ARCHIVUM MATHEMATICUM (BRNO)

Tomus 36 (2000), 623–636, CDDE 2000 issue

POSITIVE SOLUTIONS AND OSCILLATION OF HIGHER ORDER NEUTRAL DIFFERENCE EQUATIONS

Ağacık Zafer^1, Yasemin Yalçın^2, and Yeter Ş. Yılmaz^3

1 Department of Mathematics, Middle East Technical University 06531 Ankara, Turkey Email: zafer@math.metu.edu.tr 2 Department of Mathematics, Middle East Technical University 06531 Ankara, Turkey Email: yaseminy@metu.edu.tr 3 Department of Mathematics, Atılım University 06830 Ankara, Turkey

Abstract. Sufficient conditions are established for the existence of positive solutions and oscillation of bounded solutions of p-th order neutral difference equations of the form

Δ^p[xn + anx_{τ(n)}] + δ qnf(x_{σ(n)}) = hn, n ∈ N(n0 ),

where δ = ±1, N(n0 ) = {n0, n0 + 1, . . . }, n0 is fixed in N = {1, 2, . . . }, a, q, h : N(n0 ) → R, τ, σ ∈ N(n0 ) → N with τ(n) < n and lim_{n→∞} τ(n) = lim_{n→∞} σ(n) = ∞. Combining the sufficient conditions we are able to give necessary and sufficient conditions for every bounded solution of the above equation to be oscillatory or almost oscillatory. Our results improve and generalize several oscillation criteria obtained previously.

AMS Subject Classification. 39A10, 34A11, 34A99

Keywords. Higher order neutral equations, positive solution, oscillation

1. Introduction

In this paper we consider p-th order neutral difference equations of the form

Δ^p[x_n + a_nx_{τ(n)}] + δ q_nf(x_{σ(n)}) = h_n, n ∈ N(n_0 ), (1) where δ = ±1, N(n_0 ) = {n_0, n_0 + 1, . . . }, n_0 is fixed in N = {1, 2, . . . }, a, q, h :

N(n0 ) → R, τ, σ ∈ N(n0 ) → N with τ(n) < n and lim_{n→∞} τ(n) = lim_{n→∞} σ(n) = ∞.

Throughout this paper it is assumed that f ∈ C(R, R).

In what follows n^{(s)} denotes the factorial function; that is, n^{(0)} = 1 and n^{(s)} = n(n − 1) · · · (n − s + 1) for any integer s ≥ 1.

As usual a solution {x_n} of equation (1) is called oscillatory if for a given M ≥ 0, there exists n ≥ M such that x_nx_{n+1} ≤ 0, and it is said to be almost oscillatory if {x_n} is either oscillatory or satisfies lim_{n→∞} x_n = 0.

The oscillatory behavior of solutions of first and second order difference equations has been extensively studied by many authors However, much less has been done for higher order equations. For some results regarding the oscillation and asymptotic behavior of higher order difference equation, we refer in particular to [2]-[10] and the references cited therein. In [8], the first author of the present article considered a special case of (1), namely, the difference equation

Δ^p[x_n + c x_{n−l}] + δ q_nf(x_{n−k}) = h_n, n ∈ N(n_0 ), (2) where l and k are integers with l > 0, and proved that if

(C_1) c ≠ ±1, (C_2) f satisfies Lipschitz conditions on an interval [a, b], where a and b depend upon the range of c ≠ 0,

(C_3) ∞� n^{(p−1)}|q_n| < ∞,

(C_4) ∞� n^{(p−1)}|h_n| < ∞,

then (2) has a positive solution, and if

(H_1) xf(x) > 0 for all x ≠ 0, (H_2) q_n ≥ 0 with infinitely many positive terms, (H_3) there exists an oscillatory function ρ on N such that Δ^pρ_n = h_n and lim_{n→∞} Δ^j ρ_n = 0 for j = 0, 1, . . . , p − 1,

(H_4) ∞� n^{(p−1)}q_n = ∞,

then every bounded solution {x_n} of (2) is oscillatory when (−1)^pδ = 1, and almost oscillatory when (−1)^pδ = − 1.

Later the same author [9] gave a necessary and sufficient condition for the oscillation of bounded solutions of (1) when τ(n) = n − l, σ(n) = n − k, and −b_0 ≤ c_n ≤ −b_1 < −1, where b_0 and b_1 are fixed real numbers. The dependence mentioned in (C_2) was obtained as a/b < (b_1 − 1)/b_0.

A similar result was also established in [7] for equation (1) when p is even, τ(n) = n − l, σ(n) = n − k, h_n ≡ 0, and 0 ≤ c_n < b_2 < 1. Instead of (H_4), they had imposed the condition that ∞� q_nf

�n − k

2^{p−1}

�^{p−1}� = ∞.

Our purpose here in this paper is to find sufficient conditions for the existence of positive solutions and oscillation of bounded solutions of equation (1), and thereby establish necessary and sufficient conditions for oscillation or almost oscillation of bounded solutions of equation (1).

For simplicity we first consider the difference equation

Δ^p[x_n + c x_{τ(n)}] + δ q_nf(x_{σ(n)}) = 0, n ∈ N(n_0 ) (3) in sections 2 and 3, and next extend the results obtained to equation (1) in section 4. 2. Existence of positive solutions

In this section we are concerned with the existence of positive solutions of neutral type difference equations of the form (3). It will be proved that (3) has a positive solution when |c| ≠ 1 provided that the function f satisfies a Lipschitz condition on an interval [a, b], where a and b are arbitrary positive real numbers.

Theorem 1. If (C_1) and (C_3) hold and

(C̄_2) for some positive numbers a and b, the function f satisfies the Lipschitz condition with a constant L on the interval [a, b],

then equation (3) has a positive solution.

Proof. Let K = max {|f(x)|/|x| : a ≤ x ≤ b} and M = max {K, L}.

We first consider the case |c| < 1. Because of (C_3), there exists a sufficiently large integer n_1 ≥ n_0 such that ∞� s=n_1

s^{(p−1)}|q_s| <

(p − 1)! Mb β, β =

(b − a)(1 − |c|) 2 , (4) and such that τ(n) ≥ n_0 and σ(n) ≥ n_0 for all n ∈ N(n_1 ).

We introduce the Banach Space Y = � x : sup_{n≥N0} |x_n| < ∞ �

with the norm ||x|| = sup_{n≥N0} |x_n|, where N_0 = inf_{n≥n1} {τ(n), σ(n)}.

Set X = {x ∈ Y : a ≤ x ≤ b}. It is clear that X is a bounded, convex and closed subset of Y . Define an operator S : X → Y by

Sx_n = α − c x_{τ(n)} +

(−1)^p (p − 1)! ∞� s=n (s + p − 1 − n)^{(p−1)}q_sf(x_{σ(s)}), n ≥ n_1 = Sx_{n1} , N_0 ≤ n ≤ n_1, where α = (b + a)(1 + c) 2 . We shall show that S is a contraction mapping on X. We prove this when 0 ≤ c < 1, the case −1 < c < 0 is similar. It is easy to see that S maps X into itself. In fact, for x ∈ X, n ≥ n_1, using (4) it follows that Sx_n ≥ α − c b − β = a and Sx_n ≤ α − c a + β = b, and hence Sx ∈ X. To show that S is a contraction, let x, y ∈ X. It is easy to see that

|Sx_n − Sy_n| ≤ c |x_{τ(n)} − y_{τ(n)}| + M (p − 1)! ∞� s=n (s + p − 1 − n)^{(p−1)}|q_s||x_{σ(s)} − y_{σ(s)}|

≤ c||x − y|| + β b ||x − y||, and so ||Sx − Sy|| ≤ (c + β b )||x − y||.

Since c + β/b < 1, S is a contraction on X. It follows that S has a fixed point x ∈ X, that is, Sx = x. It is easy to check that x is a positive solution of equation (3).

Suppose that |c| > 1. In this case we fix β = (b − a)(|c| − 1) 2|c| and let n_1 be so large that ∞� s=τ^{−1}(n_1)

s^{(p−1)}|q_s| <

(p − 1)! Mb |c|β. (5)

Define an operator S : X → Y as follows:

Sx_n = 1 c [α − x_τ −1_{(n)} +

(−1)^p (p − 1)! ∞� s=τ^{−1}(n)

(s + p − 1 − τ^{−1}(n))^{(p−1)}q_sf(x_{σ(s)})],

n ≥ n_1 = Sx_{n1} , N_0 ≤ n ≤ n_1

where α = (b + a)(1 + c) 2 . We may claim that S is contraction on X. We shall prove our claim when c > 1, the case c < −1 is similar. In view of (5) we see that

Sx_n ≥ α c − b c − β = a and Sx_n ≤ α c − a c + β = b.

Thus we have Sx ∈ X. It is not also difficult to see that if x, y ∈ X then

|Sx_n − Sy_n| ≤ 1 c |x_τ −1_{(n)} − y_τ −1_{(n)}| + 1 c M (p − 1)! ∞� s=τ^{−1}(n)

(s + p − 1 − τ^{−1}(n))^{(p−1)}|q_s||x_{σ(s)} − y_{σ(s)}|

≤ ( 1 c + β b )||x − y||.

Since 1/c + β/b < 1, S is a contraction on X. This completes the proof.

3. Oscillation of bounded solutions

In this section we investigate the oscillation behavior of bounded solutions of (3) and establish necessary and sufficient conditions under which every solution {x_n} of (3) is either oscillatory or almost oscillatory.

The following lemmas will be needed in the proof of our theorems. The first three of them can be found in [1]. The last one is essentially new and may be of interest for other studies as well.

Lemma 1. Let {y_n} and {Δ^py_n} be sequences defined on N(n_0 ) with y_nΔ^py_n < 0

on N(n0 ). Then there exists an integer l, 0 ≤ l ≤ p − 1, with p − l odd such that

for n ∈ N(n_0 ),

y_nΔ^j y_n > 0, j = 0, 1, . . . , l, (−1)^{j−l}y_nΔ^j y_n > 0, j = l + 1, . . . , p − 1.

Lemma 2. Let {y_n} and {Δ^py_n} be sequences defined on N(n_0 ) with y_nΔ^py_n > 0

on N(n0 ). Then for n ∈ N(n0 ), either

y_nΔ^j y_n > 0, j = 1, . . . , p or there exists an integer l, 0 ≤ l ≤ p − 2, with p − l even such that for n ∈ N(n_0 ), y_nΔ^j y_n > 0, j = 0, 1, . . . , l, (−1)^{j−l}y_nΔ^j y_n > 0, j = l + 1, . . . , p − 1.

Lemma 3. If {y_n} is a sequence defined on N(n_0 ), then

n−1�

s=n_1

s^{(p−1)}Δ^py_s = p� k=1 (−1)^{k+1}Δ^{k−1}s^{(p−1)}Δ^{p−k}y_{s+k−1}|^n_{s=n1} .

Lemma 4. Let g be a continuous monotone function such that lim_{n→∞} g(n) = ∞. Set z_n = x_n + a_nx_{g(n)}. (6) If x_n is eventually positive, lim inf_{n→∞} x_n = 0 and lim_{n→∞} z_n = ℓ ∈ R exists, then ℓ = 0 provided that for some real numbers b_1, b_2, b_3 and b_4 the sequence {a_n} satisfies one of the following:

(a) b_1 ≤ a_n ≤ 0, (b) 0 ≤ a_n ≤ b_2 < 1, (c) 1 < b_3 ≤ a_n ≤ b_4. Proof. We see from (6) that z_g−1_{(n)} − z_n = x_g−1_{(n)} + a_g−1_{(n)}x_n − x_n − a_nx_{g(n)} and so lim_{n→∞} � x_g−1_{(n)} + a_g−1_{(n)}x_n − x_n − a_nx_{g(n)} � = 0. (7) Let {n_k} be a sequence of real numbers such that lim_{k→∞} x_{nk} = 0. (8) Assume that (a) holds. It follows from (7) and (8) that lim_{k→∞} � x_g−1_{(nk)} − a_{nk} x_{g(nk )} � = 0.

As x_g−1_{(nk)} > 0 and −a_{nk} x_{g(nk )} ≥ 0, we see that lim_{k→∞} x_g−1_{(nk)} = 0 and so from (6) we get ℓ = lim_{k→∞} z_g−1_{(nk)} = lim_{k→∞} � x_g−1_{(nk)} + a_g−1_{(nk )}x_{nk} � = 0.

Assume that (b) holds. By replacing n by g(n) in (7) and using (8) we have lim_{n→∞} � x_n + a_nx_{g(n)} − x_{g(n)} − a_{g(n)}x_{g(g(n))} � = 0. (9) It is clear from (8) and (9) that lim_{k→∞} � [a_{nk} − 1]x_{g(nk )} − a_{g(nk)}x_{g(g(nk ))} � = 0 and so lim_{k→∞} x_{g(nk )} = 0.

Thus, ℓ = lim_{k→∞} z_{g(nk )} = lim_{k→∞} � x_{g(nk )} + a_{g(nk)}x_{g(g(nk ))} � = 0.

Finally, let (c) be satisfied. Replacing n by g^{−1}(n) in (7) and using (8) leads to lim_{k→∞} � x_g−1_{(g}−1_{(nk))} + [a_g−1_{(g}−1_{(nk))} − 1]x_g−1_{(nk)} � = 0 and hence lim_{k→∞} x_g−1_{(nk)} = 0.

(10) In view of (6) and (10), it follows that ℓ = lim_{k→∞} z_g−1_{(nk)} = 0.

This completes the proof.

Theorem 2. Suppose that (H_1), (H_2) and (H_4) hold.

(i) If c ≥ 0 and c ≠ 1, then every bounded solution {x_n} of (3) is oscillatory when (−1)^pδ = 1, and is almost oscillatory when (−1)^pδ = −1. and (ii) If c < −1 and inf_{n≥0}[n − τ(n)] > 0, then every bounded solution {x_n} of (3) is oscillatory when (−1)^pδ = −1, and is almost oscillatory when (−1)^pδ = 1.

Proof. Suppose on the contrary that {x_n} is a nonoscillatory bounded solution of (3). Without loss of generality we may assume that {x_n} is eventually positive. Set z_n = x_n + c x_{τ(n)}.

Clearly, {z_n} is bounded and δΔ^pz_n = −q_nf(x_{σ(n)}) < 0.

(11)

Let c ≥ 0 and c ≠ 1. It is obvious that {z_n} is eventually positive and δz_nΔ^pz_n < 0. Applying Lemma 1 and Lemma 2 we see that there exist n_1 and integer l ∈ {0, 1} with (−1)^{p−l}δ = −1 such that Δ^kz_n > 0, k = 0, 1, . . . , l (−1)^{k−l}Δ^kz_n > 0, k = l, l + 1, . . . , p − 1

(12) for all n ≥ n_1. Multiplying (3) by s^{(p−1)} and summing from n_1 to n − 1 we obtain n−1�

s=n_1

s^{(p−1)}δΔ^pz_s + n−1�

s=n_1

s^{(p−1)}q_sf(x_{σ(s)}) = 0.

(13)

Applying Lemma 3 to the first term in the left side of (13) we have n−1�

s=n_1

s^{(p−1)}δΔ^pz_s = p−1� k=1 (−1)^{k+1}δΔ^{k−1}s^{(p−1)}Δ^{p−k}z_{s+k−1}|^n_{s=n1} + (−1)^{p+1}δΔ^{p−1}s^{(p−1)}δΔ^{p−p}z_{s+p−1}|^n_{s=n1} = p−1� k=1 (−1)^{k+1}δΔ^{k−1}n^{(p−1)}Δ^{p−k}z_{n+k−1} + (−1)^{p+1}δ(p − 1)![z_{n+p−1} − z_{n1+p−1}] − K

(14) where in view of (12) K = p−1� k=1 (−1)^{k+1}δΔ^{k−1}n^{(p−1)}_1 Δ^{p−k}z_{n1+k−1} ≥ 0.

Using (14) in (13) leads to

n−1�

s=n_1

s^{(p−1)}q_sf(x_{σ(s)}) ≤ K + (−1)^pδ(p − 1)![z_{n+p−1} − z_{n1+p−1}].

(15)

Since {z_n} is bounded and (H_4) holds, we obtain from (15) that lim inf n→∞ f(x_n) = 0 or lim inf n→∞ x_n = 0.

It follows from Lemma 4 that ℓ = lim_{n→∞} z_n = 0. But ℓ = 0 is possible only when l = 0, since in the case l = 1, {z_n} being positive and increasing cannot approach zero. This means that bounded solutions of (3) must be oscillatory when (−1)^pδ = 1. It is clear that if ℓ = 0, then in view of 0 < x_n ≤ z_n we have lim_{n→∞} x_n = 0.

Suppose that c < −1. We claim that {z_n} is eventually negative. Otherwise, for sufficiently large values of n, x_n > −c x_{τ(n)}. Replacing n by τ^{−1}(n), using mathematical induction one can see that x_{rm(n)} > (−c)^mx_n,

(16) where r_1(n) = τ^{−1}(n) and r_m(n) = τ^{−1}(r_{m−1}(n)) for m ≥ 2.

We shall show that lim_{m→∞} r_m = ∞. In that case since {x_n} is bounded we get a contradiction. We first notice that τ(n) < n and so r_1(n) > n. In view of inf_{n≥0}[n − τ(n)] > 0 there exists ε > 0 such that r_1(n) > n + ε. By mathematical induction we obtain r_m(n) > n + mε and hence lim_{m→∞} r_m = ∞. Therefore {z_n} is eventually negative. Since δΔ^pz_n = −q_nf(x_{σ(s)}) < 0 we have δz_nΔ^pz_n > 0. Applying Lemma 1 and Lemma 2 it follows that there are n_1 and l ∈ {0, 1} with (−1)^{p−l}δ = 1 such that Δ^j z_n < 0, j = 0, 1, ....l, (−1)^{j−l}Δ^j z_n < 0, j = l + 1, . . . , p − 1.

Using the arguments of the previous case we see that lim inf n→∞ x_n = 0 and hence by Lemma 4, ℓ = lim_{n→∞} z_n = 0. Moreover, we observe as in the previous case that ℓ = 0 is possible only when l = 0. In this case since z_n < 0 it follows that for a given ϵ > 0 there exists an n_2 so large that z_n > −ϵ for n ≥ n_2.

This means that x_n > −ϵ − c x_{τ(n)} for n ≥ n_2.

(17) If we define c̃ = −1/c, then we see from (17) that x_n < c̃ ϵ + x_{r1(n)}.

It follows that x_n < (c̃ + c̃^2 + · · · c̃^m)ϵ + c̃^m x_{rm(n)} and therefore x_n < c̃ 1 − c̃ ϵ + c̃^m x_{rm(n)}.

(18)

In view of 0 < c̃ < 1 we easily deduce from (18) that lim_{n→∞} x_n = 0. This completes the proof.

In view of Theorem 1 and Theorem 2, we obtain a necessary and sufficient condition for oscillation of bounded solutions of (3), which gives an improvement of the theorem given in Section 1.

Theorem 3. Let (H_1), (H_2) and (C̄_2) be satisfied. Then the conclusion of Theorem 2 holds if and only if (H_4) is satisfied.

4. Some generalizations In this section we extend the results obtained for equation (3) to equation (1). Since the proofs are similar, we will omit the details.

Theorem 4. Suppose that (C_3) and (C_4) are satisfied, and (C_2) holds with positive real numbers a and b satisfying the following:

(A) a/b < (b_2 + 1)/(b_1 + 1), when b_1 ≤ a_n ≤ b_2 < −1, (B) a/b < (b_1 + 1)/(b_2 + 1), when −1 < b_1 ≤ a_n ≤ b_2 ≤ 0, (C) a/b < (1 − b_2)/(1 − b_1), when 0 ≤ b_1 ≤ a_n ≤ b_2 < 1, (D) a/b < (b_1 − 1)/(b_2 − 1), when 1 < b_1 ≤ a_n ≤ b_2, where b_1 and b_2 are real numbers.

Then equation (1) has a positive solution.

Proof. Let K = max {|f(x)|/|x| : a ≤ x ≤ b} and M = max {K, L}.

We first consider case (A). Let β = b(b_2 + 1) − a(b_1 + 1) 2b_2 . In view of (C_3) and (C_4) we can find sufficiently large n_1 ≥ n_0 such that if n ≥ n_1 then ∞� s=τ^{−1}(n_1)

s^{(p−1)}|q_s| <

(p − 1)!β 2Mb (−b_2)

(19) and ∞� s=τ^{−1}(n_1)

s^{(p−1)}|h_s| <

(p − 1)!β 2 (−b_2).

(20)

We may assume that τ(n) ≥ n_0 and σ(n) ≥ n_0 for all n ≥ n_1.

We introduce the Banach Space Y = � x : sup_{n≥N0} |x_n| < ∞ �

with the supremum norm ||x|| = sup_{n≥N0} |x_n|, where N_0 = inf_{n≥n1} {τ(n), σ(n)}. Let X = {x ∈ Y : a ≤ x ≤ b} .

It is clear that X is a bounded, convex and closed subset of Y .

Define an operator S : X → Y by Sx_n = 1 a_τ −1_{(n)}

[α − x_τ −1_{(n)} +

(−1)^p (p − 1)! ∞� s=τ^{−1}(n)

(s + p − 1 − τ^{−1}(n))^{(p−1)}q_sf(x_{σ(s)})

+ (−1)^{p−1} (p − 1)! ∞� s=τ^{−1}(n)

(s + p − 1 − τ^{−1}(n))^{(p−1)}h_s], n ≥ n_1 = Sx_{n1} , N_0 ≤ n ≤ n_1, where α = b(b_2 + 1) + a(b_1 + 1) 2 . We shall show that S is a contraction mapping on X. It is easy to show that S maps X into itself. In fact if x ∈ X then, because of (19) and (20), it follows that Sx_n ≤ −1 b_2

[−α + b − b_2β] = b and Sx_n ≥ −1 b_1

[−α + a + b_2β] = a. Therefore SX ⊆ X.

To show that S is a contraction, we take x, y ∈ X. Obviously,

|Sx_n − Sy_n| ≤ −1 b_2

|x_τ −1_{(n)} − y_τ −1_{(n)}| + M (−b_2)(p − 1)! ∞� s=τ^{−1}(n)

s^{(p−1)}|q_s||x_{σ(s)} − y_{σ(s)}|

≤ ( −1 b_2 + β 2b )||x − y||.

(21)

Since −1 b_2 + β 2b < 1, S is a contraction on X, and therefore there exists a fixed point x ∈ X such that Sx = x. It can easily be verified that x is a positive solution of equation (1). This completes the proof in the case when (A) is satisfied.

To prove the theorem for the cases (B), (C), and (D) we need only to make the following modifications on β, α and S in each case:

Case (B) : β = b(b_1 + 1) − a(b_2 + 1) 2 , α = b(b_1 + 1) + a(b_2 + 1) 2 ,

Sx_n = α − a_nx_{τ(n)} +

(−1)^p (p − 1)! ∞� s=n (s + p − 1 − n)^{(p−1)}q_sf(x_{σ(s)})

+ (−1)^{p−1} (p − 1)! ∞� s=n (s + p − 1 − n)^{(p−1)}h_s, n ≥ n_1

= Sx_{n1} , N_0 ≤ n ≤ n_1,

where n_1 is chosen so large that ∞� s=n_1

s^{(p−1)}|q_s| <

(p − 1)! 2Mb β, (22) ∞� s=n_1

s^{(p−1)}|h_s| <

(p − 1)! 2 β (23)

for all n ≥ n_1.

Case(C) : β = b(1 − b_2) − a(1 − b_1) 2 , α = b(b_2 + 1) + a(b_1 + 1) 2 , S is defined as in the case (B), and (22) and (23) are satisfied for all n ≥ n_1.

Case(D): β = b(b_1 − 1) − a(b_2 − 1) 2b_1

, α = b(b_1 + 1) + a(b_2 + 1) 2 ,

S is defined as in the case (i), and ∞� s=τ^{−1}(n_1)

s^{(p−1)}|q_s| <

(p − 1)! 2Mb βb_1

∞� s=τ^{−1}(n_1)

s^{(p−1)}|h_s| <

(p − 1)! 2 βb_1

for all n ≥ n_1.

The next theorem is a generalization of the results given in Theorem 2 to equation (1). For a similar result and especially the technique about handling the difficulty of having a forcing term, we refer the reader to [8,9].

Theorem 5. Suppose that (H_1) - (H_4) hold.

(i) If 0 ≤ a_n ≤ b_2 < 1 or 1 < b_1 ≤ a_n ≤ b_2, then every bounded solution {x_n} of (1) is oscillatory when (−1)^pδ = 1, and is almost oscillatory when (−1)^pδ = −1.

(ii) If b_1 ≤ a_n ≤ b_2 < −1 and inf_{n≥0}[n − τ(n)] > 0, then every bounded solution

{x_n} of (1) is oscillatory when (−1)^pδ = −1, and is almost oscillatory when (−1)^pδ = 1.

Finally, by combining Theorem 4 and Theorem 5 we obtain the following necessary and sufficient condition for oscillation of bounded solutions of (1).

Theorem 6. Suppose that (C_4), (H_1) - (H_3) hold, and that (C_2) is fulfilled on [a, b], where a and b are as in (A), (C), and (D). Then the conclusion of Theorem 5 holds if and only if (H_4) is satisfied.

Remark 1. In this paper we have assumed that {a_n} is bounded away from ±1. It is not difficult to provide specific examples showing that this assumption cannot be dropped. Therefore, finding similar results concerning (1) when {a_n} is not bounded away from ±1 seems to be very interesting.

References

1. R. P. Agarwal, Difference Equations and Applications, Marcel Dekker, New York (1992).

2. R. P. Agarwal and S.R. Grace, Oscillation of higher order difference equations, Appl.

Math. Lett. 13 (2000), 81–88.

3. R. P. Agarwal, E. Thandapani, and P. J. Y. Wong, Oscillation of higher order neutral difference equations Appl. Math. Lett. 10 (1997), 71–78.

4. B. S. Lalli, B. G. Zhang and J. Z. Li, On the oscillation of solutions and existence of positive solutions of neutral difference equations, J. Math. Anal. Appl. 158 (1991), 213–233.

5. W. T. Li, Oscillation of higher order neutral difference equations, Appl. Math. Lett.

11 (1998), 1–8.

6. W. T. Li, X. L. Fan, and C.K. Zhang Unbounded positive solutions of higher orderdifference equations with singular nonlinear term, Comp. Math. Appl. 39 (2000), 177–184.

7. E. Thandapani, M. M. S. Manuel, J. R. Graef, and P. W. Spikes, Oscillation of a higher order neutral difference equation with a forcing term, Internat. J. Math. and Math. Sci. 22 (1999), 147–154.

8. A. Zafer, The existence of positive solutions and oscillation of solutions of higher order difference equations with forcing terms, Comp. Math. Appl. 36 (1998), 27–35.

9. A. Zafer, Oscillation of higher order neutral type difference equation, in: Proceedings of the Second International Conference on Difference Equations, Gordon and Breach, Amsterdam, (1997), pp. 641–647.

10. X. L. Zhou and J. R. Yan, Oscillatory property of higher order nonlinear difference equations, Comp. Math. Appl. 31 (1996), 61–1996.