ARCHIVUM MATHEMATICUM (BRNO) Tomus 37 (2001), 71 – 75

A RESULT ON BEST APPROXIMATION IN p-NORMED SPACES

ABDUL LATIF

Abstract. We study best approximation in p-normed spaces via a general common fixed point principle. Our results unify and extend some known results of Carbone [2], Dotson [3], Jungck and Sessa [6], Singh [14] and many of others.

1. Introduction and Preliminaries

Brosowski [1] and Meinardus [11] established some interesting results on invariant approximations in normed spaces using fixed point theory. Recently Jungck and Sessa [6] have obtained some results on approximation theory in the setting of normed spaces. The purpose of this paper is to study the invariant best approximation in the setting of p-normed spaces. We prove a common fixed point result in p-normed spaces and then obtain a result on best approximation theory. These results unify and extend some recent results in [2], [3], [6], [14] etc.

The following definitions and result will be needed.

Let X be a linear space. A p-norm on X is a real-valued function ‖.‖_p on X with 0 < p ≤ 1 [9], satisfying the following conditions:

(a) ‖x‖_p ≥ 0 and ‖x‖_p = 0 iff x = 0 (b) ‖λx‖_p = |λ|^p‖x‖_p (c) ‖x + y‖_p ≤ ‖x‖_p + ‖y‖_p for all x, y ∈ X and all scalars λ. The pair (X, ‖ · ‖_p) is called a p-normed space. It is a metric space with d_p(x, y) = ‖x − y‖_p for all x, y ∈ X, defining a translationinvariant metric d_p on X. If p = 1, we obtain the concept of a normed linear space. It is well-known that the topology of every Hausdorff locally bounded topological linear space is given by some p-norm, 0 < p ≤ 1 [9]. The spaces l_p and L_p[0, 1], 0 < p ≤ 1, are p-normed spaces. A p-normed space is not necessarily a locally convex space.

2000 Mathematics Subject Classification: 41A50, 47H10, 54H25.

Key words and phrases: best approximation, common fixed point, f -nonexpansive map. Received February 2, 2000.

Let C be a subset of a p-normed space X. Then C is called starshaped with respect to a point q ∈ C if {kx + (1 − k)q : 0 ≤ k ≤ 1} ⊂ C for each x ∈ C. C is said to be starshaped if it is starshaped with respect to one of its element. Each convex set is necessarily starshaped, but a starshaped set need not be convex. For any x̂ ∈ X, let P_C (x̂) := {y ∈ C : d_p(y, x̂) = d_p(x̂, C)}, the set of best Capproximants to x̂, where d_p(x̂, C) = inf_{z∈C} d_p(x̂, z). P_C (x̂) is always a bounded subset of X and it is closed or convex if C is so [1].

A map T : C → C is said to be f-contraction if there exists a self-map f on C and a real number k ∈ (0, 1) such that ‖T x − T y‖_p ≤ k ‖fx − fy‖_p for all x, y ∈ C . If in the above inequality k = 1, then T is called f-nonexpansive. We denote by F (T ) the set of fixed points of T .

In [5] Jungck proved a common fixed point theorem for complete metric spaces:

Theorem 1.1. Let f be a continuous self map of a complete metric space (X, d). If T : X → X is a f-contraction map which commutes with f and T (X) ⊆ f(X), then f and T have a unique common fixed point.

In [6] Jungck and Sessa have obtained the following common fixed point result in the setting of Banach spaces:

Theorem 1.2. Let C be a nonempty weakly compact subset of a Banach space X which is starshaped with respect to q ∈ C. Let f : C → C be continuous in the weak and strong topology on C, affine with q ∈ F (f) and f(C) = C. Suppose T : C → C is a f-nonexpansive map which commutes with f. If f − T is demiclosed or X is an Opial space, then F (T ) ∩ F (f) ≠ ∅.

Remark. The weak continuity condition of f in the hypothesis of Theorem 1.2 can be dropped, since continuous affine maps are weakly continuous [3].

Recall that if X is a topological linear space, then its continuous dual space X^′ is said to separate the points of X if for each x ≠ 0 in X, there exists an f ∈ X^′ such that fx ≠ 0. In this case the weak topology on X is well-defined (see for example, Rudin [13, §3.11] ). We mention that if X is not locally convex, then X^′ need not separate the points of X. For example, if X = L_p[0, 1], 0 < p < 1, then X^′ = {0}. However, there are some non-locally convex spaces (such as the p-normed space l_p, 0 < p < 1) whose dual separates the points [9] ).

Let X be a complete p-normed space whose dual X^′ separates the points of X. A map T : C ⊆ X → X is said to be demiclosed if for every sequence {x_n} ⊂ C such that x_n converges weakly to x ∈ C and T x_n converges strongly to y ∈ X, then y = T x.

The space X is said to be an Opial space [12, 10] (also see [7, p. 498]) if for every sequence {x_n} in X weakly convergent to x ∈ X, the inequality

lim inf n→∞ ‖x_n − x‖_p < lim inf_{n→∞} ‖x_n − y‖_p holds for all y ≠ x.

2. Main Results Throughout this section, X denotes a complete p-normed space whose dual separates the points of X. We have the following common fixed point result for such spaces. The proof is an appropriate modification of the one given in [6].

Theorem 2.1. Let C be a nonempty weakly compact subset of X which is starshaped with respect to q ∈ C. Let f be a continuous and affine self map of C with q ∈ F (f) and f(C) = C. Suppose T : C → C is a f-nonexpansive map which commutes with f. If f − T is demiclosed or X is an Opial space, then F (T ) ∩ F (f) ≠ ∅. Proof. Let {k_n} be a sequence of real numbers such that 0 < k_n < 1 and k_n → 1. Define a sequence {T_n} of maps on C by putting T_nx = k_nT x + (1 − k_n)q for all x ∈ C. Then for each n ≥ 1, a map T_n does carry C into C since C is starshaped with respect to q ∈ C and T (C) ⊆ C. Also, note that T_n(C) ⊆ f(C). Since T commutes with f and f is affine map, for each x ∈ C, T_nfx = k_nT fx + (1 − k_n)fq = k_nfT x + (1 − k_n)fq = f(k_nT x + (1 − k_n)q) = fT_nx .

Thus each T_n commutes with f. Further, we observe that for each n ≥ 1, ‖T_nx − T_ny‖_p ≤ (k_n)^p‖fx − fy‖_p for all x, y ∈ C. Hence, by Theorem 1.1, there is a unique x_n ∈ C such that x_n = T_nx_n = fx_n for all n ≥ 1. Since C is weakly compact, there is a subsequence {x_{ni} } of sequence {x_n} which converges weakly to some x_0 ∈ C. Since f is a continuous affine map, it is also weakly continuous, and so we have fx_0 = lim_i fx_{ni} = lim_i x_{ni} = x_0 .

Also note that (f − T )x_{ni} = ( 1 k_{ni} − 1)(q − x_{ni} ) . Thus ‖(f − T )x_{ni} ‖_p = ( 1 k_{ni} − 1)^p‖q − x_{ni} ‖_p ≤ ( 1 k_{ni} − 1)^p[‖x_{ni}‖_p + ‖q‖_p] . Since C is bounded, x_{ni} ∈ C implies {‖x_{ni} ‖_p} is bounded and so by the fact that k_{ni} → 1, we have ‖(f − T )x_{ni} ‖_p → 0

Now, if f − T is demiclosed, then (f − T )x_0 = 0 and thus fx_0 = x_0 = T x_0. If X is an Opial space and x_0 ≠ T x_0, then

lim inf_i ‖x_{ni} − x_0‖_p < lim inf_i ‖x_{ni} − T x_0‖_p ≤ lim inf_i ‖T x_{ni} − T x_0‖_p + lim inf_i ‖(f − T )x_{ni} ‖_p and thus lim inf_i ‖x_{ni} − x_0‖_p < lim inf_i ‖T x_{ni} − T x_0‖_p .

But on the other hand we have

lim inf_i ‖T x_{ni} − T x_0‖_p ≤ lim inf_i ‖fx_{ni} − fx_0‖_p = lim inf_i ‖x_{ni} − x_0‖_p .

which is a contradiction. Hence x_0 ∈ F (T ) ∩ F (f).

Remark 2.2. Theorem 2.1 extends Theorem 1.2 for p-normed spaces and if f = I, the identity map on C and p = 1, then it becomes Theorem 2 of Dotson [3].

In what follows we shall need the following lemma [8] (see also [4]). For the sake of completeness we give its proof.

Lemma 2.3. Let C be a subset X. Then, for any x̂ ∈ X, P_C (x̂) ⊆ ∂C (the boundary of C).

Proof. Let y ∈ P_C (x̂), and suppose that y is in the interior of C. Then there exists an ϵ > 0 such that B_ϵ(y) ⊂ C. For each n ≥ 1, let z_n =^1_nx̂ + (1 −^1_n )y. Then ‖z_n − y‖_p = ‖ 1 n (x̂ − y)‖_p = ( 1 n )^p‖x̂ − y‖_p. For sufficiently large N ≥ 1, we have ‖z_N − y‖_p < ϵ, and so z_N ∈ B_ϵ(y) ⊂ C. Now

‖x̂ − z_N ‖_p = (1 − 1 N )^p‖x̂ − y‖_p < ‖x̂ − y‖_p = d_p(x̂, C) which contradicts the fact that y ∈ P_C (x̂) and hence y ∈ ∂C.

As an application of Theorem 2.1, we have the following result on best approximation.

Theorem 2.4. Let T and f be self maps of an Opial space X, C be a subset of X such that T (∂C) ⊆ C and x̂ ∈ F (T ) ∩ F (f). Let P_C(x̂) be nonempty, weakly compact and starshaped with respect to q ∈ F (f) and let T be a f-nonexpansive map on P_C (x̂) ∪ {x̂}, where f is affine, continuous on P_C (x̂), f(P_C (x̂)) = P_C(x̂) and commutes with T on P_C (x̂). Then P_C(x̂) ∩ F (T ) ∩ F (f) ≠ ∅.

Proof. Let y ∈ P_C (x̂). Since f(P_C (x̂)) = P_C (x̂), so fy ∈ P_C (x̂). Also, by Lemma 2.3 y ∈ ∂C. As T (∂C) ⊆ C, so T y ∈ C. Since T x̂ = x̂ and T is a f-nonexpansive map, ‖T y − x̂‖_p = ‖T y − T x̂‖_p ≤ ‖fy − fx̂‖_p. As fx̂ = x̂ and fy ∈ P_C(x̂), ‖T y − x̂‖_p ≤ ‖fy − x̂‖_p = d_p(x̂, C). Since T y ∈ C we have, T y ∈ P_C (x̂). Thus T maps P_C (x̂) into P_C (x̂) and hence the result follows by Theorem 2.1 with assumption that X is an Opial space.

Remark 2.5. Theorem 2.4 extends Theorem 7 of Jungck and Sessa [6] to pnormed spaces and contains Theorem 3 of Carbone [2] as a special case for p = 1.

Acknowledgement. The author is grateful to the referee for his valuable suggestions.

References

[1] Brosowski, B., Fixpunktsatze in der approximations theorie, Mathematica (Cluj) 11 (1969), 195–220.

[2] Carbone, A., Applications of fixed point theorems, Jnanabha 19 (1989), 149–155. [3] Dotson, W. G., Fixed point theorems for nonexpansive mappings on star-shaped subsets of Banach spaces, J. London Math. Soc. (2) 4 (1972), 408–410.

[4] Hicks, T. L., Humphries, M. D., A note on fixed point theorems, J. Approx. Theory 34 (1982), 221–225.

[5] Jungck, G., Commuting mappings and fixed points, Amer. Math. Monthly 83 (1976), 261– 263.

[6] Jungck, G., Sessa, S., Fixed point theorems in best approximation theory, Math. Japon. 42 (1995), 249–252.

[7] Kirk, W. A., Fixed point theory for nonexpansive mappings, Lecture Notes in Math. 886 (1981), 484–505.

[8] Khan, L. A., Latif, A., On best approximation in p-normed spaces, submitted. [9] Köthe, G., Topological vector Spaces I, Springer-Verlag, Berlin, 1969. [10] Lami Dozo, E., Centres asymptotiques dans certains F-espaces, Boll. Un. Mat. Ital. B(5) 17 (1980), 740–747.

[11] Meinardus, G. , Invarianze bei Linearen Approximationen, Arch. Rational Mech. Anal. 14 (1963), 301–303.

[12] Opial, Z., Weak convergence of successive approximations for nonexpansive mappings, Bull.

Amer. Math. Soc. 73 (1967), 531–537.

[13] Rudin, W., Functional Analysis, (second edition), McGraw-Hill, New York, 1991. [14] Singh, S. P., An application of a fixed point theorem to approximation theory, J. Approx.

Theory 25 (1979), 89–90.

Department of Mathematics, King Abdul Aziz University P.O.Box 80203, Jeddah-21589, SAUDI ARABIA E-mail : abdul latifn@hotmail.com