ARCHIVUM MATHEMATICUM (BRNO) Tomus 36 (2000), 159 – 169

AN EXISTENCE RESULT FOR FIRST ORDER INITIAL VALUE PROBLEMS FOR IMPULSIVE DIFFERENTIAL INCLUSIONS IN BANACH SPACES

MOUFFAK BENCHOHRA AND ABDELKADER BOUCHERIF

Abstract. In this paper, a nonlinear alternative for multivalued maps is used to investigate the existence of solutions of first order impulsive initial value problem for differential inclusions in Banach spaces.

1. Introduction

The theory of impulsive differential equations appears as a natural description of several real processes subject to certain perturbations whose duration is negligible in comparison with the duration of the process. Differential equations involving impulse effects occurs in many applications: physics, population dynamics, ecology, biological systems, biotechnology, industrial robotic, pharmacokinetics, optimal control, etc. The reader can see for instance [2], [7], [10], [12], [13], [14], [16], [17] and [21]. However very few results are available for impulsive differential inclusions or related topics see for instance [4], [6], [8], [18], and [19].

The fundamental tools used in the existence proofs of all above mentioned works are essentially fixed point arguments, degree theory, topological transversality or the monotone method combined with upper and lower solutions.

In this paper, we shall be concerned with the existence of solutions of the first order initial value problem for the impulsive differential inclusion: (1.1) y^′ ∈ F (t, y) , t ∈ J , t ≠ t_k , k = 1, ..., m (1.2) y(0) = y_0 , (1.3) Δy|_{t=tk} = I_k(y(t_k )) , k = 1, ..., m , where F : J × E −→ 2^E is a bounded, closed and convex multivalued map, J = [0, T ] (0 < T < ∞), y_0 ∈ E, 0 = t_0 < t_1 < ..., < t_m < t_{m+1} = T ; I_k ∈

2000 Mathematics Subject Classification: 34A37, 34A60, 34G20.

Key words and phrases: impulsive initial value problem, multivalued map, a priori bounds, existence, fixed point.

Received March 18, 1999.

C(E, E) (k = 1, 2..., m); and E a real Banach space with the norm |.|. Δy|_{t=tk} denotes the jump of y(t) at t = t_k, i.e.,

Δy|_{t=tk} = y(t^+_k ) − y(t^−_k ) ,

where y(t^−_k ) and y(t^+_k ) represent the left and right limits of y(t) at t = t_k respectively.

In this paper we shall generalize a recent result for the problem (1.1), (1.2) without impulse effect (i.e. I_k ≡ 0, for each k = 1, ..., m) considered by the first author (see [3]). We also generalize to impusive differential inclusions the problem (1.1)-(1.2)-(1.3) considered by Frigon and O’Regan [7] in the single-valued case. Our approach is based on a nonlinear alternative for multivalued maps due to O’Regan ([15]).

2. Preliminaries

In this section, we introduce notations, definitions, and results which are used throughout the paper.

[a, b] denotes a real compact interval of IR.

AC([a, b], E) is the Banach space of absolutely continuous functions defined on [a, b] with values in E.

C([a, b], E) is the Banach space of continuous functions from [a, b] into E with norm ‖y‖_∞ = sup{|y(t)| : t ∈ [a, b]} for all y ∈ C([a, b], E) . Let y : [a, b] −→ E be measurable function. By ∫_b a y(s)ds, we mean the Bochner integral of y, assuming it exists. A measurable function y : [a, b] −→ E is Bochner integrable if and only if |y| is Lebesgue integrable. For properties of the Bochner integral see [20].

L^1([a, b], E) denotes the Banach space of functions Bochner integrable normed by ‖y‖_L1 = ∫_b a |y(t)|dt for all y ∈ L^1([a, b], E) . Let (X, ‖.‖) be a Banach space. A multivalued map G : X −→ 2^X has convex (closed) values if G(x) is convex (closed) for all x ∈ X. G is bounded on bounded sets if G(B) is bounded in X for each bounded set B of X (i.e. sup_{x∈B}{sup{‖y‖ : y ∈ G(x)}} < ∞). G is called upper semicontinuous (u.s.c.) on X if for each x_0 ∈ X the set G(x_0) is a nonempty, closed subset of X, and if for each open set N of X containing G(x_0), there exists an open neighbourhood M of x_0 such that G(M ) ⊆ N. G is said to be completely continuous if G(B) is relatively compact for every bounded subset B ⊆ X. If the multivalued G is completely continuous with nonempty compact values, then G is u.s.c. if and only if G has a closed graph (i.e. x_n −→ x_0, y_n −→ y_∗, y_n ∈ Gx_n imply y_∗ ∈ Gx_0). G has a fixed point if there is x ∈ X such that x ∈ Gx.

In the following BCC(E) denotes the set of all nonempty bounded, closed, convex subsets of E.

A multivalued map G : [a, b] −→ BCC(X) is said to be measurable if for each x ∈ X the distance between x and G(t) is a measurable function on [a, b].

A multivalued map F : [a, b] × E −→ 2^E is said to be an L^1-Carathéodory if (i) t −→ F (t, y) is measurable for each y ∈ E;

(ii) y −→ F (t, y) is upper semicontinuous for almost all t ∈ [a, b]; (iii) For each k > 0, there exists h_k ∈ L^1(J, IR_+) such that ‖F (t, y)‖ = sup{|v| : v ∈ F (t, y)} ≤ h_k(t) for all |y| ≤ k and for almost all t ∈ [a, b] .

For more details on multivalued maps see [1] and [5].

Let J^′ = J\{t_1, ..., t_m}, Ω = {y : J −→ E : y is continuous for t ≠ t_k, y(t^+_k ) and y(t^−_k ) exist and y(t_k) = y(t^−_k ), k = 1, ..., m }.

Ω^1 = {y ∈ Ω : y is differentiable almost everywhere on J^′ and y^′ ∈ L^1(J^′, E)}. Evidently, Ω is a Banach space with the norm ‖y‖_Ω = sup_{t∈J} |y(t)| . We shall refer to problem (1.1), (1.2), (1.3) as (NP). By a solution to (NP), we mean a function y ∈ Ω^1_0 := {y ∈ Ω^1 : y(0) = y_0} that satisfies the differential inclusion y^′(t) ∈ F (t, y(t)) almost everywhere on J^′ , and for each k = 1, ..., m the equation

Δy|_{t=tk} = I_k(y(t_k )) .

The following lemmas are crucial in the proof of our main theorem:

Lemma 2.1. [11] Let I be a compact real interval and X be a Banach space. Let F be a multivalued map satisfying the Carathéodory conditions with the set of L^1- selections S_F is nonempty, and let Γ be a linear continuous mapping from L^1(I, X) to C(I, X), then the operator Γ ∘ S_F : C(I, X) −→ BCC(C(I, X)) , y −→ (Γ ∘ S_F )(y) := Γ(S_{F,y} ) is a closed graph operator in C(I, X) × C(I, X).

Lemma 2.2. (Nonlinear Alternative [15]) Let X be a Banach space with C ⊂ X closed and convex. Assume U is a relatively open subset of C with 0 ∈ U and G : U −→ 2^C is given by G = G_1 + G_2, where G_1 : U −→ 2^C is a compact multivalued map, u.s.c. with convex closed values and the single-valued operator G_2 : U −→ C is a nonlinear contraction (i.e., there exists a continuous nondecreasing function ϕ : [0, ∞) −→ [0, ∞) satisfying ϕ(z) < z for z > 0, such that ‖G_2(x) − G_2(y)‖ ≤ ϕ(‖x − y‖) for all x, y ∈ U ). Then either,

(i) G has a fixed point in U ; or (ii) there is a point u ∈ ∂U and λ ∈ (0, 1) with u ∈ λG(u).

Remark 2.1. By U and ∂U we denote the closure of U and the boundary of U respectively.

Let us introduce the following hypotheses:

(H1) F : J × E −→ BCC(E) has the decomposition F (t, y) = F_1(t, y) + f_1(t, y) with F_1 : J × E −→ BCC(E) is an L^1- Carathéodory multivalued map, f_1 : J × E −→ E a Carathéodory map and for each fixed y ∈ C(J, E) the set S_{F1 ,y} = {v ∈ L^1(J, E) : v(t) ∈ F_1(t, y(t)) for a.e. t ∈ J} is nonempty;

(H2) there exists a continuous nondecreasing function ψ : [0, ∞) −→ (0, ∞) and p ∈ L^1(J, IR_+) such that ‖F (t, y)‖ := sup{|v| : v ∈ F (t, y)} ≤ p(t)ψ(|y|) for a.e. t ∈ J and each y ∈ E; (H3) ∫_{tk} t_{k−1} p(s)ds < ∫_∞ N_{k−1} du ψ(u) , k = 1, ..., m + 1 ; Here N_0 = |y_0| and for k = 2, ..., m + 1 we have

N_{k−1} = sup y∈[−M_{k−2} ,M_{k−2}] |I_{k−1}(y)| + M_{k−2} , M_{k−2} = Γ^{−1}_{k−1} (∫ tk−1 t_{k−2} p(s)ds )

with Γ_l(z) = ∫_z N_{l−1} du ψ(u) , z ≥ N_{l−1}, l ∈ {1, ..., m + 1} . (H4) for each bounded set B ⊆ C(J, E), and t ∈ J the set { y_0 + ∫_t 0 v(s)ds : v ∈ S_{F1 ,B} }

is relatively compact where S_{F1,B} = {S_{F1 ,y} : y ∈ B};

(H5) there exist positive constants a_k (k = 1, ..., m), q ∈ L^1(J, IR^+) and a continuous nondecreasing function ϕ : [0, ∞) −→ [0, ∞) satisfying ϕ(z) < z for z > 0 such that

|f_1(t, y_1) − f_1(t, y_2)| ≤ q(t)ϕ(|y_1 − y_2|) for a.e. t ∈ J and each y_1, y_2 ∈ E , and |I_k(y_1) − I_k(y_2)| ≤ a_k|y_1 − y_2| for each y_1, y_2 ∈ E (k = 1, ..., m) with ‖q‖_L1 + k=m∑ k=1 a_k < 1 .

Remark 2.2. If dim E < ∞, then S_{F1,y} ≠ ∅ for any y ∈ C(J, E) (see [11]). We have the following auxiliary result Lemma 2.3. If y ∈ Ω^1, then (2.1) y(t) = y(0) + ∫_t 0 y^′(s)ds + ∑ 0<t_k<t [y(t^+_k ) − y(t_k)] , for t ∈ J .

Proof. Assume that t_k < t ≤ t_{k+1} (here t_0 = 0, t_{m+1} = T ). Then y(t_1) − y(0) = ∫_{t1} 0 y^′(s)ds , y(t_2) − y(t^+_1 ) = ∫_{t2} t_1 y^′(s)ds , . . . y(t_k) − y(t^+_{k−1}) = ∫_{tk} t_{k−1} y^′(s)ds , y(t) − y(t^+_k ) = ∫_t t_k y^′(s)ds . Adding these together, we get y(t) − y(0) − i=k∑ i=1 [y(t^+_i ) − y(t_i)] = ∫_t 0 y^′(s)ds , i.e. Eq. (2.1) hold.

3. Main Result Theorem 3.1. (A priori bounds on solutions).

Let y ∈ Ω^1 be a (possible) solution to (NP). Then for each k = 1, ..., m + 1 there exists a constant M_{k−1} such that sup{|y(t)| : t ∈ [t_{k−1}, t_k]} ≤ M_{k−1} . Proof. Let y be a (possible) solution to (NP). Then y | | [0,t_1]

is a solution to y^′ (t) ∈ F (t, y (t)) for all t ∈ [0, t_1] , y (0) = y_0 .

Then, it is clear that y (t) = y_0 + ∫_t 0 v (s) ds for v ∈ F (t, y) and t ∈ [0, t_1] .

Set J^0 = {t ∈ [0, t_1] : |y(t)| > |y_0|} .

Let t^∗ ∈ [0, t_1] be such that ||y||_∞ = max{|y(t)| : t ∈ [0, t_1]} = |y(t^∗)| . If t^∗ /∈ J^0 then y(t) ≡ y_0. Otherwise, since y(0) = y_0, there exists α ∈ (0, t^∗) such that |y(α)| = |y_0| and |y(t)| > |y_0| for all t ∈ (α, t^∗]. From condition (H2) we infer that |y(t)| ≤ |y_0| + ∫_t 0 p(s)ψ(|y(s)|)ds for a.e. t ∈ (α, t^∗] . Let u (t) = |y_0| + ∫_t 0 p(s)ψ(|y(s)|)ds for a.e. t ∈ (α, t^∗] . Comparing these last two inequalities we see that |y(t)| ≤ u (t) for all t ∈ (α, t^∗] . Now, u^′ (t) = p(t)ψ(|y(t)|) for a.e. t ∈ (α, t^∗) Since ψ is nondecreasing we have u^′ (t) ≤ p(t)ψ(|u(t)|) for a.e. t ∈ (α, t^∗) . From this inequality, it follows that ∫_t∗ α u^′(t) ψ(u(t)) dt ≤ ∫_t∗ α p(s)ds . Using the change of variables formula (see [9]), we get

Γ_1(u(t^∗)) =

∫_{u(t}∗_) |y_0| dσ ψ(σ) ≤ ∫_t∗ α p(s)ds ≤ ∫_{t1} 0 p(s)ds . In view of (H3), we obtain

u(t^∗) ≤ Γ^{−1}_1 (∫ t1 0 p(s)ds ) . Since |y(t)| ≤ u (t) for all t ∈ (α, t^∗] it follows that |y(t^∗)| ≤ Γ^{−1}_1 (∫ t1 0 p(s)ds ) := M_0 .

Therefore sup t∈[0,t_1] |y(t)| ≤ M_0 . Now, y | | [t_1,t_2]

is a solution to { y^′ (t) ∈ F (t, y (t)) for all t ∈ [t_1, t_2] Δy|_{t=t1} = I_1(y(t_1)) .

Note that |y(t^+_1 )| ≤ sup

y∈[−M_0,+M_0] |I_1(y)| + sup_{t∈[0,t1]} |y(t)| ≤ sup

y∈[−M_0,+M_0]

|I_1(y)| + M_0 := N_1 .

Suppose |y(t)| > N_1 for some t ∈ (t_1, t_2]. Then there exists η ∈ [t_1, t) with |y(s)| > N_1 for s ∈ (η, t] and |y(η)| = N_1. Thus we have |y(s)| ≤ N_1 + ∫_s η p(τ )ψ(|y(τ )|)dτ for a.e. s ∈ (η, t) . Proceeding as above we obtain

Γ_2(|y(t)|) = ∫_{|y(t)|} N_1 dσ ψ(σ) ≤ ∫_t η p(s)ds ≤ ∫_{t2} t_1 p(s)ds . This yields sup t∈[t_1,t_2] |y(t)| ≤ Γ^{−1}_2 (∫ t2 t_1 p(s)ds ) := M_1 .

We continue this process and taking into account that y | | |_{[tm,T ]} is a solution to the problem { y^′ (t) ∈ F (t, y (t)) for all t ∈ [t_m, T ] Δy|_{t=tm} = I_m(y(t_m)) . We obtain that there exists a constant M_m such that sup t∈[t_m,T ] |y(t)| ≤ Γ^{−1}_{m+1} (∫ T t_m p(s)ds ) := M_m .

Consequently, for each possible solution y to (NP) we have ‖y‖_Ω ≤ max{M_{k−1} : k = 1, ...m + 1} := b . □ Now, we are in a position to state and prove our main result. Theorem 3.2. Suppose that hypotheses (H1)-(H5) are satisfied. Then the impulsive initial value problem (NP) has at least one solution. Proof. A solution of the problem (N P ) is a fixed point for the operator G : Ω −→ 2^Ω defined by Gy := { h ∈ Ω : h(t) = y_0 + ∫_t 0 v(s)ds + ∑ 0<t_k<t I_k(y(t_k )) : v ∈ S_{F,y} }

where S_{F,y} = {v ∈ L^1(J, E) : v(t) ∈ F (t, y(t)) for a.e. t ∈ J} . S_{F,y} can be written as S_{F,y} = S_{F1 ,y} + f_1(., y(.)) .

Hence Gy = G_1y + G_2y where G_1y := { h ∈ Ω : h(t) = y_0 + ∫_t 0 v(s)ds : v ∈ S_{F1 ,y} }

and (G_2y)(t) := ∫_t 0 f_1(s, y(s))ds + ∑ 0<t_k<t I_k(y(t_k )) .

We shall show that G_1 is a completely continuous multivalued map, u.s.c. with convex closed values. The proof will be given in several steps. Step 1: G_1y is convex for each y ∈ Ω.

Indeed, if h, h belong to G_1y, then there exist v ∈ S_{F1 ,y} and v ∈ S_{F1 ,y} such that for t ∈ J we have h(t) = y_0 + ∫_t 0 v(s)ds and h(t) = y_0 + ∫_t 0 v(s)ds . Let 0 ≤ l ≤ 1. Then for each t ∈ J we have [lh + (1 − l)h](t) = y_0 + ∫_t 0 [lv(s) + (1 − l)v(s)]ds . Since S_{F1 ,y} is convex (because F_1 has convex values) then lh + (1 − l)h ∈ G_1y . Step 2: G_1 sends bounded sets into bounded sets in Ω.

Let B_R := {y ∈ Ω : ‖y‖_Ω ≤ R} be a bounded set in Ω and y ∈ B_R, then for each h ∈ G_1y there exists v ∈ S_{F1,y} such that for each t ∈ J we have h(t) = y_0 + ∫_t 0 v(s)ds . Thus for each t ∈ J we get |h(t)| ≤ |y_0| + ∫_t 0 |v(s)|ds ≤ |y_0| + ∫_t 0 h_R(s)ds ≤ |y_0| + ‖h_R‖_L1 . Step 3: G_1 sends bounded sets in Ω into equicontinuous sets.

Let u_1, u_2 ∈ J, u_1 < u_2, B_R := {y ∈ Ω : ‖y‖_Ω ≤ R} be a bounded set in Ω and y ∈ B_R. For each h ∈ G_1y there exists v ∈ S_{F1,y} such that for t ∈ J h(t) = y_0 + ∫_t 0 v(s)ds . We then have |h(u_2) − h(u_1)| ≤ ∫_{u2} u_1 |v(s)|ds

≤ ∫_{u2} u_1 |h_R(s)|ds . Set U = {y ∈ Ω : ‖y‖_Ω < b + 1} , where b is defined in the proof of Theorem 3.1.

As a consequence of Step 2, Step 3 and (H4) together with the Ascoli-Arzela theorem we can conclude that G_1 : U −→ 2^Ω is a compact multivalued map. Step 4: G_1 has a closed graph.

Let y_n −→ y_∗, h_n ∈ G_1y_n and h_n −→ h_0. We shall prove that h_0 ∈ G_1y_∗. h_n ∈ G_1(y_n) means that there exists v_n ∈ S_{F1,yn} such that h_n(t) = y_0 + ∫_t 0 v_n(s)ds . We must prove that there exists v_0 ∈ S_{F1 ,y∗} such that h_0(t) = y_0 + ∫_t 0 v_0(s)ds . Consider the linear continuous operator Γ : L^1(J, E) −→ C(J, E) defined by (Γv)(t) = ∫_t 0 v(s)ds . We have ‖(h_n − y_0) − (h_0 − y_0)‖_∞ = sup_{t∈J} [(h_n(t) − y_0) − (h_0(t) − y_0)] −→ 0 as n −→ ∞ . From Lemma 2.1, it follows that Γ ∘ S_{F1} is a closed graph operator. Also from the definition of Γ we have that h_n(t) − y_0 ∈ Γ(S_{F1 ,yn} ) .

This, besides to y_n −→ y_∗ and Lemma 2.1, furnishs h_0(t) = y_0 + ∫_t 0 v_0(s)ds for some v_0 ∈ S_{F1 ,y∗} .

Now, we show that G_2 : U −→ Ω is a nonlinear contraction. For this, let y_1, y_2 ∈ U In view of (H5) we get

|(G_2y_1)(t) − (G_2y_2)(t)| ≤ ∫_t 0 |f_1(s, y_1(s)) − f_1(s, y_2(s))|ds + ∑ 0<t_k<t |I_k(y_1(t_k)) − I_k(y_2(t_k))|

≤ ‖q‖_L1 ϕ(‖y_1 − y_2‖_Ω) + ∑ 0<t_k<t a_k|y_1(t_k) − y_2(t_k)|

≤ ‖q‖_L1 ϕ(‖y_1 − y_2‖_Ω) + ∑ 0<t_k<t a_k‖y_1 − y_2‖_Ω

≤ ‖q‖_L1 ϕ(‖y_1 − y_2‖_Ω) + (^{k=m}∑ k=1 a_k ) ‖y_1 − y_2‖_Ω . Set ϕ(y) = ‖q‖_L1 ϕ(|y|) + (^{k=m}∑ k=1 a_k ) |y| . Clearly ϕ : [0, ∞) −→ [0, ∞) is a continuous nondecreasing function with ϕ(y) < y for y > 0.Thus by (H5) we obtain that G_2 is a nonlinear contraction.

From the choice of U there is no y ∈ ∂U such that y ∈ λGy for any λ ∈ (0, 1). As a consequence of Lemma 2.2 we deduce that G has a fixed point y ∈ U which is a solution of (NP). □

Acknowledgements

The authors are greatful to Professor J.J. Nieto for helpful discussions. Also the authors wish to thank the referee for interesting comments and remarks that lead to the improvement of the paper.

A. Boucherif wishes to thank KFUPM for its constant support.

References

[1] Aubin, J. P. and Cellina, A., Differential Inclusions, Springer-Verlag, Berlin-Heidelberg, 1984.

[2] Bainov, D. D. and Simeonov, P. S., Systems with Impulse Effect, Ellis Horwood Ltd., Chichister, 1989.

[3] Benchohra, M., Existence of solutions for differential inclusions in Banach space, Commun.

Appl. Anal. 4 (1) (2000), 71–77.

[4] Benchohra, M. and Boucherif, A., On first order initial value problems for impulsive differential inclusions in Banach Spaces, Dynam. Syst. Appl. 8 (1) (1999), 119–126.

[5] Deimling, K., Multivalued Differential Equations, Walter De Gruyter, Berlin-New York, 1992.

[6] Erbe, L. and Krawcewicz, W., Existence of solutions to boundary value problems for impulsive second order differential inclusions, Rockey Mountain J. Math. 22 (1992), 519–539.

[7] Frigon, M. and O’Regan, D., Existence results for first order impulsive differential equations, J. Math. Anal. Appl. 193 (1995), 96–113.

[8] Frigon, M. and O’Regan, D.,Boundary value problems for second order impulsive differential equations using set-valued maps, Rapport DMS-357, University of Montreal, 1993.

[9] Frigon, M., Application de la théorie de la transversalité topologique à des problèmes non linéaires pour des équations différentielles ordinaires, Dissertationes Math. 296 (1990), 1– 79. [10] Lakshmikantham, V., Bainov, D. D. and Simeonov, P. S., Theory of Impulsive Differential Equations, World Scientific, Singapore, 1989.

[11] Lasota, A. and Opial, Z., An application of the Kakutani-Ky Fan theorem in the theory of ordinary differential equations, Bull. Acad. Pol. Sci. Ser. Sci. Math. Astronom. Phys. 13 (1965), 781–786.

[12] Liu, X., Nonlinear boundary value problems for first order impulsive differential equations, Appl. Anal. 36 (1990), 119–130.

[13] Liz, E., Boundary Value Problems for New Types of Differential Equations, Ph.D. Thesis, Univ. Santiago de Compostela, 1994 (in Spanish).

[14] Liz, E. and Nieto, J. J., Positive solutions of linear impulsive differential equations, Commun. Appl. Anal. 2 (4) (1998), 565–571.

[15] O’Regan, D., Fixed point theory for the sum of two operators, Appl. Math. Lett. 9 (1) (1996), 1–8.

[16] Pierson-Gorez, C., Problèmes aux Limites Pour des Equations Différentielles avec Impulsions, Ph.D. Thesis, Univ. Louvain-la-Neuve, 1993 (in French).

[17] Samoilenko, A. M. and Perestyuk, N. A., Impulsive Differential Equations, World Scientific, Singapore, 1995.

[18] Silva, G. N. and Vinter, R. B., Measure driven differential inclusions, J. Math. Anal. Appl.

202 (1996), 727–746.

[19] Stewart, D. E., Existence of solutions to rigid body dynamics and the Painleve paradoxes, C. R. Acad. Sci. Paris Ser. I Math. 325 (1997), 689–693.

[20] Yosida, K., Functional Analysis, 6th edn. Springer-Verlag, Berlin, 1980. [21] Yujun, D. and Erxin, Z., An application of coincidence degree continuation theorem in existence of solutions of impulsive differential equations, J. Math. Anal. Appl. 197 (1996), 875–889.

Mouffak Benchohra, Département de Mathématiques Université de Sidi Bel Abbès BP 89, 22000 Sidi Bel Abbès, ALGÉRIE E-mail: benchohra@yahoo.com

Abdelkader Boucherif, Department of Mathematical Sciences King Fahd University of Petroleum and Minerals B.O. Box 5046 Dahran 31261, SAUDI ARABIA E-mail: aboucher@kfupm.edu.sa