ARCHIVUM MATHEMATICUM (BRNO) Tomus 36 (2000), 279 – 286

THREE-DIMENSIONAL CONFORMALLY FLAT PSEUDO-SYMMETRIC SPACES OF CONSTANT TYPE

NORIO HASHIMOTO AND MASAMI SEKIZAWA

Dedicated to Professor Oldřich Kowalski on the occasion of his birthday

Abstract. An explicit classification of the spaces in the title is given. The resulting spaces are locally products or locally warped products of the real line and two-dimensional spaces of constant curvature.

Introduction

According to [3], [10], a pseudo-symmetric space of constant type is a Riemannian manifold (M, g) whose Riemannian curvature tensor field R satisfies R(X, Y ) · R = c̃ (X ∧ Y ) · R, (0.1)

for arbitrary vector fields X and Y on M , where X ∧ Y is the endomorphism of the tangent bundle T M defined by (X ∧ Y )Z = g(Y, Z)X − g(X, Z)Y, c̃ is a constant, and the dot in the both sides of (0.1) denotes the derivation on the tensor algebra of T M induced by endomorphism of T M . A pseudo-symmetric space of constant type with constant c̃ = 0 is a semi-symmetric space.

We have the following characterization of pseudo-symmetric spaces in dimension three (see [1, Proposition 11.2]):

Proposition 0.1. A three-dimensional Riemannian manifold (M, g) is pseudosymmetric of constant type with constant c̃ if and only if its principal Ricci curvatures ρ_1, ρ_2 and ρ_3 locally satisfy the following conditions (up to a numeration):

(1) ρ_3 = 2c̃, (2) ρ_1 = ρ_2 everywhere.

1991Mathematics Subject Classification: 53C20, 53C21, 53C25.

Key words and phrases: Riemannian manifold, conformally flat space, pseudo-symmetric space, warped product.

This work was supported by the Grant-in-Aid for Scientific Research (C) 11640014. Received November 16, 1999.

The pseudo-symmetric spaces of constant type can be seen as a natural generalization of certain homogeneous spaces. For instance, it follows from the paper by J. Milnor [14] that the constant Ricci eigenvalues of a three-dimensional homogeneous Riemannian space must satisfy some algebraic restrictions. But O. Kowalski [6] has shown that even if one prescribes (in dimension three) constant Ricci eigenvalues not satisfying these restrictions then there still exist nonhomogeneous examples. These examples belong to the class of pseudo-symmetric spaces of constant type. We refer to O. Kowalski [6, Section 9] or E. Boeckx, O. Kowalski and L. Vanhecke [1, Chapter 12] for more details. On the other hand, as concerns conformally flat spaces, H. Takagi [16] has classified all conformally flat homogeneous spaces.

Now we understand that a next step of classification of conformally flat spaces is that of conformally flat pseudo-symmetric spaces. Since conformal flatness of a Riemannian manifold is described by the Ricci tensor, we receive a system of partial differential equations of the Ricci eigenvalues ρ_1 = ρ_2 for our classification. Solving it, we shall give an explicit classification of all three-dimensional locally conformally flat pseudo-symmetric spaces of constant type. We shall see that the resulting spaces are locally products or locally warped products of the real line and a two-dimensional space of constant curvature. We shall fully use an explicit classification of semi-symmetric spaces given by O. Kowalski [7] and by V. Hájková [5], and that of pseudo-symmetric spaces of constant type given by O. Kowalski [6] and by O. Kowalski and the second author [8]–[11].

The authors would like to thank Professor O. Kowalski for his valuable comments on a preliminary version of this paper.

1. Pseudo-symmetric space of constant type

Let (M, g) be a three-dimensional pseudo-symmetric space of constant type. Then, by Proposition 0.1, its Ricci operator Q has eigenvalues ρ_1 = ρ_2 ≠ ρ_3, where ρ_3 = 2c̃ is a constant. We choose a neighborhood ~U of a fixed point m ∈ M and a smooth vector field E_3 of a unit eigenvectors of Q corresponding to ρ_3 in ~U. Let S : D2 −→ ~U be a surface through m which is transversal with respect to all trajectories generated by E_3 at all cross-points and not orthogonal to such a trajectory at m. (The vector field E_3 determines an orientation of S.) Then there is a normal neighborhood U of m, U ⊂ ~U, with the property that each point p ∈ U is projected to exactly one point π(p) ∈ S via some trajectory.

O. Kowalski has shown in [7, Theorem 2.1] (see also [10, Proposition 1.1]) that there exists a local coordinate system (U; w, x, y), which we call the adapted coordinate system, such that

g = ( ω^1

)_2 + ( ω^2

)_2 + ( ω^3

)_2 , (1.1) where

ω^1 = fdw , ω^2 = Adx + Cdw ,

ω^3 = dy + Hdw .

(1.2)

Here f, A and C are smooth functions of the variables w, x and y, fA ≠ 0, and H is a smooth function of the variables w and x. In particular, for each point p ∈ U, y(p) is the oriented length d^+(π(p), p) of the trajectory generated by E_3 and joining p with π(p).

The conditions that a Riemannian manifold is pseudo-symmetric of constant type (that is, ρ_1 = ρ_2 ≠ ρ_3 = 2c̃, c̃ = constant) are described by a system of nine partial differential equations (A1)–(C3) in [7] and that in [10]. Solving this system, O. Kowalski [7] and V. Hájková [5] have given the explicit classification of all pseudo-symmetric spaces with c̃ = 0 (that is, of all semi-symmetric spaces). (One can also refer [1, Chapter 6] for the full classification.) O. Kowalski and the second author [10]–[11] have given the explicit classification of all pseudosymmetric spaces with c̃ ≠ 0. (See also [12] and [1, Chapter 11].) Among the nine partial differential equations, the equation (A3) is (Aα)^′_w + R^′_x + SA^′_y − AβT = −fA(ρ_1 − c̃) , (A3)

where α = 1 fA ( A^′_w − C^′_x − HA^′_y ) , β = 1 2fA ( H^′_x + AC^′_y − CA^′_y ) (1.3)

and R = f^′_x A − Cα + Hβ , S = f^′_y + Cβ , T = C^′_y − fβ . (1.4)

In the general classification of pseudo-symmetric spaces of constant type, the equation (A3) does not give any additional condition for such a classification because it involves the eigenvalue ρ_1 = ρ_2 which is not prescribed in advance. It has been treated just as a formula for calculating ρ_1, or equivalently, the scalar curvature. As concerns the classification in the present paper, the equation (A3) gives an additional condition because ρ_1 is restricted by conformal flatness of (M, g) as we shall see later.

Let {E_1, E_2, E_3} be the local orthonormal frame dual to the coframe {ω^1, ω^2, ω^3} from (1.2). Then E_i, i = 1, 2, 3, are vector fields of eigenvectors of the Ricci operator Q corresponding to the eigenvalues ρ_i, respectively. They are written in the form

E_1 = 1 fA ( A ∂ ∂w − C ∂ ∂x − AH ∂ ∂y ) , E_2 = 1 A ∂ ∂x , E_3 = ∂ ∂y . (1.5)

The Levi-Civita connection ∇ of (M, g) is given by

∇_{E1} E_1 = − f^′_x fA E_2 − aE_3, ∇_{E1} E_2 = f^′_x fA E_1 − cE_3,

∇_{E2} E_1 = αE_2 − bE_3 , ∇_{E2} E_2 = −αE_1 − eE_3 ,

∇_{E1} E_3 = aE_1 + cE_2 , ∇_{E2} E_3 = bE_1 + eE_2 ,

∇_{E3} E_1 = −bE_2 , ∇_{E3} E_2 = bE_1 ,

∇_{E3} E_3 = 0 ,

(1.6)

where a = f^′_y f , b = β , c = β − H^′_x fA , e = A^′_y A . (1.7)

The last formula ∇_{E3} E_3 = 0 in (1.6) implies that the trajectories of the unit vector field E_3 (consisting of the eigenvectors of the Ricci operator Q corresponding to ρ_3 = 2c̃ ) are geodesics of (M, g). We call them principal geodesics of (M, g). The following notion is crucial in the classification.

Definition 1.1. A smooth surface N ⊂ (M, g) is called an asymptotic leaf if it is generated by the principal geodesics and its tangent planes are parallel along these principal geodesics with respect to the Levi-Civita connection ∇ of (M, g).

There are four types of three-dimensional pseudo-symmetric spaces of constant type:

(E) There is no asymptotic leaf through every point of M . (H) There are exactly two asymptotic leaves through every point of M . (P) There is exactly one asymptotic leaf through every point of M . (Pℓ) There are infinitely many asymptotic leaves through every point of M .

They are called elliptic, hyperbolic, parabolic, and planar type, respectively. If we put Δ = (e − a)^2 + 4bc ,

(1.8) then they are distinguished by the conditions Δ < 0, Δ > 0, Δ = 0, and e − a = b = c = 0, respectively.

2. Main result

A locally conformally flat space is a Riemannian manifold (M, g) which is locally conformal to a flat Riemannian manifold (M_0, g_0), that is, there exists a local diffeomorphism ϕ of M to M_0 such that the metric g is proportional to the pull back ϕ^∗g_0. A three-dimensional Riemannian manifold (M, g) is locally conformally flat if and only if the tensor field Q − (1/4) Sc(g) Id is a Codazzi tensor, where Sc(g) is the scalar curvature of (M, g) and Id is the identity transformation on the tangent bundle T M ; or equivalently, if and only if (∇_X Q)Y − 1 4 X(Sc(g))Y = (∇_Y Q)X − 1 4 Y (Sc(g))X

(2.1)

holds for every vector fields X and Y on M . We refer L. P. Eisenhart [4] for more details.

Now again, let (M, g) be a three-dimensional pseudo-symmetric space of constant type with constant c̃. Then we have Sc(g) = 2(ρ_1 + c̃). We take X and Y in (2.1) from the local orthonormal frame {E_1, E_2, E_3} introduced in the previous section, and use the fact that QE_i = ρ_iE_i, i = 1, 2, 3. Then locally conformal flatness for (M, g) gives a system of seven partial differential equations: ρ^′_{1y} + 2(ρ_1 − 2c̃)a = 0 ,

(2.2) ρ^′_{1y} + 2(ρ_1 − 2c̃)e = 0 ,

(2.3) b = 0 ,

(2.4) c = 0 ,

(2.5) H^′_x = 0 ,

(2.6) ρ^′_{1x} = 0 ,

(2.7) Aρ^′_{1w} − Cρ^′_{1x} − AHρ^′_{1y} = 0 . (2.8)

The system of partial differential equations for our problem is that of (2.2)–(2.8) and (A3).

First, we consider the case that ρ_1 = ρ_2 is constant.

Proposition 2.1. The three-dimensional locally conformally flat pseudo-symmetric space of constant type with constant Ricci eigenvalues ρ_1 = ρ_2 ≠ ρ_3 is semisymmetric.

Proof. Since ρ_1 = ρ_2 is constant, we get from (2.3) that e = 0 because ρ_1 −2c̃ ≠ 0. Hence, by (1.7), A^′_y = 0. Now we use the partial differential equation (B1) from O. Kowalski [6], namely A^{′′}_{yy} − Aβ^2 = −c̃A. (B1)

Substituting A^′_y = 0 and β = b = 0 (from (1.7) and (2.4)) into (B1), we obtain c̃ = 0 because A ≠ 0. Thus, the space is semi-symmetric.

Corollary 2.2. Let (M, g) be a three-dimensional locally conformally flat pseudosymmetric space of constant type with nonzero constant c̃. Then the Ricci eigenvalue ρ_1 = ρ_2 of (M, g) different from ρ_3 = 2c̃ is not constant.

Now we remark that if (M, g) is a three-dimensional locally conformally flat semi-symmetric space with constant Ricci eigenvalues ρ_1 = ρ_2 ≠ 0 = ρ_3, then (M, g) is locally product R× N (ρ_1) of the real line R and a two-dimensional space N (ρ_1) of constant curvature ρ_1, and vice versa. We refer [7, pp.459–460] for more details.

In the locally irreducible case we have

Theorem 2.3. Every three-dimensional locally irreducible conformally flat pseudosymmetric space of constant type is a space of planar type.

Proof. As remarked above, the Ricci eigenvalue ρ_1 = ρ_2 in this case is not constant. Subtracting (2.3) from (2.2), we have e − a = 0 since ρ_1 − 2c̃ ≠ 0. This together with (2.4) and (2.5) implies the assertion.

Here we refer the classifications given by O. Kowalski [6]–[7], by V. Hájková [5], and by O. Kowalski-M. Sekizawa [8]–[11]. Then, by Theorem 2.3, the spaces in consideration are locally warped products in the sense of B. O’Neill [15]:

Proposition 2.4. The metrics of three-dimensional locally irreducible conformally flat pseudo-symmetric spaces of constant type with constant c̃ are locally warped products. These metrics are described, in terms of the adapted coordinate system, as g = A^2 ( ξ^2(dw)^2 + (dx)^2 ) + (dy)^2 ,

(2.9)

where ξ = ξ(w, x) is a smooth function of the variables w and x, and the warping function A = A(y) is given by

A = y if c̃ = 0 ,

sinh(λy) or cosh(λy) if c̃ = −λ^2 ,

sin(λy) if c̃ = λ^2 .

(2.10)

In particular, the coefficients C and H from (1.2) vanish.

Proposition 2.5. The Ricci eigenvalue ρ_1 = ρ_2 of a three-dimensional locally irreducible conformally flat pseudo-symmetric space of constant type with constant c̃ depends only on one variable. More precisely, ρ_1 = ρ_2 is given, in terms of the adapted coordinate system, by

ρ_1 = ± ã^2 A^2

+ 2c̃ ,

(2.11)

where ã is a positive constant and A is a function given by (2.10).

Proof. Since, by Proposition 2.4, C = H = 0 in (1.2), the equation (2.8) reduces to ρ^′_{1w} = 0 because A ≠ 0. This together with (2.7) means that ρ_1 depends only on the variable y. Now, we have a = e because (M, g) is planar (see Theorem 2.3). It means that the partial differential equation (2.2) coincides with (2.3). Substituting for e in (2.3) from (1.7), we can rewrite (2.3) in the form

(ρ_1 − 2c̃)^′_y ρ_1 − 2c̃ = − 2A^′_y A . (2.12)

Solving this equation, we obtain (2.11).

It remains the partial differential equation (A3). Substituting f = ξA into (1.3) and into (1.4), and using C = H = 0 by Proposition 2.4, we obtain (A3) in the form for a partial differential equation of the function ξ = ξ(w, x): ξ^{′′}_{xx} + ( (A^′_y)^2 + (ρ_1 − c̃)A^2 ) ξ = 0 .

(2.13)

This is the basic equation for getting the following main result:

Theorem 2.6. Every three-dimensional locally irreducible conformally flat pseudosymmetric space (M, g) of constant type with constant c̃ is locally a warped product R×_A N (k) of the real line R and a two-dimensional space N (k) of constant curvature, where A = A(y) is a warping function of R given by (2.10). The constant k can be expressed as follows:

(1) If (M, g) is a semi-symmetric space, then k = 1 ± ã^2;

(2) if (M, g) is a pseudo-symmetric space of constant type with constant c̃ = −λ^2, then k = λ^2 ± ã^2 in the case A(y) = sinh(λy) and k = −λ^2 ± ã^2 in the case A(y) = cosh(λy);

(3) if (M, g) is a pseudo-symmetric space of constant type with constant c̃ = λ^2, then k = λ^2 ± ã^2, where ã is a positive constant. Moreover, in each case, the Ricci eigenvalues of (M, g) are ρ_1 = ρ_2 given by (2.11) and ρ_3 = 2c̃.

Proof. Due to Propositions 2.4 and 2.5, we only need to calculate the Gaussian curvature K of the metric ξ^2(dw)^2 + (dx)^2. Since K = −ξ^{′′}/ξ, we obtain from (2.13) that K = − ξ^{′′} ξ = (A^′_y)^2 + (ρ_1 − c̃)A^2 .

(2.14)

Substituting here for A and ρ_1 from (2.10) and (2.11), respectively, we obtain easily the corresponding constant values of K = k.

Remark 1. After we know already (by Proposition 2.4) that our spaces are warped products, the first part of Theorem 2.6 follows from a more general result by J. Mikeš [13, Section 4.3].

Remark 2. J. Deprez, R. Deszcz and L. Verstraelen have given in [2, Corollary 3.2] an example of a three-dimensional locally conformally flat pseudo-symmetric space. Their example belongs to a class of spaces of constant type with negative constant.

References

[1] Boeckx, E., Kowalski, O., Vanhecke, L., Riemannian Manifold of Conullity Two, World Scientific, Singapore, 1996.

[2] Deprez, J., Deszcz, R., Verstraelen, L., Examples of pseudo-symmetric conformally flat warped products, Chinese J. Math 17(1989), 51–65.

[3] Deszcz, R., On pseudo-symmetric spaces, Bull. Soc. Math. Belgium, Série A. 44(1992), 1–34. [4] Eisenhart, L. P., Riemannian Geometry, Princeton University, Sixth Printing 1966. (First Printing 1925.)

[5] Hájková, V., Foliated semi-symmetric spaces in dimension 3, (in Czech), Doctoral Thesis, Prague, 1995.

[6] Kowalski, O., A classification of Riemannian 3-manifolds with constant principal Ricci curvatures ρ_1 = ρ_2 ≠ ρ_3 , Nagoya Math. J. 132(1993), 1–36.

[7] Kowalski, O., An explicit classification of 3-dimensional Riemannian spaces satisfying R(X, Y ) · R = 0, Czechoslovak Math. J. 46(121) (1996), 427–474. (Preprint 1991).

[8] Kowalski, O., Sekizawa, M., Locally isometry classes of Riemannian 3-manifolds with constant Ricci eigenvalues ρ_1 = ρ_2 ≠ ρ_3 > 0. Arch. Math. 32(1996), 137–145.

[9] Kowalski, O., Sekizawa, M., Riemannian 3-manifolds with c-conullity two, Bollenttino, U.M.I., (7)11-B (1997), Suppl. face. 2, 161–184.

[10] Kowalski, O., Sekizawa, M., Pseudo-symmetric spaces of constant type in dimension three— elliptic spaces, Rendiconti di Matematica, Serie VII, Vol.17, Roma (1997), 477–512.

[11] Kowalski, O., Sekizawa, M., Pseudo-symmetric spaces of constant type in dimension three— non-elliptic spaces, Bull. Tokyo Gakugei University Sect.IV. 50(1998), 1–28.

[12] Kowalski, O., Sekizawa, M., Pseudo-symmetric Spaces of Constant Type in Dimension Three, Personal Note, Charles University-Tokyo Gakugei University, Prague-Tokyo, 1998.

[13] Mikeš, J., Geodesic mappings of affine-connected and Riemannian spaces, J. Math. Sci., New York 1996, 311–333.

[14] Milnor, J., Curvatures of left invarinat metrics on Lie groups, Adv. Math. 21(1976), 293– 329.

[15] O’Neill, B., Semi-Riemannian Geometry With Applications to Relativity, Academic Press, New York-London, 1983.

[16] Takagi, H., Conformally flat Riemannian manifolds admitting a transitive group of isometries, Tôhoku Math. Journ. 27(1975), 103–110.

N. Hashimoto Tokyo Gakugei University Koganei-shi Nukuikita-machi 4-1-1 Tokyo 184-8501, JAPAN

M. Sekizawa Tokyo Gakugei University Koganei-shi Nukuikita-machi 4-1-1 Tokyo 184-8501, JAPAN E-mail: sekizawa@u-gakugei.ac.jp