ARCHIVUM MATHEMATICUM (BRNO) Tomus 36 (2000), 229 – 237

A NOTE ON REGULARITY FOR NONLINEAR ELLIPTIC SYSTEMS

JOSEF DANĚČEK AND EUGEN VISZUS

Abstract. The L^{2,λ} - regularity of the gradient of weak solutions to nonlinear elliptic systems is proved.

1. Introduction

In this paper we consider the problem of regularity of the first derivatives of weak solutions to the nonlinear elliptic system (1) −D_αa^α_i (x, u, Du) = a_i(x, u, Du) , i = 1, . . . , N, α = 1, . . . , n , where a^α_i (x, u, p), a_i(x, u, p) are Caratheodorian mappings from (x, u, p) ∈ Ω × R^N × R^{nN} into R. A function u ∈ W^{1,2}(Ω, R^N) is called a weak solution to (1) in Ω if ∫ Ω a^α_i (x, u, Du)D_αφ^i(x) dx = ∫ Ω a_i(x, u, Du)φ^i(x) dx ∀ φ ∈ C^∞_0 (Ω, R^N) . In case of a general system (1) only partial regularity can be expected for n > 2, see e.g. [Ca], [Gia], [Ne]. Under the assumptions below we will prove L^{2,λ} - regularity (0 < λ < n) of gradient of weak solutions for the system (1) whose coefficients a^α_i (x, u, Du) have the form (2) a^α_i (x, u, Du) = A^{αβ}_{ij} (x)D_β u^j + g^α_i (x, u, Du) , where A^{αβ}_{ij} is a matrix of functions satisfying the following condition of strong ellipticity (3) A^{αβ}_{ij} (x)ξ^i_αξ^j_β ≥ ν |ξ|^2 , a.e. x ∈ Ω, ∀ ξ ∈ R^{nN}; ν > 0 2000 Mathematics Subject Classification: Primary 49N60; Secondary 35J60. Key words and phrases: nonlinear equations, regularity, Morrey spaces. J. Daněček was partially supported by the grant GAČR no. 103/99/0456. Received November 9, 1999.

and g^α_i (x, u, z) are smooth functions with sublinear growth in z. In what follows, we formulate the smoothness and the growth conditions for the functions A^{αβ}_{ij} (x), g^α_i (x, u, z) and a_i(x, u, z) precisely.

In [Da] the first author has proved L^{2,λ} - regularity of gradient of weak solutions to (1) in situation when the coefficients A^{αβ}_{ij} are continuous. In [DV] the authors have shown the analogous result under another assumptions on the coefficients A^{αβ}_{ij} . In [DV] it is supposed that A^{αβ}_{ij} ∈ L^∞(Ω) ∩ L_Φ(Ω), where Φ = Φ(r) = 1/(1 + | ln r|). The functions from such class are discontinuous in general, see definition and Proposition 1 below.

In this paper the coefficients A^{αβ}_{ij} belong to L^∞(Ω) ∩ V M O(Ω) (for definition see below) and the result of this paper may be seen as a generalization of that from [DV], see Remark 2 below. The proof of the result is based on method analogous to that in [DV].

2. Notations and definitions

We will consider bounded open set Ω ⊂ R^n with points x = (x_1, . . .x_n), n ≥ 3 and u : Ω → R^N, N ≥ 1, u(x) = (u^1(x), . . . , u^N (x)) is a vector-valued function, Du = (D_1u, . . ., D_nu), D_α = ∂/∂x_α. We will use the convention on summation over repeated indices. The meaning of Ω_0 ⊂⊂ Ω is that the closure of Ω_0 is contained in Ω, i.e. Ω_0 ⊂ Ω. For the sake of simplicity we denote by | · | the norm in R^n as well as in R^N and R^{nN}. If x ∈ R^n and r is a positive real number, we set B_r (x) = {y ∈ R^n: | y − x |< r}, i.e., the open ball in R^n, Ω(x, r) = Ω ∩ B(x, r). We denote by u_{x,r} = |Ω(x, r)|^{−1}_n ∫ Ω(x,r) u(y) dy = ∫ Ω(x,r) − u(y) dy the mean value over the set Ω(x, r) of a function u ∈ L^1(Ω, R^N), where |Ω(x, r)|_n is the n-dimensional Lebesgue measure of Ω(x, r). Beside the usually used space C^∞_0 (Ω, R^N), the Hölder space C^{0,α}(Ω, R^N) and the Sobolev spaces W^{k,p} ( Ω, R^N ) , W^{k,p}_{loc} (Ω, R^N), W^{k,p}_0 (Ω, R^N) (see, e.g. [KJF]) we introduce the following Morrey spaces.

Definition 1. Let λ ∈ [0, n], q ∈ [1, ∞). A function u ∈ L^q (Ω, R^N) is said to belong to L^{q,λ}(Ω, R^N) if

||u||^q_{Lq,λ(Ω,RN)} = sup { 1 r^λ ∫ Ω(x,r) |u(y)|^q dy : x ∈ Ω, r > 0 } < ∞ ,

where Ω(x, r) = Ω ∩ B_r (x).

For more details see [Ca], [Gia], [KJF], [N].

In the next definition we assume that Φ : [0, d] → [0, ∞) is a continuous, nondecreasing function such that σ → Φ(σ)/σ is almost decreasing, i.e. there exists K_Φ ≥ 1 such that K_ΦΦ(t) t ≥ Φ(s) s ∀ 0 < t < s ≤ d .

Definition 2. A function u ∈ L^2(Ω, R^N) is said to belong to L_Φ(Ω, R^N) if

[u]_{Φ,Ω} = sup 1 Φ(r) (∫ Ω(x,r) −|u(y) − u_{x,r}|^2dy )_{1/2} : x ∈ Ω, r ∈ (0, diamΩ] < ∞

and by l_Φ(Ω, R^N) we denote subspace of all u ∈ L_Φ(Ω, R^N) such that [u]_{Φ,Ω,r0} = sup 1 Φ(r) (∫ Ω(x,r) −|u(y) − u_{x,r}|^2dy )_{1/2} : x ∈ Ω, r ∈ (0, r_0]

= o(1) as r_0 ↘ 0 .

Remark 1. If Φ ≡ 1 we set L_Φ(Ω, R^N) ≡ BM O(Ω, R^N) (bounded mean oscilation) and l_Φ(Ω, R^N) ≡ V M O(Ω, R^N) - vanishing mean oscilation, for details see [Ac], [Ca], [Sp].

Some basic properties of above mentioned spaces are formulated in the following properties, for the proofs see [Ac], [Ca], [KJF] and [Sp].

Proposition 1. Let Ω ⊂ R^n be a domain of the class C^{0,1}. Then the following assertions holds: (i) L^{q,n} ( Ω, R^N ) is isomorphic to the L^∞(Ω, R^N).

(ii) u ∈ W^{1,2}_{loc} (Ω, R^N) and Du ∈ L^{2,λ}_{loc} (Ω, R^{nN}), n − 2 < λ < n then u ∈ C^{0,α}(Ω, R^N), α = (λ + 2 − n)/2.

(iii) L_Φ(Ω, R^N) is a Banach space with norm ‖u‖_{LΦ(Ω,R}N_) = ‖u‖_L2_{(Ω,R}N_) + [u]_{LΦ(Ω,R}N_).

(iv) Let Φ(r) = 1/(1+| ln r|). Then C^0(Ω, R^N)\L_Φ(Ω, R^N) and (L^∞(Ω, R^N)∩ l_Φ(Ω, R^N)) \ C^0(Ω, R^N) are not empty.

(v) For p ∈ [1, ∞), Ω^′ ⊂⊂ Ω, r_0 ∈ (0, dist(Ω^′, ∂Ω)) and u ∈ L_Φ(Ω, R^N) set

N_p(u; Φ, Ω^′, r_0) = sup 1 Φ(r) (∫ Ω(x,r) −|u(y) − u_{x,r}|^pdy )_{1/p} : x ∈ Ω^′, r ∈ (0, r_0] .

Then we have for each u ∈ L_Φ(Ω, R^N)

N_1(u; Φ, Ω^′, r_0) ≤ N_p(u; Φ, Ω^′, r_0) ≤ c(p, n)[u]_{Φ,Ω,r0} .

Remark 2. It is a trivial fact that L_Φ(Ω, R^N) ⊆ V M O(Ω, R^N) if Φ(r) vanishes as r approaches zero.

3. Main results Suppose that for all (x, u, z) ∈ Ω × R^N × R^{nN} the following conditions hold: |a_i(x, u, z)| ≤ f_i(x) + L |z|^{γ0} , (4) |g^α_i (x, u, z)| ≤ f^α_i (x) + L |z|^γ , (5) g^α_i (x, u, z)z^i_α ≥ ν_1 |z|^{1+γ} − f^2 , (6) where L, ν_1 are positive constants, 1 ≤ γ_0 < (n+2)/n, 0 ≤ γ < 1, f, f^α_i ∈ L^{σ,λ}(Ω), σ > 2, 0 < λ ≤ n, f_i ∈ L^{σq0 ,λq0} (Ω), q_0 = n/(n + 2). We put A = (A^{αβ}_{ij} ), g = (g^α_i ), a = (a_i), ~f = (f_i), ~~f = (f^α_i ).

Theorem. Let u ∈ W^{1,2}_{loc} (Ω, R^N) be a weak solution to the system (1) and the conditions (2), (3), (4), (5) and (6) be satisfied. Suppose further that A^{αβ}_{ij} ∈ L^∞(Ω) ∩ V M O(Ω), i, j = 1, . . . , N , α, β = 1, . . ., n. Then

Du ∈ { L^{2,λ}_{loc} ( Ω, R^{nN} ) if λ < n L^{2,λ′}_{loc} ( Ω, R^{nN} ) with arbitrary λ^′ < n if λ = n .

Corollary. Let the assumptions of theorem be satisfied. Then

u ∈ { C^{0,(λ−n+2)/2} ( Ω, R^N ) if n − 2 < λ < n C^{0,γ} ( Ω, R^N ) with arbitrary γ < 1 if λ = n .

Proof. It follows from Poincaré’s inequality and Proposition 1(ii). □

4. Auxiliary lemmas In this section we present the results needed for the proof of Theorem. In B(x, r) ⊂ R^n we consider a linear elliptic system

(7) −D_α(A^{αβ}_{ij} D_β u^j) = 0

with constant coefficients satisfying (3).

Lemma l ([Ca] pp. 54-55). Let u ∈ W^{1,2}(B(x, r), R^N) be a weak solution to the system (7). Then for each t ∈ [0, 1] ∫ B_{tr} |Du(y)|^2 dy ≤ c t^n ∫ B_r |Du(y)|^2 dy . holds.

Lemma 2 ([KN]). Let Φ = Φ(R), R ∈ (0, d], d > 0 be a nonnegative function and let A, B, C, a, b be nonnegative constants. Suppose that for all t ∈ (0, 1] and all R ∈ (0, d] Φ(tR) ≤ (At^a + B)Φ(R) + CR^b holds. Futher let K ∈ (0, 1) be such that ε = AK^{a−b} + BK^{−b} < 1. Then Φ(R) ≤ cR^b, R ∈ (0, d] , where c = max{C/K(1 − ε), sup_{R∈[Kd,d]} Φ(R)/R^b}.

The following Lemma is the special case of Lemma 3.4 of the paper [Da]. Lemma 3 ([Da], pp.757-758). Let u ∈ W^{1,2}(Ω, R^N), Du ∈ L^{2,τ} (Ω, R^{nN}), 0 ≤ τ < n and (4) and (5) are satisfied with f_i ∈ L^{2q0,λq0} (Ω), f^α_i ∈ L^{2,λ}(Ω), 0 < λ ≤ n. (i) Then a_i ∈ L^{2q0,λ0} (Ω) and for each ball B_R(x) ⊂ Ω we have

(8) ∫ B_R(x) |a_i(x, u, Du)|^{2q0} dy ≤ c R^{λ0} ,

where c = c(n, L, γ_0, diam Ω, ‖ ~f‖_L2q_0,λq_{0 (Ω,R}N_), ‖Du‖_{c(L)(Ω,R}N_)) and λ_0 = min{λq_0, n − (n − τ )q_0γ_0}.

(ii) For each ε ∈ (0, 1) and all B_R(x) ⊂ Ω

(9) ∫ B_R (x) |g^α_i (x, u, Du)|^2 dy ≤ c(L) ε ∫ B_R(x) |Du|^2 dy + c R^{λ1} .

Here c = c(L, ε, γ, diam Ω, ‖~~f‖_L2,λ_{(Ω,R}nN_), ‖Du‖_L2_{(Ω,R}N_)), λ_1 = λ for λ < n and λ_1 < n for λ = n.

Proof. For the proof (i) see [Ca], pp.106-107. According to (5) we have ∫ B_R(x) |g^α_i (y, u, Du)|^2 dy ≤ c ( ‖~~f ‖^2_L2,λ_{(Ω,R}nN_) R^λ + ∫ B_R (x) |Du|^{2γ} dy ) .

Applying the Young inequality we obtain ∫ B_R(x) |Du|^{2γ} dy ≤ ε ∫ B_R (x) |Du|^2 dy + c(n, ε, γ)R^n for each ε ∈ (0, 1) and (9) easily follows. □ In the following considerations we will use a result about higher integrability of gradient of weak solution to the system (1).

Proposition 4 ([Gia], p.138). Suppose that (2) - (6) are fulfilled and let u ∈ W^{1,2}_{loc} (Ω, R^N) be a weak solutions of (1). Then there exists an exponent r > 2 such that u ∈ W^{1,r}_{loc} (Ω, R^N). Moreover there exists a constant c = c(ν, ν_1, L, ‖A‖_∞) and ~R > 0 such that for all balls B_R(x) ⊂ Ω, R < ~R the following inequality is satisfied (∫ B_{R/2} (x) −|Du|^r dy )_{1/r}

≤ c (∫ B_R (x) −|Du|^2) dy )_{1/2} + (∫ B_R(x) −(|f|^r + |~~f|^r) dy )_{1/r} + R (∫ B_R (x) −| ~f |^{rq0} dy )_{1/rq0} .

5. Proof of the Theorem

Let B_{R/2}(x_0) ⊂ B_R(x_0) ⊂ Ω be an arbitrary ball and let w ∈ W^{1,2}_0 (B_{R/2}(x_0), R^N) be a solution of the following system

(10) ∫ B_{R/2} (x_0) (A^{αβ}_{ij} )_{x0,R/2}D_β w^jD_αφ^i dx = ∫ B_{R/2} (x_0) ( (A^{αβ}_{ij} )_{x0,R/2} − A^{αβ}_{ij} (x) ) D_β u^jD_αφ^i dx − ∫ B_{R/2} (x_0) g^α_i (x, u, Du)D_αφ^i dx + ∫ B_{R/2} (x_0) a_i(x, u, Du)φ^i dx

for all φ ∈ W^{1,2}_0 (B_{R/2}(x_0), R^N). It is known that under the assumption of Theorem such solution exists and is unique for all R < R^′ (R^′ is sufficiently small).

Substituting φ = w in (10) and using the ellipticity, the Hölder and the Sobolev inequalities we get

ν^2 ∫ B_{R/2} (x_0) |Dw|^2 dx ≤ c (∫ B_{R/2} (x_0) |A_{x0,R/2} − A(x)|^2|Du|^2 dx

+ ∫ B_{R/2} (x_0) |g(x, u, Du)|^2 dx + (∫ B_{R/2} (x_0) |a(x, u, Du)|^{2q0} dx )_{1/q0}

= c(I + II + III) .

Taking into account the properties of matrix A = (A^{αβ}_{ij} ), Proposition 1(v), Proposition 4 with r > 2 and the Hölder inequality (r^′ = r/(r − 2)) we obtain

I ≤ (∫ B_{R/2} (x_0) |A(x) − A_{x0,R/2}|^{2r′} dx )_{1/r}′ (∫ B_{R/2} (x_0) |Du|^r dx )_{2/r}

≤ c R^{n/r′} (∫ B_{R/2} (x_0) −|A(x) − A_{x0,R/2}|^{2r′} dx )_{1/r}′ (∫ B_{R/2} (x_0) |Du|^r dx )_{2/r}

≤ N_{2r}′ (A; 1, B_{R/2} (x_0) , R/2)R^{n/r′} (∫ B_{R/2} (x_0) |Du|^r dx )_{2/r}

≤ c_1(n, r, R)R^{n/r′} (∫ B_{R/2} (x_0) |Du|^r dx )_{2/r} , where c_1 = c_1(n, r, R) vanishes as R approaches zero, because A^{αβ}_{ij} ∈ V M O(Ω) (in this step we apply the more generaly condition on A^{αβ}_{ij} than in [DV]).

To the estimate the last integral in above inequality we use Proposition 4 and we get (∫ B_{R/2} (x_0) ) . (.|Du|^r dx)^{2/r}

≤c_2 1 R^{n(1−2/r)} ∫ B_R (x) |Du|^2 dy + (∫ B_R (x) (|f|^r + |~~f|^r) dy )_{2/r}

+R^{2(1−2/r)} (∫ B_R(x) | ~f|^{rq0} dy )_{2/rq0}

≤c_3 ( 1 R^{n(1−2/r)} ∫ B_R (x) |Du|^2 dy + R^{2λ/r} + R^{2(r−2+λ)/r)} ) ,

where c_3 = c_3(r, ‖f‖_Lr,λ_{(Ω)}, ‖~~f‖_Lr,λ_{(Ω)}, ‖ ~f‖_Lrq_0,λq_{0 (Ω)}).

I ≤ c_4(R) ∫ B_R (x_0) |Du|^2dx + c_5 ( R^{2λ/r} + R^{2(r−2+λ)/r)} ) R^{n/r′} , where c_4(R) vanishes as R approaches zero.

We can estimate II and III by means of Lemma 3 (with τ = 0) and we have

ν^2 ∫ B_{R/2} (x_0) |Dw|^2 dx ≤ c_6 { (ε + c_4(R)) ∫ B_R (x_0) |Du|^2 dx + R^μ } , (11)

where μ = min{(2λ + n(r − 2))/r, (2λ + (n + 2)(r − 2))/r, λ, n + 2 − nγ_0} = min{λ, n + 2 − nγ_0} because r > 2.

The function v = u − w ∈ W^{1,2}(B_{R/2}(x_0), R^N) is the solution of the system

(12) ∫ B_{R/2} (x_0)

(A^{αβ}_{ij} )_{x0,R/2}D_β v^j D_αφ^i dx = 0, ∀φ ∈ W^{1,2}_0 (B_{R/2}(x_0), R^N) .

From lemma 1 we have for t ∈ (0, 1] ∫ B_{tR/2} (x_0) |Dv(y)|^2 dy ≤ c_7 t^n ∫ B_{R/2} (x_0) |Dv(y)|^2 dy . By means of (11) and (12) we obtain for t ∈ (0, 1] and ε ∈ (0, 1) ∫ B_{tR/2} (x_0) |Du|^2dx ≤ c_8 { (t^n + ε + c_4(R)) ∫ B_R(x_0) |Du|^2 dx + R^μ } . For t ∈ [1, 2] the above inequality is trivial and we obtain

(13) ∫ B_{tR} (x_0)

|Du|^2 dx ≤ c_9 (t^n + ε + c_4(R)) ∫ B_R (x_0)

|Du|^2 dx + c_{10} R^μ , ∀ t ∈ [0, 1] where the constants c_9 and c_{10} depends only on above mentioned parametrs.

Now from Lemma 2 we get the result the following manner. We put Φ(R) = ∫ B_R(x_0) |Du| 2 dx, A = c_9, B = c_9(ε + c_4(R)) and C = c_{10}. We can choose 0 < K < 1 such that AK^{n−λ} < 1/2 (in the case λ = n we have AK^{n−λ1} < 1/2, where λ_1 is from Lemma 3(ii)). It is obvious that the constants ε_0 > 0, R_0 > 0 exist such that BK^{−λ} < 1/2 (B = ε_0 + c_4(R_0)) and then for all t ∈ (0, 1), R < R_0 the assumptions of Lemma 2 are satisfied and therefore ∫ B_R (x_0) |Du|^2 dx ≤ c R^μ . If μ = λ the Theorem is proved. If μ < λ the previous procedure can be repeated with τ = μ in Lemma 3. It is clear that after a finite number of steps (since μ increases in each step as it follows from Lemma 3) we obtain μ = λ.

References

[Ac] Acquistapace, P., On BMO regularity for linear elliptic systems, Ann. Mat. pura ed appl.

161 (1992), 231–269.

[Ca] Campanato, S., Sistemi ellittici in forma divergenza. Regolarita all’interno, Quaderni, Pisa, 1980.

[Da] Daněček, J., Regularity for nonlinear elliptic systems, Comment. Math. Univ. Carolinae 27,4 (1986), 755–764.

[DV] Daněček, J., Viszus, E., L^{2,λ} - regularity for nonlinear elliptic systems of second order, In Applied Nonlinear Analysis, (A. Sequeira, H.B. da Veiga, J.H.Videman, eds.), Kluwer Academic/Plenum Publishers, New York, 1999, pp. 33–40.

[Gia] Giaquinta, M., Multiple integrals in the calculus of variations and nonlinear elliptic systems, Annals of Mathematics Studied N.105, Princenton university press, Princeton, 1983.

[KN] Kadlec, J., Nečas, J., Sulla regularita delle soluzioni di equazioni ellitiche negli spazi H^{k,λ} , Ann. Sc. Norm. Sup. Pisa 21 (1967), 527–545.

[KJF] Kufner, A., John, O., Fučík, S., Function spaces, Academia, Prague, 1977. [Ne] Nečas, J., Introduction to the theory of nonlinear elliptic equations, Teubner-Texte zur Mathematik, Leipzig, 1983.

[Sp] Spanne, S., Some function spaces defined using the mean oscillation over cubes, Ann. Sc.

Norm. Sup. Pisa 19 (1965), 593–608.

J. Daněček Ústav matematiky, FAST VUT Žižkova 17, 602 00 Brno, CZECH REPUBLIC E-mail: mddan@fce.vutbr.cz and E. Viszus Katedra Matematickej Analýzy, MFF UK Mlynská dolina, 842 15 Bratislava, SLOVAK REPUBLIC E-mail: Eugen.Viszus@fmph.uniba.sk