ARCHIVUM MATHEMATICUM (BRNO) Tomus 37 (2001), 329 – 332

RANDOM FIXED POINTS OF INCREASING COMPACT RANDOM MAPS

ISMAT BEG

Abstract. Let (Ω, Σ) be a measurable space, (E, P ) be an ordered separable Banach space and let [a, b] be a nonempty order interval in E. It is shown that if f : Ω × [a, b] → E is an increasing compact random map such that a ≤ f (ω, a) and f (ω, b) ≤ b for each ω ∈ Ω then f possesses a minimal random fixed point α and a maximal random fixed point β.

1. Introduction Špaček [13] and Hans [5,6] initiated the study of random fixed point theorems for random contraction mappings on Polish spaces. Subsequently Bharucha-Reid [4] has given sufficient conditions for a stochastic analogue of Schauder’s fixed point theorem for a random operator. Itoh [7] introduced random condensing operators and considerably improved the known results. Recently Sehgal and Waters [12], Papageorgiou [10], Beg et al [1, 2], Tan and Yuan [14], Lishan [9] and many other authors have studied the fixed points of random maps. In this paper we shall consider stochastic version of a very interesting theorem regarding minimal fixed points of increasing compact maps defined on ordered Banach spaces.

2. Ordered Banach Spaces

Let E be a real Banach space. A cone P of E induces an ordering ≤ by setting x ≤ y if and only if y − x ∈ P . By an ordered Banach space, denoted by (E, P ), we mean a Banach space E together with an ordering ≤ induced by a cone P, the positive cone of E. The norm of an ordered Banach space E is called monotone if 0 ≤ x ≤ y implies ‖x‖ ≤ ‖y‖ and semi-monotone if there exists a constant r such that 0 ≤ x ≤ y implies ‖x‖ ≤ r‖y‖. The positive cone is called normal if the norm is semi-monotone. The order interval [x, y] is defined by [x, y] = {z ∈ E : x ≤ z ≤ y} = (x + P ) ∩ (y − P ) . 2000 Mathematics Subject Classification: 47H07, 47H40, 47H10, 60H25. Key words and phrases: random fixed point, random map, measurable space, ordered Banach space.

Received July 10, 2000.

We now state a characterization of normal cones for subsequent use in Section 4 (for proofs see [8, 11, 15]).

Theorem 2.1. Let (E, P ) be an ordered Banach space. Then the following statements are equivalent:

(i) P is normal;

(ii) every order interval is bounded; (iii) there exists an equivalent monotone norm.

3. Random Maps

Let (Ω, Σ) be a measurable space (Σ = sigma algebra) and K a nonempty subset of a metric space M . A mapping ξ : Ω → M is measurable if and only if ξ^{−1}(U ) ∈ Σ for each open subset U of M . The mapping f : Ω × K → M is a random map if and only if for each fixed x ∈ K, the mapping f(., x) : Ω → M is measurable. We denote by f^n(ω, x) the n-th iterate f(ω, f(ω, . . . f(ω, x) . . . ))) of f. Definition 3.1. Let X be a nonempty subset of a Banach space E and f : Ω × X → E be a random map. Then f is called compact if f(ω, .) is continuous and cl{f(ω, x) : x ∈ X} is compact for each ω ∈ Ω. The random map f is called completely continuous if f is compact on bounded subsets of X.

For more details and other related results we refer to [3, 4].

4. Random Fixed Points

Definition 4.1. Let X be a nonempty subset of an ordered Banach space E and f : Ω × X → E be a random map. A measurable mapping ξ : Ω → E is a random fixed point of the random map f if and only if f(ω, ξ(ω)) = ξ(ω) for each ω ∈ Ω. A random fixed point ξ of f is called minimal (maximal) random fixed point if every random fixed point η of f satisfies ξ(ω) ≤ η(ω) (η(ω) ≤ ξ(ω)) for each ω ∈ Ω.

Definition 4.2. Let (E, P ) be an ordered Banach space and X be a nonempty subset of E. A random map f : Ω × X → E is called increasing if x ≤ y implies f(ω, x) ≤ f(ω, y) for each ω ∈ Ω. Theorem 4.3. Let (E, P ) be an ordered separable Banach space and let [a, b] be a nonempty order interval in E. Suppose f : Ω × [a, b] → E is an increasing compact random map such that a ≤ f(ω, a) and f(ω, b) ≤ b for each ω ∈ Ω. Then f possesses a minimal random fixed point α and a maximal random fixed point β.

Proof. Since f is increasing with a ≤ f(ω, a) and f(ω, b) ≤ b for each ω ∈ Ω. It follows that f maps Ω × [a, b] into [a, b]. Hence the sequence {f^n(ω, a)} is welldefined and it is increasing and relatively compact. This implies the convergence of the whole sequence {f^n(ω, a)} towards its only limit point α(ω). Since X is separable therefore α is measurable. As f is continuous, α(ω) = lim_{n→∞} f^n(ω, a) = f(ω, lim_{n→∞} f^n(ω, a)) = f(ω, α(ω)) ,

RANDOM FIXED POINTS OF INCREASING COMPACT RANDOM MAPS 331

for each ω ∈ Ω. If ξ is an arbitrary random fixed point of f, then by replacing b by ξ(ω) in the above argument, it follows that α(ω) ∈ [a, ξ(ω)]. Hence α is the minimal random fixed point of f. The assertion concerning the maximal random fixed point β follows by an analogous argument.

Corollary 4.4. Let (E, P ) be an ordered separable Banach space with normal positive cone, and let f : Ω × P → E be a completely continuous increasing map. The f has a minimal random fixed point if and only if f has a random fixed point at all i.e. if and only if there exists a measurable β : Ω → P such that f(ω, β(ω)) ≤ β(ω) for every ω ∈ Ω.

Proof. The proof follows from the Theorems 2.1 and 4.3 and the fact that f(ω, 0) ≥ 0. Remark 4.5. We do not assert the existence of a maximal random fixed point in P. The existence of a random fixed point in the order interval [0, b] is an immediate consequence of Schauder’s random fixed point theorem. For many applications it is of great importance that there exists a minimal random fixed point. It should be observed that minimal random fixed point can be computed interatively since α(ω) = lim_{n→∞} f^n(ω, 0(ω)).

Acknowledgement. This work is supported by the Kuwait University research grant number SM - 03/00.

References

[1] Beg, I., Random fixed points of random operators satisfying semicontractivity conditions, Math. Japon. 46 (1) (1997), 151–155.

[2] Beg, I. and Shahzad, N., Some random approximation theorem with applications, Nonlinear Anal. 35 (1999), 609–616.

[3] Bharucha-Reid, A. T., Random Integral Equations, Academic Press, New York , 1972. [4] Bharucha-Reid, A. T., Fixed point theorems in probabilistic analysis, Bull. Amer. Math.

Soc. 82 (1976), 641–657.

[5] Hans, O., Reduzierende zulliällige transformaten, Czechoslovak Math. J. 7 (1957), 154–158. [6] Hans, O., Random operator equations, In: Proc. 4th Berkeley Symposium on Mathematical Statistics and Probability Vol. II, Part I, 185–202, University of California Press, Berkeley 1961.

[7] Itoh, S., Random fixed point theorems with an application to random differential equations in Banach spaces, J. Math. Anal. Appl. 67 (1979), 261–273.

[8] Jameson, G., Ordered Linear Spaces, Lecture Notes, Vol. 141, Springer Verlag, New York, 1970.

[9] Lishan, L., Some random approximations and random fixed point theorems for 1-setcontractive random operators, Proc. Amer. Math. Soc. 125 (1997), 515–521.

[10] Papageorgiou, N. S., Random fixed point theorems for measurable multifunctions in Banach spaces, Proc. Amer. Math. Soc. 97 (1986), 507–514.

[11] Schaefer, H. H., Topological Vector Spaces, Springer Verlag, New York, 1971. [12] Sehgal, V. M. and Waters, C., Some random fixed point theorems, Contemporary Math. 21 (1983), 215–218.

[13] Špaček, A., Zufällige gleichungen, Czechoslovak Math. J. 5 (1955), 462–466. [14] Tan, K. K. and Yuan, X. Z., Random fixed point theorems and approximations, Stochastic Anal. Appl. 15 (1) (1997), 103–123.

[15] Zaanen, A. C. Introduction to Operator Theory in Riesz Spaces, Springer Verlag, Berlin, 1997.

Department of Mathematics Lahore University of Management Sciences 54792 Lahore PAKISTAN E-mail: ibeg@lums.edu.pk