ARCHIVUM MATHEMATICUM (BRNO)

Tomus 36 (2000), 343–382, CDDE 2000 issue

TOPOLOGICAL STRUCTURE OF SOLUTION SETS: CURRENT RESULTS

Lech Górniewicz^⋆

Faculty of Mathematics and Computer Science, Nicholas Copernicus University Chopina 12/18, 87-100 Toruń, Poland Email: gorn@mat.uni.torun.pl

Abstract. We shall present current results concerning Browder–Guptatype theorems, Banach principle for multivalued mappings and the inverse limit method including its applications to ordinary differential equations and differential inclusions. Consequently, Aronszajn’s-type topological characterization of the set of solutions for differential equations and inclusions is considered. Note that some new results of the above mentioned type will be discussed.

AMS Subject Classification. 59B99, 54C60, 47H10, 54H25, 55M20, 34A60, 46A04, 55M25

Keywords. fixed points, multivalued maps, inverse systems, acyclicity, topological structure, limit map, topological degree, admissible maps, differential inclusions, Fréchet spaces, Cauchy problem for ODE’s

Table of contents 1. Introduction 2. Browder–Gupta type results 3. Aronszajn type results 4. Fixed points of multivalued contractions and applications 5. The inverse limit method 6. Concluding remarks and comments

Literature

⋆ Supported by the Polish KBN Grant No. 2 P03A 024 16.

1. Introduction

In 1923, H. Kneser proved that the Peano existence theorem can be formulated in this way that the set of all solutions is not only nonempty but also compact connected (comp. also [139], [140]). Later, in 1942 N. Aronszajn improved the Kneser theorem by showing that the set of all solutions is even R_δ-set. Evidently the characterization of the set of fixed points for some operators implies the respective result for solution sets. This paper is an attempt to give a systematic presentation of results and methods which concern the topological structure of fixed point sets and solution sets. In this subject there are three methods so called Browder–Gupta method, Banach method and inverse limit method. We survey most important results concerning the above three methods. Our considerations concentrate on simplest cases and main ideas. We included rich literature in which the reader can find further results.

Our paper is devoted for mathematicians and students interested in the topological fixed point theory or in the qualitative theory of differential equations and differential inclusions.

In what follows we shall assume that all topological spaces considered in our paper are metric.

2. Browder–Gupta type results

The famous Schauder Fixed Point Theorem or more generally the Lefschetz Fixed Point Theorem says that there exists a fixed point theorem for some classes of mappings. So, a natural question is to characterize the set of fixed points. The first result, which is still a main one, was proved in 1969 by F. Browder and C. Gupta (comp [21]). Below we shall present a slight generalization of the above mentioned result.

To do this we need some topological notions (for details see: [69]).

Definition 2.1. A space X is called contractible provided there exists a (continuous) homotopy h : X × [0, 1] → X such that:

h(x, 0) = x for every x ∈ X and h(x, 1) = x_0 for every x ∈ X and some fixed x_0 ∈ X.

Definition 2.2. A space X is called an absolute retract (written X ∈ AR) provided that for every space Y , its closed subset B ⊂ Y and continuous map f : B → X there exists a continuous extension ~f : Y → X of f over Y , i.e. ~f(x) = f(x) for every x ∈ B.

Definition 2.3. A space X is called an R_δ-set provided that there exists a sequence of compact nonempty contractible spaces {X_n} such that:

X_{n+1} ⊂ X_n for every n;

(2.1)

X = ∞� n=1 X_n.

(2.2)

Let us remark (comp. [69]) that a space X ∈ AR if and only if X is a convex subset W of a normed space E or X is homeomorphic to a retract^1 of a convex subset W ⊂ E. So any absolute retract is contractible. If we restrict our considerations to compact spaces then we have:

AR ⊂ CONTRACTIBLE ⊂ R_δ

Note that any R_δ-set is a compact nonempty connected space which is acyclic with respect to the Čech homology functor (comp. again [69]), i.e. it has the same homology as the one point space {x_0}.

Definition 2.4. Let f : X → Y be a continuous function and let y ∈ Y . We shall say that f is proper at the point y provided that there exists ε > 0 such that for any compact set K ⊂ B(y, ε) the set f^{−1}(K) is compact, where B(y, ε) is the open ball in Y with the center at y ∈ Y and radius ε.

Recall that f : X → Y is called proper provided that for any compact K ⊂ Y the set f^{−1}(K) is compact. Of course any proper map f : X → Y is proper at every point y ∈ Y .

Now we are able to formulate our reformulation of the Browder–Gupta theorem:

Theorem 2.1. Let E be a Banach space and f : X → E be a continuous map such that the following conditions are satisfied:

(2.1.1) f is proper at 0 ∈ E, (2.1.2) for every ε > 0 there exists a continuous map f_ε : X → E for which we have:

(i) ‖f(x) − f_ε(x)‖ < ε for every x ∈ X, (ii) the map ~f_ε : f^{−1}_ε (B(0, ε)) → B(0, ε), ~f_ε(x) = f_ε(x) for every x ∈ f^{−1}_ε (B(0, ε)), is a homeomorphism.

Then the set f^{−1}({0}) is an R_δ-set.

Sketch of proof. First, we have to prove that f^{−1}({0}) is nonempty. We take for every ε = 1/n, n = 1, 2 . . . a map f_n : X → E which satisfies (2.1.2). In view of (2.1.2)(ii) for every n we can find a point x_n ∈ X such that f_n(x) = 0. It follows that:

‖f(x_n)‖ = ‖f(x_n) − f_n(x_n)‖ < 1 n . So the sequence {f(x_n)} is convergent to the point 0 ∈ E. Since f is proper at 0 ∈ E, we can assume without loss of generality that the sequence {x_n} is

1 A space A is a retract of W if there exists a continuous function r : W → A such that r(x) = x for every x ∈ A (we have assumed that A ⊂ W ).

convergent to a point x ∈ E. Now from the continuity of f it follows that f(x) = 0 and consequently f^{−1}({0}) ≠ ∅.

Now let us denote by S the set f^{−1}({0}). It follows from (2.1.1) that S is compact. Moreover, we have proved that S ≠ ∅. For every ε = 1/n, n = 1, 2 . . . let A_n = f_n(S) where f_n are chosen according to (2.1.2). Then from (2.1.2)(i) we deduce that A_n ⊂ B(0, 1/n). Note that {A_n} is a sequence of compact sets. We let:

C_n = conv(A_n).

It follows from the Mazur’s Lemma (comp. [69] or [90]) that C_n is a compact convex subset of B(0, 1/n). Now by using (2.1.2)(ii) we deduce that set D_n = f^{−1}_n (C_n) is an absolute retract (because it is homeomorphic to the convex set C_n). Therefore we can proceed in the same way as in the proof of Theorem 7 ([21]) and our theorem follows from Lemma 5 in [21].

Note that assumptions in 2.1 are analogous to Theorem 7 ([21]). Let us remark also that Theorem 2.1 has exactly the same proof if we replace the Banach space E by an arbitrary Fréchet space and open balls by convex symmetric open neighbourhoods of the zero point 0 ∈ E. We shall show it in the multivalued case.

Now, we are going to explain the scope of fixed point interpretation of Theorem 2.1.

Assume that X ⊂ E and F : X → E is a given mapping. We let f : X → E, f(x) = x − F (x). Then f is called the field associated with F . We have:

f^{−1}({0}) = Fix(F ) = {x ∈ X | F (x) = x}.

Observe that if F_ε : X → E is an ε-approximation of F then f_ε (f_ε(x) = x−F_ε(x)) is an ε-approximation of f (f(x) = x − F (x)).

It is well known that if F is a compact map or k-set contraction or condensing map which has ε-approximation of the same type then all assumptions of Theorem 5.2 are satisfied for the field f f(x) = x − F (x)) associated with F .

We would like to conclude that Theorem 5.2 contains as a special case many results, the called generalizations of the Browder–Gupta theorem (com. [21], [38], [39], [54], [55], [56], [101], [102], [141], [147], [158], [175], [176]).

There is a natural and essential problem to formulate an appropriate multivalued version of the Browder–Gupta Theorem. In this order see: [6], [12], [19], [34], [35], [61], [62], [60], [75], [84], [88], [101], [123], [124], [54]. The most general result was obtained in 1999 by G. Gabor (see [60]). We shall present below the Gabor result.

To do this recall some notation. In what follows the symbol φ : X ( Y is reserved for multivalued mappings. In this Section we shall assume that for every x ∈ X the set φ(x) is compact nonempty.

A map φ : X ( Y is called upper semicontinuous (u.s.c.) provided that for every open U ⊂ Y the set {x ∈ X | φ(x) ⊂ U} is open; φ is called lower semicontinuous (l.s.c.) provided that for every open U ⊂ Y the set:

{x ∈ X | φ(x) ∩ U ≠ ∅} is open; φ is continuous, if φ is both u.s.c. and l.s.c.

A map φ : X ( Y is proper provided that for every compact K ⊂ Y the set

{x ∈ X | φ(x) ∩ K ≠ ∅}

is compact. In what follows for given φ : X ( Y and A ⊂ Y we let:

φ^{−1}(A) = {x ∈ X | φ(x) ⊂ A}, φ^{−1}_+ (A) = {x ∈ X | φ(x) ∩ A ≠ ∅}.

Assume that X ⊂ Y and φ : X ( Y is a given multivalued map. We let

Fix(φ) = {x ∈ X | x ∈ φ(x)}.

Now we are able to formulate the multivalued version of the Browder–Gupta Theorem (see: [60]).

Theorem 2.2. Let X be a metric space, E a Fréchet space, {U_k} a base of open convex symmetric neighbourhoods of the origin in E, and let φ : X ( E be an u.s.c. proper map with compact values. Assume that there is a sequence of compact convex valued u.s.c. proper maps φ_k : X → E such that

(i) φ_k(x) ⊂ φ(N_{1/k}(x)) + U_k, for every x ∈ X, (ii) if 0 ∈ φ(x), then φ_k(x) ∩ U_k ≠ 0, (iii) for every k ≥ 1 and every u ∈ E with u ∈ U_k the inclusion u ∈ φ_k(x) has an acyclic set of solutions.

Then the set S = φ^{−1}(0) is compact and acyclic^2.

Proof. We show that S is nonempty. To this end, notice that for every k ≥ 1 we can find x_k ∈ X such that 0 ∈ φ_k(x_k). Assumption (i) implies that there are z_k ∈ N_{1/k}(x_k), y_k ∈ φ_k(z_k) and u_k ∈ U_k such that 0 = y_k + u_k. Thus y_k → 0. Consider the compact set K = {y_k} ∪ {0}. Since φ is proper, the set φ^{−1}_+ (K) is compact. Moreover, {z_k} ⊂ φ^{−1}_+ (K). Thus we can assume, without loss of generality, that {z_k} converges to some point x ∈ X. By the upper semicontinuity of φ, we have 0 ∈ φ(x) and, what follows, S ≠ ∅.

Since φ is proper, the set S is compact. We show that it is acyclic. By assumption (ii), the set A_k = φ^{−1}_{k+}(U_k) is nonempty. Consider the map ψ : A_k ( U_k, ψ_k(x) = φ_k(x) ∩ U_k. Since U_k is contractible and ψ_k is u.s.c. convex valued surjection (see (iii)), we can apply Corollary 3.12 in [60] to obtain that A_k is acyclic.

Now we show that for every open neighbourhood U of S in X there exists k ≥ 1 such that A_k ⊂ U. Indeed, assume on the contrary that there is an open neighbourhood U of S in X such that A_k ⊄ U or every k ≥ 1. It means that there are x_k ∈ A_k with x_k ∉ U and, consequently, there are y_k ∈ φ_k(x_k) such that

2 i.e. the Čech homology of S are the same as a singleton {x0}.

y_k ∈ U_k. Assumption (i) implies that there are z_k ∈ B(x_k, 1/k), v_k ∈ φ(z_k) and u_k ∈ U_k such that y_k = v_k + u_k. Therefore, v_k = y_k − u_k ∈ 2U_k which implies that v_k → 0. Consider the compact set K_0 = {v_k} ∪ {0}. Since φ is proper, we can assume that {z_k} and, consequently, {x_k} converges to some point x ∈ X. Thus x ∈ S. On the other hand, x ∉ U, a contradiction and our theorem follows from Lemma 3.10 in [60].

Remark 2.1. It is easy to see that in the above result we can assume that X is a subset of a Fréchet space. Then, instead of neighbourhoods, we can consider sets x + V_k, where {V_k} is the base of open convex symmetric neighbourhoods of the origin.

As a consequence of Theorem 3.6 and properties of a topological degree of u.s.c. compact convex valued maps (see e.g. [69] or [104]) one can obtain the following theorem generalizing the result of Czarnowski in [39].

Theorem 2.3. Let Ω be an open subset of a Fréchet space E, {U_k} the base of open convex symmetric neighbourhoods of the origin in E, and Φ : Ω ( E a compact u.s.c. map with compact convex values. Suppose that x ∉ Φ(x) for every x ∈ ∂Ω, and the topological degree deg(j − Φ, Ω, 0) of (j − Φ) is different from zero, where j : Ω → E is an inclusion. Assume that there exists a sequence {Φ_k : Ω ( E} of compact u.s.c. maps with compact convex values such that

(i) Φ_k(x) ⊂ Φ(x + U_k) + U_k, for every x ∈ Ω, (ii) if x ∈ Φ(x), then x ∈ Φ_k(x) + U_k, (iii) for every u ∈ U_k the set S^k_u of all solutions to the inclusion x − Φ_k(x) ∋ u is acyclic or empty, for every n > 0.

Then the fixed point set Fix(Φ) of Φ is compact and acyclic.

Proof. Define the maps φ, φ_k : Ω ( E, φ = j − Φ, φ_k = j − Φ_k. One can check that φ, φ_k are proper maps. To apply Theorem 2.2 it is sufficient to show that, for sufficiently big k and for every u ∈ U_k the set S^k_u is nonempty.

For each k ≥ 1 define the map Ψ : Ω ( E, Ψ(x) = Φ_k(x) + u, for every x ∈ Ω. We prove that, for sufficiently big k, deg(j − Ψ_k, Ω, 0) ≠ 0 which implies, by the existence property of a degree, a nonemptiness of S^k_u .

Since φ is a closed^3 map (see e.g. [69]), we can find, for sufficiently big k, a neighbourhood U_k of the origin such that φ(∂Ω) ∩ U_k = ∅.

Consider the following homotopy H_k : Ω × [0, 1] ( E, H(x, t) = (1 − t)Φ(x) + tΨ_k(x). We show that

Z_k = {x ∈ ∂Ω | x ∈ H_k(x, t) for some t ∈ [0, 1]} = ∅

for sufficiently big k. Suppose, on the contrary, that there are a subsequence of {H_k} (we denote it also by {H_k}), points x_k ∈ ∂Ω, and numbers t_k ∈ [0, 1]

3 φ is closed provided for every closed K ⊂ Ω the set Φ(K) = ⋃ x∈K Φ(x) is a closed subset of E.

such that x_k ∈ H_k(x_k, t_k), that is x_k = (1 − t_k)y_k + t_ks_k + t_ku, for some y_k ∈ Φ(x_k) and s_k ∈ Φ(x_k). Assumption (i) implies that there are z_k ∈ x_k + U_k and v_k ∈ Φ(z_k) such that s_k ∈ v_k + U_k. By the compactness of Φ, we can assume that y_k → y and v_k → v. Therefore, s_k → v. Moreover, we can assume that t_k → t ∈ [0, 1]. This implies that x_k → x_0 = (1 − t)y + tv + tu or, equivalently, that 0 = (1 − t)(x_0 − y) + t(x_0 − v) − tu. But by the upper semicontinuity of φ, we obtain that x_0 − y ∈ φ(x_0) and x_0 − v ∈ φ(x_0). Since φ is convex valued, 0 ∈ (1 − t)φ(x_0) + tφ(x_0) − tu ⊂ φ(x_0) − tu. This implies that φ(x_0) ∩ U_k ≠ ∅, a contradiction.

Now, by the homotopy property of a topological degree, one obtains

deg(Ψ_k, Ω, 0) = deg(Φ, Ω, 0) ≠ 0

which ends the proof of the theorem.

3. Aronszajn type results

In 1890 Peano [140] showed that the Cauchy problem

ẋ(t) = g(t, x(t)) for t ∈ [0, a], x(0) = x_0, � (3.1)

where g : [0, a] × R^n → R^n is continuous, has local solutions although the uniqueness property does not hold in general.

This observation became a motivation for studying the structure of the set S of solutions to (3.1). Peano himself showed that, in the case n = 1, all sections S(t) = {x(t) | x ∈ S} are nonempty, compact and connected (that is, a continuum) in the standard topology of the real line, for t in some neighbourhood of t_0. Kneser generalized this result in 1923 [89] into the case of arbitrary n. In 1928 Hukuhara [80] proved that S is a continuum in the Banach space of continuous functions with the sup norm.

A more precise characterization of S was found in 1942 by Aronszajn [10], who showed that S is an R_δ-set, i.e. it is homeomorphic to the intersection of a decreasing sequence of compact contractible spaces (or compact absolute retracts). This implies that S is acyclic which means that, without a lipschitzianity of the right hand side f of (3.1), the set S of solutions (3.1) may not be a singleton but, from the point of view of algebraic topology, it is equivalent to a point, in the sense that it has the same homology groups as one point space {x_0}.

Aronszajn’s result was improved by several authors (see: [1], [3], [4]–[6], [9], [14], [15], [16], [17], [19], [23], [24], [32], [34], [13], [38]–[39], [40], [42]–[44], [46]–[47], [48]–[49], [53], [54], [60], [66], [68], [73], [75], [77]–[78], [97]–[98], [101], [121]–[138], [156]–[168], [171]–[173], [174]–[178]) but always a main tool to do it is a version of the Browder–Gupta theorem. We shall sketch it in the case of problem (3.1) first for the singlevalued case and later for the multivalued case.

The singlevalued case follows immediately from the Browder–Gupta Theorem and the Szufla’s type lemma (see [164] or [68]) which we shall present below.

The following result is a slight reformulation of Lemma 1 in [164].

Theorem 3.1. Let E = C([0, a], R^m ) be the Banach space of continuous maps with the usual max-norm and let X = K(0, r) = {u ∈ E | ‖u‖ ≤ r} be the closed ball in E.

If F : X → E is a compact map and f : X → E is a compact vector field associated with F , i.e. f(u) = u − F (u), such that the following conditions are satisfied:

(3.1.1) there exists an x_0 ∈ R^m such that F (u)(0) = x_0, for every u ∈ K(0, r); (3.1.2) for every ε ∈]0, a] and for every u, v ∈ X, if u(t) = v(t) for each t ∈ [0, ε], then F (u)(t) = F (v)(t) for each t ∈ [0, ε];

then there exists a sequence f_n : X → E of continuous proper mappings satisfying conditions (2.1.1)–(2.1.2) with respect to f.

Sketch of proof. For the proof it is sufficient to define a sequence F_n : X → E of compact maps such that:

F (x) = lim_{n→∞} F_n(x), uniformly in x ∈ X, (i) and f_n : X → E, f_n(x) = x − F_n(x), is a one-to-one map.

(ii)

To do this we additionally define the mappings r_n : [0, a] → [0, a] by putting:

r_n(t) = � � � 0, t ∈ � 0, a n � , t − a n , t ∈ � a n , a � . Now we are able to define the sequence {F_n} as follows:

F_n(x)(t) = F (x)(r_n(t)), for x ∈ X, n = 1, 2, . . . .

(iii)

It is easily seen that F_n is a continuous and compact mapping, n = 1, 2, . . . . Since |r_n(t) − t| ≤ a/n we deduce from compactness of F and (iii) that

lim_{n→∞} F_n(x) = F (x), uniformly in x ∈ X.

Now we shall prove that f_n is a one-to-one map. Assume that for some x, y ∈ X we have f_n(x) = f_n(y).

This implies that x − y = F_n(x) − F_n(y).

If t ∈ [0, a/n] then we have

x(t) − y(t) = F (x)(r_n(t)) − F (y)(r_n(t)) = F (x)(0) − F (y)(0).

Thus, in view of (3.1.1), we obtain x(t) = y(t), for every t ∈ [0, a/n].

Finally, by successively repeating the above procedure n times we infer that x(t) = y(t), for every t ∈ [0, a].

Therefore f_n is a one-to-one map and the proof is complete.

Now from Theorems 2.1 and 3.1 we get:

Corollary 3.1. Assume that f and F are as in Theorem (3.1). Then f^{−1}(0) = Fix(F ) is an R_δ-set.

Now we come back to problem (3.1). We shall denote by S(g, 0, x_0) the set of all solutions of the Cauchy problem (3.1).

Theorem 3.2 (Aronszjan).^4 Let g : [0, a] × R^n → R^n be a mapping such that: (3.2.1) g( · , x) is a measurable function for every x ∈ R^n , (3.2.2) g(t, · ) is a continuous function for every t ∈ [0, a], (3.2.3) there exists a Lebesgue integrable function α : [0, a] → [0, +∞) such that: ‖g(t, x)‖ ≤ α(t) for every (t, x) ∈ [0, a] × R^n .

Then S(g, 0, x_0) is an R_σ-set.

Sketch of proof. We define the integral operator: F : C([0, a], R^n ) → C([0, a], R^n ) by putting F (u)(t) = x_0 +

�_t 0 g(τ, u(τ)) dτ for every u and t.

(3.2) Then Fix(F ) = S(g, 0, x_0). It is easy to see that F satisfies all the assumptions of Theorem 2.1. Consequently we deduce Theorem 3.2 from 3.1 and the proof is complete.

Now, let g be a Carathéodory map with linear growth. Assume further that u ∈ S(g, 0, x_0). Then we have (cf. (3.2.1)) u(t) = F (u)(t) = x_0 +

�_t 0 g(τ, u(τ)) dτ, 4 A mapping g : [0, a] × R^n → R^n satisfying conditions (3.2.1) and (3.2.2) will be called a Carathéodory function; if g satisfies (3.2.3) then it is called integrably bounded.

and consequently

‖u(t)‖ ≤ ‖x_0‖ +

�_a 0 μ(τ) dτ +

�_t 0 μ(τ)‖u(τ)‖ dτ.

Therefore from the well-known Gronwall inequality we get ‖u(t)‖ ≤ (‖x_0‖|γ) exp(γ) for every t, where γ =

�_a 0 μ(τ) dτ. We let g_0 : [0, a] × R^n → R^n by putting

g_0(t, x) = � g(t, x), if ‖x‖ ≤ M and t ∈ [0, a], g(t, Mx/‖x‖), if ‖x‖ ≥ M and t ∈ [0, a], where M = (‖x_0‖ + γ) exp(γ).

Proposition 3.1. If g is a Carathéodory map with linear growth, then (3.1.a) g_0 is Carathéodory and integrably bounded; and (3.1.b) S(g_0, 0, x_0) = S(g, 0, x_0).

The proof of Proposition 3.1 is straightforward (cf. [68], [69], [91]). Now from Theorem 3.2 and Proposition 3.1 we obtain immediately:

Corollary 3.2. If g : [0, a] × R^n → R^n is a Carathéodory map and has linear growth, then S(g, 0, x_0) is an R_σ-set.

We recall the following classical result:

Theorem 3.3. If g : [0, a] × R^n → R^n is a mapping which is integrably bounded and satisfies condition (3.41) and it is locally Lipschitz with respect to the second variable^5, then S(g, 0, x_0) is an R_δ-set.

In 1986 F. S. De Blasi and J. Myjak (see [47]) generalized Aronszajn’s result for differential inclusions with u.s.c. convex valued right hand sides. Below we shall show the method presented in [68] (comp. also [101], [102]). For the simplicity we shall consider the following Cauchy problem: x^′(t) ∈ φ(t, x(t)), x(0) = x_0, � (3.3)

where φ : [0, a] × R^n ( R^n is an u.s.c. bounded map with compact convex values.

We shall denote by S(φ; 0, x_0) the set of all solutions of (3.3). In what follows we keep all assumptions on φ contained in (3.3).

First we have:

5 Such a mapping g is called integrably bounded measurable-locally Lipschitz.

Proposition 3.2. If φ possesses a measurable-locally Lipschitz selector f : [0, a]×

R^n → R^n , (written f ⊂ φ ), i.e. f(t, x) ∈ φ(t, x) for every (t, x) ∈ [0, a] × R^n , then

S(φ; 0, x_0) is contractible.

Sketch of proof. Let f ⊂ φ be measurable-locally Lipschitz selector. By Theorem 3.3 the following Cauchy problem: x^′(t) = f(t, x(t)), x(t_0) = u_0, � (3.4)

has exactly one solution for every t_0 ∈ [0, a] and u_0 ∈ R^n . For the proof it is sufficient to define a homotopy h : S(φ, 0, x_0) × [0, 1] → S(φ, 0, x_0) such that

h(x, s) = � x for s = 1 and x ∈ S(φ, 0, x_0), x for s = 0, where x = S(φ, 0, x_0) is exactly one solution given for the Cauchy problem (3.4).

We put h(x, s)(t) = � x(t), 0 ≤ t ≤ sa, S(f, sa, x(sa))(t), sa ≤ t ≤ a.

Then h is a continuous homotopy contracting S(φ, 0, x_0) to the point S(φ, 0, x_0).

Observe that if φ : [0, a]×R^n ( R^n is an intersection of the decreasing sequence φ_k : [0, a] × R^n ( R^n i.e. φ(t, x) =

�_∞ k=1 φ_k(t, x) and φ_{k+1}(t, x) ⊂ φ_k(t, x) for almost all t ∈ [0, a] and for all x ∈ R^n , then

S(φ, 0, x_0) = ∞� k=1 S(φ_k, 0, x_0).

We have (see: [102] or [69]):

Theorem 3.4. Assume that φ is as in (3.3). Then there exists a decreasing sequence φ_k : [0, a]×R^n ( R^n of compact convex valued and bounded u.s.c. mappings such that:

(3.4.1) φ(t, x) =

�_∞

k=1 φ_k(t, x) for every t, x) ∈ [0, a] × R^n , (3.4.2) every φ_k possesses a measurable locally Lipschitz selector f_k ⊂ φ_k.

Now we are in the position to prove the following Aronszajn-type result: Theorem 3.5. Under assumptions of (3.3) the set S(φ; 0, x_0) is R_δ. Sketch of proof. Consider the sequence {φ_k} according to (3.4). Then:

S(φ; 0, x_0) = ∞� k=1 S(φ_k, 0, x_0).

In view of Proposition 3.2 the set S(φ_k; 0, x_0) is contractible. Since φ_k is u.s.c. bounded with convex compact values if follows that S(φ_k; 0, x_0) is compact nonempty (see for example [69]). Therefore S(φ; 0, x_0) is an intersection of compact nonempty and contractible spaces and hence S(φ; 0, x_0) is R_δ.

Remark 3.1. Theorem (3.5) remains true for φ a Carathéodory map with sublinear growth (see: [69] or [47]).

Above we have showed only an application of Browder-Gupta Theorem to the Cauchy problem for the first order ordinary differential equations (inclusions) in the Euclidean space R^n . We would like to point out that another applications are possible, namely:

(A) to the Cauchy problem in Banach spaces on compact or noncompact intervals (see: [2], [4], [9], [18], [32], [34], [35], [38], [39], [40], [49], [50], [53], [55], [56], [59], [61], [62], [66]–[68], [77], [78], [88], [97], [98], [94]–[96], [121]–[138], [152], [174], [175], [171]–[173]);

(B) to higher order differential equations or inclusions (see: [14], [15], [22], [16], [29], [34], [47], [48], [107], [108], [156]–[168], [169], [170]);

(C) to more general boundary value problems both ordinary differential equations and inclusions (see: [5], [6], [12], [17], [72], [13], [93], [149]–[151], [110]–[117]);

(D) to integral equations and inclusions (see: [1], [23]–[25], [87], [171], [172]).

We shall end this section by showing you another possibility. We mean differential equations (inclusions) on compact subsets of R^n or more generally of Banach spaces. There are only few papers devoted this problem (see: [17], [13], [54], [72], [66], [121]–[123] [143]). For simplicity we shall restrict our considerations to subsets

of R^n (for the Banach case see: [13], [72] and [54]).

Let K be a compact subset of R^n . For a point x ∈ K by T_xK we shall denote the Bouligand tangent cone to K at x.

We have (see: [66] or [69]):

T_xK = � y ∈ R^n � � lim inf

t→0^+

dist(x + ty, K) t = 0 � . A compact subset K ⊂ R^n is called a proximate retract provided there exists an open neighbourhood U of K in R^n and a retraction r : U → K such that:

‖x − r(x)‖ = dist(x, K), for every x ∈ U.

It is well known that the class of all proximate retracts is quite rich, in particular it contains convex sets and C^2-manifolds.

Now, let φ : [0, a] × K ( R^n be an u.s.c. map which is bounded and compact convex valued. We shall assume also the following:

φ(t, x) ∩ T_xK ≠ ∅, for every (t, x) ∈ [0, a] × K.

(3.5)

For such a map φ we consider the following Cauchy problem:

x^′(t) ∈ φ(t, x(t)), x(0) = x_0, x_0 ∈ K, � (3.6)

where solutions are considered as absolutely continuous functions x : [0, a] → R^n such that x(t) ∈ K for every t ∈ [0, a].

Let S_K (φ; 0, x_0) denote the set of all solutions of (3.6). In 1992 S. Plaskacz proved (see: [143])

Theorem 3.6. Under all of the above assumptions the set S_K (φ; 0, x_0) is R_δ.

For the proof of Theorem 3.6 we recommend [143] or [66] or [69].

Remark 3.2. There exists a recent result of R. Bader and W. Kryszewski ([13]) where Theorem 3.6 is taken up for regular sets in Hilbert spaces and Carathéodorytype mappings.

4. Fixed points of multivalued contractions and applications

The Banach contraction principle is one of few fixed point theorems, where, besides the existence, some further information is included, namely how the unique fixed point can be successively approximated with arbitrary accuracy. In the case of a multivalued contraction we have the set of fixed points. So a natural question of its topological characterization arises. In this section we shall review most important results of this type. For more details we recommend: [20], [7], [37], [54], [61], [70], [71], [105], [144], [145].

For a metric space (X, d), by C(X) we shall denote the family of all closed nonempty subsets of X For A ∈ C(X) and ε > 0, we let

0_ε(A) = {x ∈ X | ∃y ∈ A, d(x, y) < ε}.

Let A, B ∈ C(X). We define the Hausdorff distance d_H (A, B) between A and B as follows:

d_H (A, B) = inf{ε > 0 | A ⊂ O_ε(B) and B ⊂ O_ε(A)}.

It is well known that d_H (A, B) can be equal to infinity. If we restrict our considerations to the family BC(X) of all bounded closed and nonempty subsets of X, then d_H is a metric BC(X), the so called Hausdorff metric.

Let E be a Banach space and A, B, C, D ∈ BC(E). It is easy to see that:

d_H (A + B, C + D) ≤ d_H (A, C) + d_H (B, D), (i) d_H ({x + A}, {y}) = d_H ({x}, {y − A}), (ii) d_H (tA, tB) ≤ d_H (A, B), for t ∈ [0, 1], (iii)

where A + B = {x + y | x ∈ A and y ∈ B} is the algebraic sum of A and B and tA = {tx | x ∈ A}.

Recall that a mapping F : Y → BC(X) is called Hausdorff-continuous if it is continuous w.r.t. the metric d in Y and d_H in BC(X).

F is called measurable if, for every closed U ⊂ X, the set F^{−1}_+ (U) is measurable.

Proposition 4.1 ([69]). A map F : Y → BC(X) is Hausdorff-continuous with compact values if and only if F is both u.s.c. and l.s.c.

Note that, for F : Y → BC(X), the Hausdorff continuity implies only l.s.c. (see again [69]). It is easy to see that the following proposition is true.

Proposition 4.2. If F : Y → BC(X) is l.s.c. with connected values and F (Y ) = � y∈Y F (y) = X, then X is connected, provided Y is connected.

If what follows we need some additional topological notions. A metric space (X, d) is C^n (i.e. n-connected) if, for every k ≤ n, every continuous map from the k-sphere S^k into X is null homotopic (i.e. homotopic to a constant map). Namely, it means that every continuous map f : S^k → X has a continuous extension over the closed ball K^{n+1}, where S^n and K^{n+1} stand for the unit sphere and the unit closed ball in the Euclidean (n + 1)-space R^n , respectively.

A space X is C^∞ (i.e. infinitely connected), if it is C^n, for every n. A collection

ε ⊂ 2^X is equi-LC^n if, for every y ∈^�{B | B ∈ ε}, every neighbourhood V of y

in X contains a neighbourhood W of y in X such that, for all B ∈ ε and k ≤ n, every map from S^k into W ∩ B is null-homotopic over V ∩ E (i.e. a homotopy taking values in V ∩ E). We shall also make use of the following (comp. [69]).

Theorem 4.1 (Michael’s Selection Theorem). Let X be a metric space and Y be a complete metric space. Let F : X → BC(Y ) be a l.s.c. map such that the topological dimension dim X ≤ n + 1 and F (x) is C^n and for all x ∈ X with the collection {F (x) | x ∈ X} equi-LC^n. Then F has a continuous selection.

A mapping F : X → C(X) is called a multivalued contraction if there exists α < 1 such that:

d_H (F (x), F (y)) < αd(x, y), for every x, y ∈ X.

In 1970, H. Covitz and S. B. Nadler proved:

Theorem 4.2 ([37]). If X is a complete metric space and F : X → C(X) is a contraction, then Fix(F ) = {x ∈ X | x ∈ F (x)} ≠ ∅.

Let F : X → C(X) be a contraction. Obviously, the set Fix(F ) is not a singleton, in general. For example, let F (x) = A, for every x ∈ A, be a constant map. Evidently, F is a contraction and Fix(F ) = A.

The following theorem is due to B. Ricceri ([145]).

Theorem 4.3. Let E be a Banach space and let F : E → C(E) be a contraction such that F (x) is convex, for every x ∈ E. Then Fix(F ) is a retract of E.

In 1991, A. Bressan, A. Cellina and A. Fryszkowski proved:

Theorem 4.4 ([20]). If E = L^1(T ) is the space of integrable functions on a measure space T and F : E → BC(E) is a contraction with decomposable^6 values, then Fix(F ) is a compact AR-space.

6 A ⊂ L^1(T ) is decomposable if, for every γ, μ ∈ A and a measurable subset J ⊂ T , we have:

(γ · χJ + μχ_{T \J} ) ∈ A, where χS is the characteristic function of the subset S ⊂ T .

In view of [70] and [71], we would like to generalize both 4.4 and 4.5. A simple argument shows that the following proposition [71], Proposition 1.1 is true.

Proposition 4.3. Let X be a separable metric space and let X_0 be a nonempty closed subset of X. If X ∈ AR and, for any separable space Y and any nonempty closed set Y_0 ⊂ Y , every continuous function f_0 : Y_0 → X_0 admits a continuous extension over Y , then X_0 ∈ AR.

Let (T, F, μ) be a finite, positive, nonatomic measure space and let (E, ‖ · ‖) be a Banach space. We denote by L^1(T, E) the Banach space of all (equivalent classes of) μ-measurable functions u : T → E such that the function t → ‖u(t)‖ is μ-integrable, equipped with the norm

‖u‖_L1_{(T,E)} = � T ‖u(t)‖ dμ.

We always assume that the space L^1(T, E) is separable. The multifunction F : X → C(X) is called Lipschitzean if there exists a real number L ≥ 0 such that d_H (F (x^′), F (x^{′′})) ≤ Ld(x^′, x^{′′}), for all x^′, x^{′′} ∈ X. If L < 1, we say that F is a multivalued contraction. It can be easily checked that any Lipschitzean multifunction is l.s.c. The following property of Lipschitz multifunctions will play an important role in proving the main result of this section.

Proposition 4.4. Let (X, d) be a metric space and let F : X → C(X) be a Lipschitzean multifunction. Set, for every x ∈ X, φ(x) = d(x, F (x)). Then the function φ : X → [0, +∞) is Lipschitzean.

Proof. Let L ≤ 0 be such that d_H (F (x^′), F (x^{′′})) ≤ Ld(x^′, x^{′′}), for all x^′, x^{′′} ∈ X. Pick x^′, x^{′′} ∈ X and choose ε > 0. Owing to the definition of φ, there exists z^′ ∈ F (x^′) fulfilling −φ < −d(x^′, z^′) + ε.

Using the inequality d(z^′, F (x^{′′})) ≤ Ld(x^′, x^{′′}), we can find z^{′′} ∈ F (x^{′′}) such that,

d(z^′, z^{′′}) < Ld(x^′, x^{′′}) + ε.

Therefore,

e(x^{′′}) − e(x^′) < d(x^{′′}, F (x^{′′})) − d(x^′, z^′) + ε ≤ d(x^{′′}, z^{′′}) − d(x^′, z^′) + ε < (L + 1)d(x^′, x^{′′}) + 2ε.

Since ε is arbitrary, we actually have

φ(x^{′′}) − φ(x^′) ≤ (L + 1)d(x^′, x^{′′})

and, interchanging x^′ with x^{′′},

φ(x^′) − φ(x^{′′}) ≤ (L + 1)d(x^′, x^{′′}).

This completes the proof.

We now recall the notion of the Michael family of subsets of a metric space [71], Definition 1.4.

Definition 4.1. Let X be a metric space and let M(X) be a family of a closed subsets of X, satisfying the following conditions:

(4.1.1) X ∈ M(X), {x} ∈ M(X), for all x ∈ X, and, if {A_i}_{i∈I} is any sub-class of M(X), then � i∈I A_i ∈ M(X);

(4.1.2) for every k ∈ N and every x_1, x_2, . . . , x_k ∈ X, the set

A(x_1, x_2, . . . , x_k) = � {A | A ∈ M(X), x_1, x_2, . . . , x_k ∈ A}

is infinitely connected;

(4.1.3) to each ε > 0, there corresponds δ > 0 such that, for any A ∈ M(X), any

k ∈ N, and any x1, x2, . . . , xk ∈ Oδ(A), one has A(x1, x2, . . . , xk) ⊆ Oε(A);

(4.1.4) A ∩ B(x, r) ∈ M(X), for all A ∈ M(X), x ∈ X, and r > 0;

then we say that M(X) is the Michael family of subsets of X.

This concept is closely related to the existence of continuous selections. Indeed, we have the following (see [69] or GMS):

Proposition 4.5. Let X, Y be two metric spaces and let F : X → C(Y ) be a l.s.c. multifunction. If Y is complete and there exists a Michael family M(Y ) of subsets of Y such that F (x) ∈ M(Y ), for each x ∈ X, then, for any nonempty closed set X_0 ⊆ X, every continuous selection f_0 from F |_{X0} admits a continuous extension f over X such that f(x) ∈ F (x), for all x ∈ X.

The proceeding result gains interest if we realize that significant classes of sets are the examples of the Michael families.

Example 4.1. Let X be a convex subset of a normed space and let M(X) be the class of all sets A ⊆ X such that A = ∅ or A is convex and closed in X. Then M(X) is a Michael family of subsets of X.

Example 4.2 (comp. [70]). Let X be a metric space and let M(X) be a simplicial convexity on X, whose elements are closed in X. Then M(X) is a Michael family of subsets of X.

Definition 4.2. Let X be a metric space, let F : X → C(X) be l.s.c., and let D be a family of metric spaces. We say that F has the selection property w.r.t. D if, for any Y ∈ D, any pair of continuous functions f : Y → X and h : Y → (0, +∞) such that G(y) = F ((y)) ∩ B(f(y), h(y)) ≠ ∅, y ∈ Y,

and any nonempty closed set Y_0 ⊆ Y , every continuous selection g_0 from G|_{Y0} admits a continuous extension g over Y fulfilling g(y) ∈ G(y), for all y ∈ Y . If D is a family of all metric spaces, then we say that F has selection property (in symbols, F ∈ SP (X)).

Such notion has some meaningful features, as the remarks below point out.

Remark 4.1. Let X be a metric space and let F : X → C(X) be a l.s.c. m ultifunction. If X is complete and there exists a Michael family M(X) of subsets of X such that F (x) ∈ M(X), for all x ∈ X, then F ∈ SP (X). This is an immediate consequence of Proposition 3.6.

Remark 4.2. Let X be a nonempty closed subset of L^1(T, E) and F : X → C(X) be a l.s.c. multifunction with decomposable values. Then, arguing as in [71], it is possible to see that F has the selection property w.r.t. the family of all separable metric spaces.

We are now in a position to prove the main result of this section (see: [70] or [71]).

Theorem 4.5. Let X be a complete absolute retract and let F : X → C(X) be a multivalued contraction. Suppose F ∈ SP (X). Then the set Fix(F ) is a complete absolute retract.

Proof. Since Fix(F ) is nonempty and closed in X, we only have to show that if Y is a metric space, Y^⋆ is a nonempty closed subset of Y , and f^⋆ : Y^⋆ → Fix(F ) is a continuous function, then there exists a continuous extension f : Y → Fix(F ) of f^⋆ over Y . Let d be the metric of Y , let L ∈ (0, 1) be such that d_H (F (x^′), F (x^{′′})) ≤ Ld(x^′, x^{′′}), for all x^′, x^{′′} ∈ X, and let M ∈ (1, L^{−1}). The assumption X ∈ AR yields a continuous function f_0 : Y → X fulfilling f_0(y) = f^⋆(y) in Y . We claim that there is a sequence {f_n} of continuous functions from Y into X with the following properties:

(i) f_n|Y^⋆ = f^⋆, for every n ∈ N, (ii) f_n(y) ∈ F (f_{n−1}(y)), for all y ∈ Y , n ∈ N, (iii) d(f_n(y), f_{n−1}(y)) ≤ L^{n−1}d(f_1(y), f_0(y) + M^{1−n}, for every y ∈ Y , n ∈ N.

To see this, we proceed by induction on n. It follows from Proposition 3.4 that the function h_0 : Y → (0, +∞), defined by

h_0(y) = d(f_0(y), F (f_0(y))) + 1, y ∈ Y,

is continuous; moreover, one clearly has F (f_0(y)) ∩ B(f_0(y), h_0(y)) ≠ ∅, for all y ∈ Y . Having in mind that F ∈ SP (X), we obtain a continuous function f_1 : Y → X satisfying f_1(y) = f^⋆(y) in Y^⋆ and f_1(y) ∈ F (f_0(y)) in Y . Hence, conditions (i), (ii), and (iii) are true for f_1. Now, suppose that we have constructed p continuous functions f_1, f_2, . . . , f_p from Y into X in such way that (i), (ii), and (iii) hold, whenever n = 1, 2, . . . , p. Since F is Lipschitzean with the constant L, (ii) and (iii) apply for n = p, and LM < 1, for every y ∈ Y , we achieve

d(f_p(y), F (f_p(y))) ≤ d_H (F (f_{p−1}(y)), F (f_p(y))) ≤ Ld(f_{p−1}(y), f_p(y)) ≤ L^pd(f_1(y), f_0(y)) + LM^{1−p}

≤ L^pd(f_1(y), f_0(y)) + M^{−p},

and subsequently

F (f_p(y)) ∩ B(f_p(y), L^pd(f_1(y), f_0(y)) + M^{−p}) ≠ ∅.

Because of the assumption F ∈ SP (X), this produces a continuous function f_{p+1} : Y → X with the properties:

f_{p+1}|Y^⋆ = f^⋆; f_{p+1}(y) ∈ F (f_p(y)), for every y ∈ Y ; d(f_{p+1}(y), f_p(y)) ≤ L^pd(f_1(y), f_0(y)) + M^{−p}, for all y ∈ Y .

Thus, the existence of the sequence {f_n} is established. We next define, for any a > 0, Y_a = {y ∈ Y | d(f_1(y), f_0(y)) < a}. Obviously, the family of sets {Y_a | a > 0} is an open convering of Y . Moreover, due to (iii) and the completeness of X, the sequence {f_n} converges uniformly on each Y_a. Let f : Y → X be the point-wise limit of {f_n}. It can be easily seen that the function f is continuous. Furthermore, owing to (i), one has f|_Y ⋆ = f^⋆. Finally, the range of f is a subset of Fix(F ), because, by (ii), f(y) ∈ F (f(y)), for all y ∈ Y . This completes the proof.

The same arguments as in the proof of Theorem 4.5 actually lead to the following more general result.

Theorem 4.6. Let D be a family of metric spaces, let X be a complete absolute retract, and let F : X → C(X) be a multivalued contraction having the selection property w.r.t. D. Then, for any Y ∈ D and any nonempty closed set Y_0 ⊆ Y , every continuous function f_0 : Y_0 → Fix(F ) admits a continuous extension over Y . Theorem 4.6 has a variety of special cases of a particular interest. As an example, Remark 4.10 combined with Theorem 4.6 lead to

Theorem 4.7. Let X be a complete absolute retract and let F : X → C(X) be a multivalued contraction. If there exists a Michael family M(X) of subsets of X such that F (x) ∈ M(X), for all x ∈ X, then the set Fix(F ) is an absolute retract.

Evidently, Theorem 4.6 generalizes earlier results formulated in (4.5) and (4.6). For details concerning 4.6 see: [70] and [71]. Now, we would like to study the topological dimension of the set Fix(F ) for some multivalued contractions. Note that the above mentioned problem was initiated by J. Saint Raymond [144]. At first, we recall the following result (see: [144] or [7]).

Proposition 4.6. If F : X → BC(X) is a contraction with compact values, then Fix(F ) is compact.

The following result due to Z. Dzedzej and B. Gelman ([58]) is a generalization of the result obtained by J. Saint Raymond ([144]).

Theorem 4.8. Let E be a Banach space and F : E → BC(E) be a contraction with convex values and a constant α < 1/2. Assume, furthermore, that the topological dimension dim F (x) of F (x) is greater or equal to n, for some n and every x ∈ E. If Fix(F ) is compact, then dim Fix(F ) > n.

Problem 1. Is it possible to prove 4.8, for E = X, to be a complete AR-space and F : X → CB(X) with values belonging to a Michael family M(X)?

Following D. Miklaszewski, we would like to discuss some generalizations of 4.8.

Theorem 4.9. Let X be a retract of a Banach space E, and F : X → BC(X) be a compact continuous multivalued map with values being such elements of the Michael family M(X) that F (x) \ {x} ∈ C^{k−2}, for every x ∈ Fix(F ). Then the set Fix(F ) has the dimension greater or equal to k.

Proof. Suppose on the contrary that dim(Fix(F )) < k. Let us consider the maps ψ : Fix(F ) → BC(E) and φ : Fix(F ) → E \ {0} defined by the formulae: ψ(x) = F (x) − x = {y − x | y ∈ F (x)} and φ = ψ(x) \ {0} = (F (x) \ {x}) − x. We are going to prove that the family {φ(x) | x ∈ Fix(F )} is equi-LC^∞. Let y ∈ φ(x_0) and r be a positive number such that 0 ∉ B_E(y, 3r). Suppose that the set B_E(y, r) ∩ φ(x) is non-empty, for a fixed point x of F . Then B_E(y, r) ∩ φ(x) = [(B_E(y + x, r) ∩ F (x)) − x]. Let z ∈ B_E (y + x, r) ∩ F (x). It is easy to show that B_E(y + x, r) ∩ F (x) ⊂ B_E(y + x, 3r) ∩ F (x). But the second set of these three sets being in the Michael family M(X) is C^∞ as well as its translation, so the inclusion of B_E(y, r) ∩ φ(x) into the set B_E(y, 3r) ∩ φ(x) is homotopically trivial, and the family {φ(x) | x ∈ Fix(F )} is equi-LC^∞. It follows from Theorem 1.8 that φ has a selection f. Then the map g : Fix(F ) → X defined by the formula: g(x) = f(x) + x is a selection of F . We conclude that, in view of Theorem 4.10, there exists a selection h of F being an extension of g. But h has a fixed point x^′ ∈ Fix(F ), h(x^′) = g(x^′) = f(x^′) + x^′ = x^′, f(x^′) = 0 ∈ φ(x), which is a contradiction.

In the case when dim X < +∞, by analogous considerations as in the proof of 4.9 we obtain:

Theorem 4.10. Let X be a retract of a Banach space E and F : X → BC(X) be a continuous (i.e. both l.s.c. and u.s.c.) map such that F (X) = � {F (x) | x ∈ X} is a compact set. Assume that the values of F satisfy the following conditions:

(i) F (x) \ {x} is C^{k−2}, for every x ∈ Fix(F ), (ii) F (x) is C^k for every x ∈ X, (iii) {F (x) | x ∈ Fix(F )} is equi-LC^{k−2} in E, (iv) {F (x) | x ∈ X} is equi-LC^k in X.

Them dim(Fix(F )) ≥ k.

The proof of 4.10 is quite analogous to that of 4.9. Finally, note that one can show an example of a continuous (i.e. both l.s.c. and u.s.c.) map with contractible values of the local dimension 2 such that (iii) and (iv) are satisfied, but the dimension of the set of fixed points equals 1.

It is evident that the above results can be applied directly to differential inclusions where the right hand side is a measurable-Lipschitz multivalued map f : [0, a] × R^n → CB(R). A very general application to the so called almostperiodicity problem for differential inclusions in Banach spaces is presented in Section 5 of [7].

Namely, we shall give a topological characterization of the set of solutions of some boundary value problems for differential inclusions of order k.

Let E be a separable Banach space and let ϕ : [0, a]×E^k ( E be a multivalued mapping, where E^k = E × . . . × E (k-times).

We shall consider the following problem

x^{(k)}(t) ∈ ϕ(t, x(t), x^′(t), . . . , x^{(k−1)}(t)) x(0) = x_0 x^′(0) = x_1 . . x^{(k−1)}(0) = x_{k−1},

� � � � � (4.1)

where the solution x : [0, a] → E is understood in the sense of t almost everywhere (a.e., t ∈ [0, a]) and x_0, . . . , x_{k−1} ∈ E.

Observe that for k = 1 problem (4.1) reduces to the well-known Cauchy problem for differential inclusions. In what follows we shall denote by S(ϕ, x_0, . . . , x_{k−1}) the set of all solutions of (4.1).

Our first application of Theorem 4.6 is the following:

Theorem 4.11. Assume that φ is a mapping with compact values. Assume further that the following conditions hold:

(4.11.1) φ is bounded, i.e. there is an M > 0 such that ‖y‖ ≤ M for every t ∈ [0, a], x ∈ E^k and y ∈ φ(t, x), (4.11.2) the map φ( · , x) is measurable for each x ∈ E^k, (4.11.3) φ is a Lipschitz map with respect to the second variable, i.e. there exists an L > 0 such that for every t ∈ [0, a] and for every z = (z_1, . . . , z_k), y = (y_1, . . . , y_k) ∈ E^k we have:

d_H (φ(t, z), φ(t, y) ≤ L k� i=1 ‖z_i − y_i‖.

Then the set S(φ, x_0, . . . , x_{k−1}) of all solutions of the problem (4.1) is an ARspace.

Sketch of proof. For the proof we define (single-valued) mappings^7: h_j : M([0, a], E) → AC^j , j = 0, . . . , k − 1, by putting

(h_j (z))(t) = x_0 + tx_1 + . . . + (t^j /j!)x_j +

�_t 0 �_{s1} 0 . . .

�_{sj} 0 z(s) ds ds_j . . . ds_1,

where AC^j = {u ∈ C^j ([0, a], E) : u^{(j)} is absolutely continuous} and for u ∈ AC^j we put:

‖u‖ = ‖u‖_Cj + sup ess_{t∈[0,a]}{‖u^{(j+1)}(t)‖}.

Now consider a multivalued mapping ψ : M([0, a], E) → M([0, a], E) defined as follows:

ψ(x) = {z ∈ M([0, a], E) | z(t) ∈ φ(t, h_{k−1}(x)(t), . . . , h_0(x)(t)), for a.e. t ∈ [0, a]}.

It follows from the Kuratowski–Ryll–Nardzewski Selection Theorem and (4.11.1) that ψ is well defined (with closed decomposable values in M([0, a], E). Moreover, it is easy to see that h_{k−1}(Fix(ψ)) = S(φ, x_0, . . . , x_{k−1}). Consequently, since h_{k−1} is a homeomorphism onto its image, in view of Theorem 4.6, it is sufficient to show that ψ is a contractive mapping. We shall do this by using the M([0, a], E)-version of Bielecki’s method and the Kuratowski–Ryll–Nardzewski Theorem. In fact it is enough to see that for every u, z ∈ M([0, a], E) and for every y ∈ ψ(u) there is a v ∈ ψ(z) such that

‖y − v‖_1 ≤ α‖u − z‖_1,

(^⋆)

where α ∈ [0, 1) and ‖w‖_1 = sup ess_{t∈[0,a]}{e^{−Lakt}‖w(t)‖} is the Bielecki norm in M([0, a], E). Observe that using Theorem 4.2 (in [66]) for ψ and z, we get a mapping v ∈ ψ(z) and now (^⋆) follows directly from 4.11.3. The proof of Theorem 4.11 is complete.

Remark 4.3. Note that if we impose more assumptions on φ then we are able to get better information on = S(φ, x_0, . . . , x_{k−1}) ( for details see [7], [66], [69]).

Now following [12], [61], [62] we would like to add that if we consider problem (4.1) for k = 1 and in Theorem 4.11 we assume moreover that φ(t, x) is convex and dim φ(t, x) ≥ n for some n and every (t, x) ∈ [0, a] × E, then, in view of Theorem 4.9 we get that: dim S(φ, x_0) ≥ n.

Finally, let us remark that if we reject the assumption that φ has compact values, then still a characterization of S(φ, x_0) is possible (see Theorem 3.1 in [105]).

7 here M([0, a], E) is the Banach space of continuous essentialy bounded mappings.

5. The inverse limit method

The inverse limit method in differential equations and inclusions is quite new and it was indicated in 1999 by J. Andres, G. Gabor and L. Górniewicz (see: [5], [6] and [60]).

We shall start from the topological preparation. By an inverse system of topological spaces we mean a family IS = {X_α, π^β_α, Σ}, where Σ is a set directed by the relation ≤, X_α is a topological (Hausdorff) space for every α ∈ Σ and π^β_α : X_α → X_β is a continuous mapping for every two elements α, β ∈ Σ such that α ≤ β. Moreover, for each α ≤ β ≤ γ the following conditions should hold: π^α = id_{Xα} and π^β_απ^γ_β = π^γ_α.

A subspace of the product Π_{α∈Σ}X_α is called a limit of the inverse system IS and it is denoted by lim_← IS or lim_←{X_α, π^β_α, Σ} if

lim_← IS = {(x_α) ∈ Π_{α∈Σ}X_α | π^β_α(x_β ) = x_α for all α ≤ β}.

An element of lim_← IS is called a thread or a fibre of the system IS. One can see that if we denote by π_α : lim_← IS → X_α a restriction of the projection p_α : Π_{α∈Σ}X_α → X_α onto the α-th axis, then we obtain π_α = π^β_απ_β for each α ≤ β.

Now we summarize some useful properties of limits of inverse systems which are well known (comp. [60]):

Proposition 5.1. Let IS = {X_α, π^β_α, Σ} be an inverse system.

(5.1.1) The limit lim_← IS is a closed subset of Π_{α∈Σ}X_α. (5.1.2) If, for every α ∈ Σ, X_α is

(i) compact, then lim_← IS is compact;

(ii) compact and nonempty, then lim_← IS is compact and nonempty; (iii) a continuum, then lim_← IS is a continuum; (iv) acyclic, and lim_← IS is nonempty, lim_← IS is acyclic; (v) metrizable, Σ is countable, and lim_← IS is nonempty, then lim_← IS is metrizable.

The following further information is useful for applications.

Proposition 5.2 ([60]). Let IS = {X_n, π^p_n, N} be an inverse system. If each X_n is an R_δ-set, then so is lim_← S.

The following example shows that a limit of an inverse system of compact absolute retracts does not have to be an absolute retract.

Example 5.1. Consider a family {X_n}^∞_{n=1} of subsets of R^2 defined as follows:

X_n = � 0, 1 nπ � × [−1, 1] � ∪ � (x, y) � � y = sin 1 x and 1 nπ < x ≤ 1 � . One can see that for each m, n ≥ 1 such that m ≥ n we have X_m ⊂ X_n.

Define the maps π^m_n : X_m → X_n, π^m_n (x) = x. Therefore IS = {X_n, π^m_n , N} is an inverse system of compact absolute retracts. It is evident that lim_← IS is homeomorphic to the intersection of all X_n. On the other hand X = ∞� n=1 X_n = {(0, y) | y ∈ [−1, 1]} ∪ � (x, y) � � y = sin 1 x and 0 < x ≤ 1 �

and X is not an absolute retract since, for instance, X is not locally connected.

Note that in [60] the following information on a limit of an inverse system of absolute retracts has been formulated.

Proposition 5.3. Let IS = {X_n, π^p_n, N} be an inverse system of compact absolute retracts such that X_n ⊂ X_p and π^p_n is a retraction for all n ≤ p. Then lim_← IS has the fixed point property, i.e. every continuous map f : lim_← IS → lim_← IS has a fixed point.

Example 5.2. Consider the inverse system S = {X_n, π^p_n, N} such that X_n = [n, ∞) and π^p_n : X_p → X_n are inclusion maps for n ≤ p. It is obvious that lim_← S is homeomorphic to the intersection of all X_n which is an empty set.

Let us give important examples of inverse systems.

Example 5.3. Let, for every m ∈ N, C_m = C([0, m], R^n ) be a Banach space of all continuous functions of the closed interval [0, m] into R, and C = C([0, ∞), R^n ) be an analogous Fréchet space of continuous functions.

Consider the maps π^p_m : C_p → C_m, π^p_m(x) = x|_{[0,m]}. It is easy to see that C is isometrically homeomorphic to a limit of the inverse system {C_m, π^p_m, N}. The maps π_m : C → C_m, π_m(x) = x|_{[0,m]} correspond to suitable projections.

Remark 5.1. In the same manner as above we can show that Fréchet spaces C(J,

R^n ), where J is an arbitrary interval, L^1_{loc}(J, R^n ) of all locally integrable functions,

AC_{loc}(J, R^n ) of all locally absolutely continuous functions and C^k(J, R^n ) of all continuously differentiable functions up to the order k can be considered as limits of suitable inverse systems.

More generally, every Fréchet space is a limit of some inverse system of Banach spaces.

Now we introduce the notion of multivalued maps of inverse systems. Suppose that two systems IS = {X_α, π^β_α, Σ} and IS^′ = {Y_α′ , π^{β′}_α′ , Σ^′} are given.

Definition 5.1. By a multivalued map of the system IS into the system IS^′ we mean a family {σ, φ_{σ(α}′_)} consisting of a monotone function σ : Σ^′ → Σ, that is σ(α^′) ≤ σ(β^′), and of multivalued maps φ_{σ(α}′_) : X_{σ(α}′_) ( Y_α′ with nonempty values, defined for every α^′ ∈ Σ^′ and such that

π^{β′}_α′ φ_{σ(β}′_) = φ_{σ(α}′_)π^{σ(β′)}_{σ(α′ )},

(5.1) for each α^′ ≤ β^′.

A map of systems {σ, φ_{σ(α}′_)} induces a limit map φ : lim_← IS ( lim_← IS^′ defined as follows:

φ(x) = Π_α′_{∈Σφσ(α′)} (x_{σ(α}′_)) ∩ lim_← IS.

In other words, a limit map is a map such that

π_α′ φ = φ_{σ(α}′_)π_{σ(α}′_)

(5.2)

for every α^′ ∈ Σ^′.

Since a topology of a limit of an inverse system is the one generated by the base consisting of all sets of the form π_α(U_α), where α runs over an arbitrary set cofinal in Σ and U_α are open subsets of the space X_α, it is easy to prove the following continuity property for limit maps:

Proposition 5.4 (see [5], Proposition 2.7). Let IS = {X_α, π^β_α, Σ} and IS^′ = {Y_α′ , π^{β′}_α′ , Σ^′} be two inverse systems, and φ : lim_← IS ( lim_← IS^′ be a limit map induced by the map {σ, φ_{σ(α}′_)}.

If, for every α^′ ∈ Σ, φ_{σ(α}′_) is

(i) u.s.c., then φ is u.s.c.; (ii) l.s.c., then φ is l.s.c.;

(iii) continuous, then φ is continuous (continuous means both u.s.c. and l.s.c.).

The following crucial result allows us to study a topological structure of fixed point sets of limit maps.

Theorem 5.1 ([60]). Let IS = {X_α, π^β_α, Σ} be an inverse system, and φ : lim_← IS ( lim_← IS be a limit map induced by a map {id, φ_α}, where φ_α : X_α ( X_α. If fixed point sets of φ_α are acyclic, and the fixed point set of φ is nonempty, then it is acyclic, too.

Theorem 5.2. Let IS = {X_n, π^p_n, N} be an inverse system, and φ : lim_← IS ( lim_← IS be a limit map induced by a map {id, φ_n}, where φ_n : X_n ( X_n. If fixed point sets φ_n are compact R_δ, then the fixed point set of φ is R_δ, too.

Corollary 5.1. Let IS = {X_n, π^p_n, N} be an inverse system, and φ : lim_← IS ( lim_← IS be a limit map induced by a map {id, φ_n}, where φ_n : X_n ( X_n. If all X_n are Fréchet spaces and all φ_n are contractions.

Remark 5.2. Note that, following [70], we can prove Corollary 5.1 for a little larger class of multivalued maps (see [5], Corollary 2.9).

The inverse system approach described above gives us an easy way to study a topological structure of solution sets of differential problems on noncompact intervals. To illustrate it consider the following example:

Example 5.4. Let F : [0, ∞) × R^n ( R^n be a Carathéodory map, i.e.

(i) values of F are nonempty, compact and convex for all (t, x) ∈ [0, ∞) × R^n , (ii) F (t, · ) is u.s.c. for a.a. t ∈ [0, ∞), (iii) F ( · , x) is measurable for all x ∈ R^n ,

with at most linear growth, i.e. there exists a locally integrable function α : [0, ∞) → [0, ∞) such that, for every x ∈ R^n and for a.a. t ∈ [0, ∞),

|F (t, x)| ≤ α(t)(1 + ‖x‖),

where |F (t, x)| = sup{|y| | y ∈ F (t, x)}.

Consider the Cauchy problem

ẋ(t) ∈ F (t, x(t)) for a.a. t ∈ [0, ∞), x(0) = x_0. � (5.3)

We shall show, using the inverse systems technique, that the set of solutions S of problem (5.3) is R_δ. To do it, consider the family of Cauchy problems

ẋ(t) ∈ F (t, x(t)) for a.a. t ∈ [0, m], x(0) = x_0, � (5.4)

where m ≥ 1. It is well known (see [46]) that, for every m ≥ 1, the set S_m of the above problem is compact R_δ.

On the other hand, S_m is a fixed point set of the following map Ψ_m : C_m = C([0, m], R^n ) ( C_m,

Ψm(x) = { x0 +

∫_t 0 u(s) ds | | u ∈ L^1([0, m], R^n ) and u(t) ∈ G(t, x(t)) for a.a. t ∈ [0, m] } .

One can check that {Ψ_m} is a map of the inverse system {C([0, m], R^n ), π^p_m, N}, where π^p_m(x) = x|_{[0,m]} for every x ∈ C([0, p], R^n ). Moreover, it induces the limit map on C([0, ∞), R^n )

Ψ(x) = { x0 +

∫_t 0 u(s) ds | | u ∈ L^1_{loc}([0, ∞), R^n ) and u(t) ∈ G(t, x(t)) for a.a. t ∈ [0, ∞) }

with the fixed point set S. By Theorem 5.2 it follows that S is compact R_δ, as required.

Note that the above result on a topological structure of the solution set of the Cauchy problem on a halfline can be obtained by using different techniques (see e.g. [4] for the proof by using the Scorza–Dragoni type result).

Further applications of the inverse systems approach can be found in [5] and [60].

6. Concluding remarks and comments

Above we have presented different techniques of characterization of the set of fixed points and consequently solution sets for differential equations and inclusions. Now, we would like to show some consequences, which can be obtained by using the topological structure of solution sets.

We would like to show only results connected with multivalued Poincaré operator indicated by G. Dylawerski and L. Górniewicz in 1983 ([57]). We recommend also the following papers: [3], [8], [66], [69], [72], [91], [143], [45].

We shall formulate the simplest version. Most general results of this type are contained in [45].

Let f : [0, a] × R^n → R^n be a continuous and bounded map. We shall consider both the Cauchy problem:

x^′(t) = f(t, x(t)), x(t_0) = x_0, � (6.1)

and the following periodic problem:

x^′(t) = f(t, x(t)), x(0) = x(a). � (6.2)

We shall associate with (6.2) the multivalued Poincaré operator:

P_a : R^n ( R^n

defined as a composition of the following two maps:

R^P→ C([0, a], R^n )^{ea}→ R^n ,

where P (x) = S(f; 0, x) and e_a(x) = x(a). It follows from the Aronszajn Theorem that P has R_δ-values. On the other hand it is well known that P is u.s.c. (comp. [69] or [11]). Hence P_a = e_a ∘ P as a composition of u.s.c. R_δ-valued map P with a continuous map e_a is admissible in the sense of [67]. Therefore the topological degree of the field (idRn − P ) on any ball B(0, r) ⊂ R^n such that^8 Fix(P ) ∩ ∂B(0, r) = ∅ is well defined (see: [67], [45] or [92]). In what follows P is called the Poincaré operator associated with (6.2).

The following proposition is straightforward.

Proposition 6.1. If Fix(P_a) ≠ ∅, then problem (6.2) has a solution.

In the terms of topological degree theory Proposition 6.3 can be expressed as follows:

Proposition 6.2. Assume that for some r > 0 we have Fix(P ) ∩ ∂B(0, r) = ∅. If the topological degree deg(idRn − P_a, B(0, r)) of idRn − P_a with respect to B(0, r) is different from zero, then problem (6.2) has a solution.

8 ∂B(0, r) denotes the boundary of B(0, r) in R^n .

In order to calculate the topological degree of Poincaré field idRn − P_a we shall use the guiding function (or potential function) method (see: [91] or [45]).

A C^1-map V : R^n → R is called a guiding function ( potential) for f provided that there exists r_0 > 0 such that:

⟨grad V (x), f(t, x)⟩ > 0

(6.3)

for every t ∈ [0, a] and x ∈ R^n such that ‖x‖ ≥ r_0, where grad V (x) =

�_{∂f}

∂x_1 (x), . . . , ∂f ∂x_n (x) � is the gradient of V at the point x and ⟨ , ⟩ stands for the inner product

in R^n ._{It follows from (6.3) that for every r ≥ r}

0 and x ∈ R^n such that ‖x‖ ≥ r_0 we have grad V (x) ≠ 0 so from the localization property of the topological degree it follows that for every r ≥ r_0 we have deg(grad V, B(0, r)) = deg(grad V (x), B(0, r_0)). We let:

Ind(V ) = deg(grad V (x), B(0, r)).

(6.4)

Finally we obtain:

Theorem 6.1. If f has a potential V such that Ind(V ) ≠ 0, then deg(P_a, B(0, r)) ≠ 0 for some r ≥ r_0.

References

1. R. P. Agarwal and D. O’Regan, The solutions set of integral inclusions on the half line, Analysis (2000), 1–7.

2. R. R. Akhmerov, M. I. Kamenskiĭ, A. S. Potapov, A. E. Rodkina and B. N.

Sadovskiĭ, Measures of Noncompactness and Condensing Operators (translated from Russian), Birkhauser, Berlin, 1992.

3. J. Andres, On the multivalued Poincaré operators, TMNA 10 (1997), 171–182. 4. J. Andres, G. Gabor and L. Górniewicz, Boundary value problems on infinite intervals, Trans. Amer. Math. Soc. 351 (1999), 4861–4903.

5. J. Andres, G. Gabor and L. Górniewicz, Topological structure of solution sets to multivalued asymptotic problems, Z. Anal. Anwendungen 18, 4 (1999), 1–20.

6. J. Andres, G. Gabor and L. Górniewicz, Acyclicity of solutions sets to functional inclusions, Nonlinear Analysis TMA (to appear).

7. J. Andres and L. Górniewicz, On the Banach contraction principle for multivalued mappings, Lecture Notes in Mathematics (to appear).

8. J. Andres, L. Górniewicz and M. Lewicka, Partially dissipative periodic processes, Banach Center Publ. 35 (1996), 109–118.

9. G. Anichini and P. Zecca, Multivalued differential equations in a Banach space: an application to control theory, J. Optim. Th. Appl. 21 (1977), 477–486.

10. N. Aronszajn, Le correspondant topologique de l’unicité dans la théorie des équations différentielles, Ann. Math. 43 (1942), 730–738.

11. Z. Artstein, Continuous dependence on parameters of solutions of operator equations, Trans. Amer. Math. Soc. 231 (1977), 143–166.

12. A. Augustynowicz, Z. Dzedzej and B. D. Gelman, The solution set to BVP for some functional differential inclusions, Set-Valued Analysis 6 (1998), 257–263.

13. R. Bader and W. Kryszewski, On the solution sets of constrained differential inclusions with applications, Set Valued Anal. (to appear).

14. M. E. Ballotti, Aronszajn’s theorem for a parabolic partial differential equation, Nonlinear Anal. TMA 9, No. 11 (1985), 1183–1187.

15. J. Bebernes and M. Martelli, On the structure of the solution set for periodic boundary value problems, Nonlinear Anal. TMA 4, No. 4 (1980), 821–830.

16. J. Bebernes and K. Schmitt, Invariant sets and the Hukuhara–Kneser property for systems of parabolic partial differential equations, Rocky Mount. J. Math. 7, No. 3 (1967), 557–567.

17. R. Bielawski, L. Górniewicz and S. Plaskacz, Topological approach to differential inclusions on closed sets of R^n, Dynamics Reported 1 (1992), 225–250.

18. D. Bielawski, T. Pruszko, On the structure of the set of solutions of a functional equation with application to boundary value problems, Ann. Polon. Math. 53, No. 3 (1991), 201–209.

19. A. W. Bogatyrev, Fixed points and properties of solutions of differential inclusions, Math. Sbornik 47 (1983), 895–909 (in Russian).

20. A. Bressan, A. Cellina and A. Fryszkowski, A class of absolute retracts in spaces of integrable functions, Proc. Amer. Math. Soc. 112 (1991), 413–418.

21. F. E. Browder and C. P. Gupta, Topological degree and nonlinear mappings of analytic type in Banach spaces, J. Math. Anal. Appl. 26 (1969), 730–738.

22. J. Bryszewski, L. Górniewicz and T. Pruszko, An application of the topological degree theory to the study of the Darboux problem for hyperbolic equations, J. Math. Anal. Appl. 76 (1980), 107–115.

23. A. I. Bulgakov and L. N. Lyapin, Some properties of the set of solutions of a Volterra–Hammerstein integral inclusion, Diff. Uravni. 14, No. 8 (1978), 1043–1048.

24. A. I. Bulgakov and L. N. Lyapin, Certain properties of the set of solutions of the Volterra–Hammerstein integral inclusion, Differents. Uravn. 14, No. 8 (1978), 1465– 1472.

25. A. I. Bulgakov and L. N. Lyapin, On the connectedness of sets of solutions of functional inclusions, Mat. Sbornik 119, No. 2 (1982), 295–300.

26. A. Cellina, On the existence of solutions of ordinary differential equations in a Banach space, Funkc. Ekvac. 14 (1971), 129–136.

27. A. Cellina, On the local existence of solutions of ordinary differential equations, Bull. Acad. Polon. Sci. 20 (1972), 293–296.

28. A. Cellina, On the nonexistence of solutions of differential equations in nonreflexive spaces, Bull. Amer. Math. Soc. 78 (1972), 1069–1072.

29. J. Chandra, V. Lakshmikantham and A. R. Mitchell, Existence of solutions of boundary value problems for nonlinear second order systems in a Banach space, Nonlinear Anal. TMA 2 (1978), 157–168.

30. S. N. Chow and J. D. Schur, An existence theorem for ordinary differential equations in Banach spaces, Bull. Amer. Math. Soc. 77 (1971), 1018–1020.

31. S. N. Chow and J. D. Schur, Fundamental theory of contingent differential equations in Banach spaces, Trans. Amer. Math. Soc. 179 (1973), 133–144.

32. M. Cichoń and I. Kubiaczyk, Some remarks on the structure of the solutions set for differential inclusions in Banach spaces, J. Math. Anal. Appl. 233 (1999), 597–606.

33. A. Constantin, Stability of solution sets of differential equations with multivalued right hand side, J. Diff. Equs. 114 (1994), 243–252.

34. G. Conti, W. Kryszewski and P. Zecca, On the solvability of systems of noncompact inclusions, Ann. Mat. Pura Appl. (4), 160 (1991), 371–408.

35. G. Conti, V. V. Obukhovskiĭ and P. Zecca, On the topological structure of the solution set for a semilinear functional-differential inclusion in a Banach space, (Preprint).

36. J.-F. Couchouron and M. Kamenskiĭ, Perturbations d’inclusions paraboliques par des opérateurs condensants, C. R. Acad. Sci. Paris 320 (1995), Serie I. 1–6.

37. H. Covitz, S. B. Nadler, Jr., Multi-valued contraction mappings in generalized metric spaces, Israel J. Math. 8 (1970), 5–11.

38. K. Czarnowski, Structure of the set of solutions of an initial-boundary value problem for a parabolic partial differential equations in an unbounded domain, Nonlinear Anal. TMA 27, no. 6 (1996), 723–729.

39. K. Czarnowski, On the structure of fixed point sets of ’k-set contractions’ in B0 spaces, Demonstratio Math. 30 (1997), 233–244.

40. K. Czarnowski and T. Pruszko, On the structure of fixed point sets of compact maps in B0 spaces with applications to integral and differential equations in unbounded domain, J. Math. Anal. Appl. 154 (1991), 151–163.

41. J. L. Davy, Properties of the solution set of a generalized differential equations, Bull.

Austr. Math. Soc. 6 (1972), 379–389.

42. F. S. De Blasi, Existence and stability of solutions for autonomous multivalued differential equations in a Banach space, Rend. Accad. Naz. Lincei, Serie VII, 60 (1976), 767–774.

43. F. S. De Blasi, On a property of the unit sphere in a Banach space, Bull. Soc. Math.

R. S. Roumaine 21 (1977), 259–262.

44. F. S. De Blasi, Characterizations of certain classes of semicontinuous multifunctions by continuous approximations, J. Math. Anal. Appl. 106, No. 1 (1985), 1–8.

45. F. S. De Blasi, L. Górniewicz and G. Pianigiani, Topological degree and periodic solutions of differential inclusions, Nonlinear Anal. TMA 37 (1999), 217–245.

46. F. S. De Blasi and J. Myjak, On the solutions sets for differential inclusions, Bull.

Polon. Acad. Sci. 33 (1985), 17–23.

47. F. S. De Blasi and J. Myjak, On the structure of the set of solutions of the Darboux problem for hyperbolic equations, Proc. Edinburgh Math. Soc., Ser. 2 29, No. 1 (1986), 7–14.

48. F. S. De Blasi and G. Pianigiani, On the solution sets of nonconvex differential inclusions, J. Diff. Equs. 128 (1996), 541–555.

49. F. S. De Blasi and G. Pianigiani, Solution sets of boundary value problems for nonconvex differential inclusions, Nonlinear Anal. TMA 1 (1993), 303–313.

50. F. S. De Blasi, G. Pianigiani and V. Staicu, Topological properties of nonconvex differential inclusions of evolution type, Nonlinear Anal. TMA 24 (1995), 711–720.

51. K. Deimling, Periodic solutions of differential equations in Banach spaces, Man.

Math. 24 (1978), 31–44.

52. K. Deimling, Open problems for ordinary differential equations in a Banach space, (in the book: Equationi Differenziali), Florence, 1978.

53. K. Deimling and M. R. Mohana Rao, On solutions sets of multivalued differential equations, Applicable Analysis 30 (1988), 129–135.

54. R. Dragoni, J. W. Macki, P. Nistri and P. Zecca, Solution Sets of Differential Equations in Abstract Spaces, Pitman Research Notes in Mathematics Series, 342, Longman, Harlow, 1996.

55. J. Dubois and P. Morales, On the Hukuhara–Kneser property for some Cauchy problems in locally convex topological vector spaces, Lecture Notes in Math. vol. 964, pp. 162–170, Springer, Berlin, 1982.

56. J. Dubois and P. Morales, Structure de l’ensemble des solutions du probléme de Cauchy sous le conditions de Carathéodory, Ann. Sci. Math. Quebec 7 (1983), 5– 27. 57. G. Dylawerski and L. Górniewicz, A remark on the Krasnosielskiĭ’s translation operator, Serdica Math. J. 9 (1983), 102–107.

58. Z. Dzedzej and B. Gelman, Dimension of the solution set for differential inclusions, Demonstration Math. 26 (1993), 149–158.

59. V. V. Filippov, The topological structure of spaces of solutions of ordinary differential equations, Uspekhi Mat. Nauk 48 (1993), 103–154. (in Russian) 60. G. Gabor, On the acyclicity of fixed point sets of multivalued maps, TMNA 14 (1999), 327–343.

61. B. D. Gelman, On the structure of the set of solutions for inclusions with multivalued operators, in Global Analysis - Studies and Applications III, (ed. Yu. G. Borisovich and Yu. E. Glikhlikh), Lecture Notes in Math. vol. 1334, pp. 60–78, Springer, Berlin, 1988.

62. B. D. Gelman, Topological properties of fixed point sets of multivalued maps, Mat.

Sb. 188, No. 12 (1997), 33–56.

63. A. N. Godunov, A counter example to Peano’s Theorem in an infinite dimensional Hilbert space, Vestnik Mosk. Gos. Univ., Ser. Mat. Mek. 5 (1972), 31–34.

64. A. N. Godunov, Peano’s Theorem in an infinite dimensional Hilbert space is false even in a weakened form, Math. Notes 15 (1974), 273–279.

65. K. Goebel and W. Rzymowski, An existence theorem for the equation x = f(t, x) in Banach spaces, Bull. Acad. Polon. Math. 18 (1970), 367–370.

66. L. Górniewicz, Topological approach to differential inclusions, in: A. Granas and H.

Frigon eds., NATO ASI Series C 472, Kluwer, 1975.

67. L. Górniewicz, Homological methods in fixed point theory of multivalued mappings, Dissertationes Math. 129 (1976), 1–71.

68. L. Górniewicz, On the solution sets of differential inclusions, J. Math. Anal. Appl.

113 (1986), 235–244.

69. L. Górniewicz, Topological Fixed Point Theory of Multivalued Mappings, Kluwer, Dordrecht, 1999.

70. L. Górniewicz and S. A. Marano, On the fixed point set of multivalued contractions, Rend. Circ. Mat. Palermo 40 (1996), 139–145.

71. L. Górniewicz, S. A. Marano and M. Ślosarski, Fixed points of contractive multivalued maps, Proc. Amer. Math. Soc. 124 (1996), 2675–2683.

72. L. Górniewicz, P. Nistri and V. V. Obukovskiĭ, Differential inclusions on proximate retracts of Hilbert spaces, Int. J. Nonlinear Diff. Equs. TMA 3 (1980), 13–26.

73. L. Górniewicz and T. Pruszko, On the set of solutions of the Darboux problem for some hyperbolic equations, Bull. Acad. Polon. Math. 28, No. 5-6 (1980), 279–286.

74. L. Górniewicz and M. Ślosarski, Topological and differential inclusions, Bull. Austr.

Math. Soc. 45 (1992), 177–193.

75. G. Haddad, Topological properties of the sets of solutions for functional differential inclusions, Nonlinear Anal. TMA 5, No. 12 (1981), 1349-1366.

76. A. J. Heunis, Continuous dependence of the solutions of an ordinary differential equation, J. Diff. Eqns. 54 (1984), 121–138.

77. C. J. Himmelberg and F. S. Van Vleck, On the topological triviality of solution sets, Rocky Mountain J. Math. 10 (1980), 247–252.

78. C. J. Himmelberg and F. S. Van Vleck, A note on the solution sets of differential inclusions, Rocky Mountain J. Math. 12 (1982), 621–625.

79. T. S. Hu and N. S. Papageorgiou, On the topological regularity of the solution set of differential inclusions with constrains, J. Diff. Equat. 107 (1994), 280–289.

80. M. Hukuhara, Sur les systémes des équations differentielles ordinaires, Japan J. Math. 5 (1928), 345–350.

81. D. M. Hyman, On decreasing sequence of compact absolute retracts, Fund. Math.

64 (1959), 91–97.

82. J. Jarnik and J. Kurzweil, On conditions on right hand sides of differential relations, Casopis pro Pest. Mat. 102 (1977), 334–349.

83. M. I. Kamenskiĭ, On the Peano Theorem in infinite dimensional spaces, Mat. Zametki 11, No. 5 (1972), 569–576.

84. M. I. Kamenskiĭ and V. V. Obukovskiĭ, Condensing multioperators and periodic solutions of parabolic functional — differential inclusions in Banach spaces, Nonlinear Anal. TMA 20 (1991), 781–792.

85. R. Kannan, J. J. Nieto and M. B. Ray, A class of nonlinear boundary value problems without Landesman–Lazer condition, J. Math. Anal. Appl. 105 (1985), 1–11, 86. A. Kari, On Peano’s Theorem in locally convex spaces, Studia Math. 73, No. 3 (1982), 213–223.

87. W. G. Kelley, A Kneser theorem for Volterra integral equations, Proc. Amer. Math.

Soc. 40, No. 1 (1973), 183–190.

88. M. Kisielewicz, Multivalued differential equations in separable Banach spaces, J. Optim. Th. Appl. 37, No. 2 (1982), 231–249.

89. H. Kneser, Uber die Lösungen eine system gewöhnlicher differential Gleichungen, das der lipschitzchen Bedingung nicht genügt, S. B. Preuss. Akad. Wiss. Phys. Math. Kl. 4 (1923), 171–174.

90. A. Kolmogorov and S. Fomin, Elements of the Theory of Functions and Functional Analysis, Graylock, New York, 1957.

91. M. A. Krasnoselskiĭ, P. P. Zabreiko, Geometrical Methods of Nonlinear Analysis, Springer-Verlag, Heidelberg 1984.

92. W. Kryszewski, Topological and approximation methods in the degree theory of setvalued maps, Dissertationes Math. 336 (1994), 1–102.

93. P. Krbec and J. Kurzweil, Kneser’s theorem for multivalued, differential delay equations, Casopis pro Pest. Mat. 104, No. 1 (1979), 1–8.

94. Z. Kubáček, A generalization of N. Aronszajn’s theorem on connectedness of the fixed point set of a compact mapping, Czech. Math. J. 37, No. 112 (1987), 415–423.

95. Z. Kubáček, On the structure of the fixed point sets of some compact maps in the Fréchet space, Math. Bohemica 118 (1993), 343–358.

96. Z. Kubáček, On the structure of the solution set of a functional differential system on an unbounded interval, Arch. Math. (Brno) 35 (1999), 215–228.

97. I. Kubiaczyk, Structure of the sets of weak solutions of an ordinary differential equation in a Banach space, Ann. Polon. Math. 44, No. 1 (1980), 67–72.

98. I. Kubiaczyk, Kneser’s Theorem for differential equations in Banach spaces, J. Diff.

Equs. 45, No. 2 (1982), 139–147.

99. I. Kubiaczyk and S. Szufla, Kneser’s Theorem for weak solutions of ordinary differential equations in Banach spaces, Publ. Inst. Math. (Beograd) (NS) 32, No. 46 (1982), 99–103.

100. A. Lasota and J. A. Yorke, The generic property of existence of solutions of differential equations in Banach spaces, J. Diff. Equs. 13 (1973), 1–12.

101. J. M. Lasry and R. Robert, Analyse Non Linéaire Multivoque, Cahiers de Math. de la Decision, Paris, No. 7611, 1977.

102. J. M. Lasry and R. Robert, Acyclicité de l’ensemble des solutions de certaines équations fonctionnelles, C. R. Acad. Sci. Paris 282, No. 22A (1976), 1283–1286.

103. T. C. Lim, On fixed point stability for set valued contractive mappings with applications to generalized differential equations, J. Math. Anal. Appl. 110 (1985), 436–441.

104. T. Ma, Topological degrees of set-valued compact fields in locally convex spaces, Dissertationes Math. XCII (1972), 1–47.

105. S. Marano and V. Staicu, On the set of solutions to a class of nonconvex nonclosed differential inclusions, Acta Math. Hungarica 76 (1997), 287–301.

106. A. Margheri and P. Zecca, A note on the topological structure of solution sets of Sturm–Liouville problems in Banach spaces, Atti Accad. Naz. Lincei, Rend. Cl. Sci. Fis. Math. Nat., (to appear).

107. H. Monch, Boundary value problems for nonlinear ordinary differential equations of second order in Banach spaces, Nonlinear Anal. TMA 4 (1980), 985–999.

108. H. Monch and G. von Harten, On the Cauchy problem for ordinary differential equations in Banach spaces, Arch. Math. 39 (1982), 153–160.

109. A. M. Muhsinov, On differential inclusions in a Banach space, Soviet Math. Dokl.

15 (1974), 1122–1125.

110. J. J. Nieto, Periodic solutions of nonlinear parabolic equations, J. Diff. Equs. 60, No. 1 (1985), 90–102.

111. J. J. Nieto, Nonuniqueness of solutions of semilinear elliptic equations at resonance, Boll. Un. Mat. Ital. 6, 5-A, No. 2, (1986), 205–210.

112. J. J. Nieto, Structure of the solution set for semilinear elliptic equations, Colloq.

Math. Soc. Janos Bolyai, 47 (1987), 799–807.

113. J. J. Nieto, Hukuhara–Kneser property for a nonlinear Dirichlet problem, J. Math.

Anal. Appl. 128 (1987), 57–63.

114. J. J. Nieto, Decreasing sequences of compact absolute retracts and nonlinear problems, Boll. Un. Mat. Ital. 2-B, No. 7 (1988), 497–507.

115. J. J. Nieto, Aronszajn’s theorem for some nonlinear Dirichlet problem, Proc. Edinburg Math. Soc. 31 (1988), 345–351.

116. J. J. Nieto, Nonlinear second order periodic value problems with Carathéodory functions, Appl. Anal. 34 (1989), 111–128.

117. J. J. Nieto, Periodic Neumann boundary value problem for nonlinear parabolic equations and application to an elliptic equation, Ann. Polon. Math. 54, No. 2 (1991), 111–116.

118. J. J. Nieto and L. Sanchez, Periodic boundary value problems for some Duffing equations, Diff. and Int. Equs. 1, No. 4 (1988), 399–408.

119. V. V. Obukhovskiĭ, Semilinear functional differential inclusions in a Banach space and controlled parabolic systems, Soviet J. Automat. Inform. Sci. 24, No. 3 (1991), 71–79.

120. C. Olech, On the existence and uniqueness of solutions of an ordinary differential equation in the case of a Banach space, Bull. Acad. Polon. Math. 8 (1969), 667–673.

121. N. S. Papageorgiou, Kneser’s Theorem for differential equations in Banach spaces, Bull. Austral. Math. Soc. 33, No. 3 (1986), 419–434.

122. N. S. Papageorgiou, On the solution set of differential inclusions in a Banach space, Appl. Anal. 25, No. 4 (1987), 319–329.

123. N. S. Papageorgiou, A property of the solution set of differential inclusions in Banach spaces with a Carathéodory orientor field, Appl. Anal. 27, No. 4 (1988), 279– 287.

124. N. S. Papageorgiou, On the solution set of differential inclusions with state constraints, Appl. Anal. 31 (1989), 279–289.

125. N. S. Papageorgiou, Convexity of the orientor field and the solution set of a class of evolution inclusions, Math. Slovaca 43 (1993), no. 5, 593–615.

126. N. S. Papageorgiou, On the properties of the solution set of nonconvex evolution inclusions of the subdifferential type, Comment. Math. Univ. Carolin. 34 (1993), no. 4, 673–687.

127. N. S. Papageorgiou, A property of the solution set of nonlinear evolution inclusions with state constraints, Math. Japon. 38 (1993), no. 3, 559–569.

128. N. S. Papageorgiou, On the solution set of nonlinear evolution inclusions dependingon a parameter, Publ. Math. Debrecen 44 (1994), no. 1–2, 31–49.

129. N. S. Papageorgiou, On the solution set of nonconvex subdifferential evolution inclusions, Czechoslovak Math. J. 44 (1994), no. 3, 481–500.

130. N. S. Papageorgiou, On the topological regularity of the solution set of differential inclusions with constraints, J. Diff. Equs. 107 (1994), no. 2, 280–289.

131. N. S. Papageorgiou, On the topological properties of the solution set of evolution inclusions involving time-dependent subdifferential operators, Boll. Un. Mat. Ital. 9 (1995), no. 2, 359–374.

132. N. S. Papageorgiou, On the properties of the solution set of semilinear evolution inclusions, Nonlinear Anal. TMA 24 (1995), no. 12, 1683–1712.

133. N. S. Papageorgiou, Topological properties of the solution set of integrodifferential inclusions, Comment. Math. Univ. Carolin. 36 (1995), no. 3, 429–442.

134. N. S. Papageorgiou, On the solution set of nonlinear integrodifferential inclusions

in R^N , Math. Japon. 46 (1997), no. 1, 117–127.

135. N. S. Papageorgiou, Topological properties of the solution set of a class of nonlinear evolutions inclusions, Czechoslovak Math. J. 47 (1997), no. 3, 409–424.

136. N. S. Papageorgiou, On the structure of the solution set of evolution inclusions with time-dependent subdifferentials, Rend. Sem. Mat. Univ. Padova 97 (1997), 163–186.

137. N. S. Papageorgiou and F. Papalini, On the structure of the solution set of evolution inclusions with time-dependent subdifferentials, Acta Math. Univ. Comenian. (N.S.) 65 (1996), no. 1, 33–51.

138. N. S. Papageorgiou N. Shahzad, Properties of the solution set of nonlinear evolution inclusions, Appl. Math. Optim. 36 (1997), no. 1, 1–20.

139. G. Peano, Sull’integrabilitá delle equazioni differenziali del primo ordine, Atti della Reale Accad. dell Scienze di Torino 21 (1886), 677–685.

140. G. Peano, Démonstration de l’integrabilite des équations differentielles ordinaires, Mat. Annalen 37 (1890), 182–238.

141. W. V. Petryshyn, Note on the structure of fixed point sets of 1-set–contractions, Proc. Amer. Math. Soc. 31 (1972), 189–194.

142. G. Pianigiani, Existence of solutions of ordinary differential equations in Banach spaces, Bull. Acad. Polon. Math. 23 (1975), 853–857.

143. S. Plaskacz, On the solution sets for differential inclusions, Boll. Un. Mat. Ital. 7, 6-A (1992), 387–394.

144. J. Saint Raymond, Multivalued contractions, Set-Valued Analysis 2, 4 (1994), 559– 571.

145. B. Ricceri, Une propriété topologique de l’ensemble des points fixes d’une contraction multivoque à valeurs convexes, Atti Accad. Naz. Lincei Rend. Cl. Sci. Fis. Mat. Natur. (8) 81 (1987), 283–286.

146. B. N. Sadovskiĭ, On measures of noncompactness and contracting operators, in Problems in the Mathematical Analysis of Complex Systems, second edition, Voronezh (1968), 89–119. (in Russian) 147. B. N. Sadovskiĭ, Limit-compact and condensing operators, Uspekh. Mat. Nauk 27 (1972), 1–146. (in Russian) 148. K. Schmitt and P. Volkmann, Boundary value problems for second order differential equations in convex subsets in a Banach space, Trans. Amer. Math. Soc. 218 (1976), 397–405.

149. V. Šeda, Fredholm mappings and the generalized boundary value problem, Diff. Integral Equs. 8 (1995), 19–40.

150. V. Šeda, Generalized boundary value problems and Fredholm mappings, Nonlinear Anal. TMA 30 (1997), 1607-1616.

151. V. Šeda, Rδ -set of solutions to a boundary value problem, TMNA, (to appear). 152. J. S. Shin, Kneser type theorems for functional differential equations in a Banach space, Funk. Ekvacioj 35 (1992), 451–466.

153. Z. Song, Existence of generalized solutions for ordinary differential equations in Banach spaces, 3. Math. Anal. Appl. 128 (1987), 405–412.

154. W. Sosulski, Compactness and upper semi continuity of solution set of functional differential equations of hyperbolic type, Comment. Mat. Prace. Mat. 25, No. 2 (1985), 359–362.

155. V. Staicu, Qualitative propeties of solutions sets to Lipschitzian differential inclusions, World Sci. Publ. (Singapore 1993), 910–914.

156. S. Szufla, Some remarks on ordinary differential equations in Banach spaces, Bull.

Acad. Polon. Math. 16 (1968), 795–800.

157. S. Szufla, Measure of noncompactness and ordinary differential equations in Banach spaces, Bull Acad. Polon. Sci. 19 (1971), 831–835.

158. S. Szufla, Structure of the solutions set of ordinary differential equations in a Banach space, Bull. Acad. Polon. Sci. 21, No. 2 (1973), 141–144.

159. S. Szufla, Solutions sets of nonlinear equations, Bull. Acad. Polon. Sci. 21, No. 21 (1973), 971–976.

160. S. Szufla, Some properties of the solutions set of ordinary differential equations, Bull. Acad. Polon. Sci. 22, No. 7 (1974), 675–678.

161. S. Szufla, On the structure of solutions sets of differential and integral equations in Banach spaces, Ann. Polon. Math. 34 (1977), 165–177.

162. S. Szufla, On the equation ẋ = f(t, x) in Banach spaces, Bull. Acad. Polon. Sci. 26, No. 5 (1978), 401–406.

163. S. Szufla, Kneser’s theorem for weak solutions of ordinary differential equations in reflexive Banach spaces, Bull. Acad. Polon. Sci. 26, No. 5 (1978), 407–413.

164. S. Szufla, Sets of fixed points nonlinear mappings in function spaces, Funkcial. Ekvac. 22 (1979), 121–126.

165. S. Szufla, On the existence of solutions of differential equations in Banach spaces, Bull. Acad. Polon. Sci. 30, No. 11–12 (1982), 507–515.

166. S. Szufla, On the equation ẋ = f(t, x) in locally convex spaces, Math. Nachr. 118 (1984), 179–185.

167. S. Szufla, Existence theorems for solutions of integral equations in Banach spaces, Proc. Conf. Diff. Equs. and Optimal Control, Zielona Góra (1985), 101–107.

168. S. Szufla, On the application of measure of noncompactness to differential and integral equations in a Banach space, Fasc. Math. 18 (1988), 5–11.

169. P. Talaga, The Hukuhara–Kneser property for parabolic systems with nonlinear boundary conditions, J. Math. Anal. 79 (1981), 461–488.

170. P. Talaga, The Hukuhara–Kneser property for quasilinear parabolic equations, Nonlinear Anal. TMA 12, No. 3 (1988), 231–245.

171. A. A. Tolstonogov, On differential inclusions in a Banach space and continuous selectors, Dokl. Akad. Nauk SSSR 244 (1979), 1088–1092.

172. A. A. Tolstonogov, On properties of solutions of differential inclusions in a Banach space, Dokl. Akad. Nauk SSSR 248 (1979), 42–46.

173. A. A. Tolstonogov, On the structure of the solution set for differential inclusions in a Banach space, Math. Sbornik, 46 (1983), 1–15. (in Russian) 174. G. Vidossich, On Peano-phenomenon, Bull. Un. Math. Ital. 3 (1970), 33–42. 175. G. Vidossich, On the structure of the set of solutions of nonlinear equations, J. Math.

Anal. Appl. 34 (1971), 602–617.

176. G. Vidossich, A fixed point theorem for function spaces, J. Math. Anal. Appl. 36 (1971), 581–587.

177. G. Vidossich, Existence, uniqueness and approximation of fixed points as a generic property, Bol. Soc. Brasil. Mat. 5 (1974), 17–29.

178. G. Vidossich, Two remarks on global solutions of ordinary differential equations in the real line, Proc. Amer. Math. Soc. 55 (1976), 111–115.

179. T. Ważewski, Sur l’existence et l’unicité des integrales des équations différentielles ordinaires au cas de l’espace de Banach, Bull. Acad. Polon. Math. 8 (1960), 301–305.

180. J. A. Yorke, Spaces of solutions, Lect. Notes Op. Res. Math. Econ. vol. 12, Springer- Verlag, (1969), 383–403.

181. J. A. Yorke, A continuous differential equation in a Hilbert space without existence, Funkc. Ekvac. 13 (1970), 19–21.

Added in Proof

182. R. R. Akhmerov, The structure of the solution set of a boundary value problem for a one-dimensional stationary equation of variable type, Chisl. Metody Mekh. Sploshn. Sredy, 15 (1984), 20–30.

183. J. C. Alexander, I. Massabò and J. Pejsachowicz, On the connectivity properties of the solution set of infinitely-parametrized families of vector fields, Boll. Un. Mat. Ital. A (6), 1 (1982), 309–312.

184. A. Anguraj and K. Balachandran, On the solution sets of differential inclusion in Banach spaces, Tamkang J. Math., 23 (1992), 59–65.

185. G. Anichini and G. Conti, How to make use of the solution set to solve boundary value problems, Recent Trends in Nonlinear Analysis, Birkhäuser, Basel, 2000, 15–25.

186. G. Anichini, G. Conti and P. Zecca, Using solution sets for solving boundary value problems for ordinary differential equations Nonlinear Anal., 17 (1991), 465–472.

187. M. T. Ashordiya, The structure of the solution set of the Cauchy problem for a system of generalized ordinary differential equations, Tbiliss. Gos. Univ. Inst. Prikl. Mat. Trudy, 17 (1986), 5–16.

188. E. P. Avgerinos and N. S. Papageorgiou, On the solution set of maximal monotone differential inclusions in R^m , Math. Japon., 38 (1993), 91–110.

189. E. P. Avgerinos and N. S. Papageorgiou, Topological properties of the solution set of integrodifferential inclusions, Comment. Math. Univ. Carolin., 36 (1995), 429–442.

190. G. Bartuzel and A. Fryszkowski, A topological property of the solution set to the Sturm–Liouville differential inclusions, Demonstratio Math., 28 (1995), 903–914.

191. J. W. Bebernes, Solution set properties for some nonlinear parabolic differential equations, Equadiff IV (Proc. Czechoslovak Conf. Differential Equations and their Applications, Prague, 1977) Springer, Berlin, 1979, 25–30.

192. V. I. Blagodatskikh and P. Ndiĭ Convexity of the solution set of a differential inclusion, Vestnik Moskov. Univ. Ser. XV Vychisl. Mat. Kibernet., (1998), 21–22.

193. F. S. De Blasi, G. Pianigiani and V. Staicu, On the solution sets of some nonconvex hyperbolic differential inclusions, Czechoslovak Math. J., 45 (1995), 107–116.

194. D. Bugajewska, On implicit Darboux problem in Banach spaces, Bull. Austral. Math.

Soc., 56 (1997), 149–156.

195. D. Bugajewska, On the equation of nth order and the Denjoy integral, Nonlinear Anal., 34 (1998), 1111–1115.

196. D. Bugajewska, A note on the global solutions of the Cauchy problem in Banach spaces, Acta Math. Hung., 88 (2000), 341–346.

197. D. Bugajewska, On the structure of solution sets of differential equations in Banach spaces, Math. Slovaca, 50 (2000), 463–471.

198. D. Bugajewska and D. Bugajewski On the equation x^{(n)}ap = f(t, x), Czech. Math.

Journal, 46 (1996), 325–330.

199. D. Bugajewska and D. Bugajewski, On nonlinear equations in Banach spaces and axiomatic measures of noncompactness, Funct. Differ. Equ., 5 (1998), 57–68.

200. D. Bugajewski, On the structure of the L^{p1,p2} -solution sets of Volterra integral equations in Banach spaces, Comment. Math. Prace Mat., 30 (1991), 253–260.

201. D. Bugajewski, On differential and integral equations in locally convex spaces, Demonstr. Math., 28 (1995), 961–966.

202. D. Bugajewski, On the structure of solution sets of differential and integral equations, and the Perron integral, Proceedings of the Prague Mathematical Conference 1996, Icaris, Prague, 1997, 47–51.

203. D. Bugajewski and S. Szufla, Kneser’s theorem for weak solutions of the Darboux problem in Banach spaces, Nonlinear Anal., 20 (1993), 169–173.

204. D. Bugajewski and S. Szufla, On the Aronszajn property for differential equations and the Denjoy integral, Comment. Math., 35 (1995), 61–69.

205. T. Cardinali, On the structure of the solution set of evolution inclusions with Fréchet subdifferentials, J. Appl. Math. Stochastic Anal., 13 (2000), 51–72.

206. T. Cardinali, A. Fiacca and N. S. Papageorgiou, On the solution set of nonlinear integrodifferential inclusions in RN , Math. Japon., 46 (1997), 117–127.

207. C. Castaing and M. Marques, Topological properties of solution sets for sweeping processes with delay, Portugal. Math., 54 (1997), 485–507.

208. A. Cellina and A. Ornelas, Convexity and the closure of the solution set to differential inclusions, Boll. Un. Mat. Ital. B (7), 4 (1990), 255–263.

209. R. M. Colombo, A. Fryszkowski, T. Rzezuchowski and V. Staicu, Continuous selections of solution sets of Lipschitzean differential inclusions, Funkcial. Ekvac., 34 (1991), 321–330.

210. A. Constantin, On the stability of solution sets for operational differential inclusions, An. Univ. Timişoara Ser. Ştiinţ. Mat., 29 (1991), 115–124.

211. G. Conti, V. Obukhovskiĭ and P. Zecca, On the topological structure of the solution set for a semilinear functional-differential inclusion in a Banach space, Topology in Nonlinear Analysis, Polish Acad. Sci., Warsaw, 1996, 159–169.

212. K. Deimling, On solution sets of multivalued differential equations, Appl. Anal., 30 (1988), 129–135.

213. K. Deimling, Bounds for solution sets of multivalued ODEs, Recent Trends in Differential Equations, World Sci. Publishing, River Edge, NJ, 1992, 127–134.

214. P. Diamond and P. Watson, Regularity of solution sets for differential inclusions quasi-concave in a parameter, Appl. Math. Lett., 13 (2000), 31–35.

215. Y. H. Du, The structure of the solution set of a class of nonlinear eigenvalue problems, J. Math. Anal. Appl., 170 (1992), 567–580.

216. V. V. Filippov, On the acyclicity of solution sets of ordinary differential equations, Dokl. Akad. Nauk, 352 (1997), 28–31.

217. A. Gavioli, On the solution set of the nonconvex sweeping process, Discuss. Math.

Differential Incl., 19 (1999), 45–65.

218. V. V. Goncharov, Co-density and other properties of the solution set of differential inclusions with noncompact right-hand side, Discuss. Math. Differential Incl., 16 (1996), 103–120.

219. T. G. Hallam and J. W. Heidel, Structure of the solution set of some first order differential equations of comparison type, Trans. Amer. Math. Soc., 160 (1971), 501– 512.

220. G. Herzog and R. Lemmert, On the structure of the solution set of u^{′′} = f(t, u), u(0) = u(1) = 0, Math. Nachr., 215 (2000), 103–105.

221. S. C. Hu, V. Lakshmikantham and N. S. Papageorgiou, On the solution set of nonlinear evolution inclusions, Dynamic Systems Appl., 1 (1992), 71–82.

222. S. C. Hu, V. Lakshmikantham and N. S. Papageorgiou, On the properties of the solution set of semilinear evolution inclusions, Nonlinear Anal., 24 (1995), 1683– 1712.

223. A. G. Ibrahim and A. M. Gomaa, Topological properties of the solution sets of some differential inclusions, Pure Math. Appl., 10 (1999), 197–223.

224. G. Isac and G. X.-Z. Yuan, Essential components and connectedness of solution set for complementarity problems, Fixed Point Theory and Applications (Chinju, 1998), Nova Sci. Publ., Huntington, NY, 2000, 35–46.

225. N. A. Izobov, The measure of the solution set of a linear system with the largest lower exponent, Differentsial’nye Uravneniya, 24 (1988), 2168–2170, 2207.

226. M. Kamenskiĭ, V. Obukhovskiĭ and P. Zecca, Method of the solution sets for a quasilinear functional-differential inclusion in a Banach space, Differential Equations Dynam. Systems, 4 (1996), 339–350.

227. R. Kannan and D. O’Regan, A note on the solution set of integral inclusions, J.

Integral Equations Appl., 12 (2000), 85–94.

228. Z. Kánnai and P. Tallos, Stability of solution sets of differential inclusions, Acta Sci. Math. (Szeged), 61 (1995), 197–207.

229. M. Kisielewicz, Continuous dependence of solution sets for generalized differential equations of neutral type, Atti Accad. Sci. Istit. Bologna Cl. Sci. Fis. Rend. (13), 8 (1980/81), 191–195.

230. M. Kisielewicz, Compactness and upper semicontinuity of solution set of generalized differential equation in a separable Banach space, Demonstratio Math., 15 (1982), 753–761.

231. M. Kisielewicz, Properties of solution set of stochastic inclusions, J. Appl. Math.

Stochastic Anal., 6 (1993), 217–235.

232. M. Kisielewicz, Quasi-retractive representation of solution sets to stochastic inclusions, J. Appl. Math. Stochastic Anal., 10 (1997), 227–238.

233. B. S. Klebanov and V. V. Filippov, On the acyclicity of the solution set of the Cauchy problem for differential equations, Mat. Zametki, 62 (1997).

234. P. Korman, The global solution set for a class of semilinear problems, J. Math. Anal.

Appl., 226 (1998), 101–120.

235. A. V. Lakeev and S. I. Noskov, Description of the solution set of a linear equation with an interval-defined operator and right-hand side, Dokl. Akad. Nauk, 330 (1993), 430–433.

236. V. P. Maksimov, On the parametrization of the solution set of a functionaldifferential equation, Funct. Differ. Equ., Perm. Politekh. Inst., Perm, (1988), 14–21. (in Russian) 237. V. P. Maksimov, On the parametrization of the solution set of a functionaldifferential equation, Funct. Differ. Equ., 3 (1996), 371–378.

238. A. Margheri and P. Zecca, Solution sets and boundary value problems in Banach spaces, Topol. Methods Nonlinear Anal., 2 (1993), 179–188.

239. A. Margheri and P. Zecca, Solution sets of multivalued Sturm–Liouville problems in Banach spaces, Atti Accad. Naz. Lincei Cl. Sci. Fis. Mat. Natur. Rend. Lincei (9) Mat. Appl., 5 (1994), 161–166.

240. J. T. Markin, Stability of solution sets for generalized differential equations, J. Math.

Anal. Appl., 46 (1974), 289–291.

241. M. Martelli and A. Vignoli, On the structure of the solution set of nonlinear equations, Nonlinear Anal., 7 (1983), 685–693.

242. I. Massabò and J. Pejsachowicz, On the connectivity properties of the solution set of parametrized families of compact vector fields, J. Funct. Anal., 59 (1984), 151–166.

243. P. S. Milojević, On the index and the covering dimension of the solution set of semilinear equations, Nonlinear Functional Analysis and its Applications, Part 2 (Berkeley, Calif., 1983), Amer. Math. Soc., Providence, R.I., 1986, 183–205.

244. P. S. Milojević, On the dimension and the index of the solution set of nonlinear equations, Trans. Amer. Math. Soc., 347 (1995), 835–856.

245. O. Naselli, On the solution set of an equation of the type f(t, Φ(u)(t)) = 0, Set- Valued Anal., 4 (1996), 399–405.

246. J. J. Nieto, On the structure of the solution set for first order differential equations, Appl. Math. Comput., 16 (1985), 177–187.

247. J. J. Nieto, Structure of the solution set for semilinear elliptic equations, Differential Equations: Qualitative Theory, Vol. I, II (Szeged, 1984), North-Holland, Amsterdam, 1987, 799–807.

248. W. Orlicz and S. Szufla, On the structure of L^φ-solution sets of integral equations in Banach spaces, Studia Math., 77 (1984), 465–477.

249. V. G. Osmolovskiĭ, The local structure of the solution set of a first-order nonlinear boundary value problem with constraints at points, Sibirsk. Mat. Zh., 27 (1986), 140– 154, 206.

250. N. S. Papageorgiou, On the solution set of evolution inclusions driven by time dependent subdifferentials, Math. Japon., 37 (1992), 1087–1099.

251. F. Papalini, Properties of the solution set of evolution inclusions, Nonlinear Anal., 26 (1996), 1279–1292.

252. M. P. Pera, A topological method for solving nonlinear equations in Banach spaces and some related global results on the structure of the solution sets, Rend. Sem. Mat. Univ. Politec. Torino, 41 (1983), 9–30.

253. E. S. Polovinkin, The properties of continuity and differentiation of solution sets of Lipschitzean differential inclusions Modeling, Estimation and Control of Systems with Uncertainty (Sopron, 1990), Birkhäuser, Boston, 1991, 349–360.

254. B. Ricceri, On the topological dimension of the solution set of a class of nonlinear equations, C. R. Acad. Sci. Paris Sér. I Math., 325 (1997), 65–70.

255. L. E. Rybiński, A fixed point approach in the study of the solution sets of Lipschitzian functional-differential inclusions, J. Math. Anal. Appl., 160 (1991), 24–46.

256. E. Serra, M. Tarallo and S. Terracini, On the structure of the solution set of forced pendulum-type equations, J. Differ. Equ., 131 (1996), 189–208, 257. A. Sghir, On the solution set of second-order delay differential inclusions in Banach spaces, Ann. Math. Blaise Pascal, 7 (2000), 65–79.

258. W. Song, The solution set of a differential inclusion on a closed set of a Banach space, Appl. Math., Warsaw, 23 (1995), 13–23.

259. W. Sosulski, Compactness and upper semicontinuity of solution set of functionaldifferential equations of hyperbolic type, Comment. Math. Prace Mat., 25 (1985), 359–362.

260. J. S. Spraker and D. C. Biles, A comparison of the Carathéodory and Filippov solution sets, J. Math. Anal. Appl., 198 (1996), 571–580.

261. V. Staicu, Continuous selections of solution sets to evolution equations, Proc. Amer.

Math. Soc., 113 (1991), 403–413.

262. V. Staicu, On the solution sets to nonconvex differential inclusions of evolution type, Discrete Contin. Dynam. Systems, 2 (1998), 244–252.

263. V. Staicu and H. Wu, Arcwise connectedness of solution sets to Lipschitzean differential inclusions, Boll. Un. Mat. Ital. A (7), 5 (1991), 253–256.

264. S. Szufla, Solutions sets of non-linear integral equations, Funkcial. Ekvac., 17 (1974), 67–71.

265. S. Szufla, On the structure of solution sets of nonlinear equations, Differential Equations and Optimal Control (Kalsk, 1988), Higher College Engrg., Zielona Góra, 1989, 33–39.

266. A. A. Tolstonogov, On the density and “being boundary” for the solution set of a differential inclusion in a Banach space, Dokl. Akad. Nauk SSSR, 261 (1981), 293–296.

267. A. A. Tolstonogov, The solution set of a differential inclusion in a Banach space.

II, Sibirsk. Mat. Zh., 25 (1984), 159–173.

268. A. A. Tolstonogov and P. I. Chugunov, The solution set of a differential inclusion in a Banach space. I, Sibirsk. Mat. Zh., 24 (1983), 144–159.

269. G. M. Troianiello, Structure of the solution set for a class of nonlinear parabolic problems, Nonlinear Parabolic Equations: Qualitative Properties of Solutions (Rome, 1985), Longman Sci. Tech., Harlow, 1987, 219–225.

270. H. D. Tuan, On the continuous dependence on parameter of the solution set of differential inclusions, Z. Anal. Anwendungen, 11 (1992), 215–220.

271. Ya. I. Umanskiĭ, On a property of the solution set of differential inclusions in a Banach space, Differentsial’nye Uravneniya, 28 (1992), 1346–1351, 1468.

272. V. Veliov, Convergence of the solution set of singularly perturbed differential inclusions, Proceedings of the Second World Congress of Nonlinear Analysts, Part 8 (Athens, 1996), Nonlinear Anal., 30 (1997), 5505–5514.

273. Z. H. Wang, Existence of solutions for parabolic type evolution differential inclusions and the property of the solution set, Appl. Math. Mech., 20 (1999), 314–318.

274. Z. K. Wei, On the existence of unbounded connected branches of solution sets of a class of semilinear operator equations, Bull. Soc. Math. Belg. Sér. B, 38 (1986), 14–30.

275. Q. J. Zhu, On the solution set of differential inclusions in a Banach space, J. Differ.

Equ., 93 (1991), 213–237.

276. V. G. Zvyagin, The structure of the solution set of a nonlinear elliptic boundary value problem under fixed boundary conditions, Topological and Geometric Methods of Analysis, Voronezh. Gos. Univ., Voronezh, 1989, 152–158, 173. (in Russian)