ARCHIVUM MATHEMATICUM (BRNO)

Tomus 36 (2000), 421–427, CDDE 2000 issue

LINEAR DIFFERENTIAL EQUATIONS WITH SEVERAL UNBOUNDED DELAYS

Jan Čermák^⋆

Dept. of Math., Faculty of Mechanical Engineering, Brno University of Technology Technická 2, 616 69 Brno, Czech Republic Email: cermakh@mat.fme.vutbr.cz

Abstract. The paper is concerned with the asymptotic estimate of the solutions of the delay differential equation

ẋ(t) = −a(t)x(t) + b1(t)x(τ1(t)) + b2(t)x(τ2(t))

with the continuous coefficients a(t), b1(t), b2(t) and the unbounded lags. We derive the conditions under which each solution of this equation can be estimated in the terms of a solution of the system of Schröder’s functional equations.

AMS Subject Classification. 34K25, 39B22

Keywords. Delay differential equation, functional equation, asymptotic behaviour of the solutions.

1. Introduction

We study the functional differential equation

ẋ(t) = −a(t)x(t) + b_1(t)x(τ_1(t)) + b_2(t)x(τ_2(t)), t ∈ I = [t_0, ∞), (1) where a(t) is a positive continuous function on I, b_i(t) are continuous functions on I, τ_i(t) are continuously differentiable and unbounded functions on I such that τ_i(t_0) = t_0, τ_i(t) < t for every t > t_0, τ̇_i(t_0) < 1 and τ̇_i(t) are nonincreasing on I, i = 1, 2. We assume that all these conditions are fulfilled throughout the whole paper.

⋆ The research was supported by the grant # A101/99/02 of the Grant Agency of the Academy of Sciences of the Czech Republic

The investigation of these equations has been motivated by the equation

ẋ(t) = a x(t) + b x(λt), 0 < λ < 1 (2) arising in the problem of the motion of a pantograph head on an electric locomotive. Equation (2) and its modifications has been subject of numerous investigations (for the methods and results see, e.g., G. Derfel [4] , A. Iserles [6], T. Kato and J. B. McLeod [7], E. B. Lim [9], Y. Liu [10], G. Makay and J. Terjéki [11], L. Pandolfi [13] and papers [2], [3]). In this paper, we wish to extend some of the asymptotic results discussed in these papers to the case of the equation (1).

2. Preliminaries

Choose any σ ∈ I and let σ^∗ = min{τ_i(σ), i = 1, 2}. By a solution of (1) we understand a real valued function x(t) ∈ C^0([σ^∗, ∞)) ∩ C^1([σ, ∞)) such that x(t) satisfies (1) for every t ≥ σ.

The key tool in our investigations is the theory of functional equations in a single variable. The survey of the methods and results concerning this theory can be found in the book M. Kuczma, B. Choczewski, R. Ger [8]. In this section, we mention the problem of the existence of the simultaneous solution of the system of the Schröder’s equations

φ(τ_1(t)) = λ_1φ(t), (3) φ(τ_2(t)) = λ_2φ(t),

where t ∈ I, λ_1 and λ_2 are suitable reals parameters. We have the following

Proposition 1. Let λ_1 = τ̇_1(t_0), λ_2 = τ̇_2(t_0) and τ_1 ∘ τ_2 = τ_2 ∘ τ_1 on I. Then the system (3) has a solution φ(t) ∈ C^1(I) with a positive and bounded derivative on I. Proof. First we consider a single equation of the system (3), e.g.,

φ(τ_1(t)) = λ_1φ(t), t ∈ I. (4) The existence of the solution φ(t) ∈ C^1(I) having a positive derivative on I follows from the classical result of the theory of functional equations (see, e.g., [8]). Differentiating (4) we obtain

φ̇(τ_1(t)) = λ_1 τ̇_1(t) φ̇(t).

The inequality λ_1 � τ̇_1(t) ≥ 1 now implies the boundedness of φ̇(t) on I.

It remains to show that φ(t) defines also a solution of the latter equation of (3). This problem has been dealt with in [1] (see also F. Neuman [12] and M. Zdun [14]). By Proposition 3 of [1], the necessary and sufficient condition for the existence of the simultaneous solution φ(t) of (3) is the commutativity of the couple τ_1(t), τ_2(t). ⊓⊔

Remark 1. The required solution of (3) can be given in several important cases explicitly. These cases are discussed in Section 4.

3. Asymptotic behaviour of the solutions In this section, we mention the main result concerning equation (1). Theorem 1. Let τ_1(t), τ_2(t) be commutable functions on the interval I. Let λ_1 = τ̇_1(t_0), λ_2 = τ̇_2(t_0) and let φ(t) ∈ C^1(I) be a solution of (3) with a positive and bounded derivative on I. Let x(t) be a solution of (1), where a(t) ≥ K � (φ(t))^β and 0 < |b_1(t)| + |b_2(t)| ≤ La(t) for every t ∈ I and suitable reals K, L > 0, β < 1. Then

x(t) = O((φ(t))^α) as t → ∞, α = log L log λ^{−1}

, λ = max(λ_1, λ_2). (5) Proof. The function φ(t) is obviously positive for all t > t_0. Then the substitution s = log φ(t), z(s) = (φ(t))^{−α}x(t), (6) where t > t_0, converts equation (1) into the form z^′(s) = −(a(h(s))h^′(s)+α)z(s)+b_1(h(s))λ^αh^′(s)z(s−c_1)+b_2(h(s))λ^αh^′(s)z(s−c_2), where s ∈ J = [s_0, ∞). Here ”^′” means d � ds, h(s) ≡ φ^{−1}(e^s) on J, c_1 = log λ^{−1}_1 , c_2 = log λ^{−1}_2 and s_0 > log φ(t_0). Then d ds � exp{αs +

�_{h(s)}

s_0

a(u) du}z(s) � = (7)

b_1(h(s))λ^αh^′(s) exp{αs +

�_{h(s)}

s_0

a(u) du}z(s − c_1)

+b_2(h(s))λ^αh^′(s) exp{αs +

�_{h(s)}

s_0

a(u) du}z(s − c_2).

Due to the boundedness of φ̇(t) on I 1 h^′(s) = φ̇(h(s)) φ(h(s))

= O(e^{−s}) as s → ∞.

From here we get a(h(s))h^′(s) ≥ Me^{(1−β)s} (8) for a suitable real M > 0 and every s ≥ s_0. Then we can choose d_0 ≥ s_0 such that α + a(h(s))h^′(s) > 0 for every s ≥ d_0. Put c = min(c_1, c_2), d_i = d_0 + ic, J_i = [d_{i−1}, d_i] and M_i = max{|z(s)|, s ∈ ∪^i_{k=1}J_k}, i = 1, 2, . . . . If we choose any s^∗ ∈ J_{i+1}, then we can integrate (7) over [d_i, s^∗] to obtain

exp{αs +

�_{h(s)}

s_0

a(u) du}z(s)

�_s∗

d_i =

�_s∗

d_i

b_1(h(s))λ^αh^′(s) exp{αs +

�_{h(s)}

s_0

a(u) du}z(s − c_1) ds + �_s∗

d_i

b_2(h(s))λ^αh^′(s) exp{αs +

�_{h(s)}

s_0

a(u) du}z(s − c_2) ds.

Then

z(s^∗) = exp{α(d_i − s^∗) −

�_{h(s}∗_)

h(d_i)

a(u) du}z(d_i) + exp{−

�_{h(s}∗_)

s_0

a(u) du − αs^∗} ×( �_s∗

d_i

b_1(h(s))λ^αh^′(s) exp{αs +

�_{h(s)}

s_0

a(u) du}z(s − c_1) ds + �_s∗

d_i

b_2(h(s))λ^αh^′(s) exp{αs +

�_{h(s)}

s_0

a(u) du}z(s − c_2) ds). Consequently,

|z(s^∗)| ≤ M_i exp{α(d_i − s^∗) −

�_{h(s}∗_)

h(d_i)

a(u) du} (9) +M_i exp{−

�_{h(s}∗_)

s_0

a(u) du − αs^∗} × �_s∗

d_i

(|b_1(h(s))| + b_2(h(s))|)λ^αh^′(s) exp{αs +

�_{h(s)}

s_0

a(u) du} ds ≤ M_i exp{α(d_i − s^∗) −

�_{h(s}∗_)

h(d_i)

a(u) du} +M_i exp{−

�_{h(s}∗_)

s_0

a(u) du − αs^∗} × �_s∗

d_i

a(h(s))h^′(s) exp{αs +

�_{h(s)}

s_0

a(u) du} ds.

Now we estimate the last integral as �_s∗

d_i

a(h(s))h^′(s) exp{αs +

�_{h(s)}

s_0

a(u) du} ds ≤ exp{αs +

�_{h(s)}

s_0

a(u) du}

�_s∗

d_i + |α|

�_s∗

d_i

exp{αs +

�_{h(s)}

s_0

a(u) du} ds.

Rewrite the last term as |α| �_s∗

d_i

exp{αs +

�_{h(s)}

s_0

a(u) du} ds = �_s∗

d_i |α| α + a(h(s))h^′(s) d ds [exp{αs +

�_{h(s)}

s_0

a(u) du}] ds.

Notice that due to (8) |α| α + a(h(s))h^′(s)

= O(exp{(β − 1)s}) as s → ∞.

Put γ = 1 − β > 0. Then �_s∗

d_i |α| α + a(h(s))h^′(s) d ds [exp{αs +

�_{h(s)}

s_0

a(u) du}] ds ≤ N �_s∗

d_i

e^{−γs} d ds [exp{αs +

�_{h(s)}

s_0

a(u) du}] ds ≤

Ne^{−γdi} exp{αs +

�_{h(s)}

s_0

a(u) du}

�_s∗

d_i

for a suitable N > 0. Consequently, �_s∗

d_i

a(h(s))h^′(s) exp{αs +

�_{h(s)}

s_0

a(u) du} ds ≤

exp{αs +

�_{h(s)}

s_0

a(u) du}

�_s∗

d_i (1 + N e

−γd_i ).

Substituting this back into (9) we obtain

|z(s^∗)| ≤ M_i exp{α(d_i − s^∗) −

�_{h(s}∗_)

h(d_i)

a(u) du}

+M_i exp{−

�_{h(s}∗_)

s_0

a(u) du − αs^∗}

× exp{αs +

�_{h(s)}

s_0

a(u) du}

�_s∗

d_i (1 + N e

−γd_i )

≤ M_i(1 + N e^{−γdi} ).

Consequently,

M_{i+1} ≤ M_i(1 + N e^{−γdi} ) ≤ M_1 i� k=1 (1 + N e^{−γdk} ), i = 1, 2, . . . .

Letting i → ∞ we can see that the infinite product ∞� k=1 (1 + N e^{−γdk} )

converges. This implies that (M_i) is bounded as i → ∞, hence z(s) is bounded as s → ∞. Substituting this back into (6) we obtain the asymptotic property (5). This completes the proof. ⊓⊔

Remark 2. The validity of the previous statement can be easily generalized to the case when equation (1) with m delayed arguments is considered.

Remark 3. It is easy to verify that the function ω(t) = � φ(t)

�_α occuring in (5) defines the solution of the functional equation ω � τ(t) � = ω(t) L , where τ(t) = max � τ_1(t), τ_2(t) � , t > t_0.

4. Applications

In this section, we specify delays τ_1(t), τ_2(t) in (1) to illustrate our asymptotic result.

Example 1. We consider the equation

ẋ(t) = −a(t)x(t) + b_1(t)x(λ_1t) + b_2(t)x(λ_2t), t ∈ I = [0, ∞),

(10)

where 0 < λ_1 < λ_2 < 1, a(t), b_1(t), b_2(t) ∈ C^0(I). The corresponding system of Schröder’s equations is

φ(λ_1t) = λ_1φ(t), φ(λ_2t) = λ_2φ(t)

and admits the identity function φ(t) = t as the required solution. Then we can reformulate the main result as follows:

Let a(t) ≥ K � t^β, 0 < |b_1(t)| + |b_2(t)| ≤ La(t) for every t ∈ I and suitable reals K, L > 0 and β < 1. If x(t) is a solution of (10), then

x(t) = O(t^α) as t → ∞, α = log L log λ^{−1}_2 . This asymptotic estimate generalizes some parts of [7], [11] and [3]. Particularly, if we consider the equation

ẋ(t) = β_1(t)[x(λ_1t) − x(t)] + β_2(t)[x(λ_2t) − x(t)], t ∈ I

(11)

(i.e. L = 1), where β_1(t), β_2(t) ≥ K � t^β for every t ∈ I and suitable reals K > 0, β < 1, then all the solutions of (11) are bounded. We note that equation (11) with β_i(t) < 0 and constant delays has been investigated by J. Diblík [5].

Example 2. Now we investigate the asymptotic behaviour of the solutions of the equation

ẋ(t) = −a(t)x(t) + b_1(t)x(t^{γ1} ) + b_2(t)x(t^{γ2} ), t ∈ I = [1, ∞),

(12)

where 0 < γ_1 < γ_2 < 1, and a(t), b_1(t), b_2(t) ∈ C^0(I). It is easy to verify that the corresponding system of Schröder’s equations

φ(t^{γ1} ) = γ_1φ(t), φ(t^{γ2} ) = γ_2φ(t) has the solution φ(t) = log t. Substituting this into (5) we get that if a(t) ≥ K � (log t)^β and 0 < |b_1(t)| + |b_2(t)| ≤ La(t) for every t ∈ I and suitable reals K, L > 0, β < 1, then

x(t) = O � (log t)^α � as t → ∞, α = log L log γ^{−1}_2

for all the solutions x(t) of (12).

References

1. Čermák J., Note on simultaneous solutions of a system of Schröder’s equations, Math.

Bohemica 120, 1995, 225–236.

2. Čermák J., The asymptotic bounds of solutions of linear delay systems, J. Math.

Anal. Appl. 115, 1998, 373–388.

3. Čermák J., Asymptotic estimation for functional differential equations with several delays, Arch. Math. (Brno) 35, 1999, 337–345.

4. Derfel G., Functional-differential equations with compressed arguments and polynomial coefficients: Asymptotic of the solutions, J. Math. Anal. Appl. 193, 1995, 671– 679.

5. Diblík J., Asymptotic equilibrium for a class of delay differential equations, Proc. of the Second International Conference on Difference equations (S. Elaydi, I. Győri, G. Ladas, eds.), 1995, 137–143.

6. Iserles A., On generalized pantograph functional-differential equation, European J.

Appl. Math. 4, 1993, 1–38.

7. Kato T., McLeod J. B., The functional differential equation y^′(x) = a y(λx) + b y(x), Bull. Amer. Math. Soc. 77, 1971, 891–937.

8. Kuczma M., Choczewski B., Ger R., Iterative Functional Equations, Encyclopedia of Mathematics and its Applications, Cambridge University Press, 1990.

9. Lim E. B., Asymptotic bounds of solutions of the functional differential equation x^′(t) = ax(λt) + bx(t) + f(t), 0 < λ < 1, SIAM J. Math. Anal. 9, 1978, 915–920.

10. Liu Y., Regular solutions of the Shabat equation, J. Differential Equations 154, 1999, 1–41.

11. Makay G., Terjéki J., On the asymptotic behavior of the pantograph equations, E. J.

Qualitative Theory of Diff. Equ 2, 1998, 1–12.

12. Neuman F., Simultaneous solutions of a system of Abel equations and differential equations with several deviations, Czechoslovak Math. J. 32 (107), 1982, 488–494.

13. Pandolfi L., Some observations on the asymptotic behaviors of the solutions of the equation x^′(t) = A(t)x(λt)+B(t)x(t), λ > 0, J. Math. Anal. Appl. 67, 1979, 483–489.

14. Zdun M., On simultaneous Abel equations, Aequationes Math. 38, 1989, 163–177.