of all fibered manifolds and their morphisms, [12]. In the case of the vertical Weil functor V^A they obtained an interesting naturality result: the operator transforming a first order connection Γ on Y into its vertical prolongation V^AΓ on V^AY is the only natural one.

On the other hand our research is based on the results from [3], where we developed systematically the theory of second order connections in the sense of C. Ehresmann on an arbitrary fibered manifold. So the main subject of the present paper are the geometric properties of prolongation of the second order connections to the vertical Weil bundles. However, at several places we deduce further geometric properties of prolongation of the first order connections. Since our problems are of general character, our procedures are always coordinate free. Nevertheless, occasionally we outline the coordinate expressions as well. At these places we use

2000 Mathematics Subject Classification: 58A20, 53C05.

Key words and phrases: non-holonomic jet, Weil bundle, Weil field, second order connection, prolongation of connections.

This work has been performed during the visit of I. Kolář at Dipartimento di Matematica Applicata “G. Sansone”, Università di Firenze, supported by G.N.S.A.G.A of INDAM. The second author was also supported by a grant of the GAČR No 201/99/0296 and the project MSM 143100009.

Received August 21, 2000.

heavily the fact that the A-prolongation of a real valued function is a function with values in the Weil algebra A.

In Section 1 we introduce an original tool, the concept of B-field for another Weil algebra B and of its A-prolongation. Sections 2 and 3 are devoted to the vertical A-prolongation of a first order connection Γ. In particular, we deduce an explicit formula for the curvature of V^AΓ in terms of the curvature of Γ and an analogous characterization of the lifting map of V^AΓ. The first result on the prolongation of second order connections is Proposition 4, which reads that the prolongation of the product of the first order connections is the product of their prolongations. In Section 5 we introduce the lifting map of a second order connection Δ. It lifts the elements of the second iterated tangent bundle T T M of the base M to T T Y . The sections M → T T M are D ⊗ D -fields on M , where D is the algebra of dual numbers. Using the ideas of Section 1, we clarify that the lifting of D ⊗ D -fields with respect to Δ has similar properties to lifting of vector fields with respect to a first order connection. This enables us to prove, in Corollary 3, that the canonical decomposition of a second order connection is preserved under the vertical Aprolongation. The last two sections are devoted to the basic properties of the first order absolute differentiation with respect to the prolongated connection and of the second order one.

All manifolds and maps are assumed to be infinitely differentiable and all manifolds are paracompact. Unless otherwise specified, we use the terminology and notation from [11].

1. Prolongation of Weil fields

Let A be a Weil algebra and T^A be the corresponding Weil functor, [11], [18]. For a manifold M , we consider each element of T^AM in the form of an A-jet j^Ag, g : R^k → M , where k is the width of A, [11]. For a smooth map f : M → N , we define T^Af : T^AM → T^AN by

(1) T^Af(j^A g) = j^A(f ∘ g) .

Let B be another Weil algebra. Consider X ∈ T^B (T^AM ), X = j^B φ, where φ : R^l → T^AM , l= the width of B. Every φ(t) ∈ T^AM , t ∈ R^l, is of the form j^Aψ(τ, t), τ ∈ R^k, where ψ is a map R^k × R^l → M . Hence X = j^B (j^Aψ(τ, t)) and we can define the exchange diffeomorphism i^{B,A}_M : T^B(T^AM ) → T^A(T^B M ) by

(2) i^{B,A}_M (X) = j^A(j^B ψ(τ, t)) .

Write π_{A,M} : T^AM → M for the bundle projection. Consider the bundle projection π_{B,T} A_M : T^B T^AM → T^AM and the induced map T^Bπ_{A,M} : T^B T^AM → T^B M . One verifies easily that i^{B,A}_M exchanges the related projections, i.e. (3) T^Aπ_{B,M} ∘ i^{B,A}_M = π_{B,T} A_M , π_{A,T} B_M ∘ i^{B,A}_M = T^Bπ_{A,M} .

Definition 1. A section ξ : M → T^BM will be called a Weil field of type B or a B-field on M . The B-field T^Aξ = i^{B,A}_M ∘ T^Aξ : T^AM → T^B (T^AM ) will be called the A-prolongation of ξ.

If B is the algebra D of dual numbers, then T^D = T is the tangent functor, ξ is a vector field and T^Aξ is the flow prolongation of ξ, [11]. We remark that one has defined the flow prolongation of a vector field with respect to an arbitrary natural bundle, while in the case of a B-field we have to consider Weil bundles only.

Consider a fibered manifold p : Y → M . Its vertical Weil bundle V^AY → M is defined by V^AY = ⋃ x∈M T^A(Y_x) .

Let W → N be another fibered manifold and f : Y → W be an FM-morphism with the base map f : M → N . Then V^Af : V^AY → V^AW is defined fiberwise.

Consider the subbundles V^B (T^AY → T^AM ) ⊂ T^B (T^AM ) and T^A(V^B Y ) ⊂ T^A(T^B Y ).

Lemma 1. i^{B,A}_Y maps V^B (T^AY → T^AM ) into T^A(V^BY ).

Proof. By locality, it suffices to consider a product bundle Y = M × N . We have

T^AY = T^AM × T^AN , V^B (T^AY → T^AM ) = T^AM × T^B T^AN , V^B Y = M × T^B N , T^A(V^B Y ) = T^AM × T^AT^BN .

In this situation, i^{B,A}_Y is reduced to the exchange diffeomorphism i^{B,A}_N : T^BT^AN → T^AT^B N . □ The restricted and corestricted map will be denoted by

i^{B,A}_{V,Y} : V^B (T^AY → T^AM ) → T^A(V^B Y ) .

If we consider T^A(V^B Y ) as a fibered manifold over T^AM , then i^{B,A}_{V,Y} is an FMmorphism over id_T A_M . If we further restrict i^{B,A}_{V,Y} to V^B (V^AM → M ), then its values lie in V^A(V^BY → M ). The restricted and corestricted map i^{B,A}_{Y,V} : V^BV^AY → V^AV^BY represents the exchange diffeomorphism applied fiberwise.

A B-field ξ : Y → T^BY is called projectable, if there is a B-field ξ : M → T^B M satisfying T^B p ∘ ξ = ξ ∘ p. In this case, V^Aξ := i^{A,B}_{V,Y} ∘ V^Aξ : V^AY → T^B (V^AY ) is a projectable B-field on V^AY over ξ, which will be called the vertical Aprolongation of ξ. If B = D , then V^D = V is the vertical tangent functor and ξ is a projectable vector field on Y . One verifies easily that V^Aξ coincides with the flow prolongation of ξ with respect to the functor V^A.

Consider another fibered manifold q : Z → M and an FM-morphism f : Y ×_M Z → W with the base map f : M → N . Then we define the vertical A-prolongation with respect to the first factor V^A_1 f : V^AY ×_M Z → V^AW fiberwise. In other words, if we denote by f_z : Y_x → W_{f(x)}, z ∈ Z, q(z) = x, the map y → f(y, z), then (V^A_1 f)_z = T^A(f_z) : (V^AY )_x → (V^AW )_{f (x)} .

In particular, if we have a section s : M → Z and write f(s) : Y → W , f(s)(y) = f(y, s(py)) , then (V^A_1 f)(s) = V^A(f(s)) : V^AY → V^AW .

Consider the special case W = V^BY and f with the property π_{B,Y} (f(y, z)) = y. Then we introduce V^A_1 f := i^{A,B}_{Y,V} ∘ V^A_1 f : V^AY ×_M Z → V^B V^AY .

By construction, we have (V^A_1 f)(s) = V^A(f(s)) for every section s : M → Z.

2. On the prolongation of first order connections According to [12], the construction of the vertical A-prolongation of a first order connection on Y can be based on the canonical exchange isomorphism i^{1,A}_Y : V^A(J^1Y → M ) → J^1(V^AY → M ) , [10], see also [8] for the special case A = D . Every X ∈ V^A(J^1Y → M ) over x ∈ M is of the form X = j^Aφ(τ ), φ : R^k → J^1_xY , φ(τ ) = j^1_xψ(τ, u), u ∈ M . Then we define (4) i^{1,A}_Y (X) = j^1_xj^Aψ(τ, u) .

Lemma 2. If f : Y → Z is a base-preserving morphism, then the following diagram commutes

(5) V^AJ^1Y w

V^AJ^1f

u i^{1,A}_Y V^AJ^1Z u i^{1,A}_Z J^1V^AY w

J^1V^Af J^1V^AZ

Proof. We have (V^AJ^1f)(j^Aj^1_xψ(τ, u)) = j^A(J^1f(j^1_xψ(τ, u)) = j^A(j^1_xf(ψ(τ, u))). On the other hand, (J^1V^Af)(j^1_xj^Aψ(τ, u)) = j^1_xj^Af(ψ(τ, u)). □ Every connection Γ : Y → J^1Y induces a connection V^AΓ on V^AY → M by (6) V^AΓ = i^{1,A}_Y ∘ V^AΓ : V^AY → J^1V^AY .

It will be useful to have a kind of coordinate expression of V^AΓ. Locally Y is of the form R^{m,n} = R^m × R^n → R^m with the coordinates x^i on R^m and y^p on R^n. Then y^p_i are the induced coordinates on J^1R^{m,n} and the equations of Γ are (7) y^p_i = F^p_i (x, y) .

Since T^AR = A, we have V^AR^{m,n} = R^m × A^n. So every element of V^AR^{m,n} is of the form (x^1, . . . , x^m, η^1, . . . , η^n), x^i ∈ R, η^p ∈ A. Hence η^p represents a kind of vector valued coordinate function on V^AR^{m,n}. The induced vector valued coordinates on J^1V^AR^{m,n} are η^p_i .

In general, consider a function f : Y → R. If we interpret R as a fibered manifold R → pt, where pt is a point, then f is an FM-morphism. So we have an induced A-valued function V^Af : V^AY → A. Since the addition or multiplication in A is defined to be the prolongation of the addition or multiplication of reals, we have, for another function g : Y → R, V^A(f + g) = V^Af + V^Ag , (8) V^A(fg) = (V^Af)(V^Ag) (9) with addition or multiplication in A on the right hand side, respectively. Furthermore, if we consider a function φ : M → R, then we find similarly (10) V^A(φf) = φV^Af .

In this notation, (7) implies the following coordinate form of V^AΓ (11) η^p_i = V^A(F^p_i ) .

For every vector field X on M , we denote by ΓX : Y → T Y its Γ-lift. The curvature of Γ can be interpreted as a map (12) C_Γ : Y ×_M (T M ×_M T M ) → V Y . For every two vector fields X_1, X_2 on M , we have (13) C_Γ(X_1, X_2) = [ΓX_1, ΓX_2] − Γ([X_1, X_2]) .

If we apply V^A_1 to (12), we obtain V^A_1 C_Γ : V^AY ×_M (T M ×_M T M ) → V V^AY .

Proposition 1. We have C_VA_Γ = V^AC_Γ. Proof. Applying V^A to (13), we obtain

(V^A_1 C_Γ)(X_1, X_2) = V^A([ΓX_1, ΓX_2]) − V^AΓ([X_1, X_2]) .

Using i^{A,D}_{V,Y} , we find

(V^A_1 C_Γ)(X_1, X_2) = V^A([ΓX_1, ΓX_2]) − (V^AΓ)([X_1, X_2]) .

But V^A is the flow prolongation of vector fields that preserves the bracket, [11]. Hence V^A([ΓX_1, ΓX_2]) = [(V^AΓ)X_1, (V^AΓ)X_2]. This completes the proof. □ If Γ is given by (7), then the coordinate form of C_Γ is

(14) ( ∂F^p_i ∂x^j + ∂F^p_i ∂y^q F^q_j ) dx^i ∧ dx^j . Using Proposition 1, we deduce the following coordinate expression of C_VA_Γ

(15) [ V^A ( ∂F^p_i ∂x^j ) + V^A ( ∂F^p_i ∂y^q ) V^A(F^q_j ) ] dx^i ∧ dx^j , where the product of the second and third terms is in A.

Since β : J^1Y → Y is an affine bundle with associated vector bundle V Y ⊗T^∗M , the difference of two connections Γ, Γ : Y → J^1Y is a map δ(Γ, Γ) : Y → V Y ⊗ T^∗M that is called the deviation of Γ and Γ. If we write δ(Γ, Γ) : Y ×_M T M → V Y , we can construct V^A_1 δ(Γ, Γ) : V^AY ×_M T M → V V^AY .

On the other hand, we have the deviation δ(V^AΓ, V^AΓ) : V^AY ×_M T M → V V^AY . Proposition 2. It holds δ(V^AΓ, V^AΓ) = V^A_1 δ(Γ, Γ). Proof. For every vector field X on M , we have

δ(Γ, Γ)(X) = ΓX − ΓX .

Then we proceed in the same way as in the proof of Proposition 1. □

3. The lifting map in the first order We are going to describe the prolongation of the lifting map of a first order connection on Y in a way we shall need in the second order. We start with the general situation. The lifting of tangent vectors from the base to the horizontal subspaces of Y can be interpreted as an FM-morphism Λ_Y : J^1Y ×_M T M → T Y over id_{T M} , provided we consider J^1Y ×_M T M as a fibered manifold over T M . If we take j^1_xσ(u) ∈ J^1Y and^∂_{∂t} | |_0γ(t) ∈ T_xM , then

Λ_Y (j^1_xσ(u), ∂ ∂t | |_0γ(t)) = ∂ ∂t | |_0σ(γ(t)) . On V^AY , we have Λ_V A_Y : J^1V^AY ×_M T M → T V^AY .

Proposition 3. The following diagram commutes V^AJ^1Y u i^{1,A}_Y ×_M T M w V^AΛ_Y V^A(T Y → T M ) u i^{A,D}_{V,Y} J^1V^AY ×_M T M w

Λ_V A_Y T (V^AY ) Proof. Take (j^Aj^1_xψ(τ, u),^∂_{∂t} | |_0γ(t)) ∈ V AJ 1Y ×_M T M . Clockwise, we first obtain j^{A ∂}_{∂t} | |_0ψ(τ, γ(t)) and then^∂_{∂t} | |_0j^Aψ(τ, γ(t)). Counterclockwise, we first construct j^1_xj^Aψ(τ, u) and then^∂_{∂t} | |_0j^Aψ(τ, γ(t)). □ The lifting map ΛΓ of a first order connection Γ: Y → J^1Y can be defined as ΛΓ = Λ_Y ∘ (Γ ×_M id_{T M} ) : Y ×_M T M → T Y .

If we add V^AΓ = i^{1,A}_Y ∘ V^AΓ to the left of (16), we obtain Corollary 1. We have (17) Λ(V^AΓ) = i^{A,D}_{V,Y} ∘ V^A(ΛΓ) .

4. Prolongation of second order connections Consider the second non-holonomic prolongation ~J^2Y = J^1(J^1Y → M ) of Y , [6], [13]. Beside the target jet projection β_1 : ~J^2Y → J^1Y we have the first jet prolongation J^1β : ~J^2Y → J^1Y of the FM-morphism β : J^1Y → Y . The local coordinates x^i, y^p on Y and the corresponding coordinates y^p_i on J^1Y induce the additional coordinates y^p_{0i}, y^p_{ij} on ~J^2Y .

A second order non-holonomic connection on Y in the sense of C. Ehresmann is a section Δ : Y → ~J^2Y , [7], [9]. So the coordinate expression of Δ is (18) y^p_i = F^p_i (x, y) , y^p_{0i} = G^p_i (x, y) , y^p_{ij} = H^p_{ij}(x, y) .

The second order exchange isomorphism of Y is defined by (19) i^{2,A}_Y = J^1i^{1,A}_Y ∘ i^{1,A}_{J 1 Y} : V^A ~J^2Y → ~J^2V^AY , where J^1i^{1,A}_Y : J^1(V^AJ^1Y ) → ~J^2V^AY is the first jet prolongation of i^{1,A}_Y and i^{1,A}_{J 1 Y} : V^A ~J^2Y → J^1V^A(J^1Y ) is the first order exchange isomorphism of J^1Y . Definition 2. The vertical A-prolongation of Δ : Y → ~J^2Y is V^AΔ := i^{2,A}_Y ∘ V^AY : V^AY → ~J^2V^AY .

If η^p, η^p_i , η^p_{0i}, η^p_{ij} are the induced A-valued coordinates on ~J^2V^AY , then the coordinate form of V^AΔ is (20) η^p_i = V^A(F^p_i ) , η^p_{0i} = V^A(G^p_i ) , η^p_{ij} = V^A(H^p_{ij}) .

The product Γ∗Γ : Y → ~J^2Y of two first order connections Γ, Γ on Y is defined by Γ ∗ Γ := J^1Γ ∘ Γ, where J^1Γ : J^1Y → ~J^2Y is the first jet prolongation of the FM-morphism Γ : Y → J^1Y .

Proposition 4. We have V^A(Γ ∗ Γ) = (V^AΓ) ∗ (V^AΓ).

Proof. If we apply Lemma 2 to the morphism Γ, we obtain (J^1V^AΓ) ∘ i^{1,A}_Y = i^{1,A}_{J 1 Y} ∘V^AJ^1Γ. Hence V^A(Γ∗Γ) = i^{2,A}_Y ∘V^A(Γ∗Γ) = J^1i^{1,A}_Y ∘i^{1,A}_{J 1Y} ∘V^AJ^1Γ∘V^AΓ = J^1i^{1,A}_Y ∘ J^1V^AΓ ∘ i^{1,A}_Y ∘ V^AΓ = J^1V^AΓ ∘ V^AΓ = V^AΓ ∗ V^AΓ. □ Remark 1. In general, an r-th order non-holonomic connection on Y is a section Γ : Y → ~J^r Y , where the r-th order non-holonomic prolongation of Y is defined by the iteration ~J^rY = J^1( ~J^{r−1}Y → M ). We outline how the previous results can be extended to such connections. First of all, we introduce i^{r,A}_Y : V^A ~J^r Y → ~J^r V^AY by the induction i^{r,A}_Y = J^1i^{r−1,A}_Y ∘ i^{1,A}_{~J r−1 Y} , where i^{r−1,A}_Y : V^A ~J^{r−1}Y → ~J^{r−1}V^AY . Since i^{r,A}_Y is a composition of natural transformations, it is a natural transformation too. By induction, one deduces (21) i^{r,A}_Y = ~J^li^{k,A}_Y ∘ i^{l,Y}_{~J kY} for all k and l satisfying k + l = r. Using i^{r,A}_Y , we introduce

V^AΓ = i^{r,A}_Y ∘ V^AΓ : V^AY → ~J^r V^AY .

If Γ : Y → ~J^sY is another s-th order non-holonomic connection on Y , then the product Γ ∗ Γ is defined by

Γ ∗ Γ = ~J^sΓ ∘ Γ : Y → ~J^{r+s}Y ,

[17], [9]. Even in this case, we have

V^A(Γ ∗ Γ) = (V^AΓ) ∗ (V^AΓ) .

Indeed, applying naturality V^A ~J^s → ~J^sV^A to Γ, we obtain i^{s,A}_{~J r Y} ∘ V^A ~J^sΓ = ~J^sV^AΓ ∘ i^{s,A}_Y . Hence i^{r+s,A}_Y ∘ V^A( ~J^sΓ ∘ Γ) = ~J^si^{r,A}_Y ∘ i^{s,A}_{~J r Y} ∘ V^A ~J^sΓ ∘ V^AΓ = ~J si^{r,A}_Y ∘ ~J sV AΓ ∘ i^{s,A}_Y ∘ V AΓ = ( ~J sVAΓ) ∘ VAΓ. 5. The lifting map in the second order The space of all non-holonomic 2-jets from a manifold M into another manifold N is defined as the second non-holonomic prolongation of the product fibered manifold M ×N → M , [6]. It is well known that every X ∈ ~J^2_x (M, N )_y determines a map λX : T T_xM → T T_yN , where T T is the second iterated tangent functor, [15], [2]. We recall a direct geometric construction of λX.

Let X = j^1_xσ(u), σ : M → J^1(M, N ). We have σ(u) = j^1_uϱ(u, v), where ϱ is a local map M × N → N , so that

(22) X = j^1_xj^1_uϱ(u, v) .

Consider D ∈ T T_xM , D =^∂_{∂t} | |_0γ(t), γ(t) =^∂_{∂s} | |_0δ(t, s), where γ(t) is a tangent vector to M at δ(t, 0). Then one defines

(23) λX(D) = ∂ ∂t | |_0 ∂ ∂s | |_0σ(δ(t, 0), δ(t, s)) ∈ T T_yN . We shall write λ(X, D) instead of λX(D) in the sequel.

If we have some local coordinates x^i and y^p on M and N , then y^p_i , y^p_{0i}, y^p_{ij} are the additional coordinates on ~J^2(M, N ). Further, write x^i_1 = dx^i in the first step and x^i_2 = dx^i, x^i_3 = dx^i_1 in the second step for the induced coordinates on T T M . Let y^p_1 , y^p_2 , y^p_3 be the coordinates induced on T T N in the same way. . Then the coordinate form of λ(X, D) is, see [15], [2],

(24) y^p_1 = y^p_i x^i_1 , y^p_2 = y^p_{0i}x^i_2 , y^p_3 = y^p_{ij}x^i_1x^j_2 + y^p_i x^i_3 .

In the case of ~J^2Y , (23) induces a lifting map

(25) λ_Y : ~J^2Y ×_M T T M → T T Y ,

which is an FM-morphism over id_{T T M} , provided we consider ~J^2Y ×_M T T M as a fibered manifold over T T M . If we take V^AY instead of Y , we have λ_V A_Y : ~J^2V^AY ×_M T T M → T T V^AY . We recall that the Weil algebra of T T is D ⊗ D . Proposition 5. The following diagram commutes

(26)

V^A ~J^2Y u i^{2,A}_Y ×_M T T M w V^Aλ_Y V^A(T T Y → T T M ) u i^{A,D⊗D} V,Y ~J^2V^AY ×_M T T M w λ_V A_Y T T (V^AY ) Proof. If we consider X ∈ V^A ~J^2Y in the form X = j^Aj^1_xj^1_uψ(τ, u, v), then

(27) i^{2,A}_Y (X) = J^1i^{1,A}_Y (i^{1,A}_{J 1Y} (X)) = j^1_xj^1_uj^Aψ(τ, u, v) .

Indeed, i^{1,A}_{J 1 Y} exchanges j^A and j^1_x and J^1i^{1,A}_Y exchanges j^A and j^1_u. Consider further D =^∂_{∂t} | |_0^∂_{∂s} | |_0δ(t, s) ∈ T T_xM . Clockwise, we first obtain jA^∂_{∂t} | |_0^∂_{∂s} | |_0ψ(τ, δ(t, 0), δ(t, s)) and then

(28) ∂ ∂t | |_0 ∂ ∂s | |_0j^Aψ(τ, δ(t, 0), δ(t, s)) . Counterclockwise, we first find j^1_xj^1_uj^Aψ(τ, u, v) and then (28). □ The lifting map of Δ : Y → ~J^2Y is defined by λΔ = λ_Y ∘ (Δ ×_M id_{T T M} ) : Y ×_M T T M → T T Y .

If we add V^AΔ = i^{2,A}_Y ∘ V^AΔ to the left of (26), we obtain the following characterization of the lifting map of V^AΔ.

Corollary 2. We have λ(V^AΔ) = i^{A,D⊗D}_{V,Y} ∘ V^A(λΔ). □ Consider a section ξ : M → T T M , i.e. a D ⊗ D -field on M . Its Δ-lift can be introduced by Δ(ξ) = λ_Y ∘ (Δ ×_M ξ) .

This is a projectable D ⊗ D -field on Y , so that we have defined its vertical Aprolongation V^A(Δξ) : V^AY → T T V^AY . On the other hand, we can construct the V^AΔ-lift (V^AΔ)(ξ) : V^AY → T T V^AY . The following result demonstrates that the lifting of D ⊗ D -fields in the theory of second order connections plays an analogous role to the lifting of vector fields in the theory of first order connections. Proposition 6. We have (V^AΔ)(ξ) = V^A(Δξ).

Proof. Add the map V^AΔ ×_M ξ to the left of the top row of (26). Clockwise we obtain V^A(Δξ) and counterclockwise we find (V^AΔ)(ξ). □ Consider another connection Δ : Y → ~J^2Y satisfying (29) β_1Δ = β_1Δ , J^1β(Δ) = J^1β(Δ) .

In [3] we deduced that there is a section Σ : Y → V Y ⊗^2⊗T^∗M such that Δ = Δ+Σ. Let (30) y^p_i = F^p_i (x, y) , y^p_{0i} = G^p_i (x, y) , y^p_{ij} = H^p_{ij} (x, y) be the coordinate expression of Δ. Then Σ = (H^p_{ij} − H^p_{ij}).

A D ⊗ D -field ξ : M → T T M induces two vector fields ξ_1 = π_{D,T M} ∘ ξ and ξ_2 = T π_{D,M} ∘ ξ on M . If ξ = (ξ^i_1, ξ^i_2, ξ^i_3) is the coordinate expression of ξ, then ξ_1 = (ξ^i_1) and ξ_2 = (ξ^i_2). By (24) we find the coordinate forms of the corresponding lifts Δ(ξ) = (F^p_i ξ^i_1, G^p_i ξ^i_2.H^p_{ij}ξ^i_1ξ^j_2 + F^p_i ξ^i_3) , Δ(ξ) = (F^p_i ξ^i_1, G^p_i ξ^i_2, H^p_{ij}ξ^i_1ξ^j_2 + F^p_i ξ^i_3) .

This implies (31) Δ(ξ) − Δ(ξ) = Σ(ξ_1, ξ_2) .

Now we apply V^A. If we take into account the difference in notation on both sides, we obtain (32) V^A(Δ(ξ)) − V^A(Δ(ξ)) = V^A_1 Σ(ξ_1, ξ_2) .

Next we apply i^{A,D}_{V,Y} to both sides. Since Σ is vertical valued, i^{A,D}_{V,Y} is reduced to i^{A,D}_{Y,V} on the right hand side. Thus, V^A(Δ(ξ)) − V^A(Δ(ξ)) = (V^A_1 Σ)(ξ_1, ξ_2) .

By Proposition 6, we have V^A(Δξ) = (V^AΔ)(ξ) and the same for Δ. Thus, we have proved

Proposition 7. If (29) holds and Δ = Δ + Σ, then

V^AΔ = V^AΔ + V^A_1 Σ .

In [3] we deduced that every Δ : Y → ~J^2Y can be uniquely written in the form

(33) Δ = Γ ∗ Γ + Σ

with Γ, Γ : Y → J^1Y and Σ : Y → V Y ⊗^2⊗T^∗M . By Propositions 4 and 7, we obtain Corollary 3. If (33) holds, then

V^AΔ = (V^AΓ) ∗ (V^AΓ) + V^A_1 Σ .

Remark 2. An r-th order non-holonomic connection Γ : Y → ~J^rY determines a lifting map in a similar way. Every non-holonomic r-jet X ∈ ~J^r_x(M, N )_y induces a map λX : T . . . T_xM → T . . . T_yN , where T . . . T is the r-times iterated tangent functor, [16]. This defines the lifting map of Γ λΓ : Y ×_M T . . . T M → T . . . T Y . The Weil algebra of T . . . T is D ⊗ . . . ⊗ D =^r⊗D . Hence every^r⊗D -field ξ on M is lifted into a^r⊗D -field Γξ on Y . Several properties of this operation are analogous to the second order case, but we shall not go into details here.

6. The first order absolute differentiation The absolute differentiation with respect to a first order connection Γ : Y → J^1Y can be viewed as a map

∇_Γ : J^1Y → V Y ⊗ T^∗M .

The simpliest way of defining it is we use the fact that β : J^1Y → Y is an affine bundle with associated vector bundle V Y ⊗ T^∗M and we set

(34) ∇_Γ(X) = X − Γ(βX) , X ∈ J^1Y ,

[14]. However, this approach is somewhat formal and cannot be extended to higher orders.

The definition of higher order absolute differentiation by C. Ehresmann is of jet character, [7], [9]. That is why we find it useful to discuss also the first order case from such a point of view. We shall use the standard identification T (Y_x)⊗T^∗_x M = J^1_x (M, Y_x). We introduce J^1Y = ⋃ x∈M J^1_x (M, Y_x) .

Hence (34) is an FM-morphism J^1Y → J^1Y . From the jet viewpoint it is more convenient to construct the inverse map ∇^{−1}_Γ : J^1Y → J^1Y . We have Γ(y) = j^1_xψ(u, y) , ψ(x, y) = y , u ∈ M, y ∈ Y_x . If (7) are the equations of Γ, then ∂ψ^p(x, y) ∂x^i = F^p_i (x, y) . For Z = j^1_xφ(u) ∈ J^1_x Y we define (35) ∇^{−1}_Γ (Z) = j^1_xψ(u, φ(u)) ∈ J^1_x Y . Write z^p_i for the induced coordinates in J^1Y . Evaluating (35), we obtain y^p_i = F^p_i (x, y) + z^p_i .

This is the coordinate form of (34).

Consider W = j^Aj^1_xφ(τ, u) ∈ V^AJ^1Y , φ : R^k × M → Y_x . We define an exchange isomorphism I^{1,A}_Y : V^AJ^1Y → J^1V^AY by (36) I^{1,A}_Y (W ) = j^1_xj^Aφ(τ, u) .

In the case of V^AΓ, we have ∇^{−1}_{VAΓ} : J^1V^AY → J^1V^AY . Proposition 8. The following diagram commutes V^AJ^1Y w

V^A(∇^{−1}_Γ )

u I^{1,A}_Y V^AJ^1Y u i^{1,A}_Y J^1V^AY w ∇^{−1}_{VAΓ} J^1V^AY Proof. By the definition of V^AΓ, we have V^AΓ(j^Aϱ(τ )) = j^A_x j^Aψ(u, ϱ(τ )) , j^Aϱ(τ ) ∈ V^A_x Y . Hence ∇^{−1}_{VAΓ}(I^{1,A}_Y (W )) = j^1_xj^Aψ(u, φ(τ, u)) = i^{1,A}_Y (V^A(∇^{−1}_Γ )(W )). □ Remark 3. It is instructive to characterize the absolute differentiation with respect to Γ from the groupoidal point of view, [7], [9]. Assume Y is locally trivial and denote by GY the groupoid of all diffeomorphisms between the individual fibers of Y . This is a smooth space in the sense of A. Frölicher. If f : Y_x → Y_u is a diffeomorphism, then T^Af : V^A_x Y → V^A_u Y is also a diffeomorphism. In this sense the groupoid GY acts smoothly on V^AY as well. To define a first order element of connection C on Y at x ∈ M in the sense of C. Ehresmann, [7], [9], we have to consider locally a smooth family of diffeomorphisms Θ(u) : Y_x → Y_u, u ∈ M , and define C(y) = j^1_x[Θ(u)(y)] , y ∈ Y_x .

The corresponding map ∇^{−1}_C : J^1_x Y → J^1_x Y is of the form ∇^{−1}_C (j^1_xφ(u)) = j^1_xΘ(u)(φ(u)) , φ : M → Y_x .

If we replace Θ(u) by T^AΘ(u), we obtain another construction of the connection V^AΓ as well as another approach to the absolute differentiation on V^AY with respect to V^AΓ.

7. The second order absolute differentiation In the second order, we define ~J^2Y = ⋃ x∈M ~J^2_x (M, Y_x) .

The absolute differentiation with respect to Δ : Y → ~J^2Y is a map ∇_Δ : ~J^2Y → ~J^2Y , whose inverse map can be introduced as follows. We have Δ(y) = j^1_xj^1_uψ(u, v, y) , u, v ∈ M, y ∈ Y_x . Consider Z ∈ ~J^2_x (M, Y_x) of the form Z = j^1_xj^1_uφ(u, v) , φ : M × M → Y_x . Then we define (37) ∇^{−1}_Δ (Z) = j^1_xj^1_uψ(u, v, φ(u, v)) ∈ ~J^2_xY .

If (18) is the coordinate expression of Δ and z^p_{0i}, z^p_{ij} are the additional coordinates on ~J^2Y , then the evaluation of (37) yields

(38) y^p_i = F^p_i + z^p_i , y^p_{0i} = G^p_i + z^p_{0i} , y^p_{ij} = H^p_{ij} + ∂F^p_i ∂y^q z^q_{0j} + ∂G^p_j ∂y^q z^q_i + z^p_{ij} . These formulae coincide with (19) from [3]. This clarifies that (37) is equivalent to the approach from [3].

Consider W = j^Aj^1_xj^1_uφ(τ, u, v) ∈ V^A ~J^2Y, φ : R^k × M × M → Y_x. We define an exchange isomorphism I^{2,A}_Y : V^A ~J^2Y → ~J^2V^AY by (39) I^{2,A}_Y (W ) = j^1_xj^1_uj^Aφ(τ, u, v) .

The construction of ∇_VA_Δ from ∇_Δ is described in the following assertion.

Proposition 9. The following diagram commutes

V^A ~J^2Y w

V^A(∇^{−1}_Δ )

u I^{2,A}_Y V^A ~J^2Y u i^{2,A}_Y ~J^2V^AY w ∇^{−1}_{VAΔ} ~ J^2V^AY

Proof. By the definition of V^AΔ and by (27), we have

V^AΔ(j^Aϱ(τ )) = j^1_xj^1_uj^Aψ(u, v, ϱ(τ )) , j^Aϱ(τ ) ∈ V^A_x Y .

Hence ∇^{−1}_{VAΔ}(I^{2,A}_Y (W )) = j^1_xj^1_uj^Aψ(u, v, φ(τ, u, v)) = i^{2,A}_Y (V^A(∇^{−1}_Δ )(W )). □

Remark 4. The groupoidal approach from Remark 3 can be applied to the second order absolute differentiation as well.

References

[1] Cabras, A., Kolář, I., Prolongation of tangent valued forms to Weil bundles, Arch. Math.

(Brno) 31 (1995), 139–145.

[2] Cabras, A., Kolář, I., On the second order absolute differentiation, Suppl. Rendiconti Circolo Mat. Palermo, Serie II 59 (1999), 123–133.

[3] Cabras, A., Kolář, I., Second order connections on some functional bundles, Arch. Math.

(Brno) 35 (1999), 347–365.

[4] Cabras, A., Kolář, I., Prolongation of projectable tangent valued forms, to appear in Rendiconti Palermo.

[5] Doupovec M., Kolář, I., Iteration of fiber product preerving bundle functors, to appear. [6] Ehresmann, C., Extension du calcul des jets aux jets non holonomes, CRAS Paris 239 (1954), 1762–1764.

[7] Ehresmann, C., Sur les connexions d’ordre supérieur, Atti del V^∘ Cong. dell’Unione Mat.

Italiana, 1955, Roma Cremonese 1956, 344–346.

[8] Goldschmidt, H., Sternberg, S., The Hamilton formalism in the calculus of variations, Ann.

Inst. Fourier (Grenoble) 23 (1973), 203–267.

[9] Kolář, I., Higher order absolute differentiation with respect to generalized connections, Differential Geometry, Banach Center Publications 12 (1984), 153–162.

[10] Kolář, I., An infinite dimensional motivation in higher order geometry, Proc. Conf. Diff.

Geom. and Applications 1995, Masaryk University, Brno 1996, 151–159. [11] Kolář, I., Michor, P. W., Slovák, J., Natural Operations in Differential Geometry, Springer- -Verlag, 1993.

[12] Kolář, I., Mikulski, W. M., Natural lifting of connections to vertical bundles, Suppl. Rendiconti Circolo Mat. Palermo, Serie II 63 (2000), 97–102.

[13] Libermann, P., Introduction to the theory of semi-holonomic jets, Arch. Math. (Brno) 33 (1997), 173–189.

[14] Mangiarotti, L., Modugno, M., Graded Lie algebras and connections on a fibered space, Journ. Math. Pures et Appl. 83 (1984), 111–120.

[15] Pradines, J., Représentation des jets non holonomes par les morphisms vectoriels doubles soudés, CRAS Paris, série A278 (1974), 1523–1526.

[16] Tomáš, J., On quasijet bundles, to appear in Rendiconti Palermo.

[17] Virsik, J., On the holonomity of higher order connections, Cahiers Topol. Géom. Diff. 12 (1971), 197–212.

[18] Weil, A., Théorie des points proches sur les variétés différentielles, Colloque de topol. et géom. diff., Strasbourg (1953), 111-117.

Antonella Cabras Dipartimento di Matematica Applicata “G. Sansone” Via S. Marta 3 50139 Firenze, ITALY E-mail: cabras@dma.unifi.it

Ivan Kolář Department of Algebra and Geometry Faculty of Science, Masaryk University Janáčkovo nám. 2a 662 95 Brno, CZECH REPUBLIC E-mail: kolar@math.muni.cz